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ABSTRACT. We consider the polynomial vector fields of arbitrary degree in R having
the 2—dimensional algebraic torus
T?(l,m,n) = {(z,y,2) € R? : (& +4°™ —1?)% +- 22" —1 =0},

where [, m and n positive integers, and r € (1,00), invariant by their flow. We study
the possible configurations of invariant meridians and parallels that these vector fields
can exhibit on T2(l,m,n). Furthermore we analyze when these invariant meridians or
parallels are limit cycles.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In 1878 Darboux published two works, [5] and [6], about polynomial vector fields or
equivalently autonomous polynomial differential equations on R™ or C™. There, he showed
that if a polynomial vector field has a sufficient number of invariant algebraic hypersurfaces
then it has a first integral. If we have a polynomial vector field in R™ or C™ with a first
integral, then we can reduces its study in one dimension; of course, in the planar case we
can describe completely its phase portrait, which is the main goal of the qualitative theory
of differential equations.

Darboux’s work was improved by Jouanolou [12] in 1979, and recently in [18] the authors
improve the Darboux’s classical result and the new one of Jouanolou taking into account the
multiplicity of the invariant algebraic hypersurfaces. Since Darboux’s result, it has existed
a big interest in the study of invariant algebraic hypersurfaces of polynomial vector fields,
in particular in the planar case (see for instance [3, 4] and references there in). Recently
several papers have been published looking for particular invariant algebraic sets, for instance
invariant straight lines (see [22, 21, 20, 1, 15]), invariant hyperplanes in R™ (see [17, 13]),
invariant circles and limit cycles for polynomial vector fields on the sphere (see [2, 10, 16]).

The study of limit cycles of polynomial vector fields on the plane has been intensively
treated since 1900 due to the second part of the 16-th Hilbert problem, which ask about
the configuration, i.e. the number and relative position, of the limit cycles that a planar
polynomial vector field of degree d can exhibit. In particular, a part of this problem is:
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Provide an upper bound, depending only on d, for the maximum number of limit cycles
that any polynomial vector field of degree d can have, for more details see [8, 9, 11].

In this work we consider the 2—dimensional algebraic torus
T2(1,m,n) = {(z,y,2) € R®: (% +y*™ — %2 4 22" — 1 =0},

where [,m, and n are positive integers, and r is a real number greater than one. We
are going to study the polynomial vector fields of arbitrary degree in R® having the 2-
dimensional algebraic torus T2(I,m,n) invariant by their flow. We will study the possible
configurations of invariant parallels and meridians that these vector fields can exhibit on
T2(I,m,n). Additionally we will consider when these invariant parallels or meridians can
be (algebraic) limit cycles. Our goal is to generalize to all [, m and n the results given in
[14] where the authors consider the particular case | =m =n = 1.

On T?(l, m, n) we define parallels and meridians as the curves obtained by the intersection
of this algebraic surface with the planes orthogonal to the z—axis and the planes containing
the z—axis, respectively. More precisely, a parallel of T2(I,m,n) is a connected component
of the intersection {z — 29 = 0} NT?(l,m,n), with 2o € [—1,1]. If 2o # £1 such intersection
has two parallels, otherwise it has only one parallel. A meridian of T2(l,m, n) is a connected
component of the intersection {az + by = 0} N T2(l,m,n), with a,b € R and a® + b* # 0.
So meridians always are in pairs.

If a polynomial vector field X' in R3 has the algebraic torus T2(I,m,n) invariant by its
flow, then a parallel of T2(I,m,n) is called invariant of X if it is formed by orbits of X'. In
similar way we define invariant meridian. We note that a parallel or a meridian which is
invariant of X is an invariant algebraic curve of X

Let X4(I,m,n) be the set of polynomial vector fields of degree < d having T?(l,m,n)
invariant by their flow. The set X4(I,m,n) is a R-vector space of finite dimension. If
X4(l,m,n) is different from the zero polynomial vector field, then we can identify it with
the affine space R? for some g > 1, by associating to each element X" of X4(I, m,n) a point of
R? whose coordinates are all the different free coefficients of X. We can give to X4(1, m,n)
the topology induced by this identification. Thus we say that a subset of X4(l,m,n) is
generic if its image in R? is an open and dense subset.

In our study we can assume that [ > m, in otherwise we take the change of coordinates
(x,y,2) = (y,z,2) to obtain the desired condition.

Our main result about the maximum number of invariant parallels and invariant merid-
ians is the following.

Theorem 1. Suppose that X € X4(I,m,n) has finitely many invariant parallels and invari-
ant meridians.

(a) If2n > 20+1 then the mazimum number of invariant parallels of X is 2(d—21—1),
and the mazimum number of invariant meridians of X is 2(d — 21 + 1). Moreover
there arel, m, n, d and X € X4(l,m,n) such that X has either 2(d—2l—1) invariant
parallels, or 2(d — 2l + 1) invariant meridians.

(b) If2n < 2141 then the mazimum number of invariant parallels of X is 2(d—2n), and
the mazimum number of invariant meridians of X is 2(d — 2n+ 2). Moreover there
are l, m, n, d and X € X4(I,m,n) such that X has either 2(d — 21 — 1) invariant
parallels, or 2(d — 2l + 1) invariant meridians.

The study of the distribution of invariant parallels and invariant meridians of X €
X4(1,m,n) for arbitrary I, m, n and d is a difficult problem. Hence in order to obtain
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satisfactory results we need to consider some restrictions on I, m, n and d. A first result
in this direction is the following where [, m and n have arbitrary values, but we consider a
restriction on the degree of the vector fields.

Theorem 2. Ifd < 2l — 1 then the following statements hold.
(a) If X € X4(l,m,n) and d < 2(m +n) — 1, then X = 0.
(b) If ¥ € X4(l,m,n), X #0, and d > 2(m+n)—1, then X has finitely many invariant
parallels and invariant meridians. Moreover,
(b.1) X has at least two and at most 2(d — 2(m + n) + 2) invariant parallels.
(b.2) X has at least two and at most 2(d — 2(m + n) + 2) invariant meridians.
(b.3) The sum of invariant parallels and invariant meridians of X is at least four
and at most 2(d — 2(m +n) + 3).
(c) If X € X4(l,m,n) then, any invariant parallel or invariant meridian of X is not a
limit cycle.
(d) For everyv € {0,1,...,2(d—2(m+n)+1)} and every k € {0,1,...,d—2(m+n)+1}
such that v + 2k < 2(d — 2(m +n) + 1), there exists X € X4(I,m,n) having exactly
v + 2 invariant parallels and 2(k + 1) invariant meridians.

Under the condition d < 2] —1 Theorem 2 gives a complete description about all the pos-
sible configurations of invariant parallels, invariant meridians, and shows that they cannot
be limit cycles.

The following two results generalize to the case [ = m = n the main results of [14].

Theorem 3. Assume that X € X4(n,n,n) has finitely many invariant meridians and in-
variant parallels.

(a) d>2n—1.

(b) The maximum number of invariant parallels of X is 2(d — 2n).

(¢) The mazimum number of invariant meridians of X is 2(d — 2n + 1).

Theorem 4. Let k € {0,1,...,d —2n+1} and v € {0,1,...,2(d — 2n)} be.
(a) There exists X € Xq(n,n,n) having ezactly v invariant parallels and 2k invariant
meridians.
(b) There exists X € Xq(n,n,n) having exactly either v invariant parallels or 2k invari-
ant meridians which are algebraic limit cycles.

Theorems 3 and 4 give all the possible configurations of invariant parallels and invariant
meridians and show when they are limit cycles.

At the moment we cannot be able to provide complete results as above for arbitrary [,
m, n and d; however under generic conditions on the vector fields on T?(/,m,n) and some
restrictions on [, m, n and d we can give all the possible configurations of invariant parallels
and invariant meridians and show when they are limit cycles, the result is the following.

Theorem 5. Let d, I, m and n be positive integers such that either d > 2n > 2l if | = m,
ord>2n>2(l+m) ifl >m. There exists a generic subset G C X4(I,m,n) such that:
(a) If X € G then the mazimum number of invariant parallels of X is 2(d — 2n).
(b) If X € G then the mazimum number of invariant meridians of X is 2(d — 21 + 1).
(c) For every k € {0,1,...,d—20+ 1} and every v € {0,1,2,...,2(d — 2n) there exists
X € G having exactly v invariant parallels and 2k invariant meridians.
(d) For every k€ {0,1,...,d =20+ 1} and every v € {0,1,2,...,2(d — 2n) there exists
X € G having exactly either v invariant parallels, or 2k invariant meridians which
are limit cycles.
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The paper is organized as follows. In Section 2 we will give the necessary definitions
about invariant algebraic surfaces of polynomial vector fields in R3. Also we will recall the
concept and properties of the extactic polynomial, which we will be the main tool for our
study. In Section 3 we are going to obtain general properties and conditions about the
polynomial vector fields on T2(I,m, n), which allow us to give the proofs of the main results.
Theorems 1 and 2 will be proved in Sections 4 and 5 respectively. In Section 6 we will give
the proof of Theorems 3 and 4. Finally, in Section 7 we will give the proof of Theorems 5.

2. VECTOR FIELDS OF DEGREE d

Let R[x,y, z] be the ring of the polynomials in the variables x, y and z with real coef-
ficients. Recall that a polynomial vector field X of degree d in R? is an expression of the
form

0 7] 0
x=P2 192 +rRL 1
Ox + Q@y + 0z’ (1)
where P,Q, R € R[z,y, 2], and d = max{deg(P), deg(Q),deg(R)}.
If F € R[z,y, z] then the algebraic surface {F = 0} C R3 is called an invariant algebraic
surface of the vector field (1) if there exists K € R[z,y, z| such that

XF = PF, + QF, + RF, = KF, 2)

where F,, F,, and F, denote the partial derivatives of I respect to x, y and z respectively.
The polynomial K is called the cofactor of the invariant algebraic surface {FF = 0}. Moreover
if X is of degree d then the cofactor K is of degree at most d — 1. Also from (2) we get
that if an orbit of (1) has a point in the algebraic surface {F = 0}, then the whole orbit is
contained in {F = 0}, i.e. X has to {F = 0} invariant by its flow. This justifies the name
of invariant surface.

Let F' € R[z,y, 2] be a fixed polynomial. A polynomial vector field (1) that satisfies (2)
is called a polynomial vector field on the algebraic surface {F = 0}. If X(F') denotes the set
of polynomial vector fields (1) on {F = 0}, then from (2) we get that X(F) is an R-vector
space.

Now we will introduce a polynomial which will allow to detect when an algebraic surface
is invariant by the flow of a polynomial vector field.

Let X be the polynomial vector field (1) and let W C R[z,y, z] be a R-vector space of
finite dimension p > 1. The eztactic polynomial of X associated to W is the polynomial
Ew (X) given by the determinant of the matrix

U1 V2 e Up
X(v1) X(v) - X(vp)
AP (o) XPTH(v) o XPTH(yy)
where {v1, ..., v,} is a basis of W and X7 (v;) = X971(X(v;)). The definition of the extactic
polynomial &y (X) is independent of the chosen basis of W because of the properties of the
determinant and of the derivation.

Example 1. Consider the polynomial vector field in R>

A 2,9y 9 e ) 9
X =zxyz % +22(y° + 2) oy +4y(z© —1) 52’
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and the subspace W = {1,x,y}. The components of X are P = zyz, Q = 2z(y> +2) and
R = 4y(2? — 1), then

1 T 1 T
Erayy(X) =det | X(1)  X(x) Xz(jy) —det{ 0 P c,yg ,
X2(1) X%(x) X%(y) 0 X(P) X(Q)

where X(P) = PP, + QPy, + RP, and X(Q) = PQ, + QQ, + RQ.. A simple computation
shows that
Eayy (X) = 202° 2+ %) (y — 2)(y +2).

We remark that the previous matrix already appears in the work of Lagutinskii (see
Dobrovol’skii et al. [7]). For a geometric explanation of the meaning of such a matrix see
Pereira [19]. Christopher et al. [4] used the extactic polynomial to study the algebraic
multiplicity of invariant algebraic curves of planar polynomial vector fields.

An application of the extactic polynomial is given by the following result.

Proposition 6. Let X' be the polynomial vector field (1) and let W be a R—vector subspace
of R[z,y, 2] of finite dimension p, with p > 1. If F € W and {F = 0} is an invariant
algebraic surface of X then F is a factor of Ew (X).

If F € W then it can be chosen as the first element of a basis of W. If {F = 0} is an
invariant algebraic surface of X then (2) holds. By using this fact it is easy to see that
XI(F) = K;F, where K1 = K and K; = K(K;_1)+ X(K;_1) for j > 2. This and the
properties of determinant implies that F is a factor of &y (X). This is the argument for the
proof of Proposition 6.

Our idea is to apply Proposition 6 for studying the invariant meridians and invariant
parallels of the polynomial vector field (1) having the algebraic torus T2(I,m,n) invariant
by its flow. Such application is as follows. The maximum number of factors of the form
z—zp of the extactic polynomial &; .} (X') gives an upper bound for the number of invariant
planes {z — zp = 0} of X, and this allow to obtain an upper bound for the number of its
invariant parallels. Analogously, the maximum number of factors of the form ax + by of the
extactic polynomial £, .3 (&) allow to obtain an upper bound for the number of invariant
meridians of X.

From the definition of the extactic polynomial we get that

£y (X) = det< le) X'?Z) ) = det< (1) ; ) =R. (3)

and o () e ( Xg(gz) Xz(/y) ) _ det( e é/? > =1Q —yP, (4)

Remark 1. In general Proposition 6 gives a necessary condition but not a sufficient one.
Indeed, in Example 1 we see that the plane y = 2 is a factor of the extactic polynomial,
but it is no a invariant plane of the vector field. However in the case of invariant planes
{ax+by = 0} and {z—zp = 0} the converse statement is true. This is we have the following
lemma.

Lemma 7. Let X be the polynomial vector field (1).
(a) If z — 20 is a factor of £y .1 (X), then {z — 20 = 0} is an invariant plane of X.
(b) If ax + by is a factor of £y 3 (X), then {ax + by = 0} is an invariant plane of X.
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Proof. Statement (b) follows immediately, because if P = z—zg then PP, +QP,+RP, = R.
Therefore if P is a factor of £ .3(X) = R, then P satisfies (2).

Let M = ax + by. If we assume that £, 3 (X) = 2Q — yP = (ax + by)T, where T is a
polynomial. Then Q) — yP = (ax 4 by)T can be written as 2(Q — aT) = y(bT + P). Since
z and y have no factors in common, there is a polynomial S such that Q — a7 = yS and
bT + P = xS. Therefore, PM, + QMy + RM, = aP +bQ = a(zS — VT) + b(yS + oT) =
S(ax + by) = SM. Thus M satisfies (2). This completes the proof of statement (b). O

If X is polynomial vector field having T2 (I, m,n) invariant by its flow, then Proposition 6
and statement (a) of Lemma 7 transform the study of invariant parallels of X to the study
of factors of the form z — 2z of £y .1(X). Analogously, Proposition 6 and statement (b)
of Lemma 7 transform the study of invariant meridians of X to the study of factors of the
form ax + by of Eg, 4y (X).

3. POLYNOMIAL VECTOR FIELDS ON T2(I,m,n)

From now on we will consider the polynomials f = 22 4+ y?™ — r? and
F=f242""-1. (5)

Hence T?(l,m,n) = {F = 0}. Thus a polynomial vector field (1) of degree d that satisfies
(2) will be called a polynomial vector field of degree d on T?(l,m,n). Hence X4(l,m,n)
denotes the set of all polynomial vector field of degree d on T2(l,m,n).

We recall that | > m, hence deg(f) = 21.

Let X be a polynomial vector field in X4(I,m,n), then by using (5) equation (2) can
be written as the equation 4f (I =P+ my*™~1Q) + 2n2*""'R = K (f? +2*" — 1) or
equivalently as

27 (2nR - 2K) = K (f2 — 1) —4f (127 'P + my®™1Q) . (6)
In order to obtain general properties on any polynomial vector field on T?(l,m,n), we
note that every polynomial Y € R[z, y, z] of degree d can be written as

d
Y = ZYd,izi, with Y; € R[z, y] and deg(Y;) < jfor j =0,1,...,d;
i=0

thus if we write the polynomials P, @, R and K in the previous notation, then the left hand
side of (6) becomes

d+2n—1
Z (2nRaton—1-i — Katon-1-i) 2' (7)
i=2n—1
and the right side of (6) is
d
Z [Ka1—i (f2 = 1) —4f (12”7 Py + my®™ 1 Qq—y)] 2. (8)
i=0

We must note: first, in (7) the term corresponding to i = 2n — 1 is (2nRg — Kg) 2**~! but
K4 = 0 because K is of degree at most d — 1; second, in (8) the term corresponding to i = d
is [K_1(f2—1)—Af (12?71 Py + my?™ Qo) ] 2% but K_; = 0 because K is of degree at
most d — 1. Therefore as (7) is equal to (8), then we get the following systems of equations

Ko (f2=1) —4f (12* ' Py_i + my®™ ' Qa—;) =0, 9)
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fori=0,1,...,2n — 2,

2Ry = Kg_an (f* — 1) — 4f (12* ' Py_opi1 + my*™ ' Qa—an+1) (10)
2nRaton—1-i — Kayon-1-i = Ka1oi (f7 — 1) —4f (lel—lpdﬂ. + mme_le,i) ) (11)
fori=2n,2n+1,...,d—1,
2nRon_1 — Kon_1 = 4f (1z%7 Py + my*™ 7' Qo) , (12)
and
2nRavon-1-i — Katon-1-i =0, (13)

fori=d+1,d+2,...,d+2n— 1.
Equation (9) is equivalent to

K1 (f7=1) =4f (l2® " Py + my®™ ' Qa—i) , (14)
for i = 0,1,...,2n — 2, and since f and f? — 1 do not have common factors, for every
i=0,1,...,2n — 2 there exist S; € R[z, y| such that

Kaq-1-i =4Ff5i, (15)
and
™ Py +my® " Qas = (f* = 1) S5 (16)

From (16) we get that
deg(S;) <d—deg(f)—1—i=d—-20—1—1, (17)

and that the homogeneous parts of degree less than 2m — 1 vanish identically.

4. PROOF OF THEOREM 1

We will study invariant parallels and invariant meridians through the extactic polynomials
£1,21(X) and &, 3 (X) respectively. About invariant parallels we will prove the following
result.

Lemma 8. Let X € X4(I,m,n) having finitely many invariant parallels, then X has at most
2(d — min{2n, 2l + 1}) invariant parallels.

The extactic polynomial £, 1 (&) can be written as Gg + Gg—12 + - -+ + Goz?, where
Gi = 2Q; —yP; and deg(G;) = i + 1. If ax + by is a factor of £, 1 (X) then it is a factor of
G; for all i =0,1,...,d. Hence we will study the maximum number of factors of the form
ax + by that G; can have. A result in this direction is the following.

Lemma 9. If X € X4(I,m,n) and Gq_; Z0 fori=0,1,...,2n—2, then Gq_; has at most
d—2l+1—1i factors of the form ax + by.

We will assume Lemmas 8 and 9 in order to give the proof of Theorem 1. The proof of
these lemmas will be given after the proof of the theorem.

Proof of Theorem 1. Let X € X4(I,m,n). From Lemma 9 we know that for every i =
0,1,...,2n — 2 the polynomial G4_; has at most d — 2l + 1 — i factors of the form ax + by.
The polynomial G4_; has degree d — i + 1, then for 2n — 1 < 4 < d the degree of G4_; is
at most d — 2n 4+ 2. Therefore for every ¢ = 0,1,...,d the polynomial G4_; has at most
max{d — 2l + 1,d — 2n + 2} factors of the form az + by.

If 2n > 2141 then min{2n, 2l +1} = 2/+ 1. Hence from Lemma 8 we have that X" has at
most 2(d—2]—1) invariant parallels. Moreover if 2n > 2141 then max{d—2l+1,d—2n+2} =
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d—2l+1, so every G4_; has at most d — 2 + 1 factors of the form ax + by. Therefore by
applying Proposition 6 we conclude that X has at most 2(d — 2/ 4 1) invariant meridians.
This prove the first part of statement (a).

Now we suppose that [ = m = 1 and consider the polynomial vector field

d—4 5 P d—4 P
X = (—y+n(f2_1) H(z—zﬁ) 8—x+xa—y+2xzfﬂ(z—zi)§,
i=1 i=1

of degree d > 5 and suppose that 0 < z;3 < 29 < -++ < z4—4 < 1. X satisfies (6) taking
K =4nzf H;i;f(z — 2i), thus X € X4(1,1,n). Since £ .1 (X) = 222 f Hld;f(z — z;), from
Lemma 7.(a) we obtain that X has 2(d—4)+2 = 2(d —3) = 2(d— 2] — 1) invariant parallels.

On the other hand the polynomial vector field

om—17p 0 2117 0 9
X =—-my T%—l—lx Ta—y+o%,

where T is a polynomial of degree d — 21 + 1, is of degree d and satisfies (6) taking K = 0,
thus X € Xq4(l,m,n). In addition &, 4y (X) = 2Q — yP = (n — m)azyz*""'T. Hence, if
T = H?;f”l(aix +biy), with a;,b; € R, azb; # a;b; for i # j, then g, ) (X) has d — 21 +1
different factors of the form ax + by. Hence from Lemma 7.(b) follows that X has exactly
2(d — 21 + 1) invariant meridians. This property is for all n, in particular for 2n > 2 + 1.
This complete the proof of statement (a).

If 2n < 21+ 1 then min{2n, 2l + 1} = 2n. Hence from Lemma 8 we have that X’ has at
most 2(d —2n) invariant parallels. Moreover if 2n < 21+1 then max{d—2l+1,d—2n+2} =
d—2n+ 2, so every G4—; has at most d — 2n + 2 factors of the form ax + by. Therefore by
applying Proposition 6 we conclude that X' has at most 2(d — 2n + 2) invariant meridians.
This prove the first part of statement (b). Now suppose [ = n, thus 2n < 2/ 4+ 1. Let T be
a polynomial of degree d — 2n and consider the polynomial vector field

0 0 0
X = ma*"7'T 9z +n2?"iT o +2m (z2” -1- rzf) T@’

which satisfies (6) taking K = 4mnz?"~!T, thus X € Xq(n, m,n).

ItT = Hf;fn(z — z;) then & 3 (X) = 2m (2*" —1—72f) T has d — 2n factors of the
form z — zo because 22" — 1 —r2 f is irreducible. Therefore if for i = 1,2,...,d—2n, |z] < 1
and z; # z; for ¢ # j, then from Lemma 7.(a) we get that X has 2(d—2n) invariant parallels.
On the other hand, if T = Hf;f”(aix + byy), with a;,b; € R\ {0}, a;b; # a;b; for i # j,
then

Elaygy(X) =2Q —yP = (n — m)ayz"""'T

has d — 2n + 2 different factors of the form az + by. Hence from Lemma 7.(b) follows that X
has exactly 2(d — 2n 4+ 2) invariant meridians. This complete the proof of statement (b). O

Let X € X4(I, m,n). From statement (b) of Lemma 7 the number of invariant parallels of
X is bounded by two times the maximum number of factors of the form z — zy (29 € [—1,1])
of the extactic polynomial & .)(X) = R. We note that z — z¢ is a factor of R if and only
if 2 — 29 is a factor of R(wg,vo,2) for a point (xg,7o) € R2. Then we will prove Lemma 8
by finding the maximum number of factors of the form z — zy of R(zo, yo, z), where (zo, yo)
is a particular point.
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Proof of Lemma 8. As (6) holds for all (z,y,z) € R3, in particular it holds for the points
(0,0, 2). Thus in such case (6) becomes

22"~ (2nR(0,0,2) — 2K(0,0,2)) = K(0,0,2) (r* — 1).

Then there exists a polynomial T of degree at most d — 2n such that K(0,0,z) = z2"~'T
and 2nR(0,0,z) — 2K(0,0,2) = (r* — 1) T. Hence 2nR(0,0,2) = (r* + 2*" — 1) T. We can
consider two cases: either R(0,0,z) # 0 or R(0,0,z) = 0.

Case 1. Suppose R(0,0, z) # 0. As r*+22" —1 is not divisible by polynomials of the form
z—zp, then the maximum number of factors of the form z—zy of R(0,0, z) is deg(T") = d—2n.
Therefore £¢; .1 (X) has at most d — 2n factors of the form z — zp. Hence & has at most
2(d — 2n) invariant parallels.

Case 2. Suppose R(0,0,z) = 0. We follow the same ideas as in previous case, i.e. as (6)
holds for all (z,y,2) € R3, in particular it holds for the points (g, yo, z) with f(zg,y0) = 0.
Thus in such case (6) becomes 22"~ ! (2nR(z0, Yo, 2) — 2K (%0, Y0, 2)) = K (0, yo, z) which
can be written as

2n2""" R(x0, Yo, 2) = K (20,10, 2) (ZQn -1).

Since z and 22" — 1 do not have factors in common, there exists a polynomial T such
that R(zo,y0,2) = (2*" — 1) T and K (zo,y0,z) = 2n2*"~'T. From this last condition on
T we obtain that the degree of T is at most deg(K (xo,yo0,2)) — 2n + 1. Since in this case
K(0,0,2) = 0, Ko = 0. Hence deg(K (zo,¥0,2)) < d — 2 for any point (zq,y0) € R2.
Therefore deg(T) < d — 2n — 1 Again we have two subcases: either R(zo,y0,2) # 0 or
R(z0,90,2) =0.

Subcase 2.1. Suppose R(zo,yo,2) # 0 for a point (zg,yo) such that f(zo,yo) = 0. We
have proved that R(zg,yo,2) = (22" - 1) T and deg(T) < d—2n— 1. Therefore R(xo,yo, 2)
has the two factors z — 1 and z + 1, which are the unique real factors of 22® — 1, and has at
most d—2n—1 factors of the form z — zg, with 2o € (—1,1). So &3 .3 (&) has the two factors
z—1and z+ 1, and has at most d — 2n — 1 factors of the form z — 2y, with —1 < zg < 1.
Hence X has at most 2(d — 2n — 1) 4+ 2 = 2(d — 2n) invariant parallels.

Subcase 2.2. Suppose R(zo,y0,2) = 0 for every point (zg,yo) of the algebraic curve
{f =0} . Then f is a factor of R(z,y, z), i.e. R(z,y,z) = fh(x,y,2), in addition Ry = 0.
Hence the maximum power of z in R(z,y, z) is at most d— 1. Therefore the maximum power
of z in h(z,y,z) is at most d — 1 —deg(f) =d— 2l —1. So & .3(X) has at most d — 2] — 1
factors of the form z — zp. Hence X has at most 2(d — 2] — 1) invariant parallels. O

2n—1

Proof of Lemma 9. We have that G4_; = ©Q4_; — yPy_;. For i = 0,1,...,2n — 2 the
equation (16) can be written as

ZI2Z_1Pd_i + mme—le_i _ (I2l + y2m) (IQl + y2m _ 27‘2) Sl _ (7,4 _ 1) S'L

We can write the polynomial Py_; as Py_; = Py_; + Py_;, where Py_; is the sum of the
homogeneous parts of degree at most deg(S;) — 20 + 1 of P;_;, and Py ;= Py — Py
Analogously, we write the polynomial Qq_; as Qq_; = @d—i“‘@d—i» where Q,_; is the sum of
the homogeneous parts of degree at most deg(S;) —2m+1 of Q4—;, and Qd,i =Qai—Qq_;-
Then from previous equation we have that

1 Py +my®™ ' Qu_y = (1 = 1) S; (18)

and
lx2lflﬁd7i + my2m71@d7i _ (.’EQl + y2m) (xZI + y2m _ 27,,2) Sz =0.
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By reordering terms the last equation is equivalent to the following
P (P =2 (f=12) 8i) = —y* " (mQuai — y (f = 12) i) .

Since z I and y2m’1 do not have common factors, there exist a polynomial T; such that
1Py —a(f —1%) Si = —y*™ T, and mQa_i — vy (f = %) S; = 2%7'T;, whence

]3(1,,- = ( 2m—lp, +1“( ) )/l and de,i = (le_lTier (f 77“2) SZ-) /m.

Therefore

20—

g (= m)ay (7)o 19
Im

Now, as deg(Pq_;) < deg(S;) — 2l + 1, deg(Q,_;) < deg(S;) — 2m + 1, and deg(S;) <

d—2] —1—i, then deg(Py_;) < d— 2l — 2] — i and deg(Q,_;) < d — 2] — 2m — i. Hence

deg(xQy ; —yPq_;) <max{d—2l -2l —i+1,d—2l-2m—i+1} =d—2l —2m+1—i.

If 2Q,_; — yPa_i #Z 0, then G4_; has at most d — 2] — 2m + 1 — i factors of the form
ax +by,and as d — 2l —2m + 1 —i < d — 2l + 1 — i then assertion follows.

On the other hand, if 2Q,_; — yP4_; = 0 then there exists a polynomial V; such that
Qq_i = yV; and P4_; = xV;, moreover from these conditions it follows that deg(V;) <
deg(Pq—;)—1 < d—4l—1—1i. Hence from (18) we get that S; = (lz*' 4+ my?™) V;/ (r* — 1).
Therefore (19) reduces to

Gi—i =2Q4_; —yPa—i +

lm

Gag—i =

W[( )T+ (= my (f =2 Vi)

Im(r*t—1
If V; # 0 then G4—; has at most d—4{+1—1 factors of the form ax+ by because deg(zyV;) <
d—4l+1 -4 and l2? +my?®™ is irreducible, moreover as d — 4l +1—4 < d — 2l + 1 — i then
assertion follows.

Finally, V; = 0 then G4_; = (lz* + my®™) T;/ (Im) has at most d — 2 + 1 — i factors of
the form ax + by because deg(T;) < d — 20 + 1 — i and [2? + my?™ is irreducible. ([

5. PROOF OF THEOREM 2
We will prove Theorem 2 by assuming the following result

Lemma 10. Ifd < 2l — 1 then every element of X4(1,m,n) has the form

0

X = mnxy®™ 1220 lT; +1n (r* —y*™) 22" 1Taa + 2lmy*m 1 (zZn—l)T&,

where T is a polynomial of degree at most d —2(m +n) + 1.
We will prove this lemma after the proof of the theorem.

Proof of Theorem 2. Let X be a polynomial vector field in X4(1,m,n).
Proof of statement (a). If d < 2(m + n) — 1 then from Lemma 10, T = 0, hence X = 0.

Proof of statement (b). From Lemma 10 we get that X # 0 if and only if 7' # 0. Hence
the extactic polynomials
En oy (X) = R =2lmy*" 1 (z*" = 1)T
and
Elay(X) =2Q —yP = —22>" 71 (Ir* = (I —m)y*™) T



INVARIANT PARALLELS AND MERIDIANS ON 2—DIMENSIONAL ALGEBRAIC TORI 11

do not vanish identically. Therefore X has finitely many invariant parallels and invariant
meridians. In addition, £g .1(X) has at most (d — 2(m + n) + 1) factors of the form
z — zp with zg # 41 and has the two factors z — 1 and z + 1, which implies that X
has at least two and at most 2(d — 2(m + n) + 2) invariant parallels. On the other hand
E(2,y}(X) has at most d — 2(m +n) + 1 factors of the form ax + by, with b # 0 and has the
factor x, which implies that X has at least two and at most 2(d — 2(m + n) + 2) invariant
meridians. Therefore the sum of invariant parallels and meridians is at least four and at
most 2(deg(T)) +4 = 2(d — 2(m +n) + 3).

Proof of statement (c). As x = 0, z = 1, and z = —1 are always invariant planes of
X, then always X has two invariant meridians M; U My = {o = 0} N T?(l,m,n) and two
invariant parallels P; = {z — 1 = 0} N T%(I,m,n) and Py = {z +1 =0} N T%(l,m,n). This
implies that any invariant parallel intersects M; and Msy. Therefore the invariant parallel
cannot be a limit cycle. Analogously, any invariant meridian intersects to P; and Ps.

Finally, statement (d) follows from the property that T is an arbitrary polynomial of
degree d —2(m+mn)+1 and that P; and Py, and M; and Mo, are always invariant parallels
and invariant meridians respectively. O

Proof of Lemma 10. Let X € X4(I,m,n) be a polynomial vector field (1) of degree d on
T2(I,m,n). We are assuming that d < 2] — 1 then from (17) deg(S;) < —i < 0, thus S; = 0.
Hence from (15) we get that K4y_1_; =0 for i =0,1,...,2n — 2, and from (16) we get that
[22=1Py ; = —my?™1Qq_;. Therefore there exists a polynomial T; € R[xz,y] such that
Py, = —my®> T and Qq_; = lz®~'T;. Now, for i =0,1,...,2n—2 the polynomial Qq_;
is of degree at most d —i and as d —i < 2l — 1 —4¢ < 2] — 1, then T; = 0, which implies that
Py—i =Qa-i =0.
Form the previous paragraph we have that
P= z2"71ﬁ, Q= 22”71@ and K =z""1K. (20)

Then (6) reduces to 2nR — 22"K = K (f2—1)—4f (lx”’lﬁ + my2m*1@) , which can be
written as

2R — K (22n — 1) =f (zm*l (4[? — q:f() + g2t (4m@ — y}?)) + rsz(. (21)

If 4P — zK does not vanish identically then the right hand side of (21) is a polynomial of

degree at least 4/—1 > d, while the left hand side has degree at most d. Hence 4{P—zK = 0,
thus there exists K € Rz, y] such that

K =4InkK, P =nzK, (22)
and equation (21) reduces to
2nR — 4InK (22" — 1) =f (4lnf_{ (7“2 — me) + 4my2m_1é) .

If 4InK (’I“2 — y2'") + 4my2m_16~2 does not vanish identically then the left hand side of the
previous equation is a polynomial of degree at least 2] > d, while the right hand side has

degree at most d. Hence 4inK (r? — y>™) = —4my?m=1Q. Since 2™~ ! and r% — y2™ does
not have common factors, there exists 7' € R[x, y] such that
K=my* 'T, Q=1In (r* —y*™) T and 2nR = —4inK (2*" —1). (23)

By using (20), (22) and (23) we prove that
P =mnzy* ™ 122717, Q = In(r? —4°™)2*" 1T and R = 2lmgy®™ 1 (z*" — 1)T.
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It is clear that deg(T) < d —2(n+m) + 1. O

6. PROOF OF THEOREMS 3 AND 4

In this section we are assuming that [ = m = n. This is f = 22" + ¢?>" — r? and
F=f2422" 1.

Proof of Theorem 3. Let X be a polynomial vector field in X4(n,n,n).

Proof of statement (a). If d < 2n — 1 then from statement (a.l) of Theorem 2, X = 0.
Therefore, if X has finitely many invariant meridians or invariant parallels, then d > 2n —1.

Statement (b) follows from statement (b) of Theorem 1.

Proof of statement (c). For fori = 0,1,...,d the polynomial G4_; has degree d—i+1, then
fori = 2n,2n+1,...,d the degree of G4_; is at most d—2n+ 1. Moreover from Lemma 9 we
know that for i =0, 1,...,2n —2 the polynomial G4_; has at most d—2n+1—i < d—2n+1
factors of the form ax + by. Therefore to complete the proof we only need to prove that
Gi—on+1 = 2Q4—2n+1 — YPi—2n+1 has at most d — 2n + 1 factors of the form azx + by. Next
we will prove this fact.

From (10) we know that Py_2,4+1 and Qg4—2,+1 satisfy the equation
2nRy = Kq_on(f* = 1) — 4f (12" Py_ops1 + my®™ ' Qu—2n+1) »

which can be written as
2nRq = f[2®"7 (@K g2 — Py_2n11) + ¥*" 7 (YK a2 — nQa—20+1)]
—Kg_on (L+72f).

Let ]Sd,gnﬂ and @d,gnﬂ be the sum of the homogeneous parts of degree at least d —4n+ 2
of Py_on+1 and Qq_opn+1 respectively. Let Ky_o, be the sum of the homogeneous parts
of degree at least d — 4n + 1 of K4 9,. Then from previous equation we have that if
2l (xf(d,gn — 4nj5d,2n+1) 4yl (y]?d,zn — 4nC~2d,2n+1) does not vanish identically,
then the degree of the right hand side is at least d + 1 > d, while the left hand side is of
degree d. Therefore

a?n (xf(d—zn - 4nﬁd—2n+1) = -y (yf(d_% B 4n@d_2"+1) '

=1 and y?"~! do not have common factor, there exists T € R[z,y] such that

Since z
K g on — 4nf~)d—2n+1 =y T and yKg 2, — 4n©d72n+1 = —2?"" T,
or equivalently
ﬁd_gn_H =y iT 4 2Ky o, and @d_gn_H =2 T 4 y[?d_Qn.
Thus 2Qq—on+1—YPi—2ni1 = (22" +y>")T and we have that deg(T) < d—4n+2. Therefore
Ga-ont1 = 2Qa—2n+1 — YPa—oni1 = G+ (*" + y*")T,

where G = 2(Qq_2n11 — de,gnﬂ) —y(Pi—ont1 — f’d,gnﬂ) is of degree at most d —4n + 1.
As a result G4_op,+1 has at most d — 4n + 2 factors of the form az + by. O

Proof of Theorem 4. Let d and n be positive integers such that d > 2n — 1. For every
k € {0,1,...,d — 2n + 1} we define the nonnegative number o = d — 2n — k + 1, the
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polynomial Hf = Hle a;x + by, where a;,b; € R, a;b; # a;jb; for i # j; if k=0, HY = 1.
Consider the polynomial vector field

0] 0 0]
X =P— — +R—,
oz + Qay + 0z
where P = —y?" 1z — 20)** HF + 22?1 Hy, Q = 22" Y2 — 20)** HF + y2*"'H,y, R =
2(22”—1—r2f)H2, |z0| > 1, Ho :H?;fnz—zi, z; € R, Hy =1if d =2n, and Hy =0 if
d=2n-—1.

The polynomial vector field X is of degree d and satisfies (6) taking K = 4nz*"~1H,,

then X € X4(n,n,n). In addition we have that
E{J:,y}(‘)() = .%Q - yP = (xQn + yZn) (Z - ZO)akaa
and
5{172}(2\5) =R=2 (Z2n —-1- 1"2f) Hos.
So X has k invariant planes a;x + b;y, hence X’ has 2k invariant meridians.

On the other hand for every v € {0,1,2,...,2(d — 2n)} there is p € {0,1,2,...,d — 2n}
and 7 € {0,1} such that v = 2u — 7. If 7 = 1 then we consider Hy in such a way that
—1l=2z <2z <--<z,<land |z >1for p <i<d—2n, otherwise —1 < z; < 23 <
<+ <z, <land |z]| > 1for p < i< d—2n. Thus, we obtain that X" has exactly v =2 —7
invariant parallels.

Now we consider X with Ho = 1. If (z*,y*,2*) € T?(n,n,n) is a singular point of X,
then (z*,y*) # (0,0), thus (z*)?" + (y*)?" > 0. Since z* — 2z # 0 and 0 = z*Q(z*, y*, z*) —
y P, y*,2%) = ((@*)?" + (y*)*") (z* — 20)** Hf (z*,y*), Hf (z*,y*) = 0. Hence using the
expressions of P and Q we obtain that z*(2*)?*~! = 0 and y*(2*)?"~! = 0, hence z* = 0.
Now as (z*,y*,2%) = (z*,y%,0) € T?(n,n,n) then f(z*,y*) = +1, thus R(z*,y*,0) =
—2(1 £72) # 0. In conclusion X has no singular points on T?(n,n,n), therefore the 2k
invariant meridians of X are periodic orbits. In addition the differential system associated
to X in cylindrical coordinates satisfies that

0 = (z—20)™* (r*(cos®™ @ +sin®" 9)) HY.
Since |zg| > 1, between two consecutive invariant meridians the
sign(f) = sign(Hf (r cos 0, rsinf) € {—1,1},

and these signs change when we cross one meridian. So the periodic orbits on the invariant
meridians are stable or unstable (algebraic) limit cycles alternately.

Following the previous idea we can prove that if we consider X with HY the X has v
invariant parallels which are (algebraic) limit cycles. O

7. PROOF OF THEOREM 5

The idea to prove Theorem 5 is as follows. From the Case 1 of proof of Lemma 8 we
know that if R(0,0,z) does not vanish identically then X has at most 2(d — 2n) invariant
parallels. Then we will prove the following lemma.

Lemma 11. Ifl=m and d > 2n > 2l, or if | > m and d > 2n > 2(I +m), then the subset
Ra C X4(l,m,n) of polynomial vector fields such that R(0,0,z) # 0 is generic.

On the other hand, if X € ¥4(I,m,n) and G4 # 0 then from Lemma 9 we know that
G4 has at most d — 2l + 1 factors of the form az + by which implies that X has at most
2(d — 21 + 1) invariant meridians. Then we will prove the following lemma.



14 J. LLIBRE AND S. REBOLLO-PERDOMO

Lemma 12. Ifd > 2] — 1 then the subset Gg C X4(l,m,n) of polynomial vector fields such
that G4 = xQq — yPyg # 0 is generic.

As a result we will obtain that R4 N G4 will be the desired generic subset for the proof
of the first two statements of Theorem 5. For proving the next two statements we will
construct a polynomial vector field X’ having the desired properties. That construction is
as follows: Let d, [, m and n be positive integers such that either d > 2n > 2] if [ = m, or
d>2n>2(+m)ifl >m. For every k € {0,1,...,d — 2l + 1} we define the nonnegative
number a; = d — 21 — k + 1 and the polynomial HF = Hle a;x + b;y of degree k, where
ai,bi € R, a;b; # ajb; for i # j; if k =0, HY = cte. Consider the polynomial vector field

0 0 0
X=P— — + R— 24
Ox + Qay + 0z’ (24)
where P = —my?" (2 — 20)** HF + nz2®""1Hy, Q = 12271 (2 — 20)¥ HF + nyz?" "1 H,,

R = 2((lfm)y2”"f+l(22”7177“2‘]‘))]{2, |z0| > 1, Hy = Hj;fnz — 2z, z; € R, and
Hy =cteif d—2n =0.

Lemma 13. The polynomial vector field X given by (24) satisfies that X € RqN Gyq.

Next we are going to give the proof of Theorem 5 by assuming the three previous lemmas
whose proofs will be given after the proof of the theorem.

Proof of Theorem 5. In both cases: if l=m and d > 2n > 2l, or if | > m and d > 2n >
2(I + m) we know from Lemma 11 that R4 is a generic subset of X4(I, m,n). Moreover as
2(l4+m) > 2l >2l—1and d > 2l or d > 2(Il + m), then from Lemma 12 follows that G,
is also a generic subset of X4(I,m,n). Therefore R; N G4 is a generic subset of X4(l,m,n)
and for every X € R4N Gy the maximum number of invariant parallels is 2(d — 2n), and the
maximum number of invariant meridians is 2(d — 2]+ 1). This prove statements (a) and (b).

Now, let X be the vector field given by (24). From Lemma 13 we know that X € Rg4NGq.

For every v € {0,1,2,...,2(d—2n)} thereis p € {0,1,2,...,d —2n} and 7 € {0, 1} such
that v = 2u — 7. If 7 = 1 then in X we consider Hs in such a way that —1 = 21 < 25 <
<+ < zy <land |z >1for p <i<d—2n, otherwise =1 < 23 < 23 < --- < 2, <1 and
and |z| > 1 for p < i < d— 2n. Hence as

Enp(X)=R=2(1-my*"f+1(z* —1-1°f)) H>

and (I —m)y*™ f +1(2*" — 1 —r?f) does not have any factor of the form z — zo, then from
Lemma 7.(a) it follows that X has exactly v = 2 — 7 invariant parallels.

Also we have that
E(oy} (X) = 2Q —yP = (1™ +my*™) (= — 20)* Y.

then from Lemma 7.(b) it follows that X’ has k invariant planes of the form az + by because
122 + my®™ is irreducible, hence X’ has 2k invariant meridians. This complete the proof of
statement (c).

To finish the proof of theorem we will provide the proof of statement (d).

If we consider HY = 1 in X, then X does not have any invariant meridian because
E{2,y} (X) has no factors of the form ax +by. Therefore every v € {0,1,2,...,2(d—2n)} we
can choose Hs in such a way that X has v different invariant parallels which are periodic
orbits since X does not have any singular point on T?(I,m,n). In addition, these invariant
parallels are stable or unstable (algebraic) limit cycles because the sign of R is constant
between two consecutive parallels and it changes when we cross one parallel.
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If we consider Hy = 1 in X then X does not have any invariant parallel because z — zg
is no a factor of R for any constant zg. Therefore A has 2k different invariant meridians
which are periodic orbits since X does not have any singular point on T2(I,m,n). On the
other hand the differential system associated to X in cylindrical coordinates satisfies that

xQ —yP <lr2l cos? 0 + mr?™ sin®™ 0)

6= 3 3 ) (2 — 20)** H¥ (1 cos 0, 7sin 6).

T T

Since |zg| > 1, between two consecutive invariant meridians the
sign(f) = sign(HF(r cos 0, rsinf) € {—1,1},

and these signs change when we cross one meridian. So the periodic orbits on the invariant
meridians are stable or unstable (algebraic) limit cycles alternately. (I

Proof of Lemma 11. From Lemma 13, the polynomial vector field (24) is an element of R4,
50 Rq # (. As the number of free parameters in Hs is d — 2n + 1 then Ry can be identify
with a real linear space of dimension at least d — 2n +1 > 1.

On the other hand, recall that X4(I,m,n) can be identified with RY, for some ¢ > 1.
The previous argument implies that ¢ > d — 2n + 1 > 1 On the other hand, R(0,0, z)
is a polynomial in R[z] whose coefficients are linear combinations of the coefficients of R,
then the subset X4(l, m,n) \ Ry of polynomial vector fields such that R(0,0,z) = 0 has
codimension 1 in X4(I,m,n). Therefore Ry is generic. O

Proof of Lemma 12. First we prove that G; # (). We are assuming that d > 2] — 1. Then
we consider an arbitrary homogeneous polynomial Hy € R[z,y| of degree d — 2I + 1, which
has d — 2] + 2 independent real coefficients. It is easy to see that the polynomial vector field

0 0 0
X = (_mmeilHl) % + (l$2171H1) aiy + 0&7

is of degree d and satisfies (6) with K = 0. Thus X € X4(l,m,n). For this vector field
Py = —my** 1H, and Qq = ly*~'Hy, hence
Gd = .er — de = (ZCUQZ + myzm) H1 7‘é 0.

This implies that X € G4. So G4 can be identify with a real linear space of dimension at
least d — 2l +2 > 1.

On the other hand, recall that X4(I,m,n) can be identified with R?, for some ¢ > 1. The
previous argument implies that ¢ > d — 2l + 2 > 1 On the other hand, G4 = 2zQg4 — y P, is a
polynomial in R[z, y] whose coefficients are linear combinations of the coefficients of P; and

Q4, then the subset X (I, m,n)\Gq of polynomial vector fields such that G4 = xQq—yP; =0
has codimension 1 in X4(I,m,n). Therefore G4 is generic. g

Proof of Lemma 13. In is easy to see that X satisfies (6) by taking K = 4Inz?""1H,. Now
we will see that X is of degree d in both cases: | = m and [ > m.

Case 1. | = m. Hence deg(P) = deg(Q) = d. In this case R = 21 (2*" — 1 — r2f) H, then
deg(R) = max{2n,2l} + d — 2n and since 2n > 2[, deg(R) = d. Therefore X € X4(I,1,n).

Case 2. 1 > m. Hence deg(P) = deg(Q) = d and deg(R) = max{2n, 2l + 2m} + d — 2n,
as in this case 2n > 2] 4 2m then deg(R) = d. Therefore X € X4(I,m,n).

From the previous cases we conclude that X € X4(I,m,n). In addition we have that
R(0,0,2) =21 (zQ" -1+ T4) Hy#0and G=zQ—yP = (lach + mme) (2 —20)** HF, thus
Gq = (lz* + my®™) (—20)** Hf # 0. In conclusion X € Ry N Gq. O
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