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Abstract

Using methods of computational algebra we obtain an upper bound for the cyclicity
of a family of cubic systems. To that end we overcome the problem of nonradicality of
the associated Bautin ideal by moving from the ring of polynomials to a coordinate
ring. Finally, we also determine the number of limit cycles bifurcating from each
component of the center variety.
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1 Introduction

We consider systems of ordinary differential equations on R? of the form

N
U=Xu—v+ > Ajuvt = Pu,v),

j+k=2
N (1)

b= u+lv+ Y. Bpuv' =Q(u,v),
k=2


10.1016/j.matcom.2013.02.003

where A is arbitrarily close to zero (possibly zero). The degree of system (1) is
N = max{deg P, deg @}. Depending on nonlinear terms the origin of system
(1) is either a center (every orbit is an oval surrounding the origin), or a focus
(every trajectory spirals towards or away from the origin). The problem of
distinguishing between a center and a focus is called the center or the center-
focus problem, for more details, see e.g. [20].

For system (1) denote by (), A, B) the set of its parameters A\, A; and Bj,
and by E(A, A, B) the associated space of parameters. Let also n 4 ). de-
note the number of limit cycles of system (1) that lie wholly within an e-
neighborhood of the origin. We define the key concept of this article, namely
the cyclicity of a singular point.

We say that the singularity at the origin for system (1) with fixed coefficients
(A", A*, B*) € E(\, A, B) has cyclicity k with respect to the space E(\, A, B)
if there exist positive constants oy and g such that for every pair ¢ and e
satisfying 0 < d < g and 0 < € < g9

max{nn e |(A, A B)— (X, A", B")| <0} =k.

The problem of cyclicity of a center or a focus of a system of the form (1),
which we always assume to be located at the origin, is also known as the local
16th Hilbert problem [11].

The concept of cyclicity was introduced by Bautin in his seminal paper [1],
where he showed that the cyclicity of focus or center in quadratic systems
is three. The cyclicity of the quadratic system has been studied by other
methods in [14] and [24]. The cyclicity for some Liénard systems has been
studied recently in [22,25]; for some systems of high degrees in [18]; and the
relationship between the cyclicity and the center problem in [12].

The cyclicity for systems with quadratic and cubic homogeneous nonlinearities
can be established easily using algorithms of computational algebra because
the Bautin ideal for these systems is radical. The problem becomes more
difficult if the Bautin ideal is not radical (which appears to be the generic
case). An approach to finding the cyclicity in the case of nonradical Bautin
ideal has recently been proposed in [17].

In this paper we further generalize the method of [17] and apply it to the study
of the cyclicity problem for a family of real cubic systems whose expression in
the complex form is

T =\t + ZfL’(l — 10T — CLQ()IQ — 11X — CLOQfQ), (2)

where = u + v (the connection between system (1) and (2) is explained in
detail in section 2). The motivation for studying system (2) is that it is one



of the very few 5-parameter cubic systems where the computation of the pri-
mary decomposition of the Bautin ideal is feasible (because of computational
complexity it is extremely difficult to treat 6-parameter cubic systems with
modern tools of computational algebra even using very powerful computers).
The center problem for system (2) has been solved in [3].

If we add to (2) the complex conjugate equation and consider T as a new
unknown function y, and @;; as new parameters bj; we obtain the associated
complex system

i = Av +iz(l — ajor — agr® — an Ty — apy?), 5

v =y —iy(l — bory — 5023/2 — by — 520962)- ®)
which is also called the Lotka-Volterra system (see [5]). We shall study in detail
the structure of the Bautin ideal of system (3) as well as its variety. This will
be used to derive bounds for the cyclicity of the origin of the real system (2).
We will see in section 4 that the proposed method gives an estimation for
the cyclicity of an elementary center or focus for “almost all” points of the
center variety. If with this approach one can algorithmically obtain a bound
for the cyclicity for “almost all” points of the center variety of any polynomial
family, then it can be considered as a solution to the cyclicity problem for an
elementary center or focus. However to confirm or reject this hypothesis more
studies are needed.

The article is organized as follows. In section 2 we discuss a general approach
to studying cyclicity of polynomial systems. In section 3 we characterize the
existence of the local analytic first integral of system (3). This is a preliminary
result needed in section 4 in order to solve the cyclicity problem of system (2).
Finally, in section 5 we estimate the cyclicity of each component of the center
variety of system (2).

2 Bautin ideal and cyclicity

In this section we briefly review an approach for studying the cyclicity problem.
We also discuss a method for bounding the cyclicity of a singular point by
moving from the ring of polynomials to a new ring, in which the Bautin ideal
becomes radical or has a simple structure.

Now we provide the basic definition of an ideal generated by polynomials, its
variety and the radical of the ideal. Let k is a field and denote by k[z1, o, . . ., x,]
the ring of polynomials in x1,...,x, with coefficients in the field k. Consider



fis fay ooy [s € K[xq, ..., x,] and define the following set

1= {Zh]f] thy, .. hs € k‘[wl,l‘g,...,iﬂn]}-
=1

We say that [ is the ideal generated by the polynomials fi,..., fs and denoted
by (fi, fo,..., fs); the polynomials fi,..., fs are called the generators of I.
By

V() ={(a1,a2, - ,a,) € k" : fi(a1,a9,--- ,a,) =0 forevery f; €1}

we denote the variety of the ideal I. The radical of I, denoted by v/1, is the
set

VI = {f € k[x1,29,...,2,] : there exists p € N such that f? € I}.

We say that an ideal J € k[zy, 2o, ..., x,] is radical if J = +/J. Note that, if
I is an ideal, then its radical v/T is also an ideal and defines the same variety
as I, i.e.

2.1 Complexification and focus quantities

The notion of the integrability and existence of a center are closely related.
Recall that ®(u,v) is a first integral of (1) if

P(u,v)®), + Q(u,v)®, = 0.

Using the notion of the first integral Poincaré and Lyapunov characterized the
existence of a center of systems (1).

Theorem 1 (Poincaré-Lyapunov) System (1) with A\ = 0 has a center at
(0,0) if and only if it admits a formal first integral of the form

D(u,v) =u” +0>+ Y Dyt (4)
k=3

In this theorem and the rest of the section j, k denote nonnegative integers.
We introduce the complex variable © = u + v, and using v = (z + 7)/2 and
v = (z —T)/(2i) obtain from (1)

N
i=Ar+iz— Y apa’z". (5)
k=2



System (5) is just a complex form of the real system (1). Now adjoining the
complex conjugate

N N
i=Av+iz— Y apd’T, T=AT—dT+ Y apa’7,
jHk=2 Jtk=2

and replacing Z by an independent complex variable y and @j;;, by independent
complex coefficient by;, we obtain

b= v +iv— Y. apa’y’ = v +iz + Pz, y),
k=2
N A _ (6)
g=Ay—iy+ Y by’ =y —iy + Q(z,y).
k=2

We say that system (6) is the complezification of system (1). Following Dulac
[9] (see also [20]) we consider the following extension of the concept of a center
to system (6). We say that system (6) on C* with A = 0 has a center at the
origin if it admits a formal first integral of the form

U(z,y)=azy+ Y. Upaly”. (7)
k=3

The definition is justified by Theorem 1. One can always find a function ¥ of
the form (7) such that

liz + P(z, )|V, + [—iy + Q(z, NI, = gui(zy)? + gaalay)® + ...,

where g,4, is a polynomial in coefficients a;;, by; of system (6) called the gth
focus quantity. It is clear that the vanishing of all the focus quantities g4 is
sufficient for the origin to be a center. It turns out this is also necessary. We let
(a,b) to denote the coefficient string (aso, . . ., aon, b2, - - -, bon ). Then system
(6) with A = 0 and (a,b) = (a*,b*) has a center at the origin if and only if
Gqq(a*,0*) = 0 for all ¢ € N (see e.g. [2], [20]). This explains the importance
played by the following ideal

B = <gkk ke N> C C[a,b],
called the Bautin ideal and its variety V() called the center variety.

Since every ideal in the polynomial ring is finitely generated there exists K € N
such that the first K focus quantities generate the Bautin ideal Z. In other
words if we denote by Bx = (¢11,-..,9KxK), then there exists K € N such
that # = By . In reality to solve the center problem for a specific family (6)
is to describe the center variety V() of the Bautin ideal.



2.2  Radical Bautin ideal

It is often convenient to use the focus quantities of system (6) to determine
the cyclicity of the origin of system (1) when it is a center. If system (6)
is a complexification of the real system (1), then by the change of variables
ajr = Ajr + 1B, and by; = Ajp — iBj; we can obtain the focus quantities
of the real system gi.(A, B) = gi(a(A, B),a(A, B)). As before A and B
denote the parameters A, and Bjy, respectively, of the real system (1) and

(A7B) = <A207"'7AON7BNUa"'7BQO)~

The next theorem reveals how the concept of minimality of the Bautin ideal
is related to the cyclicity of the center at the origin. Given a Noetherian ring
R and an ordered set V = {vy,v,,...} C R, we construct a basis MinBasis(I)
of the ideal I = (vy,vs,...) as follows:

(a) initially set MinBasis(I) = {v,}, where v, is a first non-zero element of
Vi

(b) sequentially check successive elements v;, starting with j = p+1, adding
v; to MinBasis(I) if and only if v; ¢ (MinBasis(I)).

The basis MinBasis(I) constructed as above is called the minimal basis of the
ideal I with respect to the ordered set V. The cardinality of MinBasis(I) is
called the Bautin depth of I [15]. The proof of the following theorem can be
found, for example, in [20] and [17].

Theorem 2 (Radical Ideal Cyclicity Bound) Suppose that for (6) with
A = 0 the following two conditions hold:

(b) Pk is a radical ideal.

Then the cyclicity of the origin of system (1) is at most the cardinality of
MinBasis(Zk), that is the Bautin depth of 2.

2.8 Nonradical Bautin ideal

While there always exists K such that the first condition in Theorem 2 holds,
the second condition does not always hold. In some cases it is possible to
overcome this difficulty caused by the nonradicality of the ideal %y [21]. The
idea is to move the problem to a different ring in which the image of the
Bautin ideal becomes radical [17] or has a simple structure (for more details
see section 4).



The following result, which is a reformulation of Theorem 6.2.9 of [20].

Theorem 3 Suppose that for (6) with A = 0 we have B = AB,,. Then the
cyclicity of the origin of system (1) is at most m.

In order to estimate the cyclicity of system (2) using Theorem 3 we will also
need the following result.

Proposition 4 Let I = (g1, ...,9;) be an ideal in Clzy, ..., x,] such that the
primary decomposition of I is given as I = PiN---NP,NQ1N- - -NQ,,, where P;
and Q; are primary ideals such that P, = \/P; fori=1,...,k, and Q; # \/@
forg=1,....m. Let Q = Q1N ---NQ,, and g be a polynomial vanishing on
V(I). Let z* = (z7,...,2%) be an arbitrary point of V(I)\V(Q). Then in a

small neighborhood of x* we have g = g1f1 + -+ + gifi, where fi,..., fy are
power series convergent at T*.

The proposition can be proved similarly as the corresponding result in [16].

3 Center variety of cubic system

Here we determine the conditions for the origin of family (3) to be a center,
which is our first main result. This will be used, in the following section, to
establish another main result of the paper, namely the determination of the
cyclicity of the origin of system (2).

We shall need the following lemma, for a proof see [5].

Lemma 5 If the system (6) with A\ = 0 has a local inverse integrating factor
V= (y)* T K,
i=1

with F; analytic in x and y, F;(0,0) #0 fori=1,...,m, a # 0, and o not
an integer greater than 1, then it has a first integral of the form (7).

The following theorem, is our main result for this section. It generalizes the
result obtained in [3] for real system (2).

Theorem 6 Let V(AB) be the variety of the Bautin ideal of family (3) with
A =0 and let By := (q11, 922, g33, gaa). Then we have V(AB) = V(ABy). More-
over, V() consists of the following five irreducible components

V(%) =V (J1) UV () UV (J3) UV (J) UV (J5),



where

Ji = (a%obm - Clzobgl, Qp2a20 — 520502, CLOQCL%O - 520581, ail — b11>
Jo = (ago + by, a1y — b1y, gz + bo2)

J3 = <a11,aoz, boz, b11>

Jy = (azo,an, bi1, bzo>

(

Js = (a1, aoz, b1, 520>-

PROOF. Necessity. Using, for example, the algorithm given in [20] we com-
pute the first seven focus quantities gi1, . . ., gr7 of system (3). The first four of
them are given in Appendix A. The other three polynomials are too long to be
presented in the paper however the interested reader can compute them easily
with the help of, e.g. MATHEMATICA [23] (see [20, p.308] an algorithm; and
[10,?] for a generalization). By the Hilbert Basis Theorem V(%) = V(%) for
some k € N. Using the Radical Membership Test one can verify that

gaa ¢ <91179227933> but  gss, ges, g7 € \/<91179227933,944>7

which leads us to expect that V(%,) = V(£). It is straightforward to check
(using any specialized computer algebra system, e.g. SINGULAR) that the ir-
reducible decomposition of V(%,) consists of five components given in the
statements of the theorem.

Sufficiency. Now, we verify that each point of V(J;), k = 1,2,3,4,5 corre-
sponds to a system with a center at the origin.

Component V(Jp). Using the algorithm from [20, Table 5.1, p.235], see also
[19]) we find that the Zariski closure of all time-reversible systems in the family
(3), denoted by R, is the variety of the ideal .J;. Thus every system from V(.J;)
admits a first integral of the form (7) and, therefore has a center.

Component V(J2). System (3) that corresponds to component V(.J2) can be
written as

t= x(1—apx+ bax® — by + boay?),
g= —y(1—bez® — by — buizy — boays?).

(8)
This system has two invariant algebraic curves [y = x and [y = y yielding the
integrating factor u = x~2y~2 and the first integral

1
H = (1= a1z = bory + bao” — buay’) + b log(xy).



Thus H is of the form R
H = — + clog(zy),
Ty

where ¢ = by; and R = 1+ h.o.t. (h.o.t. stands for higher order terms). We
claim that there exists an analytic function S = 1 4+ h.o.t. such that

R S
— + clog(zy) = — + clog (:t:‘y)
xy Ty S
To prove the claim we consider
K(z,y,S) = (R—S)+ cxylog(S) = 0. 9)
We note that K(0,0,1) = 0 and %(0,0, 1) # 0. Therefore, by the implicit
function theorem there is a function S = 1 + h.o.t., which gives the solution

to (9) in a neighborhood of the origin. This proves the claim. Now it is easy
to see that H = zy/S is an analytic first integral of system (8).

Component V (J3). We shall show that the system
& = x(1 — ayor — agr®), = —y(1 — byx® — bory) (10)

has a center at the origin, i.e. it admits a first integral of the form (7). Equiv-
alently, we show that it admits a first integral of the form

k=1

where, for & € N, fi(y) is an analytic function in the neighborhood of 0. Let
fr—1 =booyfr_o(y)—(k — 1D)ajofr_1(y). It is easy to see that ¥ = 0 if and only
if

fiy) +y(bory—1)fi(y) =0 (11)
—a19f1(3/)+2f2(y) +y(bory—1)f5(y) =0 (12)
—(k = 2)azo fi2(y)+ fr1(y) +Efr(y) +y(bory—1) fr.(y) = 0 (13)
for k£ > 3.
We claim, and show by induction that fi(y) in (11)-(13) are of the form
o Pr.(y) _
fk—m, for k=1,2,..., (14)

where Py (k) € Cly] of degree at most k. Integrating (11) and (12) we get

y(aio + ye2)

(1 — b01y>2 ) C1, C2 € C?

)= ad fly) =




which proves our claim for & = 1,2. Assuming our claim is true for & =
1,2,...,7 — 1, we show that it is also true for k = j. Consider (13) for k = j
and note that f;_1(y) is of the form (14) with k = j — 1. Therefore for k = j,
equation (13) is equivalent to

Qj-1(y)

Yoy — V) fj +kfj = (bory —1)i 1"

where Q;_1(y) € Cly] of degree at most j — 1. Equivalently
y(bory — 1) fi + j(bory — 177 f; = Q-1 (). (15)
To conclude, we need to show that f;(y) in (15) has the form (14). If

Py Pi(y)(bory — 1) — jbo1 P;(y)
(bory — 1)7° (bory — 1)7+

fily) = then fi(y) =

Substituting the above expressions to (15), we get

yPi(y) — jP;(y) = Qj-1(y).

Note that this equation can be easily solved for P;. Therefore, function f;(y)
is of the form (14), which proves the claim.

Component V (Jy). This case is similar to the previous one under the involution
Qg < bkj~

Component V (Js). Now we consider
T = .’L‘(l — a9 — (120]}2), y = —y(l — bgly — b02y2). (16)

It has the following invariant curves I, = z, ly = v, I3 = 1 — b1y — bay?,
Iy = 1 — a0 — agr?, with the corresponding cofactors k; = 1 — a9z — agx?,
k‘g =—-1+ bOly + bogyz, kg = —y(—bm — 2b02y>, k4 = .’L'(—alo — 2&201’). We can
construct an inverse integrating factor of the form V' = xyl3ly. Therefore, by
Lemma 5 system (16) admits a first integral ¥ of the form (7).

4 Cyclicity of a cubic system

In this section we prove the main result of the paper, namely a bound for the
cyclicity of the origin of system (2).

Theorem 7 Assume that |as| + |a11| + |aoz| # 0. Then the cyclicity of the
center at the origin of system (2) is at most four.

10



To prove Theorem 7 we shall make use of the following lemma.

Lemma 8 The focus quantities gy, of system (3) belong to the polynomial
subalgebra Clhy, ..., his] C Cla, b], where

hi = ayn; he = by3 hs = A20a02 hy = b20502

hs = a%oboz he = a20b(2)1 h7 = a%oaOZ hg = bzobgl (17)

hg = a10bo hip = az0bo2 hi1 = a11b1; hia = apebap.

PROOF. Defineaset S := {(1,0),(2,0), (1,1),(0,2)}. Consistently with this
we order the eight coefficients as (ajg, azg, @11, @o2, b2o, b11, bog, bo1) so that any
monomial, denoted by [v], appearing in g has the form

[v] = afpastaiiagsbssbiibgboi (18)
for some (v, ...,v5) € N§. Let £ : N§ — Z? be the map defined by

L(v) =1v1(1,0) + 11(2,0) + v3(1,1) 4+ 14(0, 2)
+v5(2,0) + v6(1,1) + 17(0,2) + v5(0, 1).

By 7 we denote the involution of v, i.e. 7 = (vg,...,1). It is shown in [20]
that the focus quantities of system (3) have the form
g = > 9ol =) (19)
v:L(v)=(k,k)

Define the set .# C N5, which has a structure of a monoid, by

M ={veN]: L(v)=(kk) forsome k€& Ny}

First, using the Algorithm in Table 5.1 of [20] we compute a Hilbert basis of
A, obtaining a 12-element set

(0010 0000) (0200 0001) (0100 0010)
(0000 0100) (1000 0020) (1000 0001)
(1001  0000) (1001 0000) (0010 0100)
(0000 1001) (0000 1020) (0001 1000).

We denote by v; the jth element of this list and let h; = [v;] € Cla, b]. Hence
we obtain (17). Therefore we get

Gk = Z@;ﬁ)h‘fl - hig?,

11



where g( @) ¢ C, k € N, that is, the focus quantities g of system (2) with
A = 0 belong to the polynomial subalgebra C[hy, ..., his], which proves our
lemma.

PROOF. [Proof of Theorem 7] To prove our cyclicity bound we first attempt
to use Theorem 2. The equality V(%) = V(ZA,4) was established in Theorem
6. Thus condition (a) of Theorem 2 holds. Now we show that %, is not radical
and thus the condition (b) (of Theorem 2) is not fulfilled.

We claim that 2, is not radical. To see that we denote by %) the radical
of %4 (in practice we compute the generators of %) using e.g. the command
radical of SINGULAR [7]). Now we compute the reduced Grébner bases By
and Bj of the ideals %, and %), respectively. It is clear that 4, is radical
if and only if B, and Bj are the same (see [6]). It turns out that (using e.g.
reduce command of SINGULAR [7]) some of the elements of B] do not reduce
to zero modulo By. Therefore B} SZ B, which finishes the proof of the claim.

Therefore we seek to apply Theorem 3 instead. By Lemma 8 focus quantities
of system (2) belong to the polynomial subalgebra Clh, ..., hi2], where h; =
h;(a,b) for j = 1,...,12 are given in (17). We also define the polynomial
mapping

F:C*—=C2 : (a,b) (c1,...,c12) = (hi(a,b), ..., hia(a, b)),
which induces the C-algebra homomorphism
F*:Cld = Cla,b] : Y d@er -+ cf32 = Y d“hi (a,b) - - - his?(a,b),
where d® € C.

Now we shall compute gf,..., gk, i.e. we seek to express the focus quan-
tities g11,...,944 € Cla,b] in the new variables ¢y, ..., c12. Since the focus
quantities are lengthy polynomials, we shall use a convenient algorithmic pro-
cedure (see [6]) for finding those expressions. Choose any elimination ordering
with {a,b} > {c}: for instance, lexicographical ordering with asy > a9 >
ail > aga > by > byg > bgr > bgy > ¢ > -+ > cn. Let ¢ = (61,...,012)
and denote by J C Cla,b,c| the ideal generated by c¢; — hj(a,b), that is
J = {(cj—hj(a,b) : j=1,...,12). Computing a Grébner basis Jg of the ideal
J in Cla, b, c| with respect to the elimination ordering as above and forming
the Grobner basis R = Jg N C[c] of the ideal J N Clc] yields a 10-element set

12



{ry,...,r0} given by

C3C8 — CgC12 C4C7 — C5C12 C4C¢ — CgC10 C3C5 — C7C10
2 2
C3Cq4 — C10C12 C1Cy — C11 CyC12 — C7C8 CyC10 — C5C
2 2 _
C4Cqy C5Cg C3Cqy CgCr.

By the Elimination Theorem (see e.g. [6] or [20]) the set given above is a
Grobner basis of R. Finally, the division of each ¢i1,...,94 by Jg yields
polynomials g}, ..., gk, that are given in Appendix B.

Geometrically equations (17) define a graph in C¥'? and the projection of
the graph to C'? denoted by W is computed using the Elimination Theorem.
The Zariski closure of the projection is the variety of the ideal R, W = V(R).
Hence, to show that

V.=V(N,), where N,=(%;+ J)NClc].

we compute the reduced Grobner basis of the ideal N., and find that it is
the same as the reduced Grobner basis of the ideal (¢f, ..., gk, R) C Clc].
Therefore N, = (gf},..., gk}, R), which in turn, gives

V.=V(V,) = V((gﬁ, . ,gﬂ,rl, ceyT10))-

By the natural isomorphism of C[W] with C[c|/R the ideal (gf},...,gk,) is
radical if and only if the ideal (¢} + R, ..., gk, + R) in C[c|/R is radical. Its
easy to see that this is true if the ideal K = (gf,..., gk, r1,...,r10) is radical

in C[c].

Using the routine primdecGTZ of SINGULAR [8,13] we compute the primary
decomposition of K and obtain

K=PnNn---NFNQ, (20)

where P, ..., P are prime ideals but unfortunately @) is not prime. Thus K is
not a radical ideal in C[c]/R. Therefore, the method of [17] cannot be directly
applied.

We note, though, that the @ in (20) is a primary ideal such that /Q =
(11, Cr0 — C12, C6 + Cg, C5 + C7, C4 + C12, C3 + C12, C2, €1, Cac1a — c7¢g). Thus K has
the structure as in Proposition 4. In the parameter space E(a,b), the variety
V(Q) is defined by abi; + baobd, = aipaos + aipboe = aoabao + baoboe = b1 =
a1 = agoboz + bagboa = aspaos — bagbpa = 0. The intersection V(Q) with the
parameter space F(a) is the set asy = a1 = age = 0. Let now (a*,@*) be
a point from F(a,b) corresponding to system (2). If |ag| + |a11] + |ao2| #

13



0 then F(a*,a*) ¢ V(Q). Therefore, by Proposition 4, there exist rational
functions f;, s;x such that for ¢ € W in a neighborhood of F(a*,a*) with
|a20] + ’(111‘ + \a02| 7é 0 we have

10

Oh =9 fin+ + ghfar + > TSk (21)
=1

Applying F* to (21) we get that

Gek = g11f1 + ga2f2 + gs3fs + gaafa
holds for all £ > 4 in a neighborhood of (a*,a@*).

In short, {g11, 922, 933, ga4} is the minimal basis of Z and therefore by Theorem
3 the cyclicity of the center at the origin of system (2) with |ag|+|a11|+|aos| #
0 is at most four.

5 Cyeclicity of the components

In this section we study the number of limit cycles that can bifurcate from
each component of the center variety of system (2). Our approach is based on
a result by Christopher [4], which relates these numbers to the dimension of
each component.

First we shall introduce some notations. Denote by g, the polynomials ob-
tained by replacing in gx, the variable by, with @,,. Then the center variety of
the real system (2) is the variety VX in E(a) of the ideal 2% = (g1, g5, .. .).
We denote by J,(45) the Jacobian of the polynomials g1y, g5, . . . , gry, evalu-
ated at the point p and by rankJ} the rank of J,(Zy).

Theorem 9 ([4]) Assume that for system (5) with A = 0 and a pointp € VE,
ranng = k. Then the codimension of VX is at least k and there are bifurca-
tions of (5), which produce locally k limit cycles from the center corresponding
to the parameter value p.

Moreover, if p lies on a component C of VX of codimension k, then p is a
smooth point of the center variety, and the cyclicity of p and any generic

point of Cis exactly k.

In order apply this theorem, first we find all the irreducible components of
VR, This can be obtained from the components of the complex center variety
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of system (3) described in Theorem 6 by setting

ayp = Ay +iBo azo = Agg + i By
ay; = Ay +1iBn a2 = Aoz + 1By
bo2 = Aoy — i Bag bor = Ao — iBio
bin = A —iBn bao = Ana — i By2,

(22)

where i = y/—1. The capital letters indicate the coefficients of the real system
written in the complex form as (2).

The following theorem describes in details the variety VE.

Theorem 10 The center variety in R® of the real system (2) with A\ = 0
consists of the following three irreducible components

VE = V(G,) UV(G2) UV(Gs),
where
Gy = (B, A2 Boz + AvaBao, Afg Boa + 2402410 Bro — Boz2 Biy, AloBao
— 2A19A90B1o — B3y Bay)

Ga = (Bi1, Aoz + As, Boa — Bayg)
G3 - <A117 Blla A027 BOQ>7

of dimension 5, 5, and 4, respectively.

PROOF. We obtain the ideals GG, G5 and G35 by applying the change of
variables (22) respectively to the generators of the ideals Ji, Jo and Js of
Theorem 6. We note that applying (22) to J5 and J; of Theorem 6 results in
the same ideal (Ai1, Bi1, Aoz, Boz, A2, Bao), which is a subvariety of Gj.

It is straightforward to see that the dimension of V(G3) and V(G3) is 5 and
4, respectively. Now we show that dim V(G;) = 5.

We begin by finding the rational parametrization of V(G;). We claim that it
is given by

An=fi Apr = fo A= f3 By = f4
23
Axg =[5 By = fo By, = E Byy = ﬁ7 (23)
g1 g1

where fo = 0, fl = t, f2 = Uy, f3 = U2, f4 = Uus, f5 = Uy, f@ = —2U1U2U3,

fr=2usuzuy and ¢y :u% — u% To prove our claim we construct an ideal I, by

eliminating the variables w,t, uq, us, usg, us from the ideal

(1 —wys, Ay — f1, Aoz - f2, AlO - f3a Bio— f4, AQO - f5>91302 - f67 91320 - f7>
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in the ring
Rlw, t,uy, ug, us, us, Aoz, A1o, A11, Asg, Bao, Bio, Boa).

We note that I, = G;. Therefore, by Theorem 2 of [6] we get that (23) is a
rational parametrization of Gy; and dim V(G;) < 5, which proves our claim.
Now, since the rank of the Jacobian of fy,..., f; at the point ¢ = 0,u; =
Liug = —1,u3 = 2,uy = 3 is five, we obtain that, in fact, dim V(G;) = 5,
which completes the proof of our theorem.

We define the following polynomials:

Fy = Ay1(Boe — Ba) (Al + B3,)
Fy = —A11(2A02A10B1o + (B%o - A%o)BQO)
F3 - (2A10A2()Blo — A%()BQO —|— B%OBQO)2(A§O —|— B%O)

Theorem 11 The cyclicity of a generic point p of V(G1) with Fi(p) # 0 and
of point p' of V(Gy) with Fy(p') # 0 is three. The cyclicity of a point p” of
V(G3) with F5(p") # 0 is four.

PROOF. We find that for V(Gy), rank.J? = 3 at p with Fi(p) # 0 and
similarly for V(G3) we obtain rank J), = 3 at the point p’ with Fy(p') # 0.
Therefore, by Theorem 9 three limit cycles bifurcate from the origin for the
systems corresponding to p and p’, respectively. For V(G3) we have rank J;‘,, =
4 at the point p” with F3(p”) # 0. Since the codimension of V(G3) is 4, by
Theorem 9 the cyclicity for the system corresponding to p” is 4.
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Appendix A

The first four focus quantities for the system (3) are as follows:
g11 = b —an,
go2 = —ap2a20 + 6aipaiibor — 6a10bo1011 + bo2020,

g3z = *15@02@%00,11 — 7a02a11a20 + 24@100,%11701 + 20@02(110&20[)01 — 108@%001111)%1 —
4a11a20b(2)1 — 3a%0a11b02 + dai1a20bg2 + 16a02a%0b11 + bagaaspbil + 108(1%0[)311)11 +
3agobi; b11+4a3boab11—4aznbo2bi1 —24a10b1b3, +8ap2a11b20—16a11b31 b2o—5a11bo2boo—
20a10bo1bo2b20 — 8ag2b11b20 + 15631 b11b20 + Tho2b11b20,

gq4 = — 19440,02 G%OQ%I — 1500,(2)2 a%oago — 2430,02 a%l asn— 162@%2 a§0—|—71 28&02@?00,11 b01 +
4320a10a3,bo1+3832a02a10a11a20b01 —10800a3a?, b3, —4752a02a3,a2003, —1584a?, asb3, —
2700,020,%01)(2)1 —|—26640a:{'0a11 bgl + 1668&10(111&201)31 + 1296&%00,%1 boo —258a02 a%o a20bo2+
1350,%1 a20602+108@02@%01702+1368a%0a11b01 on—1412@100,11@20()01[)024—2574@02(1%0&11b11+
90(102&11(1201)11 —7428(102(1:130501 b11 —10800&10&%1601 b11 —2068@02@10&20601 b11 —|—2826a11
(120()31 b11 - 26640(1‘;’01)81 b11 - 1368@10@205%1 b11 - 2826&%0(1111)02()11 - 1668@%01)01 onbn +
1412a19a20b01b02b11 —576a02a%0b%1—|—117a02a20b%1—|—10800aloa11b01b%1+10800a%01)%1b%1 —
1296@201)31 b%l —|—1584a%0 boo b%l —135a00bp2 b%l —4320a19bo1 b?l —|—12a(2)2 a%0b20+225a02a%1 bao+
180a2,a20b20—1328ag2a10a11b01b20+576a3, b2, bao—174agzasob3; bao+7428a10a11b3, bao+
1740,020,%01)021)20—117(1%1 boobop+2068a19a11bo1 b02620+4752a%0b81 b02b20—|—258a20b[2n bo2b20+
27Oa%0b32b20—108@201%2b20+1328a02a10b01 b11b20—2574(111()(2)1[)111)20—7128@10[)81 bllbgo—
90(111()021)11()20 — 3832&10()01b02b11l)20 — 225&025%11320 + 1944()%11)%11720 + 243()021)%11720 —
12a02b3, b3 — 180ag2bo2bdy + 15003, bo2b3, + 16262503

Appendix B

The first four focus quantities (each reduced modulo the ideal generated by
the previous ones and up to a constant) are as follows:

F
11

911 = —¢1 + cg;

F .
Gao = 6c1c9 — 6C2Cc9 — €3 + C45

g%y = 12c2co — 12c3cg — Hdcicd + 5dcacd — 7/2c1c3 + 5/2c2¢3 — 5/2¢104 + T/2¢2¢4 —
3/2c1c5 + 2c9c5 — 2¢1¢6 + 3/2c2c6 — 15/2¢107 + 8cacr — 8cics + 15/2¢acs + 10c3¢9 —
100409 + 261010 — 262010 + 461012 — 462012;

gk = 120ccy — 120c3co — 300c3c3 + 300c3c3 + 740cicg — T40cacy — 27/4c3cs +
13/4c3c3 —13/4cTcq +27 /Ackes +36cFcs +44c3c5 — 44ci cg — 36c3c6 — Hdcter — 16¢3c7 +
16¢2cs +54caces +958/9ciczcg — 517 /9cacsco +517/9c1 caco — 958 /9cacsco +38¢ic5c9 —
139/3020509 + 139/3010609 — 38cacgcg + 198cicreg — 619/3020709 + 619/3010809 —
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198cacgey + 15/4c2cig — 15/4c3c10 — 353/9cicgeip + 353/9cacocio — 300cicoerr +
300cacocry + 25/4c3cr1a — 25 /4cke1a — 332/9cicocra + 332/9cacocl2 —9/2c3 +9/2¢5 +
15/20405 - 15/20306 - 25/60307 — 132¢gc7 + 25/60408 + 132¢5¢8 + 3cscig — 3cacip —
43/6¢7c10+43/6¢8¢c10+5/2¢3011 —5/2¢4011 — 157 /2¢5¢11 + 157 /2¢6¢11 + 143 /27011 —
143/208611 + 5csc19 — Heyqci + 29/665612 — 29/666012 + 1/307612 — 1/308012.
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