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POLYNOMIAL AND RATIONAL FIRST INTEGRALS
FOR PLANAR QUASI-HOMOGENEOUS POLYNOMIAL
DIFFERENTIAL SYSTEMS

JAUME GINE!, MAITE GRAU! AND JAUME LLIBRE?

ABSTRACT. In this paper we find necessary and sufficient condi-
tions in order that a planar quasi-homogeneous polynomial differ-
ential system has a polynomial or a rational first integral. We also
prove that any planar quasi-homogeneous polynomial differential
system can be transformed into a differential system of the form
w = uf(v), ¥ = g(v) with f(v) and g(v) polynomials, and vice
versa.

1. INTRODUCTION

The characterization of polynomial or rational integrability of a dif-
ferential system goes back to Poincaré, see [20, 21, 22] and has attracted
the attention of many authors, see for instance [2, 3, 8, 14, 17, 18, 19,
23, 24] and references therein. For quasi-homogeneous polynomial dif-
ferential systems if we control the polynomial first integrals we are
controlling all analytical first integrals of the system, see [15, 17].

We assume that there exists an analytic first integral H for an an-
alytic differential system of the form & = P(z,y), v = Q(z,vy).
The analytic functions H, P and () can be decomposed in sum of
quasi—-homogeneous polynomials of the same weight degree, i.e. H =
Hy+Hpi1+...,P=P +Py+...and Q = Q, + Qi1 + .. ..
Then, the quasi-homogeneous polynomial of the lowest weight degree
H,, must be a first integral of the quasi-homogeneous differential sys-
tem & = P.(z,y), y = Q.(z,y), see [12, 16]. So the study of the
integrability of the quasi-homogeneous polynomial differential systems
is a good first step for studying the integrability of more general dif-
ferential systems, see for instance [1, 16].

Some links between Kowalevskaya exponents of quasi-homogeneous
polynomial differential systems and the degree of their quasi-homogeneous
polynomial first integrals are established in [6, 9, 17, 24].
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Recently in [10] the polynomial and rational integrability of homo-
geneous polynomial differential systems has been characterized. In the
present paper we give the characterization of polynomial or rational in-
tegrability for quasi-homogeneous polynomial differential systems. In
[2] the rational and polynomial integrability of a quasi-homogeneous
polynomial differential systems is characterized in terms of conserva-
tive dissipative decompositions of the corresponding vector field. In
our work, the characterization is different, shorter and easier because
essentially is based in the fact that any quasi-homogeneous polynomial
differential system can be transformed in a differential system of the
form @ = uf(v), o = g(v), with f(v) and g(v) polynomials. Moreover
the converse is also true. Note that this last differential system is of
separable variables.

As usual C denotes the set of the complex numbers and Clz, y] de-
notes the ring of all polynomials in the variables z and y with coeffi-
cients in C. Let C(z,y) be its quotient field, that is, the field of rational
functions in the variables  and y with coefficients in C. In this work
we deal with polynomial differential systems of the form

(1) T = P(x,y), Yy = Q(x,y),

where P(z,y),Q(z,y) € Clx,y]. The dot denotes derivative with re-
spect to an independent variable ¢ real or complex. We say that the
degree of the system is n = max{deg P,deg Q}. For the sake of sim-
plicity, we assume for the rest of the paper that system (1) is not linear,
that is, n > 1. The linear case is included in the results of [10] where
all the homogeneous systems were studied.

Let N denote the set of positive integers. The polynomial differential
system (1) is quasi-homogeneous if there exists s1, s9,d € N such that
for arbitrary a € C,

(2) P(a’z,a®?y) = asl_HdP(x,y), Q(a’ z,a®y) = 0z52_1+dQ(x,y),

where s; and s, are called the weight exponents of system (1), and d
the weight degree with respect to the weight exponents s; and s5. We
say that system (1) satisfying conditions (2) is a quasi-homogeneous
system of weight (s1,$2,d). In the particular case that s; = s5 = 1,
then system (1) is the classical homogeneous polynomial differential
system of degree d. Our aim is to characterize the quasi-homogeneous
systems (1) of weight (s1, se,d) which have a polynomial or a rational
first integral.

We recall that given a planar polynomial differential system (1), we
say that a function H : Y C C? — C, with U an open set, is a
first integral of system (1) if H is continuous, not locally constant and
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constant on each trajectory of the system contained in 4. We note
that if H is of class at least C! in U/, then H is a first integral if it is
not locally constant and

oH oH

in U. We call the integrability problem the problem of finding such a
first integral and the functional class where it belongs. We say that
the system has a polynomial first integral if there exists a first integral
H(z,y) € Clx,y]. Analogously, we say that the system has a rational
first integral if there exists a first integral H(z,y) € C(z,y).

We say that a function V : W C C? — C, with W an open set, is an
inverse integrating factor of system (1) if V is of class C', not locally
zero and satisfies the following linear partial differential equation

oV ov oP  0Q
3 P - =\t 5 )V
(3) (2,9) 5 + Qz,y) 7 (83: + ay) (z,)
in W. The knowledge of an inverse integrating factor defined in W
allows the computation of a first integral in 4 = W\ {V = 0} doing
the line integral

W) Pz, y)dy — Q(z,y)dx
H(z,y) = / (9] % (.9) ,
(z0,y0) ($’y)

where (xo,%0) € U is any point. An easy computation shows that the
polynomial V' (z,y) = seyP(x,y) — s12Q(x,y) is an inverse integrating
factor for the quasi-homogeneous system (1) of weight (s1, sq,d).

A proof of this well-known fact can be found in Proposition 15 of
[8]. This result generalizes the particular case for homogeneous systems
that can be found in Lemma 3 of [4]. Therefore the quasi-homogeneous
systems (and in particular the homogeneous ones) have always a poly-
nomial inverse integrating factor. In [5] necessary conditions were given
in order to have a polynomial inverse integrating factor for general poly-
nomial differential systems. To see the relation between the functional
classes of the inverse integrating factors and their associated first inte-
grals see Theorem 3 of [11].

Our main results are stated in Lemma 2, Theorem 9 and Proposi-
tion 11. Theorem 9 characterizes when a quasi—-homogeneous polyno-
mial differential system (1) has either a polynomial, or a rational first
integral. In Lemma 2 and Proposition 11 we show that any planar
quasi—-homogeneous polynomial differential system can be transformed
into a differential system of the form @« = uf(v), © = g(v) with f(v)
and g(v) polynomials, and vice versa. The rest of the paper is organized
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as follows. In section 2 we present some lemmas (including Lemma 2)
which will allow us to prove Theorem 9 and Proposition 11 in section
3.

2. PRELIMINARY RESULTS

Lemma 1. Given a quasi—-homogeneous system (1) of weight (s1, 2, d),
we can suppose without restriction that s; and sy are coprime.

Proof. Let r be the maximum common divisor of s; and s,;. Then
s1 = rst and sy = rs} with s} and s} coprime. Let 2'7y’» be a monomial
with nonzero coefficient of P(z,y). We know its existence because P
and () are coprime. We also know that

P(a®z,a®y) = o " P(z,y) forall acC.

Therefore we have (a®1z)(a2y)r = a®tra®2rgiryir = 51~ 1+dyiryir
which implies s14, + s2j, = s1 — 1 + d, or equivalently s;(i, — 1) +
saJp = d — 1. Consequently d — 1 is divisible by r except if (iy, j,) =
(1,0). If P(z,y) = x, then we consider a monomial z*1y/s with nonzero
coefficient of Q(z,y). Taking into account that

Qo™ z, ay) = a2 Q(x,y) forall a € C,

we obtain sq i, + s2(j, — 1) = d — 1. From here we deduce that d — 1
is divisible by r except if (iy, j,) = (0,1). Therefore the unique case to
study is P(z,y) = = and Q(z,y) = y, i.e. & =z and ¢ = y, which is
a homogenous system of degree 1 with (sq,s2,d) = (1,1,1). We have
excluded linear systems from consideration. In any other case we have
that d — 1 is divisible by r and we can write d — 1 = r*(d* — 1).

In short, we claim that system (1) is (s7, s5, d*) quasi-homogeneous
with s} and s} coprime. Indeed, we have that the monomial x'ry/r of
P(z,y) must verify that s1(i, — 1) + saj, = d — 1, but substituting
sy =rs}, So =rshand d — 1 = r*(d* — 1) we obtain si(i, — 1) + s3j, =
d* — 1. In a similar way for any monomial z%y’e of Q(z,y) we obtain
siig + s3(jy —1) = d* — 1. Hence we obtain a quasi-homogeneous
system of weight (s7, s3, d*). O

Lemma 2. The change of variables

1 1 . .
(4) z=wu=, y=(uv)1r whose inverse is u = z**, v =y x™,
d—1 _31—1—m

and the rescaling of time given by u =12v =1 with m € NU {0},
transforms a quasi-homogeneous system (1) of weight (s1, $2,d) into a
polynomial system of the form

(5) w=uf(),  v=g(v)
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Moreover we can choose m in such a way that the polynomials f(v)
and g(v) are coprime.

Proof. The change of variables (4) transforms the quasi-homogeneous
system (1) of weight (s1, $2,d) into the form

(6)

. so—1 1 1
U = syu 2 Plus2, (uv)sr),
_s1tsy s3—1 1 1 1 L L L L
U o= u 12 s [_82u517}81 P(usz, (uv)er) + sjus2 Qusz, (uv)* )}

1 1 1 1
Notice that if we take o = u=12 we have P(a', a®v*1) = P(us2, (uv)*
and by the quasi-homogeneity we have
1 s1—1+d 1
1P (1, v5) = u e P(1,v51).
In a similar way and also by quasi-homogeneity we have
1 1 so—1+4+d

QUu'z, (uv)71) = w5 Q(1,v%),

Hence system (6) becomes

d—
U = SQUH—Sls; P(Lvi%
d—1 i -1 L
— uSlS2U|:_S2P(17USI)+81U S1Q(1,’US1):|.

d—1 s1—1-m
Now we divide the system by usts2v 1 and we have

(7)

m+1—sq

U = Squv 1 P(l,vi),
(8) m 1 a1 1
b = va[—swiuP(Lvr) +5Q(1,v)].
We know that the monomials z*»y’» of P(x,y) and the monomials x’1ys
of Q(z,y) satisfy
(9) Sl(ip—1)+82jp:d—1, Sliq+82(jq—1):d—1.

m+1+jp—sl .
Hence u has the monomials in v of the form v st | and v has the

monomials in v of the form
m+1+ijp m+jq
v 1 Or v Sl

The identities (9) modulo s; are of the form

(10) SoJp = d — 1 (mod s1), $2(jg —1) =d —1 (mod s7).

If s; and sy are coprime, i.e. (s1,$2) = 1, then there exists 32_1 € Z such
that 55132 =1 (mod s;). Since s; and sy are coprime, by the Bézout
identity there exist two integers x and y such that s;x + soy = 1.

Hence, modulo s; we have sy = 1 and we take s, * = y. Therefore the
identities (10) can be simplified multiplying by s,* and we obtain

jp = 85" (d —1) (mod s,), jg—1=s3"(d—1) (modsy),
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and consequently j, = j, — 1 (mods;) for all j, and j,. We define
m € NU{0} the smaller value such that m+1+j, = m+j, = 0 (mod s1),
and with this choice all the monomials that appear in system (8) have
nonnegative integer exponents and consequently system (8) is polyno-
mial and of the form 4 = uf(v) and © = g(v). We need to see that the
obtained system (8) is coprime.

Note that for the choice of m, being the smallest one, it cannot
happen that v|f(v) and v|g(v), because in this case we could choose m
even smaller.

Let £ € C such that P(l,fi) = 0, i.e. £ is a root of f(v). We
are going to see that this root £ is not a root of g(v). If g(§) = 0
1 1 1
then we have that —so*1 P(1,£%1) 4+ $1Q(1,&*1) = 0 which implies
1 1 1
Q(1,&1) = 0. Hence we have P(1,£%1) = Q(1,£*1) = 0. Now we
consider the algebraic curve y°*' — £x°2 = (0, and we parameterize it as
follows = = o', y = a*2¢Y*1 | with o € C. By quasi-homogeneity and
1 1
taking into account that P(1,£1) = Q(1,£1) = 0 we have
1 1
P(a‘”,of”fsl) _ Oés1fl+dp(1’£s1) — 0’
1 1
Qa™,a”¢%) = o 1HQ(LET) = 0,
Hence, P(x,y) and Q(z,y) vanish at the same place. Therefore by
the Bézout theorem, P and () would have a common factor, in con-
tradiction with the initial hypothesis that P and () were coprime. We
observe that this argument does not hold in the case that f(v) is a
constant different from zero and g(v) = 0. In this case, system (1)

is linear, see Lemma 3, and linear systems have been excluded from
consideration. O

One immediate consequence of Lemma 2 is that if system (5) has
H(u,v) as a first integral, then the quasi-homogeneous system (1) of
weight (sq, s2,d) has a first integral of the form H(x*2,y°'/x*?). On
the other hand, if H (x,y) is a first integral of the quasi-homogeneous
system (1) of weight (s1, s, d) then H(u!/*2, (u,v)"/*') is a first integral
of system (5).

Lemma 3. Consider system (1) with P and Q) coprime. The particular
case when f(v) is constant different from zero and g(v) = 0 corresponds
to the system & = syx and 1y = Soy.

Proof. The condition g(v) = 0 implies that the inverse integrating fac-
tor V(z,y) =0, i.e. soyP(z,y) — s12Q(z,y) = 0. In this case P(z,y)
is divisible by x due to P and ) are coprime. Hence, we can find a
polynomial M (x,y) such that P(z,y) = sz M (z,y) and consequently
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Q(x,y) = soyM(z,y). However as P and ) are coprime we have
that M (z,y) must be a constant different from zero, and with a time-
rescaling we obtain the system & = s;x and y = soy. This linear system
has the rational first integral H = z*2y~*' and has not any polynomial
first integral. U

Now we are going to study the polynomial and rational integrability
of system (5).

Lemma 4. Consider a polynomial system of the form (5), where f(v)
and g(v) are coprime.

(i) The polynomial V (u,v) = ug(v) is an inverse integrating factor
of system (5).

(ii) If system (5) has a rational (resp. polynomial) first integral,
then it has a first integral of the form H(u,v) = h(v)u® where
h(v) is a non constant rational (resp. polynomial) function and
s € N.

(iii) If system (5) has a a rational first integral, then deg f < degg.

(iv) If system (5) has a a rational first integral, then g(v) (equivalently
V(u,v)) is square-free.

(v) If g(v) is square-free and its factorization in Clv] is given by
g(v) =c(v—ay)(v—ag) - - - (v—ay) where c € C\{0}, o; € C for
i=1,2,...,k, we have that f(a;)g' (o) #0 fori=1,2,... k.

(vi) If V(u,v) is square-free and degf < degg, then a first integral
of system (5) is H(u,v) = u (v —ay)"(v—ap)? - (v—ay)"*
with v; = f(ay) /g (ay) fori=1,2,... k.

(vii) System (5) has a rational first integral if and only if g(v) is
square-free, deg f < degg and v; € Q fori=1,2,... k.

(viii) System (5) has a polynomial first integral if and only if g(v) is
square-free, deg f < degg and v; € Q™ fori=1,2,... k.

Proof. (i) It is easy to see that the function V(u,v) = ug(v) satisfies
the partial differential equation (3), i.e.

(1) uf(0) O+ g0) 5 = (F0) + /) V.

(ii) Assume that system (5) has a rational or polynomial first integral
of the form
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where A and B are coprime polynomials that can be written in powers
of u into the form

A(u,v) = ap(v) + a1 (v)u+ -+ + a,(v)u",

B(u,v) = bo(v) +bi(v)u+ - -+ by (v)u™
with n,m € NU {0} and a,(v) b,,,(v) # 0. The polynomial case corre-
sponds to m = 0 and by(v) = 1.

In the particular case that n = m and if there exists £k € C such
that a,(v) = kb,,(v) we take as a first integral H(u,v) — k instead of
H(u,v) and we have
(CLO — kbo) + (CLl — kbl)u + - (an,l — kbn,l)un_l

bo(v) + bi(v)u + -+ + by (v)unr '
In the polynomial case, if n = m = 0 then we will have that H(u,v) =
ao(v) which implies © = 0, and this gives a contradiction because f(v)
and g(v) are coprime.

We can assume that n > m, because if H is a first integral of system
(5) then 1/H is also a first integral, and for the case n = m, we
can assume that a,(v)/b,(v) is not constant as we have shown in the
previous paragraph. If H is a first integral of system (5) then it must
satisfy

H(u,v) — k=

OH OH

(12 uf(0) 5 +g(0) 5 = 0.

Substituting H = A/B in (12) and multlplymg by B? we have
0A 0B
— — — A=0.
() 22 4 901 22V B — (s ) 20 + g(0) 20
We now consnder the highest degree coefﬁment in this expression, which
corresponds to ©"*™ and we obtain that

| (nf ()an(v) + g(0)a) (v) )b (0)
= (MF@bn(0) + g(0)b1(0) ) au(v)] = 0.

n—m

This identity says that u" ™a,(v)/b,(v) is a first integral of system
(5). Therefore we have a first integral of the form u®h(v) where s =
n —m € N, h(v) is rational when H is rational, and is polynomial
when H is polynomial. Note that h(v) cannot be a constant and s
must be different from zero because both cases are in contradiction
with the hypothesis that f(v) and g(v) are coprime. Hence we have
proved statement (ii).

(iii) We assume that system (5) has a rational first integral and we
take the first integral of the form u®h(v). If u®h(v) is a first integral
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of system (5) we have uf(v)su®*"'h(v) + g(v)u*h/(v) = 0. Simplify-
ing u® we have s f(v)h(v) + g(v)h/(v) = 0, and we have the following
differential equation

W) s f(v)
(13) o) g()

Now we assume that deg f > degg and we consider the Euclidean
division of —sf(v) by g(v), so we have

—sf(v) = q(v)g(v) + ¥(v),

where 1 (v) cannot be zero taking into account that f and g are coprime
and deg 1) < degg. Hence equation (13) takes the form

W (v) ¥(v)

14 =q(v) + .
- ey~ )

Integrating this differential equation we have
~ (v)

(15) h(v) = CelWe zoll

where C' is a constant of integration and ¢'(v) = ¢(v). Therefore the
first factor of (15) cannot cancel with the second factor of (15) and
this gives a contradiction with the fact that h(v) is a rational function.
Hence, we conclude that deg f < degg.

(iv) From the proof of statement (iii) we have obtained the differ-
ential equation (13). We assume now that V(u,v) is not square-free.
Using an affine transformation of the form v — v + o with a € C if it
is necessary, we can assume that v is a multiple factor of V(u,v) with
multiplicity g > 1. Then we have that V(u,v) = ug(u) = uvtr(v) with
r(0) # 0. We know that f(0) # 0 because f and g are coprime. Now
we develop the right-hand side of (13) in simple fractions of v, that is,

a1 (v)

r(v)

where ap(v) and a(v) are polynomials with degay(v) < degr(v) and
¢i € C, fori = 1,2,...,u. Equating both expressions, we get that
¢, = —s f(0)/r(0) # 0. Moreover as a consequence of statement (iii)
we know that ag(v) = 0. Therefore equation (13) becomes

—sf(v c Cp— c
f():_“_|_ “711_|_...+_1_|_
g(v) vt M v

+ ao(v),

'(v) ¢ = cua

h(v) vk peel

(&1
+ o+ — +

<

=
—~

4
N~—
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with ¢, # 0. Now if we integrate this expression we get

Cc

1
h(v) = C exp L—Muv”—ll :

o[ [ (2 1 ov 2 20 ],

where C'is a constant of integration. The first exponential factor cannot
be simplified with any part of the second exponential factor. Thus,
we get a contradiction with the fact that h(v) is a rational function.
Therefore we conclude that V(u,v) and g(v) are square-free. This
proves statement (iv).

(v) Recalling that f and g are coprime and that «; is a root of g
it is clear that f(a;) # 0 for i = 1,2,...,k. As g is square-free, then
g (o) #0fori=1,2,... k.

(vi) We must prove that H(u,v) = u tp(v) where p(v) = (v —
a)) (v —ag)” -+ (v —ay)* is a first integral of system (5), i.e.

uf 2+ g0) 2 = w7 (= f)olw) + g(0)e () = 0.

To see that this last expression is identically zero is equivalent to see
that ¢'(v)/e(v) = f(v)/g(v). Recalling the expression of p(v) we have
©'(v) . n 1 Y2 Yk

e(v) v—a v—ay v — Qy

Taking common denominator and recalling that g(v) = c(v — ay)(v —
az)(v —ag) -+ (v — ag) we obtain

¢ (v) 1 i
——Zc% H (v — ).

e(v)  g(v) =

Now substituting the values of v; = f(«;)/¢'(cw;) and taking into ac-
count that

g'(ai)=c H (a; — ),
J=1,j#i
we obtain
CAC) N NE P SE I ()
S O RCD I | Srrrsiabeo)

Since deg f < deg g, the expression in the sum is the Lagrange poly-
nomial which interpolates the k points (o, f(o;)), for i = 1,2,... k,
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see for more details [13]. Therefore, this polynomial is f(v) and we
conclude that expression (16) is identically satisfied.

(vii) We assume that system (5) has a rational first integral, then by
statement (ii) it has one of the form h(v)u® where h(v) satisfies identity
(13). Using statements (iii), (iv) and (vi) we have that

f(v) N V2 Tk

17 . ,
(17) g(v) v—a1+v—a2+ +v—ak

Hence, integrating identity (13) we obtain
(18) h(v) = C (v — )" (v —az)™ - (v —op)™) ™"

Then, as h(v) must be a rational function and s € N we have that
v € Q for i = 1,2,... k. Conversely, if v, € Q for ¢ = 1,2,....k
the first integral described in statement (vi) elevated to certain natural
power leads to a rational first integral of system (5).

(viii) If system (5) has a polynomial first integral, then reasoning
as in the previous statement we arrive to the same expression for
h(v) given by (18) which is polynomial if and only if 7; € Q~ for
1 = 1,2,...,k. Conversely, if v; € Q™ for ¢ = 1,2,...,k the multi-
plicative inverse of the first integral described in statement (vi) gives
a polynomial first integral of system (5). This completes the proof of
the lemma. O

In order to relate the first integrals of the quasi-homogeneous system
(1) of weight (s1, s2,d) with the first integrals of system (5), we must
see how the change of variables described in Lemma 2 affects to the
rationality /polinomiality of a first integral of system (1). First we need
an auxiliary lemma about quasi-homogeneous polynomials.

Lemma 5. The following statements hold.

(i) Let Ay(x,y) be a quasi-homogeneous polynomial of weight ex-
ponents (s1, s2) and of weight degree ¢, then 0A,/0x is a quasi—
homogeneous polynomial of weight exponents (s1, s2) and of weight
degree £ — s1, and 0A./dy is a quasi—homogeneous polynomial
of weight exponents (s1, s2) and of weight degree { — ss.

(ii) Let Ay(x,y) and By, (z,y) be two quasi—-homogeneous polynomi-
als of weight exponents (s1,s2) and of weight degrees ¢ and m,
respectively, then their product is a quasi—homogeneous polyno-
mial of weight exponents (si1,s2) and of weight degree ¢ + m
and their quotient is a quasi—-homogeneous function of weight
exponents (s1,$2) and of weight degree { — m.

(iii) Let A(z,y) be a polynomial. Then A(x,y) can be written as an
ordered finite sum of quasi—homogeneous polynomials of weight
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exponents (s1, s2) and of weight positive degrees, i.e. A(x,y) =
Ao(x,y) + Ar(z,y) + - + Ag(z,y) where A;(x,y) is a quasi—
homogeneous polynomials of weight exponents (s1,s2) and of
weight degree 1.

Proof. Although the proof is well-known, we give it here for sake of
completeness.

(i) First we recall the definition of quasi-homogeneous polynomial
of weight exponents (si, s2) given in the introduction. We have that
Ay(z,y) is a quasi-homogeneous polynomial of weight exponents (s1, s9)
and of weight degree ¢ if

Az, a2y) = o’ Ay(z,y), Va e C.

Hence, if 2'y’ is a monomial with a nonzero coefficient of Ay(z,y) we
have a®''zia2iy! = alziy’ from here we obtain s + s95 = ¢ for all
i,j. The polynomial dA,/dx has the monomial iz~ 'y’ (except for the
case i = 0) and using the same reasoning we will obtain the relation
s1(i — 1) + s9j. In fact taking into account that s1i + sgj = ¢ we get
s1(i — 1) + s9j = £ — s; which implies that the polynomial 0A,/dx is
a quasi-homogeneous polynomial of weight exponents (s1,$2) and of
weight degree ¢ — s;. The proof for dA,/dy is analogous.

(ii) We consider the product polynomial and we evaluate at (a*'z, a®y)
and we have

Ay x, 0’y By (o, a®2y) = o™ Ay(z,y) B (2, 9) Va € C.

The same reasoning is valid for the quotient.

(iii) Let 'y’ be a monomial with a nonzero coefficient of A(z,y).
It is clear that belongs to a quasi-homogeneous polynomial of weight
exponents (s1, $2) and of weight degree s1i+ s,j. Since 7,7 > 0 we have
that this degree is not negative. As the number of monomials of A(z,y)
is finite we obtain a finite number of quasi-homogeneous polynomials
of weight exponents (s1, s2) and the weight degrees are ordered. 0

Lemma 6. If system (1) has a rational (resp. polynomial) first integral
then system (1) has has a rational (resp. polynomial) first integral
which is a quasi-homogeneous function of weight exponents (s1, s2) and
of weight degree m > 0.

Proof. The polynomial case could be deduced from the Proposition 1
in [17].

We consider H(z,y) = A(z,y)/B(z,y) the rational or polynomial
first integral of system (1) and, using Lemma 5 statement (iii) we write
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A(z,y) and B(x,y) as a sum of quasi-homogeneous polynomials of
weight exponents (s, $2)

A(ﬁ,y) = Ao([lf,y) +- Aa(x,y),
B(z,y) = Bo(z,y) + -+ By(z,y),

where a,b € NU {0} and A,(z,y)By(z,y) # 0. Note that the polyno-
mial case is b = 0 and By(z,y) = 1. In the particular case a = b and if
there exists k € C such that A,(z,y) = kB.(z,y) we take H(x,y) — k
instead of H(z,y) in order to have a first integral where the degree of
the numerator is less than the degree of the denominator. We remark
that if H is a first integral then 1/H is also a first integral. There-
fore we can assume that a > b and in the particular case that a = b
we can assume that the quotient A,(z,vy)/Ba(x,y) is not constant. If
H = A/B is first integral of system (1) it must satisfy

OH 0H
P — — =0.
(@,9) 5, + Q@) oy
Substituting H = A/B and multiplying by B? we have
0A 0A 0B 0B
1 P— — | B— | P— — | A=0.
19) ( 31:+Q0y> ( 0x+Q3y> ’

Taking into account Lemma 5 we have that P is a quasi-homogeneous
polynomial of weight exponents (s, s2) and of weight degree s; —1+d
and @ is a quasi-homogeneous polynomial of weight exponents (s1, $2)
and of weight degree s, —1+d, and the polynomial POA;/0x+Q0A;/dy
is a quasi—-homogeneous polynomial of weight exponents (s, s2) and of
weight degree d—1+i for7 =0,1,2,...,a and the same happens for the
polynomial POB;/0x+Q0B;/0y fori =0,1,2,...,b. Taking the terms
of highest degree in (19), which correspond to the quasi-homogeneous
polynomial of weight exponents (s1, s9) and of weight degree d—1+a+b
we obtain

0A, _0A, OB, OB,
P — P22+ Q=2)4,=0.
(20) ( pe +Qay)Bb ( o +Qay) =0

This equality says that A,(z,y)/By(x,y) is a first integral of system
(1). The quotient of two quasi-homogeneous polynomials of weight
exponents (s, s9) is a quasi-homogeneous function of weight exponents
(s1,$2) and of weight degree the difference between the weight degrees
of the two polynomials (see statement (ii) of Lemma 5). Hence, the
rational function A,(x,y)/By(x,y) is a quasi-homogeneous function of
weight exponents (s1, $2) and of weight degree a — b > 0. O
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The following lemma shows the relationship between first integrals
of system (1) and the ones of system (5).

Lemma 7. The following statements hold.

(i) System (1) has a rational first integral if and only if system (5)
has a rational first integral.
(i) If system (1) has a polynomial first integral, then system (5) has
a polynomial first integral.
(iii) If system (5) has a polynomial first integral, then system (1) has
a first integral of the form z*p(xz,y) where p(z,y) is a (s, s2)
quasi—-homogeneous polynomial and { € Z.

Proof. In all this proof we assume that s; and sy are coprime using
Lemma 1.

(i) We assume that system (1) has a rational first integral, then
using Lemma 6, we know that it has a first integral which is a quasi-
homogeneous function of weight exponents (si,s;) and of the form
Au(z,y)/By(x,y) where A,(z,y) is a quasi-homogeneous polynomial
of weight exponents (s1,s2) and of weight degree a and By(z,y) is
a quasi-homogeneous polynomial of weight exponents (s1,s2) and of
weight degree b. We consider the first integral

Agz,)\" Au(z,y)*
Hiz.y) = (Bb@:,y)) = Bul,y)t

where L € N is such that the degree of the numerator and the denomi-
nator is a multiple of s;s5. Hence, we can assume that we have a ratio-
nal first integral of system (1) of the form A(z,y)/B(x,y) where A(z,y)
and B(z,y) are quasi-homogeneous polynomials of weight exponents
(s1,$2) and of weight degree a and b respectively where a = s;s,a and
b= slsgb with @ and b € N. Let ‘9 be a monomial with a nonzero
coefficient of A(x,y) (or B(z,y)). By quasi-homogeneity we have
$18+ s9j = a which implies s1i+ s9j = 51590, that is, s9j = s1(s9a —1).
As 51 and sy are coprime, we deduce that j is a multiple of sy, that is,
j = s1j with j € NU {0}. The change of variables described in Lemma
2 tells us that if H A(z,y)/B(x,y) is a first integral of system (1),

then H (u=2 (uv) ) is a first integral of system (5). Moreover we re-

call that H (x, y) is a quasi-homogeneous function of weight exponents

(s1,$2) and of weight degree a — b = s1s5(a — b), and we shall denote
~ 1

by m = a — b. We take o = u*1°2 and by quasi-homogeneity we have

1

H(Ui (U/U)si) — H(Oé817a82vi) — aSQSQﬁLH(ljfUi) _ UmH(l,Ui%
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where m € Z. As all the monomials 'y’ that appear in H (l,vi)
1

have 7 multiple of s;, we have that H(1,v*1) is a rational function of
v. Therefore we have a first integral of system (5) of the form u™h(v)
with h(v) a rational function and m € Z.

Conversely, we assume that system (5) has a rational first integral
H(u,v). By the change of variables described in Lemma 2 we have
that H(x®2,y* /x%?) is a first integral of system (1) which clearly is a
rational function.

(ii) We assume that system (1) has a polynomial first integral. By
similar arguments used in statement (i) we can assume that system (1)
has a polynomial first integral H(x,y) which is a quasi-homogeneous
polynomial of weight exponents (sq,s2) and of weight degree m =
s1som with m € N. Analogously as in the previous section, we can see
that all the monomials 'y’ that appear in H(z, y) have j multiple of sy,
i.e. j = js; with j € NU{0}. Moreover, we have that H(ué, (uv)il)
is a first integral of system (5) and, by quasi-homogeneity, as before,
we can see that

1

H(u, (wv)) = u™H(1,v7).

As H(z,y) is a polynomial and all the monomials z'y’ satisfy that j is
1

a multiple of s;, we have that h(v) = H(1,v") is a polynomial in v.

Therefore, we have that «™h(v) is a polynomial first integral of system

(5).

(iii) If system (5) has a polynomial first integral, using statement
(ii) of Lemma 4, we know that it has a first integral of the form u*h(v)
with s € N and h(v) a polynomial. Therefore by the change of variables
described in Lemma 2 we have that z*2°h(y® /2*?) is a first integral of
system (1). As h(v) is a polynomial we can write it into the form
h(v) = co + c1v + - - - + cv* where ¢; € C and we have

(y81) B COSL’SQk + Cly51x82(k—1) R Ckyﬁk

52 xszk

We denote by
y™
r(z,y) = cox™F + ey 2t 4 gyttt = 2% h (_2> ;
xS

and we have that z°2*=F)r(x,y) is a rational first integral of system
(1). We note that r(z,y) is a quasi-homogeneous polynomial of weight
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exponents (1, s2) due to

59 S1 S1
r(a”z, a®y) = (o) h <—(a ) > = qrskgsakp (y_) ;

(as1x)s2 2
which implies r(a®x, a®2y) = a5k (2, y). O

The following example shows that there are systems (5) having poly-
nomial first integrals and such that their corresponding systems (1)
have no polynomial first integral.

Example 8. Consider the following differential system
(21) i = z(3y* — 27), v = y(z* +y?).

Its associated system (5) has a polynomial first integral, but system (21)
has a rational first integral and has no polynomial first integrals.

Proof. System (21) is a quasi-homogeneous system of weight expo-
nents (1,1) and of weight degree 3. Applying the change of variables
described in Lemma 2 given in this case by x = u and y = uv we obtain
the system

(22) u = u(3v? — 1), v =20(1 —v)(1+0v).
Comparing with system (5) we have that f(v) = 3v? — 1 and g(v) =

20(1 — v)(1 4 v). System (22) has the polynomial first integral H =
u?v(v — 1)(v + 1) and undoing the change we obtain that system (21)

has the rational first integral

Hi.y) = yly — :vi(y +a)

Now we prove that system (21) has no polynomial first integrals. We
assume that it has a polynomial first integral and by Lemma 6 it must
have a homogeneous polynomial first integral H,,(x,y) of degree m > 0.
Moreover as H,,(x,y) is a first integral we have m > 0. Using the
change of variables of Lemma 2 and applying the results of Lemma 7,
system (21) would have a first integral of the form u™h(v) where h(v)
will be a polynomial. We know that h(v), as we have seen in the proof
of statement (iii) of Lemma 4, must satisfy the differential equation
(13) and in this case we have
W) _ —mf(r) __—m@ ~1) (—% S )
= = =-m|—+ + )
h(v) g(v) 20(1 —v)(v+1) v v—1 wv+1
Solving this equation we obtain h(v) = C(v(v — 1)(v + 1))™/? where C
is a constant of integration that must be different from zero that we
take equal to 1 without loss of generality. Undoing the change x = u
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and y = uv, we obtain that H,,(z,y) = 27™/2y™/?(y? — 22)™/2. Since
m > 0 we obtain that H,,(x,y) cannot be a polynomial and this gives

a contradiction with the existence of a polynomial first integral for
system (21). O

3. THE MAIN RESULTS

The following theorem is the main result of this paper and charac-
terizes when system (1) has a polynomial or a rational first integral.
As usual Q denotes the set of rational numbers, and Q* (resp. Q™)
the set of positive (resp. negative) rational numbers.

Theorem 9. Consider system (1) which can be transformed by the
change defined in Lemma 2 in system (5). Using the same notation
than in previous lemmas, the following statements hold.
(a) System (1) has a rational first integral if and only if g(v) is
square-free, deg f < degg and v; € Q fori=1,2,... k.
(b) System (1) has a polynomial first integral if and only if g(v)
1s square-free, deg f < degg, v, € Q7 fori = 1,2,...,k and
Il+m+rn+--+%=0.

Proof. (a) By statement (i) of Lemma 7 system (1) has a rational first
integral if and only if, system (5) has a rational first integral. By
statement (vii) of Lemma 4 system (5) has a rational first integral if and
only if, g(v) is square-free, deg f < degg and v; € Q fori =1,2,... k.

(b) We assume that system (1) has a polynomial first integral. By
statement (ii) of Lemma 7 we have that system (5) has a polynomial
first integral. By statement (viii) of Lemma 4 we have that g(v) is
square-free, deg f < degg and v; € Q™ for i = 1,2,..., k. We need to
see that 1+ +v2 4+ -+ > 0.

We consider a polynomial first integral of system (1). By Lemma 6,
we can suppose that this first integral is a quasi-homogeneous polyno-
mial of weight exponents (s1, $2) and of weight degree m > 0 and as it
is a nonconstant polynomial we have that m > 0. We denote this first
integral by H,,(z,y). As we have seen in the proof of statement (ii) of
Lemma 7, we have a polynomial first integral of system (5) of the form
u™h(v) with m > 0 and h(v) a polynomial. Moreover, as we have seen
in the proof of statement (iii) of Lemma 4, the polynomial h(v) has the
form

h(v) =C ((v—a)™(v—ca)”? - (v— ak)“”“)fm ,

where C' is a constant of integration that we can take without loss of
generality equal to 1. In fact, due to the change of variables defined in
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Lemma 2 we obtain that the first integral «™h(v) is transformed to

o) = @ (%)

xrs2

S1 st S1 T\ —
Som Yy Yy
x — Q1 SR — QO
xrs2 52

sa(LEb b (91 g 2 TN (81 g )T,

= T

and we observe that a certain power of H gives a polynomial first
integral, taking into account that v, € Q= for ¢ = 1,2,... k, if and
only if 1+ +y2+ -+ > 0.

Conversely, if we assume that g(v) is square-free, deg f < degy,
v € Q fori=1,2,...,kand 1+vy;,+72+- - -+, > 0, by statement (iii)
of Lemma 4 we have that system (5) has a polynomial first integral. As
v € Q7, then there exist N,nq,ng,...,ny € N such that v, = —n;/N
for i =1,2,... k. By statement (vi) of Lemma 4 we have that

"k

H(u,v) :u_l(v—al)_%---(v—ozk) N

is a first integral of system (5), and consequently

H(u,v) = u (v —a)™ - (v — ag)™,

is a first integral of system (5). Recalling that 14+~ +72+--+7% >0

we have 1 —ny /N —nyg/N — -+ —ng/N > 0 which implies N — n; —
ng — -+ —ny > 0. Undoing the change of variables given in Lemma 2
we obtain

S1 S1 ni S1 s
- Y Y Yy
H :ESQ’ — e :L‘SQN _— al o .. J— ak
Ts2 xs2 xrs2
_ so(N—nj—--—ng)(, 51 s2\n1 51 52 \nk
= (Y™ —anz™)™ - (Y — ™)™,

which is a polynomial first integral of system (1). O

One small improvement of statement (b) in Theorem 9 is the next
result.

Lemma 10. If g(v) is square-free, deg f < degg and P(x,y) has not
x as a divisor, then 1 +~y1 +v + -+ = 0.

Proof. We recall that P(z,y) is a quasi-homogeneous polynomial of
weight exponents (sq,$2) and of weight degree s; — 1 + d and that
P(0,0) = 0. Since P(z,y) has not x as a divisor, it has a monomial
with nonzero coefficient of the form y’». By quasi-homogeneity this
implies that 32j~p = s; — 1 + d. Taking into account that for any
monomial 27y’ of P(z,y) we have s1i, + s2j, = s1 — 1 + d, it follows
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that j~p > jp for any other monomial because s;¢, > 0. Consequently
the polynomial

m+1—sq

f(v) =sv = P(l,vi)

is of degree

1—sl+4, - . 1+ 7,
MEL"SF I 1, where k=TT
S1 S1

Moreover we observe that if a is the coefficient of the monomial 37 of
P(z,y) then we have f(v) = spav" ' 4+ where the dots mean terms
in v of lower degree. Let ]q be the largest natural such that xi;yfq is
a monomial with nonzero coefficient of Q(z,y). We denote by b the
coefficient of this monomial. By the quasi-homogeneity of Q(z,y) we
have Sllq + SQJq = 89 — 1 4+ d. Therefore —s; + s9j, = d — 1 and
s11q + 52(j, — 1) = d — 1, which implies

—51 + S9jp = S11g + 52(Jg — 1),
or equivalently

sagp = s1(ig +1) + s2(Jg — 1).
Recallir}g that z'; > 0 and s1,s9 > 0 we obtain j~p > fq — 1, or equiva-
lently 7, +1 > j,. Hence g(v) takes takes form

g(v) = Usl( Szavjfjl 4t Slgv%{ 4.
where the dots mean terms in v of lower degree. Hence g(v) has degree
kin v, ie. gv) = —spavk + - -
Taking the common denominator in equation (17) of statement (vii)

of Lemma 4 we obtain

v
flo) _m e
g(v) V- U — Qg v —
_ Mttt
ka?_|_...

Multiplying both sides by (v — a3)(v — ag) -+ (v — ay) the equality
becomes
flv)  spav*t4 ...

~ = —— =yt
—So0 — S0

and equating coefficients we get v1 + v + -+ - + v = —1. 0

In Lemma 2 we have shown that any quasi-homogeneous polynomial
differential system after a convenient change of variables can be trans-
formed into a polynomial differential system of the form @ = wuf(v),
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0 = g(v) with f(v) and g(v) polynomials. The next result shows that
the converse also works.

Proposition 11. Consider the differential system u = uf(v), v =
g(v) with f(v) and g(v) polynomials. Then there exists a change of
variables and a rescaling of the independent variable such that in the
new variables the differential system is quasi—-homogeneous.

Proof. Given sy and s, two positive integers, we consider the change of
variables described in (4) and we get the following system:

T (Y . _ Y y* x> (YT

=) =S GR) e ()

So T2 S1 xro2 yst T2
som,,s1—1

In order to get a polynomial system we multiply the system by x%2™y*1 =,
where m = max{deg f,deg g—1}, and we get the following polynomial

system:
jj — ixSmesl_l f (y_j)
So T2

Y om s Y ™ Yy
= Tz )
T {f <x2> T I\

We only need to prove that system (23) is quasi-homogeneous with
weight exponents (si, s2). We denote by P(x,y) and Q(z,y) the poly-
nomials such that & = P(z,y) and § = Q(z,y) and we want to
show that identities (2) are satisfied for arbitrary a € C. We define
d = 14 s189m + s2(s1 — 1) and have that

(23)

aslr ~ B B B a5251y31
P(Oéslx,OéSQy) — _aslsgmxSQmQSQ(sl 1)ysl 1 f =, g
S9 5152 52
T . Yyt
_ s1+d—1 som, s1—1
= « 0y f T
S9 X

= a1 P(2,y),

Oészy B B B B a5251y51
Q(CJ{Slx,OZSQ?J) — _aslszmxszmasg(s1 1)y31 1 f -~ g
S 5152 52
aslsgxsz a$281y81
+ g
a5231y31 S152 52

~ s1 s2 s1
— Oéserdfl ﬁ x82my81*1 f ) 4 X g Y
81 xSQ ysl xSQ

= o”71Q(z,y).
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Therefore, system (23) is a quasi-homogeneous polynomial differential
system of degree (s1, s2,d). O
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