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DARBOUX INTEGRABILITY
OF A GENERALIZED FRIEDMANN-ROBERTSON-WALKER
HAMILTONIAN SYSTEM

JAUME LLIBRE' AND CLAUDIA VALLS?

ABSTRACT. We study the Darboux first integrals of a generalized Friedmann-Robertson-
Walker Hamiltonian system.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Given a system of ordinary differential equations depending on parameters in general
is very difficult to recognize for which values of the parameters the equations have first
integrals because there are no satisfactory methods to answer this question.

In this paper we study the first integrals of a generalized Friedmann-Robertson-Walker
Hamiltonian differential system in R*

jj = _pﬂh
Y = Dy,
Pe =2 — ax’ — b:cyQ,

(1)

Z‘jy Y- b$2y7

with a,b € R being parameters and the dot denotes derivative with respect to time t.

The Hamiltonian of this system is

Ho= 2~ 72) + 57 — %) + Sat 4 Doy,

When a = 0, system (1) coincides with the Friedmann-Robertson-Walker system that
modelates a universe, filled by a conformally coupled by a massive real scalar field (see [2]
for more details where the authors pesent analytical and numerical evidence of the existence
of chaotic motion). For a more general point of view on the Friedmann-Robertson-Walker
system see for instance the works [5, 7] and the references quoted therein.

In this paper we study the Darboux first integrals of a generalized Friedmann-Robertson-
Walker system (see (1)). We recall that a first integral of Darbouz type is a first integral H
which is a function of Darboux type (see below (2) for a precise definition). The study of
the Darboux first integrals is a classical problem in the integrability theory of differential
equations.
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The vector field associated to system (1) is

0 0 0 0
X =—pp— — 1 —az® — by? —y(1+ ba?)—.
Let U C C* be an open set. We say that the non-constant function H: U — C is a first
integral ofo the polynomial vector field X on U if H(x(t),y(t), px(t), py(t)) is constant for
all values of t for which the solution (z(t),y(t), p+(t), py(t)) of X is defined on U. Clearly
H is a first integral of X on U if and only if

oOH oOH oOH oOH
xg= 28 0w e ey 2
Pag + Dy a9 + (1 —ax® — by )Bp;v y(1+ bz >8py 0

onU.

In this paper we want to study the so-called Darboux first integrals of the Friedman—
Robertson—-Walker polynomial differential systems (1), using the Darboux theory of inte-
grability (originated in the papers [4]). For a present state of this theory see the Chapter
8 of [6], the paper [8], and the references quoted in them.

We emphasize that the study of the existence of first integrals is a classical problem in
the theory of differential systems, because the knowledge of first integrals of a differential
system can be very useful in order to understand and simplify the topological structure of
their orbits. Thus, their existence or not can also be viewed as a measure of the complexity
of a differential system.

We recall that a first integral is of Darboux type if it is of the form
(2) SRR R S A

where fi,..., fp are Darboux polynomials (see section 2 for a definition), Fi,..., F, are
exponential factors (see section 2 for a definition), and A;, i € C for all j and k.

The functions of the form (2) are called Darbouz functions, and they are the base of
the Darboux theory of integrability, which looks when these functions are first integrals
or integrating factors. In this last case, the first integrals associated to integrating factors
given by Darboux functions are the Liouvillian first integrals, see for more details [6, 8].

The Darboux theory of integrability is essentially an algebraic theory of integrability
based in the invariant algebraic hypersurfaces that a polynomial differential system has. In
fact to every Darboux polynomial there is associated some invariant algebraic hypersurface
(see again section 2), and the exponential factors appear when an invariant algebraic surface
has multiplicity larger than 1, for more details see [3, 6, 8]. As far as we know is the unique
theory of integrability which is developed for studying the first integrals of polynomial
differential systems. In general the other theories of integrability do not need that the
differential system be polynomial.

We say that the Hamiltonian system (1) is completely integrable if it has two independent
first integrals Hy and Hs in involution. That is, H; and Hs are independent if their gradients
are linearly independent over a set of full Lebesgue measure in C*. Moreover, H; and H,
are in involution if the Poisson bracket {H;, Hy} = 0 for i € {1, 2}.

When b = 0 system (1) is completely integrable. More precisely we have the following
result.

Theorem 1. System (1) with b =0 is completely integrable with the first integrals

a
H, = —pi—x2+§m4 and Hos :pz—yQ.
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When a = 0, system (1) is the well-known simplified Friedman-Robertson-Walker Hamil-
tonian system. Its Darboux integrability was studiend in [10]. In that paper, the authors
proved the following theorem.

Theorem 2. The unique first integrals of Darbouz type of system (1) with a =0 and b # 0
are functions of Darbouzx type in the variable

L 2 L 2 b oo
H():i(py—pm)—Fi(y —$)+§l‘y
From now on we will consider the case in which ac # 0.

The main result of this paper is the following.

Theorem 3. The unique first integrals of Darboux type of the generalized Friedman-Robertson-
Walker Hamiltonain system (1) with ab # 0 are functions of Darboux type in the variable
Hy.

We prove Theorem 3 in section 3.

Since the Darboux theory of integrability of a polynomial differential system is based on
the existence of Darboux polynomials and their multiplicity, the study of the existence or
not of Darboux first integrals needs to look for the Darboux polynomials. These will be
done in the next Theorems 9 and 10, whose results are the main steps for proving Theorem
3.

We must mention that any comment on the existence or non—existence of first integrals
additional to the Hamiltonian itself appears in the reference [2]. In that paper the authors
are mainly concerned with the chaotic behavior of the Friedman—Robertson—Walker poly-
nomial Hamiltonian system. Of course, roughly speaking the chaotic motion is against the
existence of first integrals.

Corollary 4. The generalized Friedman—Robertson—Walker Hamiltonian system (1) is
completely integrable with first integrals of Darbouz type if and only if b = 0.

The proof is completly clear.

2. BASIC RESULTS

Let h = h(z,y, pz,py) € Clz,y, pz,py] \ C. As usual C[z,y, ps, py| denotes the ring of all
complex polynomials in the variables x,y, p;, py. We say that h is a Darbouz polynomial of
system (1) if it satisfies

Xh = Kh,
the polynomial K = K(x,y, pz,py) € Clx,y, ps, py] is called the cofactor of h and has degree
at most two. Every Darboux polynomial h defines an invariant algebraic hypersurface h = 0,
i.e. if a trajectory of system (1) has a point in A = 0, then the whole trajectory is contained
in h = 0, see for more details [6]. When K = 0 the Darboux polynomial h is a polynomial
first integral.

An exponential factor E of system (1) is a function of the form E = exp(g/h) ¢ C with
g, h € Clz,y, px, py] satistying (g,h) =1 and
XE = LE,

for some polynomial L = L(z,y, ps, py) of degree at most 2, called the cofactor of E.
A geometrical meaning of the notion of exponential factor is given by the next result.
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Proposition 5. If E = exp(g/h) is an exponential factor for the polynomial differential
system (1) and h is not a constant polynomial, then h = 0 is an invariant algebraic hyper-
surface, and eventually e9 can be exponential factors, coming from the multiplicity of the
infinite invariant hyperplane.

The proof of Proposition 5 can be found in [3, 9]. We explain a little the last part of
the statement of Proposition 5. If we extend to the projective space PR* the polynomial
differential system (1) defined in the affine space R?*, then the hyperplane at infinity always
is invariant by the flow of the extended differential system. Moreover, if this invariant
hyperplane has multiplicity higher than 1, then it creates exponential factors of the form
e9, see for more details [9].

Theorem 6. Suppose that the polynomial vector field X of degree m defined in C* admits p
invariant algebraic hypersurfaces f; = 0 with cofactors K;, fort=1,...,p and q exponential
factors E; = exp(g;/hj) with cofactors L;, for j = 1,...,q. Then there exists \j, uj € C

not all zero such that
P q
Z MK+ Z/Lij =0
i=1 =1

if and only if the function of Darbouz type

A A
11"'fp

P Ei“ . qu
is a first integral of X.
Theorem 6 is proved in [6].

From Theorem 6 it follows easily the next well-known result.

Corollary 7. The existence of a rational first integral for a polynomial differential system
implies either the existence of a polynomial first integral or the existence of two Darboux
polynomials with the same non—zero cofactor.

The following result is well-known.

Lemma 8. Assume that exp(g1/h1),...,exp(gr/hy) are exponential factors of some poly-
nomial differential system

(3) 2’ = P(x,y,p2,0y), ¥ = Q(x, 4, p2,1y), Py = R(T,y,02,0y), Py = U(2,y,Dz,Dy)
with P,Q, R,U € Clz,y, py, py] with cofactors L; for j=1,...,r. Then
exp(G) = exp(g1/h1 + -+ + gr/hy)

is also an exponential factor of system (3) with cofactor L = Z;Zl L;.

3. PROOF OF THEOREM 3
According with section 2 for proving Theorem 3 we need to characterize the Darboux
polynomials of system (1).
The following result characterizes the polynomial first integrals of system (1) with b # 0,
i.e. it characterizes the Darboux polynomial with zero cofactor.

Theorem 9. The unique polynomial first integrals of system (1) with ab # 0 are polyno-
mials in the variable Hy.
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Proof. Doing the change of variables

(4> 21 =Pz — Dy, 22 = Dz + Dy,
system (1) becomes

= =51+ 2)

r = 9 Z1 22),

. 1
(5) y=—5(z1 - =),

4 = a4y +a(—az® + by(z - y)),
sy =x —y—z(az® + by(z +y)),

and H, writes as

1
Hy = §<y2 — 2?2 =z + 1)9023/2 + gﬁ).

Now we restrict to Hy = 0. We get that
 2bz%y? + 2y% — 227 + ax?
- 22’1 .

(6) 22

Then system (5) on Hy = 0 becomes, after the rescaling by dr = z; dt:

1 1
= _5'2% - i(beyQ +y? -2+ g:ﬁ),
1 1 a
(7) y = —573% + i(beyQ +y? -2+ 5334),

2 = 21 (z 4y + z(—az® + by(z — y)),

where the prime denotes the derivative with respect to the variable 7. If f = f(x,y, pz, py)
is a polynomial first integral of system (1) then, if we denote by g = g(x,y, 21, 22) the
polynomial first integral f written in the new variables (x,y, 21, 22), we have that g is also
a polynomial first integral of the differential system (5). Furthermore, if we denote by
h = h(z,y, z1) the polynomial first integral g restricted to the invariant hypersurface (6),
then h is a rational first integral of the differential system (7) in the sense that it is the
quotient of a polynomial in the variables (z,y, z1) and a power of z1. Furthermore h satisfies

(8)

_1 2_1 2 2 2 2, @0 4 @
( 51 Ty Yy —at g ))ax
1 1 5]
+ (- 5+ 3% 4y —a?+ ;m“))gz +z1(2 +y + o(—az® + by(z — )
We write
Jj=—n

where each h; is the quotient of a polynomial in the variable (z,y, z1) with degree j and
the denominator a power in the variable z1. Here we define the degree of h; as j. Hence,

computing the terms of degree n + 4 we have

2
2 o (Ohy Ol o - B
) (ax” 4 2by )(—ay 7 ) + z12(—az” + by(x y))il =0.
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We write it as
2
(10) L[hy] =0, where L= 3Jz(cch + 2by?) (2 - 2) + z1z(—ax? + by(x — y))i

oy Ox 0z
The characteristic equations associated to the linear partial differential operator L are
dz dy z(ax? + 2by?)

11 —=-1
(11) -1

We consider two cases.

dz1  4zi(—ax? +by(z —y))’

Case 1: a = —2b. In this case (11) has the general solution

(y —x)?

T +y=d, e

= d27

where d; and dy are constants of integration. According to this, we make the change of
variables

B (y—a)? a
(12) u=z+y, v= e =y.
Its inverse transformation is
(13) r=u—w, 2z =2w-—u)?E ), y=uw.

Under the change of variables (12) and (13) equation (10) becomes the following ordinary
differential equation (for fixed v and v):

b 2Ohy
iu(u —2w)(u — w) B

where h,, is h, written in the variables u,v and w. Solving it we have

_ (y —x)°

0

Since the numerator of hj is a polynomial of degree n we must have
n
(14) hy, = Z ap(z +y)F,  ap €R.
k=0

Now using the transformations (12) and (13) and working in a similar manner to solve h,,
computing the terms of degree n + 3, we get

n—1

(15) b =Y Bula v, BreR

k=0
Now, using the transformations (12) and (13) and working in a similar manner to solve
hn—s, computing the terms of degree n + 2, we get

gu(u - 11))2%};7}1 = (2w — u)3etw/(umw)y2 ; kaguk=L.

Integrating this equations, we obtain that h,_o = h,_o(u, v, w) is

AN k—2 e 2 oy M 5 on. du
E kaju en—v (33u” — 48uw + 16w?) — —uv E1< ) + kp—o(u,v)
e
k=1

276 u—w
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where Ei(z) is the exponential integral function, see for instance [1]. Going back to the
variables z, y and z; we obtain that h,_o(z,y, 21) is

2%) <; kag(x + y)k_2> (ety (33(z + y)2 — 48y(z +y) + 16y2)

44 oz —4)*  rA(z +y) (y — x)*
B 64 (x+y) e4y/zz% El( y ) —i_kn_2<g:—i_y7 e2y/$zl )

Since the numerator of h,_s(x,y, 1) is a polynomial of degree n — 2 we must have

Z ko (x + y)k_l =0.

So a = 0 for k = 1,...,n. Then h, = «p, which implies that h = «ag/2]" for some
nonnegative integer m. Then from (8) we get
(16) —@(Jc—ky—ax + ba’y — bry?®) = 0.

Zm

1
Therefore, mag = 0 and consequently h is a constant, in contradiction with the fact that h
is a first integral. So, this case is not possible.

Case 2: a # —2b. In this case the general solution of (11) is
2 2\Vbx
az® + 2b
Tty = d17 ( Y ) = d2
z{z 2yv/b++v/2azx arctan (\\Cf)
where di and dy are constants of integration. According to this, we make the change of
variables

(az? + 2by2)‘/5”

)
V2by
ZI[‘T 2yv/b+v/2az arctan ( fz>

(17) u=z+y, v=

w=y.

Its inverse transformation is

(18)

r=u—w, 2z =(a(u—w)*+2bw

2)(62wvl/\/5>1/(w—u)e—marctan (ﬁﬁfw)’ Y= w.

Under the change of variables (17) and (18) equation (10) becomes the following ordinary
differential equation (for fixed u and v):

(u —w)? Ohn,
T(a(u w)? + 2bw )aw

where h,, is h, written in the variables. Solving it we have

(az® + 2by?)Voe ))

/ V2by
z{x 2y\[+ 2ax arctan ( Van

0

hy, = hyp(u,v) = hy, <:c + v,

Since h, has degree n in the numerator we must have

(19) hn = Zak(x +y)¥,  apeR.
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Now using the transformations (17) and (18) and working in a similar manner to solve h,,,
computing the terms of degree n + 3, we get

n—1
(20) hp—1 = Z Be(z +9)*, Br €R.
k=0

Now, using the transformations (17) and (18) and working in a similar manner to solve
hp—o, computing the terms of degree n + 2, we get

(21)

(u —4“))2 3’5’;—2 = (alu— w)? + 20uw?) (e 1/f>2/ o) ‘Wmman(ﬂ" ) Zkaku

When u = 0, if we denote by lNLn,Q = Bn,g(v, w) the restriction of hp—o on u = 0 we have

iL _9 = 4(a + 2b) \/Marctan ( b/a) ((@2“’01/\/5> 2/ww

2w, 1/v/b
+ 264Ei< -4+ 210g(ev)) (Zw — log(e%vl/‘/g)) + cp—2(v),

w

where again Ei(z) is the exponential 1ntegral function. Going back to the variables x,y
and 2 if we denote by hn_o the function h,_» in the variables (z,y,21) we get

2 2 Nz Ne?
hn—a = 4(a + 2b)age 2V 2e/berctan (~2v/%/a) (y(ax = )2/(%) ey e ( ﬁ;)
21

+ 264Ei< -4+ %(log (W) — \/%arctan (\gj))
(20— J1oe (125 = wvrn (V)

( (az? + 2by )\["c >

+ cn—2 .
V2ax arctan | Y=Y

z{m 22 ' (\f )

Taking into account that hn,g must be a polynomial, we must have ¢,_o =0 and a; =0
(because a + 2b # 0). Therefore, h, 2 = (z + y)gn—2 for some polynomial g, 2. Going to
the variables u, v, w we have that h,,_s = ug,_o where, after simplifying by u, g,_o satisfies

— 2 9g 2/(w—u) —2./2a/barctan | 20w __ n
(u 4w) 39;2 — (a(u—w)? + 2bw2)(e2’“’v1/‘/5) /o) /barct (ﬁ(u—m) S kgt 2.
w

Now proceeding in the same way as we did for h,,_o we obtain that as = 0 (compare the
above equation with (21). Proceeding inductively we obtain that o = 0 for k = 1,... n.
Then h,, = o, which implies that h = ag/z]" for some nonnegative integer m. Then from
(8) we get (16), i.e., mag = 0 and consequently h is a constant, in contradiction with the
fact that h is a first integral. This concludes the proof of the theorem. O
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Now we characterize the existence of Darboux polynomials.
Theorem 10. System (1) with ab # 0 has no Darbouzx polynomial with non-zero cofactor.

Proof. Let f be a Darboux polynomial with non-zero cofactor K. Then K has cofactor of
degree at most 2. We write it as

K = ap + a1x + agy + aspy + aspy + asr® + agry + arrps + agxrpy + agy® + a10yps
+ anypy + a12pi + a13pzpy + a14p§.
Note that system (1) is invariant under the transformation o: C* — C* with
o(z) = -z, o(y) = —y, 0(pa) = —pa, 0(py) = —py-

If f is a Darboux polynomial of system (1) then g = f - o(f) is a Darboux polynomial of
system (1) invariant by o and with cofactor

Ki = K +0(K) = 2(ag + a52® + agzy + arzp, + agzpy, + agy® + a1oyps + a11ypy
+ a12p’ + a13papy + a14pf/).

Let f be a Darboux polynomial of system (1) with non-zero cofactor K. If f is invariant by

o then K = K and if f is not invariant by o then we consider g = f - o(f) a new Darboux
polynomial of system (1) invariant by ¢ and with cofactor K;. We have

99 99 2 ;2,99 2y 99

22 — — Dy 1-— —b —y(1 4+ bx*)=—— = Kig.

(22) Pag pyay+m( ax y)apx y( +l‘)apy 19

We write g as a polynomial in the variable p, as

k
9=">_gi(x,y,p,)P},
=0

where each g; is a polynomial in the variables x,y,p,. Without loss of generality we can

assume that gi(z,y,py) # 0. Then computing the coefficient of pkt2in (22) we get

2a129x = 0 which yields a0 = 0.
Now computing the coefficient of p¥*! in (22) we obtain

99k
T or 2(a7z + a10y + a13py)gi-
Solving it we get
gk = Ky, py)e™ T2ar0ye+203pys
Since g must be a polynomial we get a7 = a19 = a13 = 0.

Now we write g as a polynomial in the variable p, as

m
9= Gi(x,y,p2)P}
i=0
where each g; is a polynomial in the variables z,y, p,. Without loss of generality we can

assume that g, (x,y,py) # 0. Then computing the coefficient of pZ““Q in (22) we get

2a14Gm = 0  which yields a4 = 0.

Now computing the coefficient of pi**! in (22) we obtain

9Gm

9Im _ _o(asz + a119)gm.
By (asx + a11y)gm
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Solving it we get

gm - Kn(xJ p$)62a8xy+ally2 °
Since gy, must be a polynomial we get ag = aj; = 0. Hence, K1 = 2(ag+asz?+agzy+agy?).
Then

dg dg 2 2y 99 2, 99 2 2
—Per— +py=— +x(l —ax” —by")=— —y(1 +bx")=— = 2(ag + asx” + agzy + a .
Pege Y P, ( Y )81735 y( )apy (ao + as 62y + agy”)g
Now we write g = Zﬁ:o 9j(x, Yy, Dz, py) is written as a sum of homogeneous polynomials of
degree j. Then computing the terms of degree £ + 2 we get

0g¢ dge
—x( (az® + by? + bxry
(( Y )ap:C Y op,

) = 2(asz” + agzy + agy?)ge.

Solving it we get

2 2
g9e =K <$ Y, o ;g;l;pfgyj bpyy?)B%(asz e
Since it must be a polynomial we get a5 = ag = ag = 0. Then, K; = 2ayg.
Now proceeding as in the proof of Theorem 9 introducing the change of variables (4) and
the restriction Hy = 0 (see (7)) we get that g(x,y, pz,py) = h(x,y, 21) with
(23)

Lo 1,499 2 2a4>8h<12122 )
( 541 2(b:cy—|—y :v—i—z:n) x—i— 21 + 2(bxy+y — 2+ :n)

oh
0y

d
+ z1(z 4+ y + z(—az® + by(z — y))a = 2apz1h.
1

We write h as in (9). Now we consider two cases.

Case 1: a = —2b. In this case, we get h, and h,_1 as in (14) and (15). Now, using the
transformations (12) and (13) and working in a similar manner to solve h,_3, computing
the terms of degree n + 2 in (23), we get

gu(u _ w)2 822}2 _ (2’[1) o u)3€4w/(u—w)v2 ; kakuk—l

n
+ 2a0(2w — u)eQw/(“_w)v Z apu®.
k=0
Integrating this equation and going back to the variables z,y and z; we get that

_ 1 (
hn— - - —2+2y/x7 4 2y/m
2 (z + y) e ( ap Z agu® (33(x +y)?

_ o\ (y — 2)° k—l)
48(x + y)y + 16y°) T, Z kogu

T

+11 zn: kaguF 1 (z 4 y)? (v = x)ZEi(4($; y)>)> + kp_g (x + 1, W)

P @211/172;1 629/1321

+ e 2@ ty)/w (2@0 Z aput Ei (M)
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Since the numerator of h,,_s must be a polynomial of degree n — 2 we have

n n
Z kog(z +y)f 1 =0, and aq Z ar(z+y)k =0
k=0
This implies that ap =0 for k =1,...,n and agag = 0.
Case 2: a # —2b. In this case, we get hy, and hy,_1 as in (14) and (15). Now, using the
transformations (17) and (18) and working in a similar manner to solve h,_», computing
the terms of degree n + 2 in (23), we get

_ 2 OL 2/(w—u) — a/barctan v/2bw -
(U 4'UJ) agnZ _ (a(u_w)2+2bw2)(62wvl/\/g> /( )6 QWa cta (ﬁ(”*w)> Zkakuk_l
w
k=1

_ V2bw n
4 2ay <€2wv1/\/5> 1/ (w u)67\/2a/barctan (\/E(ib—w)> Zakuk'

When u = 0 (denoting by o the restriction of hy,_s to u = 0, we get

w? aiLn72 2( 2w, 1//b 2/w —24/2a/barctan (%)
T 0w - (a + 2b)aqw (e v ) e

+ 2a0a0

(ewaul/\/E) 1/w€—\/Marctan (%) |

Integrating this equation, and going back to the variables x,y and z; (denoting by s
the function h,_o in the variables z,y, z1) we get that

N —+/2a/barct @) 2 z Y ETI- (\/%y)
hp—o = 4e a/barctan ( Ve <2a1(a + 2b)e' Bi < log <Zle AN ) — 4>
Y

(a + 2b)y?
* - arctan o /24 aretan [ Y252 )\ 1Y
< —10g<( +Z;b) Ve ( z>>>+<(a+;b)er v (Qz)) /
(onor20 (2 f wton (2 )>1/yy

200a0 >) ok ( (az? + 2by?)Vbe
B z 22 arctan V2by n2 <\/7 ) '
log (We \/?ac a: (\/gz)> _ zy Z{x 2yV/b++/2az arctan ﬁ
Since the numerator of h,_s must be a polynomial of degree n — 2 we have a; = 0 and
agag = 0. Proceeding inductively, as we did in the proof of Theorem 9 we obtain that
ap=0for k=1,...,n and agag = 0.
In summary, in both cases we get that ap =0 for k =1,...,n and agag = 0.

If ag = 0 then h = 0, in contradiction that h is a Darboux polynomial. Therefore ag = 0
and K1 = 0. Thus g = f - o(f) is a polynomial first integral. By Theorem 9 the unique
polynomial first integrals are polynomials in the variable Hy, we must have that f is a
polynomial in the variable Hy which is not possible because f is a Darboux polynomial of
system (1) with non—zero cofactor. This concludes the proof of the theorem. O

Theorem 11. The unique rational first integrals of system (1) with b # 0 are rational
functions in the variable Hy.
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Proof. Tt follows directly from Corollary 7 and Theorems 9 and 10. U
Now we proceed as in the proof of Theorem 10.

Proof of Theorem 3. It follows from Theorems 6, 9 and 10 and Proposition 5 that in or-
der to have a first integral of Darboux type we must have ¢ exponential factors E;, =
exp(g;j/h;(Ho)) with cofactors L; such that >3%_, u;L; = 0. Let G = 3%, y1;9;/h;(Ho),
then E = exp(G) is an exponential factor of system (1) with cofactor L = 2?21 piL; (see
Lemma 8) and G satisfies that XG = 0, that is, G must be a rational first integral of system
(1). By Theorem 11 it must be a rational function in the variable Hy. (]

ACKNOWLEDGEMENTS

The first author was partially supported by the MICINN/FEDER grant MTM2008-
03437, AGAUR grant 2009SGR-410 and ICREA Academia. The second author has been
partially supported by FCT through the project PTDC/MAT/117106/2010 and through
CAMGD, Lisbon.

REFERENCES

[1] M. ABRAMOWITZ AND I.A. STEGUN, Handbook of mathematical functions with formulas, graphs, and
mathematical tables, National Bureau of Standards Applied Mathematics Series 55, Government Print-
ing Office, Washington, D.C., 1964.

[2] E. CALZETA AND C.E. Hasl, Chaotic Friedmann-Robertson- Walker cosmology, Class. Quantum Grav.
10 (1993), 1825-1841.

[3] C. CHRISTOPHER, J. LLIBRE AND J.V. PEREIRA, Multiplicity of invariant algebraic curves in polynomial
vector fields, Pacific J. Math. 229 (2007), 63-117.

[4] G. DARBOUX, Mémoire sur les équations différentielles algébraiques du premier ordre et du premier
degré (Métanges), Bull. Sci. Math. 2éme série 2 (1878), 60-96; 123—-144; 151-200.

[5] C. DARIEsSCU AND M.A. DARIEsCU, Vacuum electromagnetic modes in Friedman-Robertson- Walker
universe, Internat. J. Modern Phys. A 18 (2003), 5725-5732.

[6] F. DUMORTIER, J. LLIBRE AND J.C. ARTES, Qualitative theory of planar differential systems, Univer-
sitext, Springer—Verlag, New York, 2006.

[7] K. KLEIDIS, A. KUIROUKIDIS, D.B. PAPADOPOULOS AND L. VLAHOS, Gravitomagnetic instabilities in
anisotropically expanding fluids, Internat. J. Modern Phys. A 23 (2008), 4467-4484.

[8] J. LLIBRE AND X. ZHANG, On the Darbouz integrability of the polynomial differential systems, Quali-
tative Theory and Dynamical Systems 11 (2012), 129-144.

[9] J. LLIBRE AND X. ZHANG, Darbouz theory of integrability for polynomial vector fields in R™ taking into
account the multiplicity at infinity, Bull. Sci. Math. 133 (2009), 765-778.

[10] J. LLIBRE AND C. VALLS, Darboux integrability of a simplified Friedman-Robertson- Walker Hamiltonian
system, to appear in J. Nonlinear Math. Phys.

! DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BELLATERRA,
BARCELONA, CATALONIA, SPAIN
E-mail address: jllibre®@mat.uab.cat

3 DEPARTAMENTO DE MATEMATICA, INSTITUTO SUPERIOR TECNICO, UNIVERSIDADE TECNICA DE Lis-
BOA, Av. Rovisco Pars 1049-001, LisBOA, PORTUGAL
E-mail address: cvalls@math.ist.utl.pt



