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ON THE DYNAMICS OF THE RIGID BODY WITH A FIXED
POINT: PERIODIC ORBITS AND INTEGRABILITY

JUAN L.G. GUIRAO!, JAUME LLIBRE? AND JUAN A. VERA?

ABSTRACT. The aim of the present paper is to study the periodic orbits of
a rigid body with a fixed point and quasi—spherical shape under the effect
of a Newtonian force field given by different small potentials. For studying
these periodic orbits we shall use averaging theory. Moreover, we provide
information on the C'-integrability of these motions.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The dynamics of rigid bodies, in its different formulations Eulerian, La-
grangian and Hamiltonian, has been extensively studied in the classic litera-
ture, see for instance [9] for a classic treatment of these topics or [1] for a more
moder approach.

The main objectives in the study of the motion of a rigid body with a fixed
point are:

(1) To state the equilibria and their stabilities in rigid bodies with a fixed
point.

(2) To state the periodic solutions, bifurcations and chaos of its motion.

(3) To analyze the integrability and to state the first integrals for the prob-
lem.

Our main aim in this work is to study the periodic orbits of a rigid body with
a fixed point under a Newtonian gravitational field using averaging theory. As
a corollary we also obtain information about C' non-integrability.

It is well known, see for instance [3, page 57|, that the motion of a rigid
body with a fixed point is described by the Hamiltonian equations associated
to the Hamiltonian

G? — L?) [sin?l cos?l L2
(1) ’H:( 5 )< T~ B >+C+U(k¢17k2,k33)

with
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This is a Hamiltonian in the Andoyer—Deprit canonical variables (L, G, 1, g)

of two degree of freedom with the positive parameters A, B, C' and H.
As it is usual we introduced the parameters

1 2
AitsTC g A

)
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The parameter 3 is known as the triaxial coefficient. Note that « can take
any positive value depending on the physical characteristics of the rigid body.
But the triaxial coefficient 8 is bounded between zero (the oblate spheroid
A = B) and one (the prolate spheroid B = C'), although it is undefined in the
limit case of a sphere, taking any value between zero and one depending on
the direction in which we approach the limit. See for more details [7].

In this work we assume that 0 < o = ¥ <« 1, i.e. Then the Hamiltonian

(1) is expressed by
2

G
H =30 + &*Py + U(ky, ko, k3),

where
1

=3
Moreover we shall consider the following three cases:
Case 1: U(kl, k‘Q, ]{3) = EV(kl, kz, k‘g) and k = 2, i.e.

2

G
(2) H =56+ ePy + 2Py,

(G* — L?) (1 — Bcos2l).

where 732 = V(k‘l, k‘g, k‘g)
Case 2: U(ky, ko, k3) = eV (ky, ko, k3) and k =1, i.e.

2

G
(3) H =05 +e(P1+Pa).

Case 3: U(kl,kg, kg) = 82‘/(]{71,]{2,]{?3) and k = 1, i.e.

2

G
(4) H :% + EPQ + 62731.
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We note that P; measures the difference of the shape of the rigid body
between a sphere and a tri-axial ellipsoid, and Py measures the external forces
acting on the rigid body. We shall assume that the perturbing functions P;
are smooth in the variables (L, [; G, g).

Our main results are the following three theorems each one studying the
periodic orbits of the previous three cases.

Theorem 1. We consider the motion of the rigid body with a fized point under
the action of the Hamiltonian (2). On the energy level H =h > 0 if € # 0 is
sufficiently small, then for every zero (Lo, lo) of the system

2w
L) = — \/>/ %d =0,

2T Py
2 _ e —
fid, ) = 27r 2h 0 a1, %9 =0

) “o,
(L,1)=(Lo,lo)

there exists a 2w —periodic solution (L(g,€),l(g,€),G(g,¢€)) in the variable g of
the rigid body such that (L(g,0),1(g,0),G(g,0)) = (Lo, lo, V2Ch) when ¢ — 0.

Let R = (a®?—b2)%(a® 4+ b%) + (a* — 6a?b? +b*)c2. An application of Theorem
1 is the following.

satisfying that
) et (aml,ff)

a(L, 1)

Corollary 2. A spherical rigid body with Hamiltonian (2), weak potential Py =
aky + bko + cks with a, b and ¢ positive and € # 0 sufficiently small has in
every positive energy level at least four linear stable periodic orbits if R > 0,
two linear stable periodic orbits if R = 0, and two linear stable periodic orbits
and two unstable ones if R < 0.

Note that Corollary 2 describes the motion of a non-homogeneous sphere
with center of mass at the point (a, b, ¢) under a weak gravitational Newtonian
potential.

Theorem 3. We consider the motion of the rigid body with a fized point under
the action of the Hamiltonian (3). On the energy level H =h > 0 if € # 0 is
sufficiently small, then for every zero (Lo,lo) of the system

2
FULD) = / 8P1+P2d—0
27r
REH= 5 ,/ / P1+P2d =0,
71'

satisfying (5), there exists a 2m—periodic solution (L(g,¢€),l(g,€),G(g,¢€)) in
the variable g of the rigid body such that (L(g,0),1(g,0),G(g,0)) = (Lo, lo, V2Ch)
when ¢ — 0.



4 J.L.G. GUIRAO, J. LLIBRE, J.A. VERA

An application of Theorem 3 is the following.

Corollary 4. A quasi—spherical rigid body with Hamiltonian (3), weak poten-
tial Py = cks with ¢ > 0 and € # 0 sufficiently small can have at least eight
periodic orbits in every positive energy level.

We remark that Corollary 4 describes the motion of a non-homogeneous
quasi-spherical rigid body with center of mass at the point (0,0, c) under a
weak gravitational Newtonian potential. The linear stability of the periodic
orbits described in Corollary 4 can be easily studied using Theorem 10 but
since there are many possibilities we do not present an explicit description
here.

Theorem 5. We consider the motion of the rigid body with a fized point under

the action of the Hamiltonian (4). On the energy level H =h > 0 if € # 0 is

sufficiently small and

(6) / TOPL_ [T OPy
o Ol o OL

then for every zero (Lo, lo) of the system

=0,

1 21
1 2 )
fZQ(L’l): % 0 F2(L7l7g)dg:07

where

! PPy [ [9 0Py 2P, [ [9 9P, C
| _ S i -
=g <2hc< B </0 oL dg) T oral </0 al dg)) T @

2
<_‘97’1 +vacn? 7’1> L CoPoPp /0‘97’2>7

ol 010G 2h G dl 2h Ol

1 %P, 9 0P %Py 9 0P, C
2= —(2nc (- i o
2 4h2< hC( L7 < T dg) * oral < . oL dg)) T @

<a7>1 ma27>1>_ca7>167>1+ /C({)P2>7

oL OLOG 2h 0G OL 2h OL

satisfying (5), there exists a 2m—periodic solution (L(g,€),l(g,€),G(g,¢€)) in

the variable g of the rigid body such that (L(g,0),1(g,0),G(g,0)) = (Lo, lo, V2Ch)
when ¢ — 0.

An application of Theorem 5 is the following.

Corollary 6. A quasi—spherical rigid body with Hamiltonian (4), weak poten-
tial P = ck? with ¢ > 0, energy level H = h = 3H?/(2C) and € # 0 sufficiently
small can have at least fourteen periodic solutions.
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In the proofs of Theorems 1 and 3 we shall use the averaging theory of first
order, and in the proof of Theorem 5 we shall use the averaging theory of
second order. We note that the averaging method allows to find analytically
periodic orbits of the rigid body with a fixed point at any positive energy level,
reducing its study to find zeros of a convenient system of two equations with
two unknowns.

We shall use the periodic orbits found in the previous theorems for obtaining
information about the C! non-integrability in the sense of Liouville-Arnold of
a rigid body with a fixed point.

Theorem 7. For a rigid body with a fixed point whose motion is given by the
Hamiltonian (2) (respectively (3) or (4)) we have:

(1) Either the Hamiltonian system is Liouville—Arnold integrable and the
gradients of two independent first integrals are linearly dependent on
some points of all the periodic orbits found in Theorem 1 (respectively
3 or 5);

(2) or it is not Liouville—Arnold integrable with any second first integral of
class C'.

Similar studies on the periodic obits and on the integrability of the Hamilton-
ian systems for the Henon—Heiles Hamiltonian and the Yang—Mills Hamiltonian
have been done in [5] and [6] respectively.

The rest of the paper is dedicated to the proofs of theorems and corollaries
stated in this introduction.

2. PROOF OF THEOREMS 1, 3 AND 5

Proof of Theorem 1. The Hamiltonian differential equations associated to the
Hamiltonian 2 are

aL _ 0P 2 aG _ 0P 2

P + O(e%), e 689 + 0(e%),
a_ 9Py 2 dg _G 0P >
dt_gaL + 0O(e?), dt—C+58G+O(6).

Taking ¢ as the new independent variable the previous differential systems

becomes

dL C 87)2 2 dG C 07)2 2 2
— = —e—=— — = —e—=— — =e——— +0(&%).
g~ “aa 10 g =g, 10 g =gar 1O
Since we want to study the periodic orbits on the energy level H = h we
isolated G from the energy, obtaining G = v2hC + O(e) because G is the
modulus of the angular momentum. Therefore, the equations of motion on
this energy level are

i [C op, oo Al [CoP, )
i e\ 25 a0 + 0(e?), dg_g 57 B + O(e%).

dl C 0P>
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These differential equations are in the normal form for applying the first order
averaging theory, see Theorem 10. From this theorem the proof is over. U

Proof of Corollary 2. For proving Corollary 2 from Theorem 1 we need to com-
pute (f{, f2). Indeed we have

H —%%(bsinl—acosl)

flz(fllaf%): Ah )

cvVChy/2 — é—z — HL\/4 — %(bcosl + asinl)
[q _ 2L2
2002\ /4 — T
Solving the system (f1, f2) = (0,0) we obtain the following four solutions

V2Ch b
L= :I:C—,l = Z+ arccos <> .
Va2 + b+ 2 va? + b?
On the other hand, the determinant (5) for the four solutions is equal to

8ch3 ’
or
((a® — v*)2(a? + b%) + (a* — 6a2b® + b*)c?) H?
8(a? + b2)2Ch? )
Analyzing the eigenvalues of the matrix which appear in (5) the corollary
follows. O

Proof of Theorem 3. The Hamiltonian differential equations associated to the
Hamiltonian 3 are

dL  9(P1+Po) dG  9(P1+Po)

R S 2 I S L.V 2
r 5 3 + O(e?), o € 39 + O(e?),
di _ _O(P1+Ps) 2 dg _ G  OPi+Po) >
dt—e 5L + O(e%), dt_C+5 50 + O0(e%).

Taking g as the new independent variable the previous differential systems
becomes
dL co
— _ﬁM + 0(52),

ar G _ _ COPL+P)
dg G ol N

dg G dg
dl é_g@(Pl + Pa2)
dg G oL

Since we want to study the periodic orbits on the energy level H = h we isolated

G from the energy, obtaining G = vV2hC + O(e). Therefore, the equations of
motion on this energy level are
dL C O(P1+ P2)

o ~ Y\l 2
i~ Nan e o)

+0(%),

+ O0(e%).

dl C O(P1+ Pa2)

a & 2
g £\ 5 517 +0(e%).
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These differential equations are in the normal form for applying the first order
averaging theory, see Theorem 10. From this theorem the proof is completed.
O
Proof of Corollary 4. For proving this corollary using Theorem 3 we compute
B(L? —2Ch)sin2l cH + 2hL(B cos 2l — 1))
V2Ch ’ 2v/2(Ch)3/2

Note that the previous system can have the solutions

3/2
P12 = (L =—V2hC,l = :t%arcsec <4M1>> ,

4h3/2 4 \/2cH
1 4Bh3/2
P34 = (L =V2hC,l = igarcsec (M )

cH T
P56 ( 2h(1 + B)’ 2> ’
cH
prs ( 2h(1 _ﬁ)vl 0,71')

We note that the first four points are defined only if the arguments of the arcsec
are in (—oo, —1) U (1,400). The last four points are always defined because
B € (0,1).

It is not difficult to compute the determinant (5) for this eight points and
their eigenvalues, but since there are several possibilities we do not described
all of them here. O

Proof of Theorem 5. The Hamiltonian differential equations corresponding to
the Hamiltonian (4) are

at ol o’ dt dg ag’
dl o 8771 28732 dg . G 8731 28732
a oL TS ar it C “ac T aq

Now taking g as the new independent variable and isolating G from the energy
level H = h the previous differential system writes

dL
= —eF 2F 3
a7 eFi1 +e°Fia + O(¢g?),
X Py + e + O(e?)
dg_E 21 T ETL22 €7)s
with
g COPL L CoP
1= w0 01 12 w0 0L
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1 Py OP1 OPy 0Py 0* P
= — 2 — — —
1= <a10 a " ea o aoalcazaG>’
_ 1 0P 26731 OP1 OPs 82731
F22_a%< “Cor ~aa ar L T aG )
where in the previous functions we have
CP1

G:a0+a15+0(52), ag =V2Ch, a1 =-— .
ao

Applying the averaging of first order described in Theorem 10 we obtain that
the function fi; = 0, due to the assumption (6). So we compute the function
f2 = (f4, f2) corresponding to the averaging of second order and we get the
expression given in the statement of Theorem 5. (]

Proof of Corollary 6. For proving this corollary using Theorem 5 we compute
fi= (f 1)
(L? — 3H?)Bsin(2l) L(c?C%*(9H? — TL?) + 243H%(B cos(2l) — 1))
( V3H ’ 243V/3H7 > '
Note that the previous system can have the solutions
81H? + 4c*C?
)

3H\/c?C? —2TH (B + 1) 7r>

1
P1,234 = <L = +V3H,l = j:§arccos (

pse7s = | L == J=+=
( V7eC 2
3H\/c2C? +2TH*(B — 1
P9,10,11,12 = (L =+ v N ( ),l =0,7 |,
p314a=(L=0,l=0,7).
We note that the first four points are defined only if the arguments of the
arccos are in [—1,1]. The eight points from ps to pi2 are defined when the
corresponding radical is non—negative. The last two points always are defined.
It is not difficult to compute the determinant (5) for this fourteen points and
their eigenvalues, but since there are several possibilities we do not described

all of them here. O

3. PROOF OF THEOREM 7

We summarize some facts on the Liouville~Arnold integrability theory for
Hamiltonian systems and on the theory of averaging for periodic orbits of
differential equations, for more details see [1, 2] and the subsection 7.1.2 of
[2], respectively. Here we give the results only for Hamiltonian systems of two
degrees of freedom, because the Hamiltonian systems of the rigid body with a
fixed point under a Newtonian force field has two degrees of freedom, but we
remark that these results work for an arbitrary number of degrees of freedom.

A Hamiltonian system with Hamiltonian H of two degrees of freedom is
integrable in the sense of Liouville-Arnold if it has a second first integral G
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independent of H (i.e. the gradient vectors of H and G are independent in
all the points of the phase space except perhaps in a set of zero Lebesgue
measure), and in involution with H (i.e. the parenthesis of Poisson of # and
G is zero).

A flow defined on a subspace of the phase space is complete if its solutions
are defined for all time.

Now we are ready for stating the Liouville-Arnold’s Theorem restricted to
Hamiltonian systems of two degrees of freedom.

Theorem 8 (Lioville-Arnold). Suppose that a Hamiltonian system with two
degrees of freedom defined on the phase space M has its Hamiltonian H and the
function G as two independent first integrals in involution. If In. ={ p € M :
H(p) = h and C(p) = ¢} # 0 and (h, c) is a regular value of the map (H, G),
then the following statements hold.

(a) Ipe is a two dimensional submanifold of M invariant under the flow of
the Hamiltonian system.

(b) If the flow on a connected component I} of In. is complete, then I} is
diffeomorphic either to the torus S' x S, or to the cylinder S* x R, or
to the plane R?. If I} . is compact, then the flow on it is always complete
and I}~ St x St.

(c) Under the hypothesis (b) the flow on I}, is conjugated to a linear flow
either on St x St, on S' x R, or on R?.

We consider the autonomous differential system

z = f(z),
where f : U — R™ is C2, U is an open subset of R” and the dot denotes the
derivative respect to the time t. We write its general solution as ¢(t, ) with
(0, xg) = x9 € U and t belonging to its maximal interval of definition.

We say that ¢(t, z¢) is T—periodic with T' > 0 if and only if ¢(T', xg) = xo
and @(t, xo) # xo for t € (0, T'). The periodic orbit associated to the periodic
solution ¢(t, zg) is v = {¢(t, xo), t € [0, T|}. Note now that the variational
equation associated to the T—periodic solution ¢(t, x¢) is

of(x)
O ’.T:d)(t,a?o))M?

(7) M = (

where M is an n x n matrix. The monodromy matrix associated to the T-
periodic solution ¢(t, zp) is the solution M (T, x¢) of (7) satisfying that
M (0, xp) is the identity matrix. The eigenvalues A of the monodromy ma-
trix associated to the periodic solution ¢(t, xg) are called the multipliers of
the periodic orbit.

For an autonomous differential system, one of the multipliers is always 1,
and its corresponding eigenvector is tangent to the periodic orbit.

A periodic orbit of an autonomous Hamiltonian system always has two mul-
tipliers equal to one. One multiplier is 1 because the Hamiltonian system is
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autonomous, and the other has again value 1 due to the existence of the first
integral given by the Hamiltonian.

Theorem 9 (Poincaré). If a Hamiltonian system with two degrees of freedom
and Hamiltonian H is Liouville—Arnold integrable, and G is a second first
integral such that the gradients of H and G are linearly independent at each
point of a periodic orbit of the system, then all the multipliers of this periodic
orbit are equal to 1.

Theorem 9 is due to Poincaré [11], see also [8]. It gives us a tool to study
the non Liouville-Arnold integrability, independently of the class of differen-
tiability of the second first integral. The main problem for applying this result
in a negative way is to find periodic orbits having multipliers different from 1.

Proof of Theorem 7. By Theorem 1 (respectively 3 or 5) we assume that the
Hamiltonian system at every positive Hamiltonian level of energy h has pe-
riodic solutions corresponding to the zeros (Lo, ly) such that their associated
Jacobians (5) are non—zero. Assuming that some of these Jacobians are dif-
ferent from 1, the corresponding multipliers of the periodic orbits cannot be
equal to one (see for more details the last part of the Appendix). Hence, by
Theorem 9 either the the system cannot be Liouville-Arnold integrable with
any second C! first integral G, or this system is Liouville-Arnold integrable
and the vector gradient of H and G are linearly dependent at some points of
all these periodic orbits. This complete the proof. O

APPENDIX

Now we shall present the basic results from averaging theory that we need
for proving the results of this paper.

The next theorem provides a first and second order approximation for the
periodic solutions of a periodic differential system, for the proof see Theorems
11.5 and 11.6 of Verhulst [12], [4] and [10] .

Consider the differential equation
(8) i =ceF(t,x) + 2 Fy(t,z) + e2R(t, z,¢), z(0) = zo
with x € D C R", ¢t > 0. Moreover we assume that both Fi(t,x) and F5(¢,x)

are T periodic in t. Separately we consider in D the averaged differential
equation

9) g =cfi(y) + £ f2(y), y(0) = o,
where
T
fily) = ;/O Fy(t,y)dt.
T s
fa(y) = ;/0 l:DyFl(S,y)/o Fi(t,y)dt + Fa(s,t)| ds.

Under certain conditions, equilibrium solutions of the averaged equation turn
out to correspond with T—periodic solutions of equation (9).
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Theorem 10. Consider the two initial value problems (8) and (9). Suppose:
(i) F1, its Jacobian OFy/Ox, its Hessian 0°Fy/0z%, Fy and its Jacobian
0F,/0x are defined, continuous and bounded by an independent con-
stant € in [0, c0) X D and € € (0, eg].
(ii) F1 and Fy are T-periodic in t (T independent of ).
(iii) y(t) belongs to 2 on the interval of time [0,1/e].
Then the following statements hold.
(a) Fort € [1,e] we have that z(t) — y(t) = O(g), as e — 0.
(b) If p is a singular point of the averaged equation (9) and

det (8(f1 + 8f2)> #0,
dy y=p

then there exists a T —periodic solution ¢(t,e) of equation (8) which
is close to p such that ¢(0,e) — p as e — 0.

(c) The stability or instability of the limit cycle o(t,€) is given by the
stability or instability of the singular point p of the averaged system
(9). In fact, the singular point p has the stability behavior of the
Poincaré map associated to the limit cycle p(t,¢).

Remark 11. If the function f1 is not identically zero, then the zeros of f1+e¢ fo
are mainly the zeros of f1 for € sufficiently small. In this case the previous
theorem provides the so-called averaging theory of first order.

If the function f1 is identically zero and fy is not identically zero, then the
zeros of f1 +efa are the zeros of fao. In this case the previous theorem provides
the so-called averaging theory of second order.

We point out the main facts in order to prove Theorem 10(c), for more details
see section 6.3 and 11.8 in [12]. Suppose that ¢(t,¢) is a periodic solution of
(8) corresponding to y = p an equilibrium point of the averaged system (9).
Linearizing equation (8) in a neighborhood of the periodic solution ¢(t,e) we
obtain a linear equation with T-periodic coefficients

(10) T =cA(t,e)x, Alt,e)= ;;[F(l(t,m) — B5(t,7,8)] | g—p(te)-

We introduce the T-periodic matrices

T t
B(t)—%zl(t,p), Bl—;/o B(t)dt, C(t)—/o (B(s) — By)ds.

From Theorem 10 we have

lim A(t,¢) = B(t),

e—0
and it is clear that By is the matrix of the linearized averaged equation. The
matrix C' has average zero. The near identity transformation

(11) zr—y=I—eC(t))x,
permits to write (10) as
(12) y = eBiy +e[A(t,e) — B(t)]ly + O(e?).
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Notice that A(t,e) — B(t) — 0 as ¢ — 0, and also the characteristic exponents
of equation (12) depend continuously on the small parameter . It follows
that, for € sufficiently small, if the determinant of B; is not zero, then 0 is not
an eigenvalue of the matrix By and then it is not a characteristic exponent of
(12). By the near-identity transformation we obtain that system (10) has not
multipliers equal to 1.
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