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LIMIT CYCLES FOR A GENERALIZATION OF POLYNOMIAL
LIENARD DIFFERENTIAL SYSTEMS

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We study the number of limit cycles of the polynomial differential
systems of the form
t=y— fil@)y, §=-z—g2z) - fa2()y,

where fi(z) = efi1(z) + €2 fi2(x) + €3 f13(2), g2(2) = ega1(x) + e2g2a(x) +
€3g03(x) and fa(z) = e f21(z) +&% fa2(z) + € fo3(x) where f1;, f2; and g2; have
degree [, n and m respectively for each i = 1,2,3, and ¢ is a small parame-
ter. Note that when fi(z) = 0 we obtain the generalized polynomial Liénard
differential systems. We provide an accurate upper bound of the maximum
number of limit cycles that this differential system can have bifurcating from
the periodic orbits of the linear center & = y, ¥ = —xz using the averaging
theory of third order.

1. INTRODUCTION

The second part of the 16th Hilbert’s problem wants to find an upper bound on
the maximum number of limit cycles that the class of all polynomial vector fields
with a fixed degree can have. In this paper we will try to give a partial answer to
this problem for the class of polynomial differential systems

(1) t=y— fix)y, ¥=-2—g2(x)— fa()y,
where f1(z) = efi1(x) + €2 fia(z) + €% f13(x), g2(x) = £g21(2) 4+ €2 ga2(2) + €®ga3(2)
and fo(x) = efo1(x) + €% foa(x) + €2 fo3(x) where fi;, fo; and go; have degree I, n

and m respectively for each ¢ = 1,2, 3, and ¢ is a small parameter. When f;(z) =0
these systems coincide with the generalized polynomial Liénard differential systems

(2) t=y, y=—g(x)—fz)y,

where f(z) and g(z) are polynomials in the variable x of degrees n and m, respec-
tively. The classical polynomial Liénard differential systems are

(3) T=y, y=-v-— f(x)ya

where f(z) is a polynomial in the variable x of degree n. For these systems in
1977 Lins, de Melo and Pugh [15] stated the conjecture that if f(x) has degree
n > 1 then system (3) has at most [n/2] limit cycles. They prove this conjecture
for n = 1,2. The conjecture for n = 3 has been proved recently by Chengzi Li
and Llibre in [16]. For n > 5 the conjecture is not true, see De Maesschalck and
Dumortier [7] and Dumortier, Panazzolo and Roussarie [8]. So it remains to know
if the conjecture is true or not for n = 4.

2010 Mathematics Subject Classification. 34C05, 34A34, 34C14.
Key words and phrases. Limit cycles, polynomial differential systems, generalized Liénard
system.

1


10.1016/j.chaos.2012.11.010

2 J. LLIBRE AND C. VALLS

Many of the results on the limit cycles of polynomial differential systems have
been obtained by considering limit cycles which bifurcate from a single degenerate
singular point (i.e., from a Hopf bifurcation), that are called small amplitude limit
cycles, see for instance [20]. There are partial results concerning the maximum
number of small amplitude limit cycles for Liénard polynomial differential systems.
Of course, the number of small amplitude limit cycles gives a lower bound for the
maximum number of limit cycles that a polynomial differential system can have.

There are many results concerning the existence of small amplitude limit cycles
for the following generalized Liénard polynomial differential system (2). We denote
by H(m,n) the number of limit cycles that systems (2) can have. This number is
usually called the Hilbert number for systems (2).

(i) In 1928 Liénard [14] proved that if m = 1 and F(z) = [; f(s)ds is a
continuous odd function, which has a unique root at x = a and is monotone
increasing for x > a, then equation (2) has a unique limit cycle.

(ii) In 1973 Rychkov [26] proved that if m = 1 and F(x) is an odd polynomial
of degree five, then equation (2) has at most two limit cycles.

(iii) In 1977 Lins, de Melo and Pugh [15] proved that H(1,1) =0 and H(1,2) =
1.

(iv) In 1998 Coppel [6] proved that H(2,1) = 1.

(v) Dumortier, Li and Rousseau in [11] and [9] proved that H(3,1) = 1.

(vi) In 1997 Dumortier and Chengzhi [10] proved that H(2,2) = 1.

(vii) In 2011 Chengzli Li and Llibre [16] proved that H(1,3) = 1.

Up to now and as far as we know only for these five cases ((iii)-(vii)) the Hilbert
number for systems (2) has been determined.

The maximum number of small amplitude limit cycles for systems (2) is de-
noted by H(m,n). Blows, Lloyd and Lynch, [3], [21] and [22] have used inductive
arguments in order to prove the following results.

(I) If g is odd then H(m,n) = [n/2].

(IT) If f is even then H(m,n) = n, whatever g is.

(IIT) If f is odd then H(m,2n 4+ 1) = [(m — 2)/2] + n.

(IV) If g(x) = x + ge(z), where g, is even then H(2m,2) = m.

Christopher and Lynch [5], [23], [24], [25] have developed a new algebraic method
for determining the Liapunov quantities of systems (2) and proved some other

bounds for H(m,n) for different m and n.

(V) H(m,2) = [(2m +1)/3].

(VI) H(2,n) = [(2n+1)/3].
(VII) H(m,3) =2[(3m +2)/8] for all 1 < m < 50.
(VIIT) H(3,n) = 2[(3n +2)/8] for all 1 < m < 50.
(IX) H(4,k) = H(k,4), k =6,7,8,9 and H(5,6) = H(6,5).

In 1998 Gasull and Torregrosa [12] obtained upper bounds for H(7,6), H(6,7),
H(7,7) and H(4,20).

In 2006 Yu and Han in [28] give some accurate values of H(m,n) = H(n,m), for
n=4,m=10,11,12,13; n =5, m =6,7,8,9; n = 6, m = 5,6, see also [18] for a
table with all the specific values.
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In 2010 Llibre, Mereu and Teixeira [18] compute the maximum number of limit
cycles Hi(m, n) of systems (2) which bifurcate from the periodic orbits of the linear
center & =y, y = —x, using the averaging theory of order k, for k = 1,2, 3.

In [19] the authors studied using the averaging theory of first and second order
the more general system

@ i=y—e(gu(x)+ ful@)y) - (g2(z) + fra(z)y),
g =—x—e(gan(x) + far(2)y) — *(ga2(x) + fa2(2)y),

where g1, f1i, g2i, foi have degree [, k, m and n respectively for each i = 1,2, and
¢ is a small parameter. Using the averaging method of first and second order they
proved the following result.

Theorem 1. For |g| sufficiently small the mazimum number of limit cycles of the
generalized Liénard polynomial differential systems (4) bifurcating from the periodic
orbits of the linear center & =y, y = —x using the averaging theory of second order
18:

A = max { + [(m — 1)/2], jr+ /2], [(n — 1)/2] + [m/2], [k/2] + [m/2] — 1,
[(n—1)/2] + [ = 1)/2] + 1, [k/2) + [0 — 1)/2]},

with u = min{[n/2], [(k — 1)/2]}.

In Alavez-Ramirez et al. in [2] they studied the polynomial differential system

T=y— 5911(33) - 529‘12(@,

(6) o )
g =—x —e(g21(x) + fa1(2)y) — e”(g22(z) + f22(2)y),

where g1, g2:, fo; have degree [, m and n respectively for each i = 1,2, and ¢ is a
small parameter. They proved the following result.

Theorem 2. For |e| sufficiently small the mazimum number of limit cycles of the
generalized Liénard polynomial differential systems (6) bifurcating from the periodic
orbits of the linear center & =y, y = —x using the averaging theory of third order
18

(max{O(m +n), E(l+m)—1} — 1),

N =

where O(k) is the largest odd integer < k, and E(k) is the largest even integer < k.
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In the present paper we study system (1). We define A by

A =max{2([(n — 1)/2] + 2[m/2]) + 1,
2([(n = 1)/2] + [m/2] + [(m — 1)/2]) + 2
2([(n = 1)/21 + [m/2] + [1/2]) + 1,
2([(n = 1)/2] + [m/2] + [(1 = 1)/2]) +
2([(n = 1)/2] + [(m — 1)/2] + [1/2])
2([(n = 1)/2] + 2[(1 = 1)/2]) +
2([(n = 1)/2] + [(m — 1)/2] + [(l - 1)/2]) +
2([(n = 1)/20+ [1/2] + [(1 = 1)/2]) + 3,
2([(n —1)/2] + [n/2]) + 2,
2([(n = 1)/2] + [m/2]) +
2([((n=1)/2] +[(I — 1)/2]) +m+2
2([((n=1)/2] + [m/2]) +1+1
2([((n=1)/21+ [ - 1)/2]) + 1+ 3}

Using the averaging method of third order we will show the following result that is
the main result of the paper.

Theorem 3. For |e| sufficiently small the mazimum number of limit cycles of the
generalized Liénard polynomial differential systems (1) bifurcating from the periodic
orbits of the linear center & =y, y = —x using the averaging theory of third order
s at most A.

The proof of Theorem 3 is given in section 3.

The results that we shall use from the averaging theory of third order for com-
puting limit cycles are presented in section 2.

2. THE AVERAGING THEORY OF FIRST AND SECOND ORDER

The averaging theory for studying specifically limit cycles up to third order in ¢
was developed in [4]. It is summarized as follows.

Consider the differential system
(7) i =eFy(t,x) + ®Fy(t,x) + 3 F3(t, 2) + e*R(t, z,€),

where I, F5, F3: RxD - R, R: Rx D X (—5f75f) — R are continuous functions,
T-periodic in the first variable, and D is an open subset of R. Assume that the
following conditions hold.

(i) Fi(t,-) C C*(D), Fy(t,-) C CY(D) for all t € R, Fy, F», F3, R are locally
Lipschitz with respect to x, and R is twice differentiable with respect to €.
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We define Fjo: D — R for £k = 1,2 as

1 /7
Fip(z) = T/ Fi(s,z)ds,
0

T
Foo(z) = %/0 [D.Fi(s,2)y1(s,2) + Fa(s, 2)] ds,

1 (T (10°R , 1oF
FSO(Z)_T/O (2822(8,2).@1(5»2) +§W(s,z)y2(s,z)

OF:
SR (o) + Fa(s,2)) s

where

yl(s,z):/ Fi(t, z)dt,
0

ya(s,2) = 2/08 (%@(t@ /Ot Fu(r, %) dr—i—Fg(t,z)) dt.

(ii) For V. C D an open and bounded set and for each € € (—ef,e5) \ {0},
there exists a. € V such that Fig(ac) + eFao(ac) + €2F30(a:) = 0 and
dp(Fio + eFao + €% F30, V. ac) # 0.

Then for |¢| > 0 sufficiently small there exists a T-periodic solution ¢(-,€) of the
system such that ¢(0,a.) — a. when ¢ — 0.

The expression dg(Fio+cFs +%F30,V, a.) # 0 means that the Brouwer degree
of the function Fig + eFay + €2F50: V — R at the fixed point a. is not zero. A
sufficient condition in order that this inequality is true is that the Jacobian of the
function Fyo + eFoo + €2 F30 at a. is not zero.

If Fyg is not identically zero, then the zeros of Fyg + eFyg + 2 F3g are mainly the
zeros of Fyg for e sufficiently small. In this case the previous result provides the
averaging theory of first order.

If Fig is identically zero and Fyg is not identically zero, then the zeros of Fjg +
eFoo + €2F30 are mainly the zeros of Fy for ¢ sufficiently small. In this case the
previous result provides the averaging theory of second order.

If F19 and Fyg are identically zero and F3q is not identically zero, then the zeros
of Flg + eFyy + €2F3y are mainly the zeros of Fyy for ¢ sufficiently small. In this
case the previous result provides the averaging theory of third order.

3. PROOF OF THEOREM 3

We shall need the third order averaging theory to prove Theorem 3. We write
system (1) in polar coordinates (r, ) where

x=rcosf, y=rsing, r>0.
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In this way system (1) will become written in the standard form for applying the
averaging theory. If we write

f21 Zaz 2CU f11 Zaz 1$ 921 sz 2$
(8) f22 Z Ci, 235 f12 Z Ci, 1$ 922 Z d;, 235
f23 sz 235 f13 sz 1ac 923 Z qi, 296

then system (1) becomes
r= —E(A +eB+ 520),

9 .
( ) 9:—1—§(A1+€Bl+5201)

where

n m l

A= Z ai,gr”l cos’ fsin® 6 + Z biﬁgri cos’ Osin 0 + Z ai71ri+1 cos' T @sin 6,
i i=0 i=0
n m l

B = Z ci’gr”l cos® fsin® 6 + Z di,gri cos® Osin 6 + Z ci,lr”l cos' T @sin 6,
i— i=0 i=0
n m l

C= Zpi,gr”l cos’ @sin’ 0 + Z qi’gri cos' @sinf + Zpiylr”l cost1 9sinb,

i=0 i=0
and
n m l
= Z aigriﬂ cos’t 0sin b + Z bmri costtlo — Z ai71ri+1 cos’ fsin® 0,
= i=0 i=0
n m l
= Z cior'™ cos™ Osinf + Z di o' cos'™ 0 — Z ciartcos' Osin? 6,
= i=0 i=0
n m l
C, = mer”l cos"™ 1 9sin 6 + Z i o' cos™t O — mer”l cos’ fsin? 6.
i i=0 i=0

Now taking 6 as the new independent variable, system (9) becomes

dr

d9 *é‘Fl(T 9)+€ FQ(T 0)+€ Fg(T 9)+O( )

where

1 1 1,
Fl(r,e):A, FQ(’I‘,H):B—;AAl, Fg(T,Q):C—;(BAl +ABl)+ﬁA1A
It was proved in [19] that Fiq is identically zero if and only if

azio=0 fori=0,...,[n/2].
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Moreover, Fyq is identically zero if and only if

Cok,2 = > 51,4,j@i,2b5,2 + > S2,i,j@i,2b5,2
i+j=t,ieven,j odd i+j=t,i0dd,j even
+ > S3,i,5@i,205,1 + > S1,i,j @i, 205,1,
i+j=t,ieven,j even i+j=t—1,i0dd,j odd

where ¢ varies from 0 to A given in the statement of Theorem 1, and S, ; ; > 0 for
s=1,...,4.

In order to apply the third order averaging method we need to compute the
corresponding function F3(r) that we rewrite as

F3o(r) = Fio(r) + Fio(r) 4+ Fiy (r) + Fio(r),
with

TP

Folr) =3 [ Gt 0.0 ds
T OF

Fy(r) = 3= [ G 0ntr)do.

2 OF.
Fo(r) = 3= [ G 0m(r.0)do.

1 27
Folr) = 3= | Falr) o,

where it was proved in [19] that using the integrals of the appendix we obtain that
y1 = y1(0,r) is equal to

[(n=1)/2] i+1 m
Y= Z agip1,0m? 2 Z Fi,ssin((2s +1)6 os' 1 6)
1=0 s=0 :O
(11) »
6,1 i1 i+2
+ (] — cos™2 ),
; 142 ( )

where 7;; are constant. Again from [19] we have that

9 [(n—=1)/2]

EFM’ r) = lz; (20 + 2)ag; 41,27 cos® T O(1 — cos® 0)

m l
+ Z ib; 27" ! cos’ @sin 6 + Z(z +1)a; 7" cos' ™ O sin 6.
i= i=0
We also note that Fy(r,0) is equal to
n m l
RUNR R R N I il oGl g
(3 K2 Ty
(12) Zc,gr cos Hsme—i—Zd’gr cos 951n9+20117° cos'"" fsin 6
i i=0 i=0
n n
- Z Z aiygajygr’”*l Cos”]ﬂ(l — cos? ) sin 6
i=0 j=0

-2 Z Z ai,gbj,gr”j costTit! (1 — cos? 0)

i=0 j=0
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n l
+ Z Z aiygajylr”jﬂ cos'ti (1 -3 cos? 0 + 2 cos* 0)
i=0 j=0

m m
— Z Z biﬁzbj’gr“'j_l cos’ 1 gsin g
i=0 j=0
m 1
+ Z Z bioa; 1m 1 cos"™ (1 — 2cos® 0) sin 6

i=0 j=0

+ Z Z aiylajylr”j*l cos'titl 0(1— cos? 0) sin 6.
i=0 j=0
The proof of Theorem 3 will be a direct consequence of the next auxiliary lemmas.
For an explicit expression of the polynomial Fi,(r) we refer the reader to the
proof of Lemma 4.

Lemma 4. The integral Fi,(r) is a polynomial in the variable r of degree less than
or equal to \1 given by

A1 = max{2([(n — 1)/2] 4+ 2[m/2]) + 1,
2([(n = 1)/2] + [m/2] + [(m — 1)/2]) +2
2([(n = 1)/2] + [m/2] + [1/2]) +
2([(n = 1)/2] + [m/2] + [ - 1)/2])
2([(n = 1)/21 + [(m = 1)/2] + [5/2])
2([(n = 1)/2] +2[( = 1)/2]) +
2([(n = 1)/2] + [(m —1)/2] + [(l -1)/2)+
2([(n = 1)/2 + [1/2] + [(1 = 1)/2]) + 3}
Proof. We first note that
52 [(n—1)/2]

52 Fi6,r) = Z (2i + 2)(2i + 1)ag; 41,27 cos® T O(1 — cos? §)
i=0

m l
+ Z i(i — 1)b; 07" "% cos’ O sin 6 + Z(z + 1)ia; 17 cos'™ Osin g,

i=0
and y;(r,0)? is equal to
[(n—1)/2] [(n—1)/2] L il
Z Z a2i+172a2j+1,27“2’+2j+4 Z Z &i,s sin((23 + 1)9):)/3‘71,« sin((2r + 1)9)
i=0 3=0 s=0r=0
[(n=1)/2] m a2i41.2b7.2 i+1
+2 SHAL2T2 204542 it g Vi ssin((2s + 1)0
2 L ( )2 sin((2s +1)0)
[(n=1)/2] 1 (oist 20 1 i+1
+2 22127000 204543 (1 — cogt2 9 ;s sin((2s +1)0
2 g Y ( ) i sn(29 +1)0)

bigbja it it gy (1 _ it
+ZZ(1+1)Q—|—1)T (1 —cos" ™ 0)(1 —cos’™" 0)
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m 1
2%, pititl i+1 i+2
+2ZZ N j+2) ITH1 —cos™ 0)(1 — cos’ "< 0)

i=
l l

@851 442 i+2 j+2
+ E — Dy 1—cos"™60)(1 —cos?’™0).
=0 i Z + 2 j + 2) ( )( )

Hence, using the integrals which are zero in the formulae in the appendix and the
explicit formula of F,(r) given in (10) we obtain that 47 Fj,(r) is equal to

[(n=1)/2] m m

bz?bﬂ 2t+i+j
(2t +2)(2t+ 1)a et
DRI T

t=0 1=0 5=0
2m
/ cos® 1 9(1 — cos? 0)(1 — cos™ 0)(1 — cos’ ™1 0) d
0

[(n=1)/2] l

- bioa;1 .y
2 260+ 2)(2t + 1 _ 2%yl 2tidgj+l
' t; ;;( R G+0G+2)

2m
/ cos® 1 9(1 — cos? ) (1 — cos™ 0)(1 — cos’ T2 0) df
0

[(n=1)/2]

U
@i,145,1 2titj+2
2t+2)(2t+1 —
+ ZZ( +2)(2t + )a2t+1’2(i+2)(j+2)r

2m
/ cos® 1 9(1 — cos? ) (1 — cos™2 0)(1 — cos’ 2 0) df
0

[(n=1)/2] m

+2Z Z Z t(t—1)b a22+ffﬂ2 t+2i+;

2m i+1
/ cos’ @sin O(1 — cos’ T 0) Z Fi,ssin((2s 4+ 1)6) do
0 s=0
m [(n=1)/2] 1

+2
t=0 =0 j=0

27 it1
/ cos’ @sin O(1 — cos’ 2 ) Z Fi,ssin((2s +1)8) do
0

s=0

m
a2i+1,2bj2 t+2i4j41
t(t+1 e J
E (t+1)as P41 T

2m i+1
/ cos™ 9 sin (1 — cos?’ T 0) Z Fi.s sin((2s + 1)0) db
0 s=0

l
a2i+1,205,1 i+
§ :t 1 1+ 7 ,,,t+2z+]+2

t=0 i=0 ;=0 jt+2
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27 . i+1
/ cos' ™ @sin (1 — cos’ T2 ) Z Fi,s sin((2s + 1)8) db.
0 s=0
Then, now using the integrals which are not zero in the formulae in the appendix
we conclude that Fi,(r) is equal to

[(n=1)/2] [m/2] [m/2]

E E 244242
Z P1a2¢+1,2b25 2025 o7 2

i=0 j5=0
[(n—1)/2] [m/2] [(m—1)/2]
+ Z Z Z pones1.abai abajyy gr 2 HRF2IHL
=0 j=0
[(n—1)/2] [m/2] [1/2]

+ Z Z E P3a2¢+1,2b25 202, pr2tt2idgl

i=0 75=0
[(n—=1)/2] [m/2] [(1-1)/2]

+ Z Z § : paa2ty1,2b2; 202511, Lr2tt2it2i+2

[(n—1)/2] [(m—l)/Q] [L/2] o
+ Z Z p5a2t+1,2b2i+1’2a2j’1T2t+21+2]+2
t=0 i=0  j=0

(n—1)/2] [(m—1)/2] [(1—1)/2]

(

2t+2i+25+3

+ Z Z p6a2t+1,2b2i+1,2a2j+1717‘ J
t=0 i=0 =0

2t+2i+25+3
+ Z Z P702:4+1,2024,1025 41,17 i+27
=0 i .

+ Z P821+1,202i+1,102j 41,172 22T
=0 i=0 =0
[((n—=1)/2] [m/2] -
+ Z p9b2t,2a2i+1,2b2j,27”2t+21+23+1
i=0  j=0
[m/2] [(n—1)/2] [(m—1)/2]
+ Z P10b2t,2a2i+1’2b2j+1’27°
t=0 =0 j=0
[(m—1)/2] [(n—1)/2] [L/2]

E 264242542
+ Z Z p11bot 4120211202517 i+25+

[m/2] [(n—1)/2] [1/2]

E 2+2i+2j+1
T Z Z p12bat 202:11 202517 J
t=0 =0 j=0

[m/2] [(n—1)/2] [(1-1)/2]
+Z Z Z pleQt,2021‘+172a2j+1717‘
t=0 =0 j=0
[(m—=1)/2] [(n—1)/2] [(1-1)/2]
+ Z Z Z p14boti1,2G0i 41 2a0j41 172 TR
=0 7=0

2t+2i+25+2

2U42i425+2
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[1/2] [(n—1)/2] [m/2]

2t+2i+25+1
+E E E P15a2¢,102i11,2b2;5 27 R
t=0

i=0  j=0
[(t=1)/2] [(n—1)/2] [m/2]

+ E E E P1602t+1,102i+1,2025 27
t=0 i=0  j=0

[(1=1)/2] [(n=1)/2] [(m—1)/2]

2442i42j+3
+ E E E P1702¢41,102i+1,2b2541 27 J
t=0 i=0 j=0

(/2] [(n—1)/2] [(1-1)/2] N
" Z Z Z p18a2t71a2i+172a2j+1717«2t+21+2_7+3
=0 =0 =0

[(1=1)/2] [(n-1)/2] [(I-1)/2]

2t+2i425+2

242042544
DY D pioaark1 @it 2azp1r T
t=0 i=0 §=0
for some constants ps for s = 1,...,19 which depend on ¢, 1, j. O

For an explicit expression of the polynomial Fj)(r) we refer the reader to the
proof of Lemma 5.

Lemma 5. The integral Fi,(r) is a polynomial in the variable r of degree less than
or equal to Ao given by

Ao = max{2([(n — 1)/2] + [n/2]) + 2,
2([(n —1)/2] + [m/2] + [(m — 1)/2]) + 1,
2([(n = 1)/2] + [m/2] + [1/2]) + 1,
2([(n=1)/21+ [(m = 1)/2] + [(I = 1)/2]) + 3,
2([(n —1)/2] + [1/2] + [(1 = 1)/2]) + 3,
2([(n —1)/2] + [m/2]) + m,
2([(n=1)/2] + [T = 1)/2]) + m + 1,
2([((n —1)/2] 4+ [m/2]) + 1 + 1,
2([(n —1)/2] + [ — 1)/2]) + 1 + 2}.

Proof. Using the expression of Fy(r,0) in (12) and y;(6,7) in (11) together with
eliminating the integrals that are zero (see the formulae in the Appendix for those
integrals) we have that 2w Fi)(r) is equal to
[(n=1)/2] n ot o

Z Z(z + D)agty1,0¢i or?tHiH2 Z Ft.s / cos’ 0 sin 0sin((2s + 1)) df

t=0 i=0 s=0 0

[(n=1)/2] m t+1

27
+ Z Z ia2t+172di72r2t+i+1 Z s / cos' fsin O sin((2s + 1)6) do
t=0 =0 s=0 0
[(n=1)/2] 1 ot o
+ Z Z(z + 1)a2t+1’gci’1r2t+l+2 Z Ft.s / cos' @ sin O sin((2s + 1)0) df
t=0 =0 s=0 0
[(n=1)/2] n =n t+1

S 2itj+2 .
— (t+j + Dageyi,2a: 205 2r E Yt,s
t=0 =0 j—0 5=0
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2
/ cos" ™I 9 sin (1 — cos? 0) sin((2s + 1)6) do
0

[(n=1)/2] m m t+1
DD SEFENTATITE 9
t=0 1=0 j=0

2m
/ cos" ™1 9 sin O sin((2s + 1)) df
0

[(n=1)/2] m 1 t+1

+ Z Z > (i + §)asei1,2bipa; 0> I Z% s

t=0 1=0 j=0

2m
/ cos'™ f(1 — 2 cos? 6) sin O sin((2s + 1)6) d
0

[(n /2 11 t+1
2t+i+75+2 ~
E E E (t+Jj + Dageyi 2010517 et E Vt,s
t=0 =0 j=0 s=0

27
/ cos" T 9(1 — cos? ) sin O sin((2s + 1)6) do
0

—9 Z Z %ai72bj72rt+ﬂﬂfl /0 (1 — cost*1 0) cos ™1 (1 — cos? §) df

I n m ,. . o
_ QZZZ m by gttt /0 (1 = cos™2 ) cos' 1 6(1 — cos? ) d6

t=0 =0 j=0 t+2
l 1 l .
. (i "‘J)@t,l t+itj
+ i,205.17
. t+2
t=0 i=0 j=0

2m
/ (1 — cos™2 ) cos™ O(1 — 3cos? 0 + 2 cos™ 0) db.
0

Then, now using the integrals in the appendix which are not zero we conclude that

[(n=1)/2] [n/2]

2642042
E E R1A2t41,2C24,2T
=0 i=0

* Z Z K:2a2t+1,2d2i,2r2t+21+1
t=0 i=0

[(n=1)/2] [(1=1)/2]

+ E E K3@2¢4+1,2C2i+1,17
t=0 i=0

2t+2i+3
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[(n=1)/2] [m/2] [(m—1)/2]
+ Z Z Z K4G2¢+1,2b2i 202541 27
t=0 =0  j=0

[((n—=1)/2] [m/2] [I/2]

2t+2i+25+1
+ E E g K52i41,2b2i 202517 S

=0 j5=0
[(n—=1)/2] [(m—1)/2] [(1-1)/2]
+ Z Z Z K6a2t4+1,202i 11,209 41,172 THH2IH3
i=0 j=0
[(n—1)/2] [1/2] [(1-1)/2]
+ Z Z Z "f7a2t+1,2a2i,1a2j+171T2t+2i+2j+3
t=0 i=0 ;=0
m [(n—1)/2] [m/2]

420425
+E E E Kgbe 2G2i41,2b25 20 T T
t=0 =0 j=0

[m/2] [(n—1)/2] [(m—1)/2] N
+ Z Z Z H9b2t72a21+1,2b2j+172r2t+21+2j+1
=0 =0 j=0

m [(n—=1)/2][(1-1)/2]

+ E g E K10b¢,202i41,2b25 41,17
t=0 =0 §j=0

(m/2 [(n=1)/2] [1/2]

2+2i+2]
+ E ] E E K11bat 2a2i41,2025,17 J
=0 =0  j=0

L [(n=1)/2][m/2]

+2i425+1
+ E E E K120¢,102i4+1,2b25 27 J
=0  i=0  j=0

[((=1)/2] [(n—1)/2] [(m—1)/2]

2t+2i+25+1

t42i+2j+1

2t4+2i+2j+3
+ E E E /€13azt+1,1a2¢+1,252j+1,27" ot
t=0 i=0 j=0
1 [(n=1)/2][(1-1)/2]
t+204+25+2
+ E E E K140¢,102i4+1,2b254117 Rt
t=0 j=0

=0
(- 1)/2] [(n=1)/2] [1/2]

2t+2i+2 +2
+ E E E K15G2¢41,102i4+1,2b2;,17 S
i= J=

for some constants k,. for r = 1, ..., 15 constants that depend on t,1,j. O

For an explicit expression of the polynomial Fj)(r) we refer the reader to the
proof of Lemma 6.

Lemma 6. The integral Fi,(r) is a polynomial in the variable r of degree less than
or equal to of degree less than or equal to A3 given by

Az = max{2([(n —1)/2] + [m/2] + [(m = 1)/2]) + 1
2([(n =1)/21 + [m/2] + [I/2]) + 1
2([(n = 1)/2 + [(m = 1)/2] + [ = 1)/2]) +3
2([(n = 1)/20 + [I/2] + [(1 = 1)/2]) + 3}.

n—1

n—1
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Proof. We have that

27 27 27 27 2
2 Fy = / F3(r,0)df = / Cdb — / B Ay 4 / "i}f do
0 0 0 0

r

and we denote

27 27 2 2
- N BA AB _ ATA
Fa= [ cas, Fi= | ZHEADLg g / do.
0 0 r r2
Using the formulae in the Appendix it is easy to see that
. n . [n/2]
Fi = mer”l/ cos’ fsin® 0 df = Z Wipgi 2r® ™,
= =0
for some constant W. Now we note that
Fi=2 Z Z Ciabj o™ / cos" T 9(1 — cos? 0) df
1=0 j=0
+ Z Z Ci2Q; 17'””1 / cos' T2 0(3 cos?0 — 2cost 9 — 1)d6
1=0 j=0

27

+2 Z Z d; 2a;, Naar / cos'titl 0(1— cos? 0) do

szO

s

— Z Z Cinaj, orititl / cos'tI 6(3 cos? 6 — 2cos* 6 — 1) de.

=0 j=0
Using the formulae in the Appendix we obtain

[n/2] [(m—1)/2]
F30 Z Z Y1C2i 2523+1 27‘21—%23—Irl

[(nfl)/2] [m/2]

2i42j+1
+ E E V2C2i41,2b05 077 T
=0 j=0

[n/2][1/2]

+ g E 7302121123,17“22+2J+1

=0 j5=0
[(n—1)/2] [(1-1)/2]

21+25+43
+ E E VaC2i41,202541,17"
i=0 §=0

[m/2] [(n—1)/2]

2i+2j+1
+ E E V5dai,202; 41,27
i=0 =0

[(1=1)/2] [(n—1)/2]

2042543
+ E E 7(5021+1,16l2j+1,27“Z (AR
i=0 =0

for some constants vy, ;; for K =1,...,6.
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Now we note that
n n n m

A2 — Z Z 5.0, 2792 cos ™2 sin? 4 2 Z Z 5.9b;,57 9 cosi T2 9sin 0
i=0 j=0 i=0 j=0
n l m m
-2 Z Z ai,gajylri+j+2 cost i gsin3 0 + Z Z bi’ij’QTi—‘rj cosiTit2p
i=0 j=0 i=0 j=0
m 1 1 i
=23 Y bigaj i cos™ T 0sin® 0+ Y " ai 1400 cos™ fsin® 6.
i=0 j=0 =0 j=0
Hence,

n n n

2m
Fyy = Z Z Z r20; 0@ ort T / os" T HIT2 (1 — 2 cos? 0 + cos” 0) d
0

t=0 =0 57=0
n 27
+ Z Z Z atygbi}gbj’QTt-i_iJrj ! / t+i+j+2 9(1 - COS2 9) db
t=0 i=0 j=0 0
n m 1 27
=2 3 s abigaartt / os! I 9(1 — 2 cos® @ + cos* 0) df
t=0 i=0 j=0 0

n l l 2
+ Z Z Z atﬁgaiwlajylr””j*l / osttiti 0(1-3 cos? 0 + 3 cos? § — cos® 0)do
t=0 =0 j=0 0
m n m 27
+2 Z Z Z bt’gai’gbj’Q’l’t—’_i—i_j_ / t+i+j+2 9(1 — 0082 9) do
t=0 =0 j=0 0
n l
-2 Z Z Z by 2a; 20517 ity / cos! ™I 9(1 — 2 cos? O + cos? 0) df
t=0 =0 j=0
l n m 2
+2 Z Z Z at,104,2b;, grttiti / costtiti+s 0(1— cos? 0) do
t=0 =0 j=0
l n 1 2
-2 Z Z Z at,105 205, Naaarad / cost+i+j+2(1 — 2c0s? 6 + cos* ) db.
t=0 =0 57=0
Using the formulae in the appendix we get
[(n—1)/2] [m/2] [(m—1)/2]
Fyo = Z Z Z w1a2¢+1,202; 202541 27
t=0 =0  j=0
[(n—=1)/2] [m/2] [L/2]
+ Z Z Z waa2¢41,2b2i 2025, ettt
=0 75=0
[((n=1)/2] [(m=1)/2] [(1-1)/2]
+ Z Z Z w3a2¢41,2b2i41,202541,17
t=0 i=0 §=0
[(n—1)/2][1/2] [(1-1)/2]

+ E E E W4a2¢41,2024,102;5+1, 17‘2t+21+2]+3

=0

2t+2i4+25+1

2t42i+2j+3
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[m/2] [(n—1)/2] [(m—1)/2]

2t-+2i+25+1
+ g g g wsbat 2a2i11,2b25 41,27 Rt

i=0 =0
[m/2] [(n—1)/2] [1/2]

2t +2i+25+1
+ E E E webat,202i41,2a25,17 7
t=0 =0 ;=0

[(m=1)/2] [(n—1)/2] [(1-1)/2]

2t4+2i+2;
+ E g E Wrbagi1,209i41,2a2;.41,172 T2

i=0 =0
(/2] [(n—1)/2] [m/2]

2+2i42j+1
+ E E E wWgG2t,102i+1,2b25 27 J
=0 =0  j=0

[(t=1)/2] [(n—1)/2] [(m—1)/2]
+ Z Z Z Woa2¢4+1,1G2i+1,2b2j 41,27
t=0 i=0 j=0
(/2] [(n—1)/2[(I-1)/2]

2t+2i425+3

242042543
+ E g E W1002¢,102i+1,2025+1,17 v
1=

7=0

for some constants w4 4,; for K =1,...,10.

O

For an explicit expression of the polynomial Fi(r) we refer the reader to the

proof of Lemma 7.

Lemma 7. The integral Fi(r) is a polynomial in the variable r of degree less than

or equal to Ay given by

Ay = max{2([(n — 1)/2] + [n/2]) + 2,
2([(n = 1)/2] + [m/2] + [(m = 1)/2]) + 1
2([(n = 1)/2] + [m/2] + [1/2]) + 1,
2([((n = 1)/21+ [(m = 1)/2] + [(1 = 1)/2]) + 3
2([(n=1)/2] + [1/2] + [(l —-1)/2]) +3,
2([(n = 1)/2] + [m/2]) +
2([((n=1)/2] + [(1 — 1)/2]) +m+ 2,
2([(n=1)/2] 4+ [m/2]) + 1 + 1,
2([(n—=1)/2]+[(1 — 1)/2]) + 1 + 3}.

Proof. We note that

27 OF 6 8F 2 OF
2niy = [ G [ e omnnde+ [ 5

‘We denote

- T OF Y oF
o= [ G0 [ e sm v do,

/F27°¢
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We first compute Fiz(r). To do it, we will start computing foe Fy(r,4) dip. Tt follows
from (12) that

n m l
Ci2  i+1 i+1 di2 ; ost+l Ci,1 z+1 i+2
—_— 1-— 0 1-— 0) 0
;le (1= cos H;le( +;2+2 0s™6)
n_on it itjtd
_ Z Z ai,zaj,zr”j*l (1 — COS, ﬂ; b 1 — COS. ﬂz 9)
i=0 j=0 1+ + t+7+
[(n—1)/2] [m/2] o 3 i++2
-2 Z Z a2i+1,2b2j,27'2z+2]+1 (ﬁi+j+29 + Z Bitj+i,s sin(239))
i=0 =0 s=1
[(n=1)/2) [(m~1)/2] e
=3 > asig2bai2r® Y Fi i sin((2s + 1)0)
i=0 =0 s=0
[(n=1)/2) 1/2) e
D> anis2a0r? TN g, 0 osin((2s + 1)0)
i=0  §=0 5=0
[n=1)/2] [(=1)/2] - ihit2
+ > > azig12094 007 T (’Bi+j+29 + Y Birjras Sin(289)>
i=0 =0 s=1
B biobjo FI1(1 — cositit g)
KM:Z+3+2
(1= i+j+1 g 1— i+j+3 g
4 Z bi zaj 11t ( . COS' o= cos. )
Lo ix itjt1 i+j+3
l l i i 4
i a5 1 L (1 — cos +J42'2 0 1 cos +le' 0)
=0 =% 1+7+ 1+7+

for some non-zero constants B4 11, Bitj+1,s> Vitj+1,s> Bitj+2, Bitj+2,s1 Vitj+2,s- Hence
we obtain

[(n—1)/2] n 27
Fy = Z (2t +2) Z 24412 ::21 PRttt / cos? 1 9(1 — cos® 0)(1 — cos™ ) df
t=0 i=0 0
[(n=1)/2] m i o '
+ Z (2t +2) Z agi41,2—— L2 2ttt / cos? T 0(1 — cos? §)(1 — cos* 0) db
t=0 i=0 i+l 0
[(n=1)/2] z . e '
+ Z (2t +2) Z a2t+1,2 %r2t+1+2 / cos? 1 9(1 — cos? §)(1 — cos2 0) db
- 2 0
t=0 =0
[(n—1)/2] n n o
— (2t + 2) Z Z a2t+172ai’2aj’2r2t+’+]+2
t=0 i=0 j=0

2m i+j i+j
1— i+j+2 g 1— i+j+4 g
/ cos® 1 9(1 — cos? 0) ( - COS, - — COS, > de
0 i+j+2 i+Jj+4
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[tn=1)/2) bobia
(2t +2) (npi1,9 ot Uity
3, e n ey

2
/ cos? T 0(1 — cos? 0)(1 — cos" 12 0) df
0

[(n—1)/2] m 1
+ Z (Qt + 2) Z Z a2t+172bi72aj71r2t+”j“
t=0 i=0 j=0
/27r cos?+1 (1 — cos? 0) (1 - cos.i+j+1 0 o1 - cos.i+j+3 9) 40
0 1+j+1 1+7+3
[(n—1)/2] ol
+ Z (2t + 2) Z Z (l2t+172(1i71aj717’2t+i+j+2
t=0 i=0 j=0
2T

1 — cogttit2 9 1 — cosgttit4d g
cos? 1 9(1 — cos? 0) ( o8 o8 ) 0

1+j+2 1+7+4

S~

m  [(n=1)/2] [m/2]

—25 t E g bt,2a2i+1,2b2j,2rt+2i+2j

t=0 i=0 j=0
i+tj+1

2
/ costHSinH(BHj_H@—i— Z Bititi.s sin(239)) de
0

m  [(n=1)/2][(m—1)/2] i+j+1

t4+2i42j+1
Z Z E b 2a2i41,2b2j 11,00 IR Z Yitj+1,s

2m
/ cos’ fsin fsin((2s + 1)6) df
0

m  [(n—1)/2][1/2] i+j+2

+ Zt Z Z bi2a2i 1, 2b2j7lrt+21+2j Z Vitj+2,s
1=

2m
/ cos’ fsin Osin((2s + 1)6) df
0
m  [(n=1)/2][(I=1)/2]

Yt Y Z bt 202 11,2b2j 111 T

t=0 =0
i+j+2

27
/ COSt 0 sin&(ﬁ_i+j+20 + Z Bi+j+2,s 5111(250)) df
0 s=1

l [(n—=1)/2] [m/2]

- 22@ + 1) Z Z at,la2i+1,2sz,27“t+2i+2j+1

t=0 i=0 =0
27 B i+j+1 ~
/ cos' ™! 95in9(ﬁi+j+19 + Z Bitit1,s sin(259)) dé
0

s=1
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1 ((n=1)/2] [(m—=1)/2] A
-2 Z(t +1)2 Z Z 41021 41,295 41,00 T Z Vitj+i,s
t=0 i=0 j=0 s=0

ﬁ
3

cos' T @ sin @ sin((2s 4 1)0) df

! [(n—1)/2] [1/2] g
+Y (D) Y Y anaani by T T,
t=0 i=0  j=0 s=0
27

cos' T @ sin O sin((2s + 1)0) df

S~

l [((n—1)/2]1[(1-1)/2] o
FY (1) > Y apaasigr byt T
t=0 =0 j=0
on ) i+jt+2
/ costt! Hsine(ﬂﬂ_ﬁg@ + Z Bitj+2,s Sin(2$9)> do.
0 s=1
Therefore
- [((n-1)/2] [n/2] _
= Z Z V1agi1,2C01,0m 7 P22
t=0 =0

[(n—1)/2] [m/2]
+ Z Z Voo i1 0d2; o2 T2
t=0 =0
[(n=1)/2][(1-1)/2]
+ Z Z V3G2¢41,2C2i+1,17T
t=0 i=0
[(n—1)/2] [m/2] [(m—1)/2]

2t+2i+3

2t+2i+25+1
V4a2t+1,252i,2b2j+1,27” Tt
t=0 =0 ;=0
[(n—1)/2] [m/2] [1/2]
2042042541
+ 0> DD vsasesabapag T
t=0  i=0 j=0
[(n—1)/2] [(m—1)/2] [(1-1)/2]
2U+2i+25+3
+ > ST > wsaser1baiggaz;aar? T
t=0 i=0 j=0
[(n—1)/2][1/2] [(1-1)/2]
2t+2i+25+3
Z Z V7G2¢41,2024,102541,1T et
t=0 i=0 j=0
m [(n—1)/2] [m/2]
t+2i+2j
- Z Vsbt,202¢+1,zsz,2r a2
0  i=0 ;=0
[m/2] [(n—1)/2] [(m—1)/2]
2t+2i+25+1
+ Z Z Vgbat 2a2i41,2b2541,27 Tt
t=0 =0 j=0

+

19



20 J. LLIBRE AND C. VALLS

[(m/2] [(n—1)/2] [1/2]

2t+42i+2
+ E E E v1obat,2a2i41,2b2517 +2i+2)

1=0 =
(/) N
+ Z Z Z Vllbt,2a2i+1,2b2j+1,1Tt+2l+2]+l
=0 i=0 =0
1 [(n—=1)/2] [m/2]
— Z V120¢,102i4+1,2b2;5 27
t=0 i=0  j=0
[(1=1)/2] [(n—1)/2] [(m—1)/2]
o2y D vasaig1,102i11,2b2541 07
—0 i=0 j=0
[(1=1)/2] [(n—1)/2] [1/2]

242042542
+ E E E V1402¢41,102i+1,2b2517 J

=0 i=0 ;=0
1 [(n=1)/2] [(1-1)/2]

+ E g E V150¢,102i+1,202j 41,17
i=0 =0

t+2i+25+1

2t+2i+25+3

H.

~

t+2i4-25+2

for some constants v, for Kk = 1,...,15 depending on ¢, ¢ and j.
On the other hand we have that yl(r V)5 98 (1 4)) is equal to
[(n=1)/2] [(n—1)/2] itl
Z Z (2] + 2)agit1,2a9; 41,202 213 Z Yi,s cos T 4h(1 — cos® ) sin((2s + 1)v)
s=0
[(n—l)/2] m i+1
+ Z Zja2i+1’2bj,27’2i+j+1 Z i.s cos? ¢ sinp sin((2s + 1))
i=0 ;=0 s=0
[(n=1)/2] 1 i+l
+ Z Z ] + 1 a2i+1 gaj,1r2i+j+2 Z ’%75 COSj-i—1 ’Qb Sil’l’(/} sin((23 + 1)1&)
i=0 =0 5=0
m [(n—1)/2]

(2j +2)b o . .
+ Z Z jz " 1 2 04127 (1 — cos™ ) (1 — cos? ) cos?iH qp
1=0 7=0

m m
+ 7i jort Tl cos™ L ah) sin ) cos? 1
; jZO P (1- )
m 1
+Z U + 1 aj 17 (1 = cos™ ™ ) sin ) cos’ T )
=0 j=0
1 [(n—=1)/2]
+ (2 ;:22% ! agj+1,2r TP H2(1 — cos™ 2 1) (1 — cos? 1) cos™ T4
i=0  j=0
I m
+ Z az Lp. 01" (1 = cos™2 ) sin 1) cos? ¢
i=0 j=0
l ! (] + ].)G,Z 1 it . A .
+ 2 g (1 — cos™T2 ) sin4p cos? T ap.

Z+2 75

@
I
<
.
I
=
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Now we consider the integrals fo y1(r, ) %51 (r, 1) dip. We have that fo Y1 (r, ) 951 (r, ) dyp
is equal to

[((n—1)/2] [(n—1)/2] i+1 Jt+s+2

Z Z (2] 4 2)agiy1,2a2j11,2r° 23 Z Vi,s Z P; .. cos(2r)

s=0 r=0
[(n=1)/2] [M/2] it+1 jHs+1
+ Z Z 2ja2i+172b2j,2r2i+2j+1 Z ’%73 (Rj739 + Z Rj7s,7~ Sil’l(27"9)>
i=0 j=0 s=0 r=1
[(n—1)/2] [(m-1)/2] i+l gts+l

+ Z Z (27 + 1)agiq1,2b9j41,2m2 T2 12 Z’y“ Z Qj.s.rsin((2r +1)0)

=0 j=0 s=0 =0
[(n—=1)/2] (/2] i+1 G4s+1

+ Z Z(Qj + 1)agi+1,0a0j,17° T2 H2 Z’?i,s Z Qjs.rsin((2r + 1)6))

[(n—1)/2] [(l 1)/2] i+1 J+s+2

+ Z Z 2] + 2 a21+1 202541, 1r21+21+3 Z% 5( j+1,59 + Z Rj+1,s,r sin(2r9))

r=1
[m/2] [(n— 1)/2] i+j+2

2.7 +2 b27, 2 i i A P .
+ Z Z i1 ¢ 2j 41,277 +2]+1(5i+j+3,s9+ SZ:; 5i+j+37s,rsm(289)>

Kmfnmnmfnm1@j+2w2 L it
DY L Ry o N e sin((25 + 1)0)

1=0 j=0 2 + 2 =
3y, ( ST EET)
zojo J+1 i j+2
I3 B R e )
i1r —
=0 j=0 Z+1 o .]_'_2 Z+]+3
Al /2] ] + 1 GQ 1 o i+j+2
+Z Z i+ 1 . a2j+1,2T2i+2]+2 Z Vit 2,5, Si0((25 +1)0)
s=0

(- 1)/2] [(n—1)/2] 2(j + Dasisrs - itit3
Y Y T e B0+ Y Blea s, sin2s0)

i=0 Jj=0 s=1
I . ; "
i Zi Jain b-Qri+j(1 —cos/to 1 cos’+ﬂ+30>
pardenr R j+1 i+j+3
!

i (j+ Daia llri+j+1(1—cosj+29_1—cosi+j+49)
—~ i+2 @, j+2 i+j+4 )

for some non-zero constants Pj s, Rj s, Rj sy Qs jrs Bitj+3,55 Bitj+3,s, Vitj+3,5,7
Bitjto,s: Bititasm Vigjtro,sr- Hence using the formulae in the appendix we can
write
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[(n=1)/2] m m

Fgo— Z Zz2t+1a2t+12 3_21(, F2tFit)

t=0 =0 j=0
2 "
1—cos10  1—cositit2g
/ cos?* 1 9(1 — cos? 0)( cos - ) dé
0 Jj+1 i+j+2
[(n=1)/2] m 1
J+ Dbis "
n ZZQ (t+ Daspsa, 2( +)1 s

2m 1 — coglt2 1 — cositit3
/ cos? T 9(1 — cos? 9)( cos’ 70 o8 9) do
0

j+2 i+7+3
[(n=1)/2] I m .
. 2t+7.+]+1
+ Z Z 2t+1 a2t+12 +2bj7
t=0 1=0 j=0
2 F F
4 1—cos?tlg 1—costit3g
/ cos? T 9(1 — cos? 9)( o8 B ) de
0 j+1 t+7+3

[(n=1)/2] 1 1 ’ +1)a 1 'v
* Z ZZZt"’l Antq1,2 -5 j,17“2t+1+1+2

2 +2 i+j+d
1 —cosit2 1 — cosititip
/ cos? 1 9(1 — cos? 9)( o8 B ) de
0 Jj+2 i+ +4

m [(n=1)/2] [m/2] it
+ Z Z 2jtby 2a211,2bg; 27 T Z%,s
t=0 =0  j=0 5=0
2 3 s+l

cos' 0 sinH(Rj789 + Z Rjsr sin(2r9)) do

r=1

S~

[((n—1)/2] [m/2] i+1

l
Jrz Z Z 25 (t + 1)as,1a2i11,2b2;, 27,t+21+2j+1z i

t=0 =0 7=0

2 B J+s+1 B
/ costt1 6 sinH(Rj,SH + Z Rjsr Sin(2r9)) do
0 r=1
[(m/2] [(n—1)/2] [(m—1)/2] i+l J+s+1
* Z Z Z 2(2] + D)thar 2021120275122 FHFIHELY 75, 0N Qs
i= s=0 r=0
2
/ cos?! @sin O sin((2r + 1)6) do
0
[(=1)/2] [(n—1)/2] [(m—1)/2] i+1 jHs+1
+ Z Z Z (27 + 1)(t + Dager1,102i41 202511, PN "5, 0N Q) 0r
s=0 r=0

2m
/ cos?2 @ sin O sin((2r + 1)6) do
0
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[m/2] [(n—1)/2] [1/2] it+1 JHs+1
+ Z Z Z (27 + 1)tbat 2a9i+1,2a2;, 2tttz Z Yi,s Z QJ 8,7
1=0 7=0

2
/ cos® @sin 0 sin((2r + 1)6)) db
0

(=1)/2] [(n-1)/2] [1/2] i+1 Js+1

+ Z Z Z (27 + 1)(t + 1)agi+1,102i+1 2a2],17’2t+21+2j+3 Z% s Z QJ 8T
1=

2
/ cos® 2 0 sinfsin((2r + 1)6)) do
0

m [(n—1)/2][(I-1)/2] i+1
+ Z Z (2] + 2)ths 2a2i 41 209 41 17 T2 Z Yi,s

t=0 =0 j=0 s=0
27 Jjt+s+2

cos! @ sin (Rj+1756 + Z Ritisr sin(2r€)) do

r=1
1 [(n=1)/2][(I-1)/2] i+1

+ Z Z Z (25 +2)(t+ 1)at,1a2i+1,2a2j+1,1Tt+2i+2j+3 Z Yi,s
t=0  i=0 j=0 s=0
27 Jhs+2

cos' o sin@(RjJrLS@ + Z Rjt1sr sin(27‘9)> do

r=1

S~

S—

/2] [(n—1)/2 .
. mz] [(n ] (2J + 2)tbt,2b2i,2a ) ptH2i+2j
, 2+ 1 e

=0

<
(e}

<.

F s

it+j+2
cost 0 Sin0(3i+j+3,89 + Z Bi+j+3,S,T Sin(239)) do

s=1

S~

B
~
N

i (2] + 2)(2t + Q)Qt 1b21 ,2 asji1 2Tt+2i+2j+1
2141 I

+
MN

Il
=)

t =0
27 R i+j+2 .
ost+1 o Sin0(5i+j+3’39 + Z Bitj+3,s,r sin(239)> do

s=1

i

I
o
<.

S~

m [(m=1)/2] [(n—1)/2] i+i+2

(25 + 2)tb; 2b2iy1,2 20424 .
IS o e T YT S
=0 i=0 =0 s=0

2

cos’ fsin Osin((2s + 1)6) df

S~

1 [(m=1)/2][(n—1)/2] ( i+7+2

2] + 2)(t + l)at71b2<+1,2 . . .
> 2 X SRz I N A
t=0 =0 7=0 s=0

2m
/ cos'™! fsin O sin((2s + 1)0) df
0
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m WA/ Gy i
+ZZ Z ) i, a2j+172,’,t+21+2j+1 Z 7?+j+27s,r
t=0 =0 7=0 s=0
2m
/ cos’ fsin Osin((2s + 1)6) df
0
1o [1/2][(n=1)/2] . i+j+2
n Z Z (Jj+ 1)(ti4—r'_11)at,1a21,1 g1 gr ! T2 Z Viiiiosn
t=0 i=0 j=0 s=0
27
/ cos' ™ @ sin O sin((2s + 1)0) df
0
m [(1=1)/2] [(n—1)/2
+Z[( )/2)[( Z)/12(3+12):11:?21»“,1a2j+1)2rt+2i+2j+z
t=0 =0 §=0
2 i+j+3
/ Costﬂsin9(6f+j+2789+ 3 Bf+j+2’s,rsin(259)) d9
0

s=1

1 [(1-1)/2] [(n—1)/2]
2(5 + 1)(t + 1)ag,1a2i41,1 Py
DD DY %13 agjy1,or' THHEIES
t

=0 §=0
27 i+j+3
/0 cos' ! 9sin9(ﬁj+j+2780 + Z Bitjto.sr sin(289)> de.
s=1

Hence, using now the non-zero integrals in the Appendix we conclude that

[(n=1)/2] m [m/2]

2tti+2
Fgo* E g g H12¢41,2b5 2025 27 Fit2j

t=0 =0 35=0
[((n=1)/2] [m/2] [(m—1)/2]

+ E E E ,uza2t+1,2bzi,2b2j+1,27”2t+2l+2]+1

m
2-tit2)+2
+ Z > Z (1391 11,2bi 2241 172 T
t=0 =0 j=0
[((n=1)/2] [m/2] [l/2]
2042i+2j+1
+ D D a1 2bi gzt TR
=0 =0 j=0
[(n=1)/2] 1 [m/2]
2t4i+2j+1
+ D D Hszes1pai1bajar? T

t=0 =0 ;=0
[(n=1)/2] [(1=1)/2] [(m~1)/2]

2t+2i+25+3
+ E g g N6a2t+1,2a2i+1,1b2j+1,27" Tt
t=0 i=0 j=0
[(n=1)/2] 1 [(1-1)/2]
2t+i+2j+3
+ E H7Q2¢t4+1,204,10254+1,1T et



LIMIT CYCLES OF A CLASS OF POLYNOMIAL DIFFERENTIAL SYSTEMS.

[(n—1)/2] [(1-1)/2] [L/2]

+ Z Z Z 1824 41,202i4+1,1024,17
t=0 i=0 j=0

m [(n—1)/2] [m/2] o
+ Z Z Z NQbt,2a2i+172b2j’2rt+2z+2j

t=0 =0 ;=0

1 [(n=1)/2] [m/2] -

* Z Z Mloat,la2i+1,2b2j’2rt+21+23+1

t=0 =0  j=0

[m/2] [(n—1)/2] [(m—1)/2] -
i Z Z Z Iullb2t,2&2i+172b2j+1)27,,2t+21+2]+1

=0 =0 =0

(1=1)/2] [(n=1)/2] [(m—1)/2]
+ Z Z H1202¢+1,102i+1,2b2541 27

=0 =0 =0
[m/2] [(n—1)/2] [1/2]

+ Z Z § :M13b2t 202i41,202; 1T2t+21+2j+1

[(1-1)/2] [(”—1)/2] [1/2]

+ Z Z H1402¢41,102i+1,2024,17T
t=0 i=0  j=0
m [(n—1)/2][(1-1)/2]

+ Z Z [15bt 209 4+1,2a2;41,17 T2 22

2t+20+25+3

—

2t 42i42j13

2t+2i+2j+3

t+2i+254+3
+ H16G1,102i41,2025+117 %

t=0 =0 j=0
m_[m/2][(n—1)/2] N
+ Z Z Z ’LLI?bt»Qb2i72a2j+172frt+21+2]
=0 j=0
m/2] [(n—1)/2] a
* Z Z NlSat,lb2¢72a2j+1$2rt+2z+2j+1
j=0
[m/Q] [ 1)/2] [('n 1)/2] | |
" Z Z Z ulngt,2b2i+172a2j+1’2r2t+21+23+1
=0 =0
(—1)/2] [(m=1)/2] [(n=1)/2]

~
i

<

.

w
||

3=C

H_

+ MQOja2t+1,1b2i+1,2a2j+1’2r2t+2i+2j+3
=0 =0 =0
(m/2] [1/2] [(n—1)/2]
* Z Z Z M21b2t 2024,102541, 2r2t+21+2j+1
t=0 =0  j=0
[(1=1)/2] [1/2] [(n—1)/2]

2t4+2i4+2j+3
Z E: 122024 41,102;,10254+1,27T j
t=0 =0 =0

25
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m [(1=1)/2] [(n—1)/2] o
+ Z Z ,U23bt,2a2i+1,1a2j+1,27"t+22+2J+2
t=0 =0 j=0
1 [=1)/2][(n—1)/2] -
+ Z /~L24at,1a2i+1,1a2j+1,27"t+2l+2]+37
t=0 =0 j=0
for some constants pu, for k = 1,...,24 depending in ¢, ¢ and j. ([l

APPENDIX: FORMULAE

In this appendix we recall some formulae that will be used during the paper, see
for more details [1]. For ¢ > 0 we have

21 2 2m
/ cos? 1 9sin? 0 dh = / cos' @sinf do = / cos?t19do =0,
0 0 0

1 27 )
— cos?' 0do = o
27T 0

where «; is a non-zero constant.

[ i 0 i
/ cos® ¢pdp = B;0 + Zﬁ“ sin(210), / cos? T pdp = Z%,l sin((21 +1)0),
0 =1 0

=0

0
/0 cos’ gpsinpdop = m(l —cos' 1),
i+s+1

0
/ cos® T ahsin((2s + 1)1p) dip = Z P, s rcos(2rf),
0 r=1

i+s+1

0
/ cos? T ap sinp sin((2s + 1)1p) dip = Z Qis,rsin((2r + 1)0),
0 r=0

i+s+1

0
/ cos? 1 sin sin((2s + 1)¢) dip = (RLSG + Z Ri s Sin(2r9)),
0 r=1

where P; s, Qi s, Ri j, Risr are non-zero constants.

2m 2m
/ cos? @ sin @ sin((21 + 1)0) df = / cos?' @sinfsin(200)dd =0, 1>0
0 0

2 27
/ cos’ @sin((20 + 1)) df = / cos’ @sin(210)dd =0, 1>0,
0 0

1 2w

— cos? @ sin O sin((20 + 1)) df = Ciy, 1>0,
2w 0 ’

1 2m

— cos® 1 9 sinOsin(200)df = K;;, 1>1,
27T 0

where C; ; and K;; are nonzero constants.

2m
/ cos' fsin@sin(rf) sin(s) dd =0, r,s € N
0



LIMIT CYCLES OF A CLASS OF POLYNOMIAL DIFFERENTIAL SYSTEMS. 27
27 )
/ cos® T fsin((2r +1)0)sin((2s +1)0)dd =0, r,s€Z
0
2m )
/ cos®* 1 9 sin(2r0) sin(2s0) df = 0, r,s € Z
0
27 )
/ cos? @sin((2r + 1)0) sin(2s0)df =0, r,s € Z
0
2m ) 2m )
/ cos’ 0 sin 6 cos(2s0) df = / cos® fcos(2s0)dd =0, s € Z,
0 0

27
/ 6 cos®t9do =0
0

1 2m )
> cos® @ sin((2r + 1)0)sin((2s + 1)0)df = A; .5, 7,5€7Z
T Jo
1 27 .
o cos? @ sin(2rf) sin(2s0)d0 =T, ..., 7,8€7Z
T Jo

2
/ cos® T O sin((2r + 1)0) sin(2s0)df = Y5, 1,5€7Z
0

2 2
/ cos?' 6 cos(2s0) df = Uis, / cos' Osin60db =V,
0 0
where A; s, I'irs, Tirs, Ui s and V; are non-zero constants.
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