This is a preprint of: “Periodic orbits of a non-autonomous quadratic differential system obtained
from third-order differential equations”, Jaume Llibre, Ammar Makhlouf, Dyn. Syst., vol. 27(2),
161-168, 2012.

DOI: [10.1080/14689367.2011.638274]

PERIODIC ORBITS OF A NON-AUTONOMOUS QUADRATIC
DIFFERENTIAL SYSTEM OBTAINED FROM THIRD-ORDER
DIFFERENTIAL EQUATIONS

JAUME LLIBRE! AND AMAR MAKHLOUF 2

ABSTRACT. We provide sufficient conditions for the existence of periodic so-
lutions of the third—order differential equations

" + (a1u + ag)u” + (bru + bo)u’ + cau? + agbou = e2F(t,u, v, u" ,¢),
where ag, a1, bo, b1, c2 are real arbitrary parameters with bp > 0, € is a small
parameter and F' is a —Z—periodic nonlinear function in the variable ¢. The

0
prime denotes derivative with respect to the independent variable t. Moreover
we provide an application.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Quadratic differential systems in R? are some of the simplest systems after lin-
ear systems and have been extensively studied in the last years. There are many
examples of such systems, see for instance Lorenz system [12], the Chen system
[4], the Liu system [10], the Rossler system [16], the Rikitake system [14], the Lu
system [9], among several others.

One of the most interesting problems related with quadratic differential systems
is the study of their limit cycles, i.e. of their isolated periodic orbits of the system.
It is known that every quadratic differential system in R? has finitely many limit
cycles, see for instance [1], [6], [8]. For quadratic systems in R™ with n > 2 the
scenario is very different. There are quadratic systems for n > 2 with infinitely
many limit cycles, see for instance [7].

In [5] the authors study the nonlinear dynamics including the periodic orbits of a
quadratic differential system in R? which comes from from a third-order differential
equation. More precisely, they analyze the third-order differential equations

u”" 4 (ayu + ap)u” + (byu + bo)u’' + cou? + cru + ¢ = 0.

The goal of this paper is to study the periodic solutions of the third—order non-
autonomous differential equations

(1) " + (aru+ ag)u” + (byu + bo)u’ + cou® + agbou = 2 F(t,u,u’,u”  €),

where ag, ay, by, b1, co are real arbitrary parameters with by > 0, € is a small

parameter and F' is a -periodic nonlinear function in the variable t. The prime

0
denotes derivative with respect to the independent variable ¢.
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Our main result on the periodic solutions of the third-order non—autonomous
differential equation (1) is the following one.

Theorem 1. Assume that by > 0 in the differential equation (1). We define
27

Fi(Xo, Yo) = \f/o\/%cos(\/%t) (Fo(t, A(t), B(t), C(t)) + D(t))dt, and
2

Faldo,Yo) =~ 52 [ VB0 sin (Vit) (Fule, ) Blo). C(0) + Do)

where Fo(t, x,y,z) is the term or order zero in € when we expand in Taylor series
the function F(t,ex,ey,ez,¢€) ate =0, and

(—vboXo + aoYp) cos(v/bo t) + (aoXo + v/boYo) sin(v/bo t)

A(t) =

\/%(CL% + bo) ’
(VboYo + apXo) cos(vbo t) + (vboXo — apYo) sin(v/bo t)
B(t) o ag + bg ’
() = (boXo — aov/boYp) cos(v/bo t) — v/bo(agXo + vboYo) sin(v/bo t)
o (Z(2) + bo ’
D(t) = m [(\/%XO —aoYp) cos(v/bo t) — (agXo + vVboYo) sin(v/bo t)]

[(\/%(albo + apby — c2)Xo + (bob1 + ao(—a1b0 + CQ))YO) COS(\/%t)-F
( bobl + ao(falbo + CQ))XO + \/%(7(111)0 - a0b1 + CQ)Y()) Sln(\/l%t)] .
2
If the function F is —ﬂ-—periodic in the variable t, then for every (Xo*, Yy") solution
0

Vbo

of the system
(2) fk(XOaYO) = 07 k= 1527
satisfying

(3) det ( O(F1, 72)

(X0, Yo)

) ‘o
(X0,Y0)=(Xo*,Yo")

the differential equation (1) has a periodic solution eu(t,e) such that u(t,e) tends
to the solution ug(t) given by

(—VBoX; + aoYy) cos(v/bot) + (a0 X + vBo¥y) sin(v/hot)

ug(t) =
0( ) \/bo(d%‘i’bo)
of u"" + agu’ + bou' + agbou = 0 when € — 0. Note that this solution is periodic of
. 2w
period ——.
Vbo

Theorem 1 is proved in section 3. Its proof is based in the averaging theory for
computing periodic orbits, see section 2. For others applications of the averaging
theory to the study of limit cycles, see [3] and [11].

An application of Theorem 1 is the following.
Corollary 2. Consider the differential equation (1) where the function F satisfies
F(t,eu,eu’,eu” ) = (u? — 1) sin(y/bo t) + O(e).
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Then this differential equation has four periodic solutions euy(t,e) fork =1,2,34
tending to the periodic solutions euy(t) where

up(t) = —%sin(\/%t), ug(t) = Zsin(vbot),
uz(t) = 2cos(vbot), ug(t) = —2cos(v/bot),

of " + agu” + bou' + agbou = 0 when € — 0.

S

Corollary 2 is proved in section 4.

2. BASIC RESULTS ON AVERAGING THEORY

In this section we present the basic results from the averaging theory that we
shall need for proving the main results of this paper.

We consider the problem of the bifurcation of T—periodic solutions from differ-
ential systems of the form

(4) % = Fy(t,x) +eFy(t,x) + > Fy(t, %, €),
with € = 0 to € # 0 sufficiently small. Here the functions Fy, F} : R x Q — R™ and

Fy : R x Q x (—gg,609) — R™ are C? functions, T—periodic in the first variable, and
Q is an open subset of R™. The main assumption is that the unperturbed system

(5) ).(:FO(THX)a
has a submanifold of periodic solutions. A solution of this problem is given using
the averaging theory.

Let x(t,2,¢) be the solution of the system (5) such that x(0,z, &) = z. We write
the linearization of the unperturbed system along a periodic solution x(¢,z,0) as

(6) v = Dy Fo(t,x(t,2,0))y.
In what follows we denote by M, (t) some fundamental matrix of the linear differ-
ential system (6), and by & : R¥ x R"~% — R¥ the projection of R” onto its first k
coordinates; i.e. £(x1,...,2n) = (T1,...,2).

We assume that there exists a k—dimensional submanifold Z of Q filled with
T-periodic solutions of (5). Then an answer to the problem of bifurcation of T—

periodic solutions from the periodic solutions contained in Z for system (4) is given
in the following result.

Theorem 3. Let W be an open and bounded subset of RF, and let B : CI (W) —
R™* be a C? function. We assume that
(i) Z2 = {za = (a,8(c)), a € CLW)} C Q and that for each zo, € Z the
solution x(t,zq) of (5) is T —periodic;
(ii) for each zo € Z there is a fundamental matriz My, (t) of (6) such that the
matriz M, *(0) — M, *(T) has in the upper right corner the kx (n—k) zero
matriz, and in the lower right corner a (n — k) x (n — k) matriz A, with

det(A,) # 0.
We consider the function F : CI(W) — R¥

(7) Fla)=¢ (;/0 M, ! (t)Fl(t,x(t,za))dt> .

If there exists a € W with F(a) = 0 and det ((dF/da) (a)) # 0, then there is a
T —periodic solution ¢(t,€) of system (4) such that p(0,€) = z, as e — 0.
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Theorem 3 goes back to Malkin [13] and Roseau [15], for a shorter proof see [2].

3. PROOF OF THEOREM 1

Introducing the variables (x,y, z) = (u,u’,u”) we write the third—order differen-
tial equation (1) as a first—order differential system defined in an open subset €2 of
R3. Thus we have the differential system

/

~

Y,
2,

(8)

SR
|

—(apbow + boy + apz + c2x? + bizy + a122) + €2 F (¢, 2,9, 2, €).

Of course as before the dot denotes derivative with respect to the independent
variable t. Doing the rescaling (z,y, z) — (¢X,eY,eZ) we obtain the system

=y,
9) ¢ =z,
2 = —apboxr — boy — apz + e(—cox? — bizy — a1z + Fo(t, x,y,2)) + O(e?).

Recall that Fy(¢,x,y, z) has been defined in the statement of Theorem 1. Note that
we have denoted the new variables (X,Y,Z) again by (x,y,z). System (9) withe =0
will be called the unperturbed system, otherwise we have the perturbed system. The
unperturbed system has a unique singular point, the origin. Since by > 0, the origin
has one pair of imaginary eigenvalues and one real eigenvalue, more precisely the
eigenvalues are —ag, v/boi, —/boi. We shall write system (9) in such a way that the
linear part at the origin will be in its real Jordan normal form. Then, doing the
change of variables (z,y,2) — (X,Y, Z) given by

X 0 Qg 1 T
Y = CLO\/% \/E 0 Yy )
z bo 0 1 z

the differential system (9) becomes

X'= =-bhY +eGi(t,X,Y,Z) + O(e?),

(10) Y= Vb X,
Z'= =—agZ+¢eGs(t,X,Y,Z) + O(c?),
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with
(a1b0 + a0b1 — CQ)X2 ao(a0a1b0 — b0b1 — (loCQ)Y2 _
(a% +b0)2 bo(a% +b0)2
(agal — CLobl —+ 02)22 4 (7@%[)1 + b0b1 + 20,0(70,1()0 —+ CQ))XY+
(a§ +bo)? v/bo(ag + bo)?
(agal — a1b0 — 2aobl202)XZ (7((13 — bo)(a0a1 — bl) — 2(1002)YZ> 4
(a3 + bo)? Vbo(a3 + bo)
Fo(t, a(t), b(t), c(t)),
(a1b0 + a0b1 - CQ)XQ ao(aoa1b0 — b0b1 — CLQCQ)Y2
Gs(t,X.,Y,Z) = + _
3( ) (ag +bo)2 bo(a% +b0)2
(akay —agby + c2)Z?  (—adby + boby + 2a0(—aiby + 02))XY+
(a§ + bo)? Vbo(ag + bo)?
(a%al —aibg — 2apby + 2CQ)XZ (—(a% — bo)(a0a1 — bl) — 2(1002)YZ) "
(ag + bo)? Vbo(ad + bo)
Fo (t,a(t),b(t), c(t))

Gl(taX7}/7Z) =

and
Vb X —agY —VboZ
- Vbo(ag + bo) ’
aoX + VhoY — apZ
ag + bo
boX — agv/boY + a3Z
- a2 + by ’

a(t) =

b(t) =

)

c(t)

Note that the linear part of the differential system (10) at the origin is in its real
normal form of Jordan. We shall apply Theorem 3 to the differential system (10).
We note that system (10) can be written as system (4) taking

X —VhY
x=[Y |, t=t Fx)= Ve X |,
4 —ag Z
and
G1(t,X,Y,2)
Fi(t,x) = 0
Gs(t,X,Y, 2)

We shall study the periodic solutions of system (5) in our case, i.e. the periodic
solutions of system (10) with € = 0. These periodic solutions are

X(t) Xo cos(v/bot) — Yo sin(v/bot)
Ygt; = | Yocos(vbot) + X sin(v/bot)
Z(t 0

2r
This set of periodic solutions has dimension two, all having the same period ﬁ
0

To look for the periodic solutions of our equation (10) we must calculate the zeros
z = (Xo, Yp) of the system F(z) = 0, where F(z) is given by (7). The fundamental
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matrix M (t) of the differential system (10) with € = 0 along any periodic solution
is

cos(v/bot)  — sin(v/bot) 0
M (t) = M,(t) = | sin(vbot)  cos(vbot) 0

0 0 exp(—aot)

The inverse matrix of M (t) is
cos(v/bot)  sin(v/bot) 0
M7t =] — sin(v/bot)  cos(v/bot) 0

0 0 exp(aot)
It verifies
0 0 0
2 0 0 0
M=Y(0) — M*(—”) =
Vbo 2apm
0 0 1—exp (—)
vbo
Consequently all the assumptions of Theorem 3 are satisfied. Therefore we must
study the zeros of the system F(z) = 0 of two equations with two unknowns,

where F is given in the statement of Theorem 3. More precisely, we have F(z) =
(F1(Xo, Yo), F2(Xo, Yp)) where

2
Fi(X0, ) = 52 [V cos (Vo) (Fit, A0 BO.C0) + Dlo),
27

Falo,Yo) =~ 52 [ VIO s (Viut) (P (6 A0, BO.C(0) + Do),

with A(t), B(t),C(t) and D(t) as in the statement of Theorem 1.
The zeros (X, Yy) of system

(11) -Fl (X07YO) — O

-FQ (X07 YO) 0
with respect to the variables Xy and Yy provide periodic solutions of system (10)
with € # 0 sufficiently small if they are simple , i.e. if

12 et (Wﬂ ) L0
(Xo0,Y0)=(Xg,Yy")

9(Xo, Yo)
Going back through the change of variable, for every simple zero (X, Y;") of system

2
(11), we obtain a —Z periodic solution eu(t,e) of the differential equation (1) for
0
e # 0 sufficiently small such that u(t,¢) tends to the periodic solution

(= Vb X§ + aoYy) cos(vho t) + (a0 Xg + VBoYy) sin(v/bot)

uolt) = Vol + bo)
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of u"”" + apu” + bgu’ + agbpu = 0 when ¢ — 0. Note that this solution is periodic of
T

Vbo

period . This completes the proof of Theorem 1.

4. PROOF OF COROLLARY 2

We must apply Theorem 1 with Fy(t,z,y,2,v) = (22 — 1)sin(v/bot). After a
tedious but easy computations the functions F; and F3 of Theorem 1 are

(—vboXo + aoYo)(aoXo + vboYo)

Xo,Yy) =
.7:1( 0, 0) 4b0(a(2)+b0)2 3
—adbo + 4agv/boXoYo + aZ(—8b% + 3XZ + YZ) + bo(—4b3 + X2 + 3Y)
Fa(Xo,Yo) = — .

8b0 (G(Q) + b0)2
System F; = F2 = 0 has four solutions (X, Yy") given by

20,0\/[)0 2b0> (2&0\/1)0 2b0)
————\ ), | ———,—= ], [ —2bg, 2a9\/bg ) , | 2bg, —2ap~/bg ).
( 3 7 3 V3 ( 0, 240 0) ( 0 0 0)
Since the Jacobian

O(Fi1, Fa)

det | ———=
(X0, Y0)

(Xo0,Y0)=(Xg,Yy")
1 1 1
41)0((13 + bo) ’ 4b0(ag + bo) ’ 41)0((1(2) + bo) ’

for these four solutions (X{,Yy) is

1

B 4b0(a3 + bo)
in the statement of the corollary.

respectively, we obtain using Theorem 1 the four solutions given
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