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ANALYTIC INTEGRABILITY OF THE BIANCHI CLASS A
COSMOLOGICAL MODELS WITH 0<k< 1

ANTONI FERRAGUT?, JAUME LLIBRE? AND CHARA PANTAZI?

ABSTRACT. There are many works studying the integrability of the Bianchi class A cos-
mologies with & = 1. Here we characterize the analytic integrability of the Bianchi class
A cosmological models when 0 < k < 1.

1. INTRODUCTION

Bianchi models describe space-times which are foliated by homogeneous (and so we have
three dimensional Lie algebras) hypersurfaces of constant time. Bianchi [2, 3] was the first
to classify three dimensional Lie algebras which are nonisomorphic. There are nine types
of models according to the dimension n of the algebra:

(a) n=0: type L;

(b) n = 1: types II, IIT;

(¢c) n=2: types IV, V, VI, VII;
(d) n = 3: types VIII, IX.

If we consider X1, X2, X3 an appropriate basis of the 3-dimensional Lie Algebra, then
the classification depends on a scalar a € R and a vector (n1,ng, ng), with n; € {+1,—1,0}
such that

(X1, Xo] = nsXs, [Xo, X3l =mX1 —aXe, [X3,X1]=n2Xs+aX,

where [, ] is the Lie bracket. In particular for a = 0 we obtain models of class A and for a # 0
we obtain models of class B. A good reference for the Bianchi models is Bogoyavlensky [4].

In a cosmological model Einstein’s equations connect the geometry of the space-time
with the properties of the matter. The matter occupying the space-time is determined by
the stress energy tensor of the matter. In our study we follow [4] and we consider the
hydrodynamical tensor of the matter. We will work with an equation of state of matter
of the form p = ke, where € is the energy density of the matter, p is the pressure and
0<k<1.

Following [4] the Einstein equations for the homogenous cosmologies of class A without
motion of matter can be formalized as a Hamiltonian system in the phase space p;, ¢; for
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i =1,2,3 with the Hamiltonian function

H = ;H <T(p¢qi) + iVG(%’)) :

(q1g293) 2

Here T is the kinetic energy (not positive defined) and Vi is the potential. According to
[4] (Section 4 of Chapter II) the kinetic and the potential energy are given, respectively, by

3 3

T(pi)) = 2 pipidiq; — Y p2a?,
i< =

3 5.,

Vaola) = 2) ninjgigy — > niq;,
i<y =1

for i,j € {1,2,3}.
Consider the time 7 defined by dr = (q1qaqs)~*/2dt, where t is the synchronous time.
The Hamiltonian system in the new time 7 is written as

. 9H .  0H

or equivalently as
k=1
41 =2¢1(q1G293) 2 (—p1q1 + p2g2 + p3gs),
ko1
G2 =2¢2(q19293) 2 (p1q1 — p2q2 + p3g3),

k=1
Gs =2q3(q19293) 2 (p1q1 + p2q2 — p3g3),

. k-1 1 1—-k
Pr=—(@1a2g3) = { 2p1(=pran + p2g2 + p3gs) + gna(—miqu + n2gz +nags) | + T}L
1

. k=1 1 1—k
P2 = — (q192q3) 2 (QPQ(PNA — p2q2 + P3g3) + 5712(”1(11 — na2g2 + nsqs)) + ?H,
2

R k=1 1 1—-k
Ps = — (q192q3) 2 (2p3(p1q1 +p2g2 = p3gs) + gna(miqy + n2gz — naqs)) tom
Note that the constants ni,no,ng determine the type of the model according to Table

1. After the change of coordinates ds = (Q1QQQ3)%dT, ¢ = i, pi = Tivs/(2x;), 1 =1,2,3,
we obtain the quadratic homogeneous polynomial differential system

1 = xi1(—z4+ x5+ 26),

i = x9(T4 — x5+ T6),

3 = w3(x4 + 5 — 26),

P o= _ _ =l (1)
Iy ni1x1(n1ey — noxo — ngxz) + 4 F,

Ty = mnoxra(—ni1z1 + Nexe2 — n3rs) + %F,

Tg = ngmg(—nlxl — NoXT9 + ng.rg) + %F,

[Type [ T[T [ VI [ VI, [ VI | IX |
a O[O O] 0 01O
mo [[Ol1] 1 | 1 | 1 |1
ns |[0]0| -1 1T | 1 |1
ng 0|0 0 0 | =11

TABLE 1. The classification of Bianchi class A cosmologies.



ANALYTIC INTEGRABILITY OF BIANCHI MODELS 3

where
F —n22 2.2 2,2 9 2 2
=nizr] + nyxy + n3r3 — 2n1N9x1x2 — 2N1N3T1T3 — 2N2N3gTroT3

2

+ £E421 + .CE% + iE(Q; — 21’4£E5 — 2.%’5%6 — 21‘4336. ( )

Note that system (1) is a homogeneous polynomial differential system of degree 2. The
Hamiltonian H becomes after the changes of variables the first integral

k=1
H :(.’171.%‘2.733) 2 F
z(xlxgazg)%(n%a:% + n%x% + n%x% — 2n1Nox1T2 — 2N1N3T1T3 (3)
— 2n9ngxraoxrs + xi + x% + :(:g — 2w4x5 — 2x526 — 2X4%6)
of system (1).
Let U be an open and dense subset of RS. Then we recall that system (1) has a first
integral H : U — R if H is a non-constant C'-function such that
. . OH
T1m— +--+ 25— =0.
81‘6
Many authors have studied some models of Class A for the case k = 1 considering different
types of integrability, see for exemple [5, 6, 7, 8, 9, 11, 12]. In this work we study the

analytic integrability of all Bianchi models of class A in the variables (x1, x2, X3, T4, T5, Tg)
for 0 < k < 1. The following result is well known, see for instance [10].

Proposition 1. Let F' be an analytic function and let F' =), F; be its decomposition into
homogeneous polynomials of degree i. Then F is an analytic first integral of the homoge-
neous differential system (1) if and only if F; is a homogeneous polynomial first integral of
system (1) for all i.

A Hamiltonian system with n degrees of freedom is completely integrable if it admits n
independent first integrals in involution, see for more details [1]. A differential system of n
variables is completely integrable if it admits n — 1 independent first integrals.

According to Proposition 1 the study of the analytic first integrals of the homogeneous
system (1) is reduced to the study of its polynomial homogeneous first integrals. The main
result of this paper is the characterization of the polynomial first integrals of the Bianchi
models of class A. Section 2 provides three technical lemmas that we will use in Section 3
to prove the following theorem.

Theorem 2. For 0 < k <1 the following statements hold.

(a) The Bianchi type 1 model is completely integrable.

(b) The Bianchi type 11 model has the polynomial first integral K = x5 —xg. This model
does not admit any additional polynomial first integral independent from H and K.

(¢) The Bianchi type Vg and VIIy models have no polynomial first integrals.

(d) The Bianchi type VIII and IX models have no polynomial first integrals.

2. SOME AUXILIARY LEMMAS
In order to prove Theorem 2 we shall use the following three lemmas.

Lemma 3 (see [9]). Let x be a one-dimensional variable, k € {1,...,n}, n > 1 and
let f = f(x1,...,2n) be a polynomial. For | € {1,---,n} and co a constant let f; =
f(1,.. ., %n)|z,=co- Then there exists a polynomial g = g(x1,...,xy,) such that f = f +
(z1—co)g.
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Lemma 4. Let g = g(x4, z5,26) be a homogeneous polynomial solution of the homogeneous
partial differential equation

k—1 dg dg dg
Fuog (=2 + 2L 4 29 —, 4
(@174 + agxs + azxe)g + 1 f123 <8x4 + Bas + Bie (4)
where Fios = 23 + 22 + 23 — 2(z425 + 2476 + 2576) and a1,a2,a3 € R are such that
(a1 — a2)2 + (a1 — a3)2 #0. Then g = 0.

Proof. The general solution of equation (4) is

9(x4, 5, 16) =f (24 — 75,24 — T¢)

A1+As A1 —Az
(—1‘4 — 5 — T + 2\/5) ($4 + x5 + T + 2\/K> ,

where Ay = 2(a; +az + a3)/(3(k — 1)), Ag = ((2a1 — a2 — a3z)x4 + (—a1 + 2a2 — az)xs +
(—a1 — a2 + 2a3)zs)/(3(k — DVA), A = 23 + 22 + 22 — 475 — 1476 — T576 and f is an
arbitrary function. We note that ¢ is a polynomial if and only if A; € N, Ay =0 and f is
a polynomial. In particular, the relation Ay = 0 is equivalent to the linear system

2 -1 -1 a 0
-1 2 -1 a | =10
1 -1 2 as 0

The solution of this system is a; = a2 = ag. This cannot happen by assumption. Therefore
g is not a polynomial unless g = 0. (]

Lemma 5. Let g = g(z4,x5,26) and h = h(zqy — 5,24 — x6) be homogeneous polynomials
of respective degrees n — 2 and n such that

k—1 dg dg dg oh
W opa — Froo | 29 L 99 99 o
(x4 — x5+ x6)9 + 1 iz ((9904 + D + 8x6> + D 0, (5)

where Flo3 = 22 + 22 + 22 — 2(2475 + 2426 + 7576). Then h = h(xy — 2¢6) and g = 0.

Proof. Let h = > a;(xg — x5)" (x4 —x6)" " and g = > bijxix%xg%*%]. Suppose that
=0 i+j=0
g # 0. Forcing that the solution of (5) be a polynomial, Mathematica (see [13]) shows that
g is of the form
4 hs

9(z4, 35, 6) = 1_k ﬁ%du + f(z4 — @5, 24 — 76),

where f is a homogeneous polynomial, hs = . and the integral is to be a polynomial.
Zs5

Let Ay = \/75—+/T6 and Az = \/T5++/Tg. Under this notation Fjo3 = (14— A2) (14— A3).
The fraction inside the above integral can be written as

h5 1 Xl X2
— =X, _
F123 0+A%*A% <$4A% :U4A%>7

where Xo = Xo(z4, 41, A2), X1 = X1(A1, As) and Xy = X5(A;, Ag) are homogeneous
polynomials. The integrals of the fractions in the right hand side with respect to x4 are
X;log(zy — A?), 1 = 1,2; hence X7 and X9 must be identically zero. X7 = 0 and X5 =0
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have the same solutions ay, . . ., a, because of symmetry. Indeed X; = 0 (or X9 = 0) reduces
to S, = 0, where

Sy = 2(3141 - A2)nii(A1 + Ag)nfi(?)Al + Ag)ifl(Al — Ag)iiliai,
i=1

We note that we have the recursive equality

Sn = (3A1 — AQ)(Al + AQ)Sn_l + (3141 + Az)n_l(Al — Ag)”_ln Q-

On A; = —Aj (or equivalently on x5 = 0) we have n4”_1A§”_2an =0, and hence we have
an, = 0. Induction arguments prove that S,, = 0 implies a; = -+ = a, = 0. Therefore
hs = 0, which means that equation (5) is a particular case of equation (4) and then by
Lemma 4 we get g = 0 and then we are finished. O

3. PROOF OF THEOREM 2

In this section we prove the four statements of Theorem 2.

3.1. Proof of statement (a) of Theorem 2. According to Table 1 the Bianchi cosmo-
logical model I is obtained for ny = ngy = ng = 0. System (1) becomes

1 =x1(—24 + x5 + T6),
To :xQ(fE4 — 5+ 1’6),

&3 =w3(x4 + 25 — T6),

. k=1

T4 :TF, (6)
. k=1

xIs :TF7

) k—1

iy == F,

where F = (95421 + m% + .1‘% — 2w4x5 — 22516 — 2w4%6). Straightforward computations show
that system (6) has the five first integrals x4 — x5, 4 — xg, H defined in (3),

_ T4
<!B1>12k Ty + x5+ a6 — 2VA\ VA
L2 T4+ x5 + 16 + 2VA

and

T5—%6

(“)1? <w4+x5+x6—2\/5> va

xs3 x4+x5+x6+2\/5

with A = xi—i—x% +x% —x4r5— X526 —T4Te. Note that the five first integrals are independent.
Statement (a) is proved.
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3.2. Prove of statement (b) of Theorem 2. The Bianchi cosmological model II is
obtained for n; = 1 and ng = ng = 0. System (1) writes as

1 =x1(—24 + x5 + T6),
To =x9(T4 — 5 + T¢),
3 =x3(x4 + x5 — T6),

9 k-1

LI.:4 :$1+TF, (7)
. k=1

xIs :TF7

. k=1

Te :TF7

where F' = :17% + 35?1 + iL'g + x% — 22425 — 20506 — 27426
Let h = h(z1, 22,23, 4,75, 76) be a homogeneous polynomial first integral of (7). Using
Lemma 3 we can write h = hy(z2, 3, 24, x5, T6) + 29 91(x1, T2, T3, T4, T5, T6), with j € N
and h; and g; homogeneous polynomials such that 21 1 g;. On x; = 0 system (7) becomes
T9 =xo(x4 — x5 + xﬁ),

&3 =x3(x4 + 25 — T6),

k—1
L F
Tg 4 1, (8)
. k=1
Ty =— F,
. k-1
T — 1 F1

where Fy = F|;,—o. System (8) admits the two polynomial first integrals x4 — x5 and x5 —x¢
and the two non-polynomial first integrals
T4 —2x5+TgH

(k—1) T4+ x5 + 26 — 2VA va
Fy
T4+ 5+ 16 + 2VA

T

LN

and
Tgtxs—2x6

x%(kfl)F $4+x5+x6—2\/Z va
’ "\ 2yt 25 + a6+ 2VA ’

where A = xi + x% + .1‘% — x4x5 — 476 — T5xe. As these four first integrals of system (8) are
independent and h; is a polynomial first integral of (8), we have hy = hy (x4 — 5,25 — x¢).

The following lemma ends the proof of statement (b) of Theorem 2.
Lemma 6. For system (7) we have that hy = hy(x5 — x¢) and g1 = 0.
Proof. Suppose that g1 £ 0. As h is a first integral of (7), we have

o 0 0
o) |j(—za+ x5 + 26)91 + x1(—24 + 25 + me)ﬂ + zo(zg — x5 + 936)ﬂ
ory O

g1 2091 k-1 dg1  O0g1  On 9 O0hy
_ Ys1 29 Mo 2e Yo POl
+a3(zs + x5 $6)8x3 + 27 914 + 1 D24 + D + D +x
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We distinguish three cases depending on the value of j. If j = 1 then equation (9)
becomes
dg1
81‘2
c’)g1 2 891 k— (891 091 891 ) T %

(—xa 4+ x5+ 26)01 + 21 (—24 + 25 + JJG)* + xo(zg — x5 + 26) =—

, B g1 7F ZJL =0.
+x3(wg + a5 —26) 57— + T + 0x4 8£E5 dze ' Dy

Oxs L a4 4
Let g1 = g1]z,=0 # 0. Equation (9) on z; = 0 can be written as
o
0x2
09,  k-1p <agl+8g1+ 8‘(71) = 0.

83+ 4 Oxy  Oxs 87336

(—x4 + x5 + 26)51 + x2(24 — T5 + 26) =—

+ £U3(£C4 + x5 — a:6)

Write g1 = xhge # 0, with I € NU {0} and x5 { go. We get

((=z4 + 5 + x6) + U(Ts — 25 + 36)) g2 + T2 (T4 — T5 + $6)8x2

dga k—1F1<392 992 892):0.

+ z3(24 + 25 —556)873 + 1

Let g2 = g2]z,—0 Z 0. On x5 = 0 we have

((—x4 + x5 + ) + (x4 — 5 + 26)) 72
992 k-1 032 | 0g2 | 0go

Fpo| =—=4+-"2+-—"1=0
Oxg 4 <a4+81‘5+6$6 ’

where Fig = Fi|g,—0. Now we write go = 25'g3 # 0, with m € NU {0} and x3 t g3. We
obtain

+ z3(x4 + x5 — x6)

((—x4 + x5 + w6) + (x4 — x5 + x6) + M(24 + 25 — 26))93

dgz k-1 dgs | Ogs | Ogs
Fio = 0.
ox T3 + 4 <8x4 81‘5 8$6

Let g3 = g3]z3—=0 Z 0. On x3 = 0 we have

+ z3(xa + 25 — T6)

(=24 + x5 + w6) + l(xg — 25 + 6) + m(x4 + 25 — T6))J3
k — 0g g 0g
+ F123( g3 4 993 93 + g3> _0,

ox T4 81‘5 87‘%6
where Flo3 = Fia|z,—0. Applying Lemma 4 we get g3 = 0, which is a contradiction. Hence
oh
we have g; = 0 and therefore a—l = 0. The lemma follows in this case.
T4
0hy oh
If j > 2 then a3 '3 , and then mn L = 0. Now we can proceed in a similar way as in
T4 T4
the case 7 = 1 to prove that g = 0 by using Lemma 4.

If j = 2 then equation (9) becomes

01
0xo
dg1 | 2091  k—1_/(0gq  0O0g1  O¢ Ohy

_ e 291 N ip(99r 991 991 o

+ x3(xg + x5 IL'6)8 s +z 183@4 + 1 (3304 + D + D .

g1
2(—z4+ x5 + 26)g1 + x1(—24 + 5 + xa)a—gl + xo(x4 — x5 + T6) 7—

=0.
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Let g1 = g1]z,=0 Z 0. Equation (9) on x; = 0 can be written as
91
0x9
k— dg1 . 0g1 09 oh
Lp (991, 991 O | Ol
4 Oxys Oxzs Oxg 0xy

Write g1 = xbga # 0, with [ € NU {O} and z2 1 g2. We get

2(—z4 + x5 + x6)g1 + T2(T4 — T5 + 26) =—

=0.

07
+x3(xg + 25 — 5'76) 91

092
0x9
092 n k?—lF (592 992 392) Ohy
oz T3 4 81’4 6%5 8566 6%4

(2(—x4 + x5 + w6) + (g — 25 + x6)) g2 + x2(T4 — 5 + T6) =—

+ x3(xg + x5 — 26) = =0.

If I > 0 then % = (. Similar arguments to those used above lead to the desired result
Tq

after applying Lemma 4. If [ = 0, let go = g2|z,—0 Z 0. On o = 0 we have
2(—w4 + x5 + 26)g2 + 3(T4 + 75 —906)2 5 + i ; 1F12 <ggi + gf:z + 25:2) g;};i
where Fio = Fi|z,—0. Now we write g2 = 2%5'g3 # 0, with m € NU {0} and =3 { g5. We
obtain
(2(—xz4 + x5 + 26) + m(x4 + 25 — 26)) g3
993 k—1p, <393 993 593) Ohy
4

+$3(l’4+$5_3§6>873+ 874—"_671‘5—’—871‘6 81‘4

:O’

=0.

h
If m > 0 then % = 0. Again the usual arguments lead to the desired result after applying
T4

Lemma 4. If m = 0, let g3 = ¢3]z5=0 §é 0. On 23 = 0 we have

093 073 03s ohy
F 293, ZI3 )
T <a o1 Oz Oxg) T Ome

where Fio3 = Fla|z—0. Applying Lemma 5 swapping x4 and x5 we get gg = 0, which is a

h
contradiction. Hence we have g; = 0 and therefore Z = 0. The lemma follows also in
L4

k —
2(—x4 + x5 + x6)73 + =0,

this case.
O

After Lemma 6, h = h(zs — z6). Hence statement (b) of Theorem 2 follows.

3.3. Proof of statement (c) of Theorem 2. According to Table 1, system (1) in cases
VIy and VIIj can be written as

1 =21 :174+l’5+a?6)

LL‘Q—.’L'Q l’4—3§5+$6)

I3 = X3 1L'4—|—£E5—£E6)

(—
(
(
acl(xl — ’rl2$2) + %F (10)

&5 = noxa(—x1 + nawa) + %F,

k—1
i =~ —F,
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where F = (x1 — naxe)? + 23 + 22 + 2% — 22475 — 22526 — 27476 and n3 = 1. Suppose that
system (10) has a homogeneous polynomial first integral h(z1,...,2¢). From Lemma 3 we
can write h = hy(xa,...,z6) + x]g1(21,...,26), with j € N and h; and g; homogeneous
polynomials such that x1 t g;. System (10) on z1 = 0 is

By = w2(24 — 5 + T6),

i3 = x3(x4 + x5 — X6),

k—1
Ty = Fy,
4 7 (11)
E—1
Ty = l’% + Fl,
4
, k—1
i6 = —— 11,
where F} = F|;,—0. We note that h; is a first integral of system (11). From Lemma 3 we
can write hy = ho(ws,...,z¢) + xlzgz(xg, ...,xg), with [ € N and hy and g2 homogeneous

polynomials such that x2 t go. System (11) on zo = 0 writes

T3 = .1‘3(1’4 + x5 — .%‘6),

) k—1

T4 =— F1o, )
. k—1 12
T =~ Fio,

. k—1

L6 = — Fio,

where Fio = Fi|;,—0. We note that hs is a first integral of system (12). Straightforward
computations show that system (12) has the three independent first integrals x4 — x5, 5 —2¢

and
Z4+CL‘5 —21‘6

%(’f—l)F <$4+$5+$6—2\/Z> va
12 )

T4+ 75 + 26 + 2VA
where A = 23 + 22 + 22 — 2425 — 1476 — 2526. Therefore hy = ho(r4 — 5,74 — T6).
Lemma 7. For system (11) we have that he = ho(x4 — x¢) and g = 0.

Proof. Suppose that gy # 0. As hy = hg + zhgo is a first integral of system (11), we can
write

992
0x9
2092 k?—lFl(@gz 992 592)} 9 0hy

092
b |U(zg — x5 + 26)g2 + T2 (24 — T5 + T6) + x3(z4 + 25 — $6)87533

(13)

—= ==+ == — =0.
o oxs + 4 Oxy Oxs  Oxg o oxs

We distinguish three cases depending on the value of [. If [ = 1 then equation (13) becomes

0 0
(x4 — x5 + 26) g2 + T2 (x4 — 5 + $U6)aiiz + z3(zs + 25 — 336)&

Oxs3
k 2 1F1 <392 992 592) Ohy = 5092 0.

P G T e T aee ) T 5 t g, =

Oxy Oxs  Oxg
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Let g2 = g2]z,=0 Z 0. On 25 = 0 we have

dg2 k-1 992 092 | 092
—Fy9 =0.

ox T3 + 4 (6%4 t o 8:v5 83:6

Write go = 25'g3 # 0, with m € NU {0} and z3  g3. Then

(x4 — x5 + x6) g2 + w3(T4 + T5 — T6) 7—

0
(x4 — x5 + x6) + Mm(T4 + 5 — T6))g3 + T3(4 + 5 — 906)875;;

k=1, <3g3 dg3 393>:0'

0t T 0wy " Oa
Let g3 = g3]z3=0 Z 0. On x3 = 0 we get

1 I3

-1 0 0 ag
((z4 — 25 + 26) + m(Ts + 25 — 26)) g3 + Fia3 (g;:,+g;e,+gg,> =0,

0 T4 8905 axg
where Fio3 = Fia|z,—0. Applying Lemma 4 we obtain gz = 0, which is a contradiction.

Oha
Hence g2 = 0. Back to equation (13) we have e = 0. Then the lemma follows.
x5

If I > 2, then from equation (13) we have that xo % and thus % = 0. Therefore

Ty s
ha = ha(x4 — 26). Now we can proceed in a similar way as in the case [ = 1 to obtain the
equation
k- dgs  0gs =~ 0gs
Hzy — - 'p 99 ~ .
(l(z4 = x5 + 26) + (x4 + 25 — 26))73 + 1 L (8 v Vo e + D

Applying again Lemma 4 we arrive to contradiction and hence go = 0.

If [ = 2, then equation (13) writes as

092

0
2(x4 — x5 + x6) g2 + 2(T4 — T5 + we)ﬂ + x3(xq + x5 — 966)8773

Ors
k=1, (992 092  Og2) 2092  Oha _
4 o (83:4 + Oz + Oxg 283:5 + Ors

Let ga = 92]z,—0 Z 0. On 29 = 0 we have

0.

2(x4 — x5+ 26)G2 + x3(zg + 25 — xg)ggz + %FH (ggi + gﬁ + gii) gz; =0.
Write go = 25'g3 # 0, with m € NU {0} and z3 t g3. Then
xy' {(2(1’4 — x5+ x6) + m(z4 + x5 — x6)) 93 + v3(T4 + T5 — xg) s
Pl (ggi + % + pdgg;l:G)] + gzg =0.
We distinguish two cases depending on the value of m. If m > 0 then z3 8h5 Hence
822 =0 and hg = ha(z4 — x6). Now let g3 = g3|z3=0 Z 0. On z3 = 0 we obtain

— s - oo k-1 dgs | Ogs  0gs
2 + iz + e (993, 093 .
(2(xg — x5 + w6) + m(xg + x5 — 6))g3 + T Fios <5ﬂv4 + Fo + o 0

Applying Lemma 4 we get a contradiction and hence go = 0.
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If m =0, let g3 = g3|z5=0 # 0. On x3 = 0 we obtain

-1 g g g oh
F123< 995 | 993 gs>+2

1 0rs | Ozs Omg) “om

k
2(x4 — x5+ x6)§3 +

ha
Applying Lemma 5 we get 0 =0 and g3 = 0, hence the lemma follows.

dxs

All the subcases are finished and therefore the lemma is proved. O
After Lemma 7 we have that h = ha(x4 — x6) + x{gl(ml, ...,xg), with 7 € Nand z1 1 ¢1.
We recall that h is a first integral of system (10). Thus

i dg1
x| j(—za + x5 + 26)g1 + 21 (— x4+x5+x6)8

x1
091 0g1 dq
_ ZJ — —2 — —= 14
+ 132(3;‘4 s + xG)aa?Q + CL’3(:L’4 + 5 :rﬁ)ax?’ + xl(xl n2$2)8$4 ( )
891 k—1 891 8g1 8g1 8h2
N2 (1 n2$2)8x5 + 1 F ((%4 + = 025 | O +z1 (21 71251?2)8 ) =0.

Lemma 8. For system (10) we have that he =0 and g1 = 0.
Proof. Suppose that g1 Z 0. We distinguish two cases depending on the value of j. If j > 1

then from equation (14) we have that x; and hence hy = 0. Therefore equation (14)

ha
Oxy’
can be written as
on
O
g1 01

o
+ x3(za + 25 — 1'6)87 +z1(z1 — n2$2)7 — now2(T1 — nowa)
x 0z
k— 991 991  9g¢
olp (O, 991 9o _
+ 4 (81‘4 + 81‘5 + (9$6
Let g1 = g1|a,=0 # 0. Equation (14) on z; = 0 becomes

. 0g1
J(—za+ a5+ 26)91 + 21 (—24 + 25 + 376)7 + xo(zg — x5 + X6) =—

Oxs

. _ dg 07
J(—x4+ 25+ 26)g1 + x2(24 — 25 + 336)ﬂ + x3(z4 + x5 — -’E(s)ﬂ

Oxo o3
091 k- 9g1  O0g1 | 0¢
2
Lp (991, 990 991 _
Tt 1<8a:4+8x5+8x6
Write g1 = xbga # 0, with I € NU {0} and x3 { g2. We get
. 0
(j(=24 + x5+ 26) + 1(24 — 25 + 26)) g2 + T2(24 — 25 + 506)692
892 2092  k—1 g2 0g2 | O0ga
— )22 M A - T L Y
+ JJ3($4 + x5 .’176) -I- 28 s + 1 1 D4 + D Dg 0

Let ga = g2|zy—=0 Z 0. Then, on z2 = 0 we have
992

(j(—za+ x5+ w6) + l(x4 — x5 + 6)) G2 + z3(2a + T5 — xﬁ)a—mg

E—1 0g2 02 0g2
Fpo (292 4292, 992)
+ 1 12<a4+8x5+8q:6 0
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Now write go = 25'g3 # 0, with m € NU {0} and =3 { g35. We get
(j(=24 + 25 + 26) + (T4 — T5 + T6) + M(T4 + T5 — 76)) g3
dgz k-1 dgs  Ogs  Ogs
) B By, (2 S0 B8
+x3(:174+x5 $6)63+ 1 (a4+8$5+6l’6
Let g3 = g3]z3=0 # 0. Then, on z3 = 0 we have
(j(—x4 + x5 + 1‘6) + l(x4 — x5 + 1’6) + m(ac4 + x5 — xG))gg
k—1 dgs ~ 0gs  0g3
Frog (22 4 25 L 298) .
M 123(8 1 Bws " Oue

Applying Lemma 4 we obtain g3 = 0, a contradiction. Hence g; = 0 and the lemma follows
in this case.

If j =1 then equation (14) becomes

dg1 0
(=24 + a5 + 26)g1 + 21 (—T4 + 25 + $6)a% + xo(zg — 25 + x@)ag;
dqg1 0
+ x3(z4 + 25 — xﬁ)afi?) +z1(71 — nzl‘z)aii
dg1  k—1_(0g1  0g1 , Oq Oha
— - —F — — =0.
n2x2(w1 anQ)a Ty + 4 ((9%4 * o 61’5 8(]:6 + (xl n2x2)8$4
Let g1 = g1]z,=0 Z 0. On 21 = 0 we have
dg 0
(—x4 4+ x5 + 26)g1 + x2(24 — 5 + x6)8791 +x3(xg + 25 — Jiﬁ)angl
og1 k-1 dg1 | Oq | O¢1 Oha
2
" =0.
o 28 xI5 + 4 (8£E4 t o 8‘%5 83:6 29628 T4
Write g1 = xhgo # 0, with I € NU {0} and x5 { go. We get
0
37[2 (=24 + 25+ 26) + [(T4 — 5 + 26)) g2 + 22(24 — 5 + 3?6)852
992 | 5,092 k- dg2 | 992 | Ogo
)22 Flp 272 L 272 15
+r3(a + 25 xﬁ)axg T 283: * 4 0xy + Oxs + Oxg (15)
Ohs
— =0.
nNoxrg—— 83)4
. . Ohs
We distinguish three cases depending on the value of [. If [ > 1 then x- T Hence
T4

he = 0. Thus, from (15),
992
0w
092 2092 k-1 992 092 | Oga
i) 992 992 .
(9173 T 23:175 + 4 82174 + (9%5 + (9176

Similar arguments to those used before lead to an equation of type (4) and hence applying
Lemma 4 we get a contradiction. Therefore g; = 0 and the lemma follows.

(=24 + x5 + 26) + (24 — 25 + 26)) g2 + T2(T4 — T5 + T6) 17—

+ 333(1'4 + x5 — 1'6)

If [ = 0 then we can use the same arguments to arrive from equation (15) to an equation
of type (4), and hence applying Lemma 4 we get a contradiction. Therefore g1 = 0 and
ho = 0, so the lemma follows.
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It only remains to consider the case [ = 1. Let g2 = go2|z,—0 #Z 0. From equation (15) on
z9 = 0 we have

=0.

g k-1 g a3 g oh
22692 + x3(T4 + 5 — 6) 92 Fia ( 92 +92+92> — 2

ox T3 + 4 6564 8:::5 (9%6 8334
Write go = 25'g3 # 0, with m € NU {0} and z3 { g3. We get:

993

zy' [(23«"6 +m(x4 + x5 — x6))93 + 3(24 + T5 — T6) Dy

k-1 <393 993 393)] Ohy
Fio —-n

— =0.
4 8x4 t s 81’5 8%6 281E4

+

h
If m > 0 then z3 %, and hence hy = 0. Therefore we obtain an equation of type (4) and

T4
hence by Lemma 4 we get g1 = 0. If m =0, let g3 = ¢3|45=0 # 0. On x3 = 0, we have
k—1 8@3 8§3 " % B 8h2

ox T4 81/'5 83’)6 3304

22603 + =0. (16)

As hg = ha(x4 — z6) is a homogeneous polynomial of degree n, we have hy = ag(x4 — z6)".

h
Thus 872 = aon(zy — 26)" L. On 26 = 0 equation (16) writes
T4

— ngagnalyt = 0.

0gs , 033 , 053
81:4 8:65 65176

=0

Therefore we must take ag = 0 and hence ho = 0. Now equation (16) is of type (4) and
hence by Lemma 4 we get g1 = 0 and the lemma follows. O

After Lemma 8 statement (c) of Theorem 2 is proved, as it follows that h = 0.

3.4. Proof of statement (d) of Theorem 2. According to Table 1, Bianchi cases VIII
and IX correspond to n1 = no = n% = 1 and can be written into the form

1 = x1(—24 + x5 + 26),
&g = xo(z4 — x5 + T6),

&3 = x3(z4 + v5 — T6),

&4 = z1(271 —$2—n3$3)+TF7 (17)
. -1

Ty = :1?2(—£E1 + xo — TL31'3) + TF,

. k—1

Tg = ngl’g(—l’l — 9+ ngfﬁg) + TF,

where F = x% + x% —|—x§ —2x1x2 — 2n3x1T3 — 2N3T2T3 + xi + x% + x% —2x4x5 — 205T6 — 2046
and n3 = 1. Let h = h(z1,--- ,26) be a homogeneous polynomial first integral of degree
n of system (17). Write h = hy(z2, -+ ,x6) + 2}g1(z1, -+ ,x6), with j € N, hy and ¢
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homogeneous polynomials and x1 1 g;. System (17) on x; = 0 becomes
Ty = T2(24 — T5 + T6),

T3 = 33‘3(:1}4 + x5 — $6),

k-1
g = .
4 T (18)
. 1
i5 = w2(T9 — N3T3) + TRRAY
. k—1
&6 = —ngwy(wz — naws) + —— I,
where F| = F|;,—0. System (18) admits hy = hj(xe,---,x¢) as first integral. Write
hi = ho(x3,--+ ,x6) + xhgo(wa,--- ,16), with I € N, hy and go homogeneous polynomials
and x3 1 g2. System (18) on x2 = 0 becomes
i3 = w3(w4 + 5 — 26),
) k—1
T4 = — Fia, )
k—1 19
L5 = — Fig,

. k—1
Te = (E% + 7F12,
4
where Fio = Fi|z,—0. We note that he = ha(x3, -+ ,26) is a first integral of system (19).
Write he = hs(zg,x5,26) + 25'g3(x3, x4, 5, 26), with m € N, hg and g3 homogeneous
polynomials and x3 t g3. System (19) on x5 = 0 is

. k—1

Ty = —7 F1a3,

) k—1

T5 = — F1a3, (20)
. k—1

6 = —, Fyo3,

where Fio3 = Fia|z,—0. Note that hg is a polynomial first integral of system (20). Since
system (20) admits the two independent first integrals x4 — 25 and x5 — z¢, any polynomial
first integral of (20) must be a polynomial in the variables x4 — 25 and x5 — x¢. Therefore
hs = hs(x4 — x5, 25 — T¢).

The next three lemmas end the proof of statement (d) of Theorem 2. The first one shows
that hy = hg (£C4 — l‘5>.

Lemma 9. For system (19)we have that g3 = 0 and hg = hg(xq4 — 5).

Proof. Suppose that gz # 0. We recall that hy = h3(x4 — o5, x5 — x6) + 25 g3(23, T4, T5, T6),
where m € N and x3 { g3. As hg is a first integral of system (19), we have

0 0
:Z:gl |:m($4 + 5 — '1:6)93 + 173(174 + x5 — 1}6)8752 + m'%aiiz
(21)
k_1F12 (893 893 8g3>] 26h3 =0.

+ ‘%‘3871:6 =

1 Ors | Ozs | Omg

We distinguish three cases depending on the value of m.
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If m =1 then

0g3 2893
T4+ x5 — +ax3(xg +25 —16) =— +
(4 + x5 — 26)93 + 23(24 + 75 G)ax?’ 3 9

E—1 dgs 0Ogz Og3 Ohs
Fo (293 L 998 Y93

4 12 (8%4 + 3{)35 + 8906 +
Let g3 = g3]z3—=0 # 0. On x3 = 0 we have

_ k=1 dgs 0gs 073
— F —22 4 222 222 ) ),
(x4 + x5 — 26)g3 + 1 123 ((%4 + s + Birg 0

+

— =0.
e 81'6

oh
Applying Lemma 4 we get g3 = 0 and hence g3 = 0. Consequently 873 = (0 and the lemma
Te

follows in this case.

Ooh

If m > 2 then from (21) we have x3 ‘83 and so hg = hs(z4 — x5). Now from equation
Z6

(21) on x3 = 0 we get an equation of type (4), hence applying Lemma 4 we get g3 = 0 and

the lemma follows in this case.

If m = 2 then from (21) we have

0 0
2(%4 + x5 — Iﬁ)gg + 1'3(1'4 + x5 — l’6)6iiz + xgaiiz
k—1 893 693 agg ahg
F —_— 4 — 4+ — — = 0.
+ 4 2 (8:}04 + Oxs * Oxg * Oxg 0

Let g3 = g3]z3=0 Z 0. On 3 = 0 we obtain

k-1 <8§3 073 073 ) Ohs
Fia3 =

o9 28 0.
4 0xg

2(z4 + 5 — 16)g3 + S0+ Bos T e

Applying Lemma 5 swapping x5 and z¢ we get gzz = 0 and g3 = 0. Hence hg = hg(x4—2x5),

g3 = 0 and the lemma follows in this case. ([
The second lemma shows that h; = 0.

Lemma 10. For system (18) we have that go =0 and hy = 0.

Proof. Suppose that go # 0. We recall that hy = ha(z4 — 5) +fL‘l292, with [ € N and z2 1 ga.
As hy is a first integral of system (18), we have

0 0 0
b [1(za — 25+ 26) g2 + T2(T4 — 75 + 166)87‘2 +x3(xg + 25 — ZL’G)aTiz + xo(z2 — nzl’s)aiz
892 k—1 agz 8g2 892 ahg
- - 2 F( 22422422 - 2 =,
’rl3$3(:132 n3x3)8x6 + 4 1 (8%4 + 8335 + 8336 + $2(l’2 n3x3)8x5

oh
We distinguish two cases depending on the value of [. If [ > 1 then xo 872 and hence
5
Ohso

. = 0, which means that hy = 0. Substituting in the equation above we have
5

0 0
l(zg — x5 + 26) 92 + T2 (24 — 25 + $6)TZZ + x3(x4 + x5 — 336)875_2

992 dga k-1 dga 992 | 092\ _
+ xg(il?z — n3x3)3$5 — TL3:C3(3:2 — n3$3)ax6 + 1 Fy 4 + D15 + D6 = 0.
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The usual arguments lead to equation (4), hence we obtain go = 0 by Lemma 4.

If = 1 then we have
(x4 — x5 + ) g2 + x2(x4 — 5 + x6)% + w3(wy + 15 — xﬁ)% + 2o (x9 — ngazg)%
3332 8£E3 8%5
892 k—1

dg2 | 092 Ogo hs
_ _ 2 M g (22202 292 _ 2 .
773333(1‘2 n3x3)8£€6 + 4 1 (81’4 6955 8336 + ($2 n3x3)8$5
Let g2 = g2]z,—0 Z 0. On 25 = 0 we have
(x4 — x5 + 26) g2 + v3(T4 + 25 — xG)giz + x%ggz
k—1 0g 07 07 Ooh
(292, 092 0 | Oha
4 Oxs

Oxy Oxs  Oxg
Write go = 25'g3 # 0, with m € NU {0} and z3 { g3. Then

(22)

=+ 0.

0
3’ {((3«”4 — x5 + x6) + m(xs + 5 — x6))g3 + x3(T4 + 25 — x6)£
dgz k-1 dgs  0Ogs  0gs Ohs
2
995 B, (993 993 99,0 g,
B Oxg + 4 2 <8x4 + Oxs + Oxg 133 ors 0

Now we distinguish three cases depending on the value of m. If m = 0 then we are in (22)
again and the usual arguments lead to go = 0 and hg = 0.

oh oh
2 and hence —2 = 0, which means that ho = 0. Then we have

If m>1th
m en xs pr D2s

0
(x4 — x5 + @6) +m(za + 25 — 6))93 + w3(a + 25 — xG)a—z‘z

dgs k-1 Ogs | Ogs | 0Ogs
2
—Z79 Fio| ==+ 24+ 22| =0.
+ 3 8%6 4 12 <8$4 + 6I5 + 85176

The usual arguments finish the proof in this case.

Finally if m = 1 then we have

093 2093 k-1 dgs 0Ogs  Ogs Ohs
2 + + x5 — i ——Fp | ==+ =+ ) —n3——=0.
Tag3 + 23(24 + 5 — ) Oxs 3 0xg 4 12 Oxy Oxs Oxg "3 oxs

Let g3 = g3]zs=0 Z 0. On 3 = 0 we have

k—1 0g 0g 0g Oh
Fios 93 + 3 + 9 TZ372 =0.
4 Oxs

Q.G g93 L Y58
4gs + Oxy Oxs Oug

As hy = ha(x4 — x5) is a homogeneous polynomial of degree n, we have ho = ag(x4 — x5)".

Hence k 0 0 0
-1 g3 g3 g3 —1
Fios | 293 4 298 L 598 — )l =0,
1 123 <8$4 + s + D¢ + ngaon(:v4 m5)

21493 +

On x4 = 0 we have

k-1 2 (993 | Ogs | 073
1 (235 JIG) <8x4+c’)x5+8xﬁ

which means that ag = 0. Therefore hy = 0. The equation is now of type (4) and leads to

g2 = 0 by Lemma 4.

+ ngaon(—xg,)”_l =0,
x4=0

All the subcases are considered and the proof of the lemma is finished. O
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The last lemma shows that g; = 0 and therefore that A = 0.
Lemma 11. For system (17) we have that g; = 0.

Proof. Suppose that g1 £ 0. We recall that h = m{gl, with 7 € N and 21 t g1, is a first
integral of system (17). Then

) 0 0
J(=za+ x5+ 26)g1 + 21 (=24 + 75 + xg)a—gl + 2o(24 — w5 + 26) -
T 0xo
0 0
+ l’3($4 + x5 — 176)87?13 + $1(331 — T2 — ng:rg)a—gi
0 d
+ 1’2(—£E1 + x9 — n3m3)87.‘z; + ngazg(—xl — T2 + n3x3)875,’;
k—1 dgr  O0g1  Og
7F e — —_— —_— =
T <8x4 oz O
Let g1 = g1|z,=0 Z 0. On 21 = 0 we have
. B oa o7
J(=24 + x5 + 26)g1 + T2(T4 — 75 + »”U(s)ﬂ + z3(zy + x5 — x6)£
02 ors
g1 o k-1 dg1 01 Oq1
- das - Drw Flo-+o-+5-)=0
Foalee n3x3)8x5 +mazs(~2 + n3$3>3$6 * 4 '\ Oz * x5 * Oxg

Write g1 = xbga # 0, with [ € NU {0} and x2 { g2. We get

. 0
(=4 + @5 + 26) + 124 — 25 + 76) )92 + o (4 — T5 + T6)

8:::2
15) 0
+x3(xg + x5 — 956)8792 + x9(z2 — 713903)872

0 k-1 0 0 0
+n3$3(—$2+n3$3)87962+ 1 Il (824—82%—(92?) = 0.

Let g2 = g2|z,—0 Z 0. On 9 = 0 we have
) _ 07
(j(—z4 + x5 4+ 26) + (24 — 25 + 76)) G2 + T3(T4 + 75 — wﬁ)aiiz
0g2 k-1 0ga  0ga 02
2
=4 ——Fp | ===+ ==+ =] =0.
+ 3 (9176 + 4 12 (8{1:4 + 8:E5 + 8336
Write go = 25'g3 # 0, with m € NU {0} and z3 t g3. We get
(j(—4 + x5 + 26) + (24 — 5 + 26) + m(24 + 25 — 26) )93

893 2 893 kE—1 893 893 893 .
12 =0.

+ £173($4 + x5 — xﬁ)axs

T g2y ZI0 , TI2
+x38$6+ 4 6$4+a$5+a$6

Let g3 = g3]z3—=0 # 0. On x3 = 0 we have
(j(—x4 + x5 + 26) + (24 — 25 + 26) + m(24 + 25 — 26))J3
k—1 dgs  0gs | 0gs
Frog (22 4+ 25 L 298 .
* 4 B (83:4 * Oxs + Oxg

We can apply Lemma 4. Hence the lemma follows. ([

After Lemma 11, we get h = 0. Thus the proof of statement (d) of Theorem 2 is finished.
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