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LOCAL ANALYTIC FIRST INTEGRALS OF PLANAR
ANALYTIC DIFFERENTIAL SYSTEMS

ILKER E. COLAK!, JAUME LLIBRE!, AND CLAUDIA VALLS?

ABSTRACT. We study the existence of local analytic first integrals of
a class of analytic differential systems in the plane, obtained from the
Chua’s system studied in [6, 7, 11]. The method used can be applied to
other analytic differential systems.

1. INTRODUCTION AND STATEMENT OF RESULTS

The nonlinear ordinary differential equations appear in many branches
of applied mathematics, physics and, in general, in applied sciences. For a
differential system defined on the plane R? the existence of a first integral
determines completely its phase portrait. Since for such vector fields the no-
tion of integrability is based on the existence of a first integral the following
natural question arises: Given a differential system in R?, how to recognize
if this system has a first integral?

The easiest planar differential systems having a first integral are the
Hamiltonian ones. The integrable planar differential systems which are
not Hamiltonian are, in general, very difficult to detect. Many different
methods have been used for studying the existence of first integrals for
non—Hamiltonian differential systems based on: Noether symmetries [4], the
Darbouxian theory of integrability [8], the Lie symmetries [15], the Painlevé
analysis [3], the use of Lax pairs [12], the direct method [9] and [10], the
linear compatibility analysis method [17], the Carlemann embedding proce-
dure [5] and [2], the quasimonomial formalism [3], the Ziglin’s method [18],
the Morales-Ramis theory [14], etc.

The objective of this paper is to show how to study the existence or non-
existence of analytic first integrals of planar analytic differential systems,
when the standard theorems providing sufficient conditions for the non-
existence do not work.

We consider analytic differential systems

i‘:f($,y), z'/zg(x,y), (1)

defined in an open subset U of R?. We say that a non-constant analytic
function H : U — R? is an analytic first integral of system (1) in U if H is
constant on the solution curves of system (1), or equivalently

f(z,y)Hy + g(x,y)H, = 0,

in U. Of course, H, denotes the derivative of H with respect to x.
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There exist well-known results providing sufficient conditions for the non-
existence of local analytic first integrals of system (1), as for instance the
following two theorems.

Theorem 1 (Poincaré [16]). Assume that the eigenvalues A1 # 0 and A2 # 0
at some singular point p of the analytic differential system (1) do not satisfy
any resonance condition of the form

Atk + Agke = 0,

for any positive integers ki and ka. Then system (1) has no analytic first
integrals defined in a neighborhood of p.

Theorem 2 (Li, Llibre, Zhang [13]). Assume that the eigenvalues A1 and
A2 at some singular point p of the analytic differential system (1) satisfy
that \y = 0 and \g # 0. Then system (1) has no analytic first integrals in
a neighborhood of p if p is isolated in the set of all singular points of system

(1).

The problem for studying the non-existence of local analytic first inte-
grals of system (1) in a neighborhood of a singular point appears when the
sufficient conditions of Theorems 1 and 2 cannot be applied. In this work
we deal with such a case. More precisely, we will study the local analytic
integrability of the analytic differential system

& =y + m(tanhz — x), )
y=—(a+ 1)y — am(tanhz — x), @)

in a neighborhood of its unique singular point, the origin. Here o and m
are real parameters. Our main result is the following.

Theorem 3. The analytic differential system (2) has a local analytic first
integral in a neighborhood of the origin if and only if m = 0. When m = 0,
a first integral is (o + 1)z + y.

Theorem 3 is proved in Section 2.

The differential analytic system (2) comes from the Chua’s system

X=aY —X)—a(mX + (myg—mqp)tanh X),
Y=X-Y+2Z,
Z=~(BY +12),
studied in [6, 7, 11], by doing the linear change of variables
r=X, y=aY —-X), z=0,

and by defining m = amy, when mg =8 =~ =0.

2. PROOF OF THEOREM 3

If m = 0, it is easy to check that (o + 1)z + y is an analytic first integral
of system (2).
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Assume m # 0 and suppose H is a local analytic first integral of system
(2) in a neighborhood of the origin. Then we can write H as a Taylor series

o0
_ i,
T,y) = E a; 'y’
i,j=0

where ago = 0. We also expand the hyperbolic tangent in its Taylor series
as

3 22 17TL" BQAz 4 —1)
t h = —_— R — — 21 1 b 2i—1
anh x x 3 + 15 315 Z Z ;L ,

where the B; are the Bernoulli numbers, see for instance [1]. We note that
the numbers b; # 0 for ¢ > 1. Then, clearly

tanhz —z = i bizty’ .
i=2
By definition H must satisfy the equation
(y +m(tanhz — z))Hy + ( — (14 a)y — am(tanhz — z)) H, = 0,
which can be rewritten as
G = m(tanhz — 2)(H, — aHy) + y(H, — (1 + a)H,) =0, (3)

for all (z,y).

Using equation (3) we will prove by induction that
ain—; =0 foralln>1landi=1,2,..n, (4)

which means that all the a;; are zero, hence H is zero. We shall first
compute the left hand side of equation (3). We have

o o
Hy= ) iaiga' ™ty =) (i+ Daipa'y’,
i=1,j=0 i,j=0
Hy= ), jaga'y’ ™' = ) (j+Daina'y’,
i=0,j=1 i,j=0
© . .
Hy —aHy =Y ((i+arj —alj+1aijp)z'y’
i,j=0
e . .
=) gy, (5)
4,7=0
[o¢]

Hy— (a4 1D)Hy =Y ((i+ Va1 — (a+ 1) + Dagjr1)a'y.
4,7=0
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Then

)
(tanhm — IL‘)(H:E — OzHy) = Z (bQCO,j$3 + bQCleA + (bQCQJ‘ + b3607j)$5
=0

+ (b2037j + bgcl’j)xﬁ + ... )yj
00 [i/2]

- Z Zbkci—2k+1,j a'y, (6)

i=3,j=0 \ k=2

where [z] denotes the ceiling function, which gives the smallest integer
greater than x. We also have

y(He = (@ + DHy) = D ((i+ Dairr, — (@ + 1) + Dagj1) 'y’
i.j=0
= Y (4D — (@+Djagg)a’y’.  (7)
i=0j=1

Using equalities (6) and (7), equation (3) becomes
e . .
G= Y ((i+Dair1-1 — (@+1)jaiz)a'y’
i=0,j=1
00 [i/2] o
+m Z Z bpCi—ok+1,j | o'y’ = 0.
i=3,j=0 \ k=2
We first prove (4) for n = 1. The coefficient of y in G gives
CL17[) — (Oz + 1)@0’1 = 0, (8)
whereas the coefficient of 23 gives
meC(),() = me(CLLO - Oza071) =0. (9)
Noting that neither m nor by are zero, equations (8) and (9) yield ap;1 =
aio=0. So (4) is proved for n = 1.

Now assume that (4) holds true for k£ = 1,2,...,n, for some arbitrary
n>1,ie ajr—; =0fori=0,1,...,k foreach £ = 1,2,...,n. We will
show that a; 41— =0 fori =0,1,...,n+ 1.

We say that the degree of the coefficient of a monomial is the degree of
that monomial. Then each a; j, being the coefficients of the monomials in
H |, has degree i+ j, where ¢ will be called its x-degree and j will be called its
y-degree. We remark that the coefficients a; ; of H of odd degree and even
degree are not interrelated. If we look at the coefficients of G of degree n,
we see that

Z ((z + 1ait1,n—i—1 — (@ +1)(n — i)ai,n_i)
=0
n [Ti/2] (10)

+m Z Z bpCi—2kt1,n—i | =0,

=3 k=2
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where

Ci—okt1n—i = (1 — 2k + 2)ai_opr2n—i — (N — i 4+ 1)@ o1 n—it1-

The first series on the left hand side of equation (10) contains only the
coefficients a; ; of H of degree n. The second series, however, consists of
coefficients of degree n — 2k + 2, for k = 2, ..., [n/2]. Hence they are all of
even degree if n is even, and of odd degree if n is odd.

In light of this remark, we will assume first that n is odd.
First assume a # —1. Looking at the coefficients of G of degree n+ 1, we
get
v ar, — (a+ 1) (n+ 1agny1 =0,
xy" : 2a2 -1 — (e + 1)nay, =0,

z?y" " Bagpn—z — (@ +1)(n — Nagn-1 =0,

2y dagy 3 — (a+1)(n — 2)agn—2 + mbacon—2 = 0,

TR 5a5n—1 — (4 1)(n — 3)as,n—3 + mbaci -3 = 0,

2%y 6agn—s — (o + 1)(n — 4)asn—a + mbaca s + mbscon—s = 0,

2"y (n+ Daps10 — (a4 )ay,1 + mbacy—31 + mbscy_s1 "
—l—...—f—mbL-HC(),l:O, ( )
2

: mbgcn,Q’o + mb36n74’0 + ...+ mbnTHcLo = 0.

For all the ¢; ; appearing in the above n + 2 equations, ¢ +j < —2. Then,
by (5), they only contain a; ; with degree i+ j < n—1, which are zero by the
induction hypothesis. Hence all the ¢; ; above are zero. Therefore, the first
n + 1 equations recursively yield that all the a;,1—; are constant multiples
of agpnt1. So, we only need to show agn,4+1 = 0. The last equation holds
trivially and contains no information.

n+3

Now we look at the coefficient of x in G, which gives

mbacn,0 + mbzcp—20 + ... + mb”TH”CLO =0. (12)
Then, by the induction hypothesis and since mbs # 0, equations (11) and
(12) become
(n+Dapt10— (a+1)ap1 =0 and cpo=(n+1)apnt10— aan1 =0,
which yield that a,; = 0, and consequently ag,11 = 0. This proves (4) for
n odd when o # —1.
Now assume o = —1. Then system (2) becomes
& =y -+ m(tanhz — z),
y = m(tanhz — x),
and G reduces to

o0 o0 (2/2

Z (’l + 1)ai+1,j_1xiyj +m Z Z bkcz 2k+1,5 xiyja (13)

1=0,5=1 i=3,j=0 _
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where
cij=(i+1air1;+ (G + a1
We note as a special case that the coefficients of the monomials 3%+,
oyt and 22yFtL of G are, respectively, aj g, 2az and 3agy, for all k.
Then G = 0 yields a; j, = agr = a3 = 0 for all £.
We first look at the coefficients of G of degree n + 1 and we obtain

Yyt ar, =0,
zy" : 2a2,n—1 = 0,
nyn—l : 3a3,n_2 =0,
aijn72 : 4@4’71_3 + meCO,n—Q =0,
x4yn73 : 5a5,n—4 + meCl,n—S = 07
x5yn74 . 6a6,n—5 + mb2027n_4 + mbgC()7n—4 =0,

2"y (n+ 1)apy1,0 + mbacp—31 + ...+ mbnTHcoJ =0,
T s mbacp_20 + ...+ mbnTHCLO =0.

Again, all the ¢; ; which appear above only contain a; ; with i4j <n—1,
and hence are zero by the induction hypothesis. Then, the first n + 1 of the
above n 4 2 equations yield to

ai’m_l_i:Oforizl,...,n—i—l. (14)
The last equation holds trivially. So it only remains to show that ag,+1 = 0.

Since ag 41 has even degree, and the coefficients a; ; having even degree
are not interrelated with those having odd degree, we next look at the coeffi-
cients of G of degree n + 3. We are going to write the ¢; ; explicitly, because
not all of them will be zero as in the case of degree n + 1. Thus we have

Y ag e =0,
xy”+2 : 2a9 p41 = 0,
2%y™ 1 3ag, =0, (15)
a3y dag 1 + mby(arn + (n + 1)agni1) =0, (16)
aty" " Bag oo + mba(2a2,,-1 + nay,) =0,

x5yn_2 t 6agn—3 + mba(3azn—2 + (n — 1)azn—1)

+mbs(arn-2 + (n —1)agn-1) =0,

x"+3 : mbg((n + 1)an+170 + an,l) —+ ...+ mbnTJrs (2@2’0 + (1171) =0 (17)

The coefficient of 23 consists of a; ; with degree i +j < n + 1, whereas

all the other coefficients of G of degree n + 3 contain a new unknown a; ; of
degree n + 3, see (13). Hence, equation (17) is where one expects to solve
for agpn4+1. But the coefficient of 23 does not contain apnt1- Also, it is
zero due to (14) and the induction hypothesis. As a result, equation (17)
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does not give any information on ag ,+1. However, we will see in a moment
that all the necessary information about a1 can be passed on to higher
degree aj; ;.

By (14), a1,, = 0 in equation (16). Hence we have

n + 1)mby
a4p—1 = _(4)a0,n+1- (18)
Moreover, using (14) and the induction hypothesis, from the coefficients of
ity 370 for i =4,...,n + 2, we obtain
Qiny3—i =0fori=>5,...,n+3. (19)

By (18), a4,n—1 is a constant multiple of ag n41. Then, showing ag ,+1 =0
is equivalent to showing as,—1 = 0. So, we are going to look for more
information about a4 ,—1 in the next set of equations obtained from the
coeflicients of GG of degree n + 5.

Note that, for any k, the coefficient of z* in G contains a; ; with y-degree
Jj = 0,1. So, in order to solve for ag 41, we should pass the information
about ag 41 not only on to higher degrees, but also to lower y-degrees so
that in the end we get a y-degree of 0 or 1. When passing from ag,+1 to
a4,n—1, the goal of obtaining a lower y-degree is achieved.

The coefficients of G of degree n + 5 give

Y CAlntd = 07
zy" ™ 249,43 =0,
x2y"+3 1 3aznq2 =0,
2y dagnir + mba(arnge + (04 3)aonts) = 0,
aty"™t: Basp + mba(2a9,n41 + (04 2)a1ng2) =0,

x’y" 1 6ag pn—1 + mba(3az,, + (n+ 1)azny1)
+mbsz(a1,n + (n + 1)aoni1) = 0,

xGyn_l : 7a7,n72 -+ mbo (4a4,n*1 + na3v") (20)
+ mb3(2az,n,—1 + nayy,) = 0,

2Ty % : Bag 3 + mba(5azn-o + (n — ag,—1)
+ mb3(3asn—2 + (n — 1)azn-1) (21)

+ mba(ay n—2 + (n — L)ag,—1) =0,
z°Y" " 1 9ag n—q + mba(6agn—3 + (n — 2)asn—2)

+ mbs(4asn—3 + (n —2)az n—2)

+ mba(2az,,—3 + (n — 2)a1 p—2) = 0,

5. me((n + 3)an+3,0 + an+271) + ...+ mbnT-Q—E) (2&270 + al,l) =0.

By (14), (19) and the induction hypothesis, the coefficient of ™% is also
zero. This means that we cannot solve for a4 1 either. But equations (20)
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and (21) contain the coefficient a4,—1. By (14) and (15), agyn = azn—1 =
a1, = 0 in equation (20). Then we have
4mb2

7
Similarly by (14), (19) and the induction hypothesis, a5,—2 = a3pn—2 =
21 = a1 p—2 = ap,n—1 = 0 in equation (21). Thus we get

a7p—2 = — a4n—1- (22)

n — 1)mb
agn—3 = —(8)2@4,71—1' (23)
In addition, from the coefficients of z'y" >~ for i = 8,...,n + 4, we get
Qi n+5—; = Ofori=9,...,n+05. (24)

We remark that as a consequence of (22) and (23), a7,—2 and ag,—3 are
also constant multiples of a4 ,—1, and hence of ag,+1, pointing to the fact
that they have the same sign. So, all the information about ag 41 is now
passed on to a7 ,—2 and ag,—3, which have degree n + 5. We also note that
a7 n—2 and ag,—3 have lower y-degrees than a4, 1.

Next, we look at the coefficients of G of degree n + 7. The coefficient of
l,n-i—? is

mbg((n + 5)an+570 + an+4’1) + ...+ mbnTH (2&2’0 =+ (1171).

It contains neither a7 ,—2 nor ag,—3, and is already zero by (14), (19), (24)
and the induction hypothesis. The ones that do contain a7, and ag,—3
are

2?y"% : 10a10,n—3 + mbz(7azn—2 + (n — 1)agn_1)

+ mb3(5a5,n,2 + (TL — 1)&4’71,1)

(25)
+ mb4(3a3,n72 + (TL — 1)a2,n71)
+ mbs(ain—2 + (n —1)agn-1) =0,
20" 73  1layy g + mba(8ag, 3 + (n — 2)azn_2)
+ mbs(6ag.n—3 + (n — 2)as.,—
3(6a6,n—3 + ( )as,n—2) (26)

+ mby(4aspn—3 + (n —2)az ,—2)

+mbs(2a2n-3 + (n = 2)arn-2) =0,

$11 n—4 -1

2a12,,—5 + mbz(9ag9 n—4 + (n — 3)ag ,—3)
+mbs(Ta7n—a + (n — 3)as n—3)

)

+ mby 5&57n_4 + (TL — 3)a4’n_3) (27)

(
+ mb5(3a3,n,4 + (TL — 3)a2,n,3)
+mbg(a1n-a + (n — 3)aon-3) = 0.

Y

Among these three equations, (25) contains ag ,—1, which has degree n + 5
but cannot be determined by (24). So, we look at the other two equations.

By (14), (19), (24) and the induction hypothesis, equations (26) and (27)
reduce to

11&117n74 + me(8a8,n,3 + (n — 2)(17,,172) =0
12a12,,—5 +mba(n — 3)ag -3 =0
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Then by (22) and (23), we deduce that a11,,—4 and aj2,—5 are also constant
multiples of a4 ,,—1, hence of ag 1. Note that they have the same sign, and
also lower y-degrees.

Furthermore, the coefficients of z'y™t7=% for i = 12,...,n + 6, write

$12yn75 : 13@13,71—6 + mb2(10a107n_5 + (n — 4)a97n_4)

+ mbs(8agn—s5 + (n — 4)ar,—4)

)

+ mby(6a6n—5 + (n —4)as,—a)
+ mb5 (40,4771_5 + (n — 4)&3771_4)
+ mbg(2a2,,—5 + (n —4)a1n—4) = 0,

"0y 1 (n+ Tantro +mba((n + 4)antan + 2an432)
+ ...+ mbnTH (CL171 + 2&072) = 0.

By (14), (19), (24), and the induction hypothesis, the above n — 5 equations
yield
Ajpt7—i =0 fori=13,... . n+7.

Observe that, in general, the coefficients of G of degree n+14-2i recursively
pass the information about ag 41 on to a; ; with y-degrees as low as n+1—2i.
So, in order to pass the information about ag 41 on to higher order a; ; with
y-degrees 0 or 1, we need to compute the coefficients of G until degree 2n+2.

In light of this observation, if we continue computing the coefficients of
G up to degree 2n + 2, we see that for i = 2,...,(n + 1)/2, among the
coefficients of G of degree n + 1 + 2i, the coefficient of 24 ~2y"~2+3 yields

a4i—1,n—2i+2 is a constant multiple of ag 1, (28)
and the coefficient of z*~1y"~2*2 gives
@45 n—2i+1 is a constant multiple of ag 1. (29)
Moreover, a4;—1,n—2i+2 and a4;n—2;+1 have the same sign. In addition, the
coefficients of x4 +iy"=2+1=J for j =0,1,...,n — 2i, show that
Qditjn—2i41—j =0 for j=1,2,...,n—2i+ 1. (30)
Finally, we look at the coefficient of z2"** and get

mba ((2n + 2)agn42,0 + a2n41,1) + mbs(2nazm,o + azn—1,1)

(31)
+ mb4((2n — 2)a2n,2,0 + a2n7371) + ...+ mbn+2(2a2,g + a171) =0.

In equation (31), the a; ; with i+ j < 2n are zero by (30). Then equation
(31) becomes
(2n + 2)agn42,0 + a2nt+1,1 = 0,
since mby # 0. By (28) and (29), agn+1,1 and agp42,0 are constant multiples
of agn+1, and they have the same sign. Hence we conclude that ag 41 = 0.
This completes the proof of the theorem in the case n odd.

The case when n is even is proved in exactly the same way when o # —1.
When o = —1, we need to compute the coefficients of G until degree 2n + 3
instead of 2n + 4 when n was odd.
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This proves (4), and the proof of Theorem 3 is established.
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