This is a preprint of: “On the polynomial integrability of the Kirchoft’s equations”, Jaume Llibre,
Claudia Valls, Phys. D, vol. 241, 1417-1420, 2012.
DOI: [10.1016/j.physd.2012.05.003]

ON THE POLYNOMIAL INTEGRABILITY
OF THE KIRCHOFF’S EQUATIONS

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We prove that the Kirchoff’s equations either are completely integrable, or
have at most four functionally independent polynomial first integrals.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Given a system of ordinary differential equations depending on parameters in general
is very difficult to recognize for which values of the parameters the equations have first
integrals because there are no satisfactory methods to answer this question.

In this paper we study the first integrals of the Kirchoff’s differential equations in RS
depending on six parameters which provide a model of an ellipsoidal rigid body submerged
in an ideal fluid, that is, they are derived under the assumption that the rigid body is
ellipsoidal and it is submerged in an infinitely large volume of irrotational, incompress-
ible, inviscid fluid that is at rest at infinity. Under circumstances in which viscous effects
are small, it is common to use these equations to describe the dominant dynamics of an
underwater vehicle which is ellipsoidal.

The Kirchoff’s differential equations appeared by first time in the book of Kirchoff [9].
These differential equations have been studied previously for several authors as Kozlov
and Onishchenko [11, 12, 13], Holmes, Jenkins and Leonard [8], see moreover the list of
references in these articles about this problem. Many different aspects of the motion of the
rigid body governed by the Kirchoff’s differential equations where studied in those papers,
but the question of its completely integrability using only polynomial first integrals was not
considered yet. Here we provide an answer to this question.

The motion of the rigid body has been considered from many other different points of
view, for instance many people study the motion of the rigid body fixed at a point, then
we get the classical Suslov [14], Chaplygin [3] and Veselov—Veselova [15] problems for the
rigid body or generalizations of these problems by Dragovic, Gajic and Jovanovic [6], and
many other models non—considered in this work, see for more details on the rigid body the
book of Kozlov [10].

Let p = (p1,p2,p3) and m = (71, m2,7m3) be the linear and angular momentum vectors.
Choosing the axes of the body-fixed frame to coincide with the principal axis of the ellipsoid,
this yields that the so-called added mass matriz is diagonal, i.e. M = diag (mi,ma, m3)
and the so-called added inertia matriz is diagonal, i.e. I = diag ([, I, I3). We recall that
each mass and inertia term is the sum of a component due to the body and a component
due to the fluid.
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Under these conditions, it was proved in [8] that Kirchoff’s equations have the form:

. 1 1
= —poTg — s
p1 Igp2 3 I - P372,
. 1 1
= —p3m us
D2 Ilp:a 1— I3 —Pp173,
. 1 1
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They are defined in R%. Note that these differential equations depend on six parameters I;
and m; for i = 1,2, 3 and that due to physical constraints they are all positive.

It is well-known (see [1, 2, 4, 5, 8] and the references therein) that the Kirchoff equations
(1) have always the following three polynomial first integrals of degree two:

3

Hy, = 12 AR Z pz, HQ-ZPJ"“ HB—ZPN

=1
which are functionally independent for ¢ = 1,2, 3.

Given U an open set of R, we say that a real function H: U — R non-constant on any
open subset of U is a first integral if it is constant on every solution of system (1) contained
inU.

The first integrals Hy, ..., H, are functionally independent if the r X 6 matrix

8H1/6p1 cee 8H1/87T3

: . : (p, )

0H,/0py --- OH,/Oms

has rank r at all points (p,7) € R® where they are defined with the exception (perhaps) of
a zero Lebesgue measure set.

One additional fourth polynomial first integral of degree two functionally independent
of the first three is known for the Kirchoff equation if the parameters satisfy the following
condition:

(2) mlfl(mg — m2) + mgfg(ml — m3) + mgfg(mg — ml) = 0.
In this case it has the first integral
H, = (Il — Ig)([l — Ig)p% + 11[3(11 — IQ)T(_% + (Il — 13)11[271'32’.

Here and in what follows to simplify notation we will denote

1 1 )
&= 5z—ml T =i, Tig3 =7, 1=1,2,3.
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In these new notation we write system (1) as

1 = asrore — aoxsxs = Pi(x1, X2, T3, T4, X5, T6),

To = a1x324 — agx1x = Pa(x1, T2, T3, T4, X5, T6),

T3 = a5 — o xexy = P3(x1, X2, T3, T4, X5, T6),

T4 = (a3 — ag)z5w6 + (B3 — B2)razs = Pu(w1, 22, T3, T4, T5, T6),
&5 = (1 — az)zers + (81 — B3)xsz1 = Ps(w1, 22, T3, T4, T35, T6),
T = (a2 — a1)w4w5 + (B2 — B1)r172 = Ps(w1, T2, 73, T4, T35, T6)-
We note that condition (2) in this new variables becomes

(4) apa3(B2 — B3) + araa(B1 — f2) + aras(Bs — 1) = 0.

By definition the Kirchoff’s equations are completely integrable in an open set U if they
have 5 first integrals functionally independent in U.

Our first result on the integrability of the Kirchoff equations is the next one.

Theorem 1. The Kirchoff’s equations satisfying condition (2) are completely integrable.

The proof of Theorem 1 is given in section 2.
We define the associated vector field X to the differential system (3) as
0

6

X = E Pi($1,$2,$3,$4,$5,$6) .
— Ow;
1=

A non—constant polynomial F' € C[z] is a Darbouz polynomial of the vector field X if there
exists a polynomial K € C|z]| called the cofactor of F' such that XF = KF. We say that
F' is a proper Darboux polynomial if its cofactor is not identically zero, i.e., if F' is not a
polynomial first integral of X.

Given the involution o: C% — C% (i.e. a diffeomorphism such that o2 is the identity)
defined by
o(xy,x9,x3, 24,25, x6) = (—x1, —T2, T3, —T4, —T5, Te)
and a function F': C® — C we define F?: C% = C as F° = 0,F = F oo. We say that F is
o-antisymmetric if F° = —F.

Theorem 2. Consider F' a proper Darboux polynomial of the vector field X with cofactor
K. If K is o-antisymmetric then H = FF? is a polynomial first integral of X.

When m; = mg = mg, i.e., f1 = B2 = B3 and I} # Iy and I3 # Is (i.e. a3 # ag and
a3 # ag), then the differential system (3) has the proper Darboux polynomial
Va3 — a
Vo — o
Note that K7 = 0, (K) = /(a3 — a2)(ag — a1)zs = —K and thus K is o-antisymmetric.
Then by Theorem 2 system X has the polynomial first integral
H = FFO’ — FO'*(F) — —(l‘4 _ 7M$6) <$4 + 7"063_%.7;6)
Voo — 1 Voo —

x4 — zg with cofactor K = —/(a3 — ag)(as — a1)zs.

2, X3 — Q2 9
= -z + ——x5.
Qg — (1

The proof of Theorem 2 is given in section 3.
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The main result of this paper goes in the direction of trying to characterize the polynomial
first integrals of (3).

Theorem 3. The Kirchoff’s equations either satisfy condition (2), or have at most four
functionally independent polynomial first integrals.
Theorem 3 is proved in section 4.

We remark that from the proof of Theorem 3, the result of Theorem 3 can be stated for
local analytic first integrals instead of polynomial first integrals.

2. PROOF OF THEOREM 1

The following result is due to Jacobi. For a proof in a more general setting see Theorem
2.7 of [7].

Theorem 4. Consider an analytic differential system in R™ of the form

(5) %:Jb:P(x), 2= (1, 2n) € R,
with P(x) = (Py(x),...,Py(x)). Assume that

n
OP;
E =0 (i.e. it has zero divergence)
i—1 Oz

and that it admits n — 2 first integrals, I;(x) = ¢; withi = 1,...,n—2 functionally indepen-
dent. These integrals define, up to a relabeling of the variables, an invertible transformation
mapping from (x1,...,2zy) to (¢1,...,Cn—9,Tn_1,Ty) given by

yZ:I’L($)7 izl?"‘an_2) Yn—-1 = Tn-1, Yn = Tn-

Let A be the Jacobian of the transformation

8:!31[1 a:Ele e 8;18»,1,2[1
8;U1I2 81172[2 e 8xn,2]—2
A = det . . ] ]
ax1In—2 8&;2In—2 o axnfg-[n—Q

Then system (5) admits an extra first integral given by
1 - -
I = / X(Pn drn 1 — Pp1 d.’Bn),

where the tilde denotes the quantities expressed in the variables (c1,...,cn—2,Tn—1,Tn).
Moreover this first integral is functionally independent with the previous n—2 first integrals,
that is, the system is completely integrable.

Proof of Theorem 1. It is immediate to verify that the Kirchoff equations (3) in R have
zero divergence because every P; does not depend on x;. In the case of condition (2) the
Kirchoff equations have 4 = 6 —2 first integrals functionally independent. So in this case the
Kirchoff equations satisfy the assumptions of Theorem 4. Therefore this case is completely
integrable. U
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3. PROOF OF THEOREM 2

Before proving Theorem 2 we state and prove some auxiliary results and definitions.
Given an involution 7, a vector field X is said to be T-equivariant if 7,(X) = X, where T,
is the push-forward associated to the diffeomorphism 7. We recall that the push-forward
7(X) = (D1X) o77! = (D7X) o 7 because 7 is an involution. Here D7 denotes the
differential of the function 7.

Lemma 5. The vector field X is o-equivariant.
Proof. It follows by direct computations that D, X = X o 0. (]

Lemma 6. If F' is a Darboux polynomial of a o-equivariant vector field X with cofactor
K, then F° is a Darbouz polynomial of X with cofactor K°.

Proof. Since XF = KF, we have that o,(XF) = o0.(KF). By the property of push-
forwards, we get

0x(X)ox(F) = 0x(KF).
s0 0 (X)F? = K°F?. Finally, since X' is o-equivariant, o.(X) = X and we get X7 =
K?F? as we wanted to prove. O

Proof of Theorem 2. Under the assumptions of Theorem 2, let K be the cofactor associated
to F,i.e. XF = KF with K # 0. Moreover K° = — K, and thus XF° = K°F? = —KF°.
Therefore

XH=X(FF°)=(XF)F°+ F(XF°)=KFF° +F(—KF?) =0,

and consequently, H is a polynomial first integral. O

4. PROOF OF THEOREM 3

We denote by Z, the set of non—negative integers. The following result, due to Zhang
[16], will be used in a strong way in the proof of Theorem 3.

Theorem 7. For an analytic vector field X defined in a neighborhood of the origin in R™
associated to system (5) with P(0) =0, let A1,..., A, be the eigenvalues of DP(0). Set

G = {(kl,...,kn) € (Z+)n : Zkz)\l :O,Zkz > 0}
=1 =1

Assume that system (5) hasr < n functionally independent analytic first integrals ®1(x), ...,
®,.(z) in a neighborhood of the origin. If the Z-linear space generated by G has dimension
r, then any nontrivial analytic first integral of system (5) in a neighborhood of the origin
is an analytic function of ®1(x),..., ®r(z).

We call each element (k1,...,k,) € G a resonant lattice of the eigenvalues Aq, ..., A,.

Direct calculations show that the Kirchoff equations in (3) have nine planes of singulari-
ties, but we only use for proving our result the singularities of the plane S = (21,0, 0, x4,0,0).

At the singularity S = (z1,0,0,24,0,0), the 6-tuple of eigenvalues u = (u1,...,ug) of
the linear part of the Kirchoff equations in (3) are

A —B, [|A —VB; A +vVB1 A +VBi
(6) (0’0’_\/1 5 1’\/1 5 17_\/1 5 1’\/1 5 1>7
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where
A1 = (as(B1 — B2) + a2(B1 — B3))x] — (207 + avas — a0z + as))ad,
By = —4A + A%,
with
A1 = (aa(Br — f2)2] + o1 (on — az)ad) (as(Br — B3)at + oy — az)ad).
From Theorem 7 we know that the number of functionally independent analytic first inte-

grals of the Kirchoff equations in (3) in a neighborhood of the singularities S; is no more
than the number of linearly independent elements of the set

6 6
Gi= {(kzl,...,kn) €(Z1) ) hipi=0,> ki > o}.
i=1 i=1

Consequently, the number of the functionally independent polynomial first integrals of the
Kirchoff equations in (3) are no more than the number of the linearly independent elements
of Gl.

According to the eigenvalues (6) the resonant lattices satisfy

(7) A = v/Bi(ks — k) + /A1 + /Balhs — ks) = 0.

This last equation has the following linearly independent non—negative solutions (k1, . .., k¢):
(1,0,0,0,0,0), (0,1,0,0,0,0), (0,0,1,1,0,0) and (0,0,0,0,1,1).

In order that equation (7) has other linearly independent non-negative integer solutions
different from the above list, we must have

(1) either (Al — Bl)(Al + Bl) = 0;
(ii) or (A1 —vB1)(A1++vB1) # 0 and \/Al — \/Bl/\/Al + +/Bj is a rational number.
Then A; # 0 and Ay # 0 (otherwise \/—+/B1/+/+/B1 cannot be a rational number).

Set

\/Al — \/B>1/\/A1 + /By =m/n, m,neZ\{0} coprime.
This last equality can be written in an equivalent way as
Aq _ m2n?
2~ 2122
where we have used the fact that By = A% — 4.

In case (i) and since o;3; > 0 for ¢ = 1,2, 3, we obtain the following independent condi-
tions:

a1 =ay and [ = fPa,
a1 =az and [ = B3.
In both cases we are inside the case (4).

In case (ii) A1/A? has the form m?n?/(n? + m?)? with m,n € Z\ {0} coprime. So it
follows from the expressions of A; and A; that A; should be a square of as(B1 — B2)2? +
a1(a1 — ag)x? or of az(B1 — B3)x? + ai(a1 — az)r?. Without loss of generality we set
(8) as(B1 — B3)ai + a1 (o1 — ag)al = L (aa(B1 — B2)z] + ar(ar — a2)z),
and it is easy to check that A;/(aa(B1 — B2)x? + a1(ay — az)z?) is a constant. Set

(9) A = K(0ao(B1 — f2)a} + ar(o1 — az)a).
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Then, from (8) and (9) we have
LPaz(B1 = Ba),

L*a; (a1 — ag),
Kas(p1 — po),

KOq(Oq - CYQ),

az(f1 — B3
oq(al —
az(B1 — B2) + az(B1 — B3

—204% — agas + aj(ag + as

(10) “

)
)
)
)

where L/K = mn/(n? + m?). Since a; # 0 for i = 1,2,3 we get 1 = o = (33 and

K +2L*+ VK? — 412 K +4AL*+ KL F VK2 — 4L (L* - 1)
T 21+ KL T 2(1+ K + L?)

In all the cases we are inside condition (4).

In short, if cases (i) or (ii) hold then (4) is satisfied and by Theorem 1 the Kirchoff’s
equations are completely integrable. If cases (i) and (ii) do not hold then by Theorem 7 the
Kirchoff’s equations can have at most four analytic integrals in a neighborhood of a point
of S. Consequently the differential system (3) has at most four functionally independent
polynomial first integrals. This completes the proof of Theorem 3

o1 Q.

Remark 8. By Theorem 7 applied to the singular point (z1,0,0,1x4,0,0) the Kirchoff’s
equations have at most 4 polynomial first integrals. In case that they have exactly 4 poly-
nomial first integrals, the extra analytic first integral provided by Theorem 4 cannot be

defined at the singular point (x1,0,0,24,0,0), otherwise we would have a contradiction with
Theorem 7.
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