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ON THE DARBOUX INTEGRABILITY
OF BLASIUS AND FALKNER-SKAN EQUATION

JAUME LLIBRE', AND CLAUDIA VALLS?

ABSTRACT. We study the Darboux integrability of the celebrated Falkner—
Skan equation f"'+ ff” +A(1—f"*) = 0, where ) is a parameter. When
A = 0 this equation is known as Blasius equation. We show that both
differential systems have no first integrals of Darboux type. Addition-
ally we compute all the Darboux polynomials and all the exponential

factors of these differential equations.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The Falkner—Skan equation is

(1) "= ) =0,

where A € R is a parameter. This equation was first derived in [6] as a model
of the steady two—dimensional flow of a slightly viscous incompressible fluid
past a wedge. The special case A = 0, in which the wedge reduces to a flat
plate, is called Blasius equation and was considered for a first time in [2].
Both equations are the subject of an extensive literature. For the deriva-
tion of this equation see [1]. For the existence and uniqueness of the solutions
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see, for example, [16], [19], [5], [15], [3] and [10] and references therein. Re-
cently there has been also a renewed interest in the mathematical aspects of
the Falkner—Skan equation. The dynamic features of this equation such as
the existence of oscillating and periodic orbits have been studied in [7], [8],
[9] and [13]; and for more recent works on the bifurcations in this equation
see [11], [18] and [17].

In MathSciNet appears in this moment 214 articles related with the
Falkner—Skan equation, but any of these papers analyze the integrability
or non—integrability of this equation. In this work we are interested in the
Darboux integrability of Blasius and Falkner—Skan equation. Before we
state our main result (Theorem 1) we need to introduce some definitions
and auxiliary results.

We can express (1) as a system of differential equations
(2) =y, y=z2 z=-—xz—\1-179°%),
and the associated vector field is

0 0 0
42— + [~zz — A(1 — )]

(3) X = ?J% Ay 92

Let U C R3 be an open subset. We say that the non—constant function
H:U — R is the first integral of the polynomial vector field (3) on U
associated to system (2), if H(z(t),y(t),z(t)) = constant for all values of

t for which the solution (z(t),y(t),z(t)) of X is defined on U. Clearly H
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is a first integral of X on U if and only if YH = 0 on U. When H is a
polynomial we say that H is a polynomial first integral.

For proving our main results concerning the existence of first integrals
of Darboux type we shall use the invariant algebraic surfaces of system (2).
This is the basis of the Darboux theory of integrability. The Darboux theory
of integrability works for real or complex polynomial ordinary differential
equations. The study of complex invariant algebraic curves is necessary for
obtaining all the real first integrals of a real polynomial differential equation,
for more details see [12].

Let h = h(z,y,z) € C|z,y, 2] be a non—constant polynomial. We say
that h = 0 is an invariant algebraic surface of the vector field X in (3) if it
satisfies Xh = Kh, for some polynomial K = K(z,y,z) € Clz,y, z], called
the cofactor of h. Note that K has degree at most 1. The polynomial h
is called a Darbouzx polynomial, and we also say that K is the cofactor of
the Darboux polynomial h. We note that a Darboux polynomial with zero
cofactor is a polynomial first integral.

Let g,h € Clz,y, 2] be coprime. We say that a non—constant function
E = €"/9 is an exponential factor of the vector field X' given in (3) if it
satisfies YE = LE, for some polynomial L = L(z,y,2) € Clx,y, 2|, called
the cofactor of E and having degree at most 1. This relation is equivalent

to

(4) ya(gim + za%h) + -2z — AL - y2)]a(gih) - K
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For a geometrical and algebraic meaning of the exponential factors see [4].

A first integral G of system (2) is called of Darbouz type if it is of the

form

G:f{\l---fﬁpEfl---qu,
where f1,..., fp are Darboux polynomials, E1,..., F, are exponential fac-
tors and A\j,pup € C for j = 1,...,p, k = 1,...,q. For more information

on the Darboux theory of integrability see, for instance, [12, 14] and the
references quoted there.

The main result of this paper is the following:

Theorem 1. For the Falkner—Skan and Blasius system the following state-

ments hold.

(a) Both systems have no polynomial first integrals.

(b) The wunique irreducible Darboux polynomial with nonzero cofactor
of the Blasius system is z; the unique Darboux polynomial of the
Falkner-Skan system is 1 — y? 4+ 2wz if A = 1/2.

(¢) The unique exponential factors of both systems are €* and €Y, except
if \ = —1 then we have the additional exponential factor e*+ToY.

(d) Both systems have no first integrals of Darboux type.

Theorem 1 is proved in the next section.
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2. PROOF OF THEOREM 1

We separate the proof of Theorem 1 in four propositions, one for every

statement.
Proposition 2. System (2) has no polynomial first integrals.

Proof. Let h be a polynomial first integral of system (2). Then it satisfies

oh  oh b O
(5) You +za—y+ [—zz—A1—-y )]& =0.

Without loss of generality we can write h = Z?Zl hj(x,y, z), where each
hj = hj(x,y,z) is a homogeneous polynomial of degree j, and h, # 0.
Computing the terms of degree n 4+ 1 in (5) we get

on,

0z =0

[—zz + )\yz]

Therefore h,, = hy,(x,y).

Computing the terms of degree n in (5) we get that

Ohy O ,
Vo, T7 9y + [—zz + Ay

8hn—l
0z

that is

z0h, vy 9 Ohy, Ohy,
n—1 — Yn— I 779 5 1 - 79 79 9
hn_1=g 1(:vy)+x y+x2 og(xz )\y)[)\y y—i—:r x]
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where g,—1(z,y) is a function in the variables x and y. Since h,_; is a
polynomial, we have
Ohy, Ohy,

Ay—— — =0.
y@y +x8x

Therefore h,, = h,(z~y). Since h,, # 0 is a homogeneous polynomial of
degree n > 1, we have A = —p/q with p and ¢ integers such that p > 0,
q>1,p+q=nand h, = apzPy?, where o, € C\ {0}. Of course in the
case of the Blasius system p = 0. In short we get that h, = a,xPy?.

Now we have that

hn—1(2,y,2) = anga? ty? 12 + gu_1(z, ).

So for the Blasius system (p = 0) we have a contradiction with the fact
that h,—1(z,y,2) is a homogeneous polynomial of degree n — 1. Thus the
proposition is proved for the Blasius system. In what follows we assume
that p > 1, i.e. we restrict our attention to the Falkner—Skan system.

Computing the terms of degree n — 1 in (5) we get that

ahn—l 8hn—l 2 8hn—2
— A =0
. +z 99 + [—zz + My P ,
that is
1 _3 g—
hn—2 =gn—2(2,y) + Som [2(p — @)y” + (g = 1gwz] 2Py 2+
2001 | Yy

1 2 A
o L (py” + qzz) A,
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where

O0Gy— 0q.,_
A= —anp(p — q)aly™ + q2d FI=L _ py2y Int
ox oy

Since h,,_s is a homogeneous polynomial of degree n — 2 we have that A = 0.

Solving this linear partial differential equation we get that

1
P+ 2q

gn—1(x,y,2) = — anp(p — )" 2yt + G(2P/y).

Since p + ¢ = n and g,—1 is a homogeneous polynomial of degree n — 1 we

have that

1
P+ 2q

In—1(2,y,2) = — anp(p — q)a?P 2y Tt

Therefore

1 1

hn—1 =anqePlyT 1z — manp(p — q)aP 2yt

1 4.
T2 =gn—2(w,9) + 5o [2(p = @)y + (¢ = 1gzz] 2"y 22—
1

-« — + 1) 2P 34z,
Py PP —q)(q+ 1)z 7y

Note that h,_1 is a polynomial if p > 1 and ¢ > 1, so n > 2; and that h,_o
is a polynomial if p > 3 and ¢ > 2, son > 5.

Working in a similar way with the terms of degree n—2 in (5) we get that

anxp74yq72

:m [ — q2(p + 2q)2334—|-

9In—2

p(*(q—1) — 6¢° + pa*(8 + q) — p*q(1 + 2¢))y"]
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and

1 o
1600+ 29)2gn—3(2,y) + ana” Py 32(3(2 — @)alp + 2¢)*z*+

P ———
* T 6(p + 29)

3(p—4)(p — q)(6¢° — p* — 2pq + p*q — pg*)y*+
3(—p+q)(p+29)(p + 29 — pq — 4¢° + pg*)zy*z+
(4= 2)(g — Dalp +29)%2%2) |,

where g,—3 is an arbitrary polynomial of degree n — 3. Since h,_3 is a
polynomial we must have that p > 5 and ¢ > 3, so n > 8.

In short if there exists a polynomial first integral of degree n, then h,_g
is a polynomial if p >2s—1and g > s,son >3s—1. Thus for s=n—1
we get that hy is a polynomial if n > 3(n — 1) — 1 = 3n — 4, i.e. if and
only if 4 > 2n, or equivalently if n = 1,2. But direct computations shows
that system (2) has no polynomial first integrals of degree 1 and 2. This

completes the proof of the proposition. O

The following result on the Darboux polynomials is well known, see for
instance [12]. This result shows that it is sufficient to know the irreducible
Darboux polynomials.

s
Proposition 3. Let f be a polynomial and f = Hf]a] its decomposition
into irreducible factors in Clz,y,z]. Then f is a D];rlbouac polynomial if and

only if all the f; are Darboux polynomials. Moreover, if K and K; are the

S
cofactors of f and f;, then K = ZajKj.
j=1
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Proposition 4. The following statements hold.
(a) If X = 0 then the unique irreducible Darbouz polynomial with nonzero
cofactor of system (2) is z.
(b) If A # 0 then system (2) has no Darbouz polynomials, except if
A = 1/2 then xz — y?/2 + 1/2 is the unique irreducible Darboux

polynomial.

Proof. Let h be an irreducible Darboux polynomial of system (2) with a
nonzero cofactor K. Then K = «ap + a1z + asy + agz, with «; € C for
1=0,1,2,3 not all zero.

It is easy to see by direct computations that if h has degree 1, then h = 2
and A = 0.

Now we assume that h has degree greater > 2. Then it satisfies

Oh Oh Oh
(6) y% +z@ — [zz + A1 —y2)]a—y = (ap + 1 + ay + asz)h.

We write h =37 hj(x,y, 2), where each hj = h;(z,y, 2) is a homogeneous
polynomial of degree j and h,, # 0.

Computing the terms of degree n + 1 in (6) we get that

Ohy,
(A% — xz)g = (a1 + oy + azz)hy,.

Solving this linear differential equation we obtain

o = gul,y)e™ /% (a2 — Ny~ THOr O/,
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where g, (x,y) is a function in the variables z and y. Since h,, is a homoge-
neous polynomial of degree n we must have as = ap = 0 and a7 = —m
for some integer m with 0 < m < n/2 and g, # 0. That is h, =
gn(x,y)(rz — A\y?)™ with g, a homogeneous polynomial of degree n — 2m.
Assume A = 0. Then, using that z = 0 is invariant for system (2), we can
write h = h(z,y) + zh1(z,y,2). Then h satisfies (6) restricted to z = 0 (and
with a; = —m, ag = a3 = 0). Then h # 0 (otherwise h would be reducible)
satisfies

Oh .
Yoy = (g — mx)h.

Solving this linear differential equation we get that

B — efaox/y*mwQ/@y)g(y),
where g(y) is a function in the variable 3. Using that h is a polynomial we
have ag = m = 0. But then K = 0, a contradiction with the fact that A is
a Darboux polynomial with nonzero cofactor. This concludes the proof of
statement (a).

Now assume that A = 1/2. Then, it is easy to check that if h has degree
2, then h = T = 2z — y*> — 1/2 = 0 is invariant for system (2). Therefore we
assume that the degree of h is at least 3. Then if we rewrite system (2) in
the variables (z,y,T) with z = (T + y?/2 — 1/2)/z we obtain the system

. T+y?/2-1)2
y= ;
T

T=—2T.
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Then we have that h*(x,y,T) = h(z,y, z) and it can be written as h*(z,y,T) =
h(x,y) + Thy(x,y,T), where h(z,y) is a polynomial in the variable y (not
in the variable x) and hi is a polynomial in the variables z and 7. Now
equation (6) written in the variables x, y and 7', and restricted to 7" = 0
becomes

oh  y*—10h .

yax

Solving this partial differential equation we get that

i )t (7)1 (1)

where §(-) is a function in its variable. Using that h is a polynomial in the
variable y we have ag = m = 0. But then K = 0, a contradiction with the
fact that h is a Darboux polynomial with nonzero cofactor. This concludes
the proof of statement (b) when A = 1/2.

Suppose h is an irreducible Darboux polynomial of system (2) with A\ &
{0,1/2} and with nonzero cofactor K. Then K = ap + a1z + asy + asz,
with «; € C for ¢ = 0,1, 2,3 not all zero.

We shall assume that the polynomial i has degree > 2, because it is easy
to see by direct computations that system (2) with A ¢ {0,1/2} has no
Darboux polynomials of degree 1.

Clearly a Darboux polynomial h satisfies

oh  oh oo Ol
(7) y%+z8fy+ [—z2—A1—y )]a = (o + @17 + gy + aszz)h.
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We write h as h = 37 hj(2,y, 2), where each h; = h;(z,y,2) is a homo-
geneous polynomial of degree j and h,, # 0 with n > 2.

Computing the terms of degree n + 1 in (7) we get that

Oh,

[—zz + /\y2] %

= (1@ + agy + az2)hy.
Solving this linear differential equation we obtain
B = g, y)e 07/ (wz — Ny?) N eaufemen,

where g, = gn(z,y) is a function in the variables x,y. Since h,, is a homo-
geneous polynomial of degree n we must have a3 = ag = 0 and vy = —m
for some integer m with 0 < 2m < n and g, is a homogeneous polynomial

of degree n — 2m in x and y. Then
ha = (22 — AY?) " gn,
for some integer m such that 0 < 2m < n.

Computing the terms of degree n in (7) we get that

Ohn Ol )
y%+za—y+[—mz+)\y ]

hn—l

— aghy, + mzhy_1 = 0.
0z
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Solving it we obtain

+ (:I:z - )\yz) aa‘?+

. 1 (mA2A — 1)y,
2
oot = (22 — M%) [%1(90,3/) t3 ( T2 — 12\

8971 8gn
.2 _ _ 2Z79n ZIn
log (zz — Ay?) [(my(1 — 2X) — apz)gn + Ay oy +xy O ]>] )

where gn,—1 = gn—1(z,y) is a function in the variables z,y. Since hy,_; is a

homogeneous polynomial of degree n — 1 we have that

gn dgn .
[my(1 —2X) — aozgn +y ()\y8y + 13833) = 0.

From here and if A # 1 we get that
(8) gn = €207/ (A=) 1 (2A-D)m 5 (x—xy) ’
where G is an arbitrary function in the variable 2=*y. If A = 1 then

(9) g = a0 (2,

again G is an arbitrary function in the variable y/x. Since g, is a polynomial
of degree n — 2m we have that g = 0. Since the cofactor of h cannot be
zero, we have that a; = —m # 0. So m > 0. Note that once ag = 0 the
expression (8) with A = 1 coincides with the expression (9). In order that g,

be a polynomial we need that G(s) = s" with r some non—negative integer.
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Therefore, since the degree of g, is n — 2m we have

@CAX—1)m+r—Ar=n—2m, orequivalently \= pomor
2m —r

Thus 2m — r # 0. Then

m-n+r "
hn — (CL‘Z + y2) xn72mfryr,
2m —r

with n > 2m + r and

m
hp—1 = <xz + an—i—ryQ> [2(2m —r)r(m —n +r)zy?z+
m-—r

r(r —2m)2z?22 + 2(2m — r)r(m — n + r)xy*z + gn_1+

(m—n+r)(4m? + 2m+7)(r —n)) x"‘zm_’"_Qy’”“g}
2m —r)((m—n+r)y?+ (2m —r)zz) ’

where g,_1 is an arbitrary homogeneous polynomial of degree n — 2m.

Computing the terms of degree n — 1 in (7) we get

yahn,l +Z8hn,1 B <:cz Lmon +r 2> Ohn_o m—n-+r0oh, mah, s = 0.

ox oy 2m —r 0z 2m —r 0z

Clearly

8hn_1 4 Zahn_l i m—n -+ Tahn
Ox Jy 2m —r 0z

f(x,y,z) =Y

is a homogeneous polynomial of degree n — 1. Solving the ordinary differen-

tial equation

— Ol —
(R T2 b+ f(ay,2) = O,
2m —r 0z
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we obtain that

hno(z,y,2) = [(m—n+r)y*+ 2m—r)zz]™ {K + (2m—r)

/ [(m —n+ r)y2 +(2m — 'r):cz}

f(@,y.2) dz],

where K is a constant of integration. Since the integrals

[(m —n+7)y*+ (2m — r)xz]m/ [(m —n+7)y* + (2m — r)2z] kg

for k =0,1,... are rational functions of the form
ka(x?yaz) . —k! (m—n+r)ky2k+
s Crpaktl )

where poy(z,y, 2) is a homogeneous polynomial of degree 2k coprime with z
and C}, is a constant. Recall that m — n + r # 0 because A # 0. Therefore
hn—2(z,y,z) can never be a polynomial. So there are no Darboux polyno-

mials h(x,y, z) of degree n > 2.

For a proof of the next proposition see [4].

Proposition 5. The following statements hold.

(a) If E = e9/" is an exponential factor for the polynomial system (2)
and h is not a constant polynomial, then h = 0 is an invariant

algebraic curve.
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(b) Eventually €9 can be an exponential factor, coming from the multi-

plicity of the infinite invariant straight line.

Proposition 6. The unique exponential factors E of system (2) are €* and

eY, except if A = —1 then we have the additional exponential factor e*+%Y.

Proof. First we prove the proposition for the Blasius system, i.e. for (2)
with A\ = 0. It follows from Propositions 5 and 4(a) that we can write
E = e9/%" with n being a non negative integer. Clearly, after simplifying

by 2" equation (4), g satisfies

dg g dg B n
(10) Yo +Z87y T2 o~ +nTg = (Bo + Brx + Py + P3z)2",

with 8; € C for ¢ = 0,1,2,3 not all zero, otherwise g would be a Darboux
polynomial coprime with z for the Blasius system, and by Proposition 4(a)
we know that the Blasius system has no such Darboux polynomials.
Denoting g = g(z,y) = g(z,y,0) we get that g # 0 (otherwise g and 2"
would not be coprime) satisfies (10) restricted to z = 0, i.e. it satisfies

9g

Solving this linear equation we obtain g = 6_’”32/(274)91 (y), where g1 is a

function in y. Since g must be a polynomial we get that n = 0. Therefore
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we have that F = €9 and it satisfies

0
y£+z

9 dg
B a—y a:zg = Bo + Bz + By + [3z.

We consider F = FEe #2%=Y  Then we can write F = e" with h = ¢g —

Box — Psy € Clz,y, z] that satisfies

Oh Oh Ooh

(11) yaia:—i_zaiy —332& = fBo + Prx.

Restricting (11) to z = 0 and setting h = h(zx,y,0) we get that

oh
yai = 60 + 613},
s
and hence
~ 2
h= i)+ 204 AT
) )

where f(y) is a function in the variable y. Since h is a polynomial we
obtain that By = 1 = 0. This implies from (11) that A must be zero or a
polynomial first integral of the Blasius system. From Proposition 2 this last
case is not possible, then h = 0. Therefore E = e”2*163¥_ This concludes
the proof of the proposition for the Blasius system.
Now we consider the Falkner—Skan system. It follows from Proposition 5
that we can write £ = e and from (4) g satisfies
Y=+ 2+ [—xz — A1 - yz)]a

a*g = Bo + Prx + Boy + P32,
yA
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with §; € C, i = 0,1,2,3 not all zero, otherwise g would be a polynomial
first integral of the Falkner—Skan system, and by Proposition 2 such first
integrals do not exist.

We consider F = Ee 2?83 Then we can write F = e" with h =

g — Box — Psy € Clz,y, 2] that satisfies

oh  oh pOh
(12) y%+za—y+[—x2—)\(1—y )]&—504-5133,

We write h = Z?:o hj where each h; = hj(z,y, 2) is a homogeneous poly-
nomial of degree j, h, # 0 and n > 1.

It is easy to check by direct computations that for n = 1 equation (12)
has no solution, and for n = 2 it has only one solution h(z,y,z) = z + xy
when A = —1, g = 1 and 81 = 0. So in what follows we consider n > 2.

We get that the terms of degree n + 1 in (12) satisfy

[—zz + )\yQ]aath = 0.

Thus hy, = hy(z,y) a homogeneous polynomial of degree n in the variables

(z,y). Computing the terms of degree n in (12) we get that

Oh, ~ Ohy
+ 22— + [~zz + A7

Ulin ahnfl
Y ox oy

0z =0
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Its solution is

z Ohy,

B Ohn Ohy,
hp—1 = hn—1(x,y) + ;Ty } )

Y 2
+ 2 log(zz — \y?) [)\yay + T

where anl = ﬁn,l(:n,y) is an arbitrary function in the variables z and y.

Since hy,—1 is a polynomial we obtain

oh,  Oh,
Ay 4 90
Yoy TTor =

and hence h,, = hy(z™*y). Since h,, # 0 is a homogeneous polynomial of
degree n > 1, we have A = —p/q with p and ¢ integers such that p > 1,
q>1,p+q=nand h, = a,zPy? where o, € C\ {0}. Of course p > 1

because A # 0. In short we have that h,, = a,2Py?. Therefore
hn-1= ﬁnfl(fm y) + anqxp—lyq—lz.

Computing the terms of degree n — 1 in (12) we get that

ahn_ 8hn— ahn—
1 +2 1 2

— y? =0
Ox Oy ez Ay 0z ’
that is
~ 1
o =hns(w,y) + S0 [2(0 — Q)y* + (q = Dqzz] 2y 2+
E 8Bn—l

Y 2
—1 A
T 0y +q:z:4 og (py” + qzz) A,
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where

[ Ohp—1
A= —anp(p — q)zPy?™ + qm3TT; — prly 67;

Since h,,_2 must be a homogeneous polynomial of degree n —2 we must have

that A = 0. Solving this linear partial differential equation we get that

~ 1
hn—1(z,y,2) = —

anp(p — @)z YT + G (2P ).

Since p+ ¢ =n and hy,_1 is a homogeneous polynomial of degree n — 1 we

obtain
h 1(z,y,2) = —;a p(p — q)a:pfzyq+l
n— ) ) p + 2q n *
Therefore
hn = apxPyd,
A1 = angaP 1yl s — #anp(p T
p+2q ’
. 1 o
2 = hna(,y) + Som [2(0 = Q)y* + (g — 1)quz] 2Py 22—
#anp(p —q)(q+ )Py z.
p+2q

Note that h,_1 is a polynomial if p > 1 and ¢ > 1, so n > 2; and that h,_o
is a polynomial if p > 3 and ¢ > 2, so n > 5.

Working in a similar way with the terms of degree n—2 in (5) we get that

~ anxp74yq72

Py =——2 _[—¢*(p + 2¢)%a*+
n—2 2q(p+2q)2[Q(p q)

p(P* (¢ — 1) — 6¢° + pg®(8 + q) — p*a(1 + 2q))y"]
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and

1 . s o
51600+ 20)*ha—s(z,y) + ana® YT 32(3(2 — @)a(p + 2¢)z*+

P ———
* T 6(p + 29)

3(p—4)(p — q)(6¢* — p* — 2pq + p*q — pg*)y*+
3(—p+q)(p+29)(p + 29 — pq — 4¢° + pg®)zy*z+

(¢—2)(q—Dalp+ 2q}2x222)} :

where h,_3 is an arbitrary polynomial of degree n — 3. Since h,_3 is a
polynomial we have that p > 5 and ¢ > 3, so n > 8.

In short if there exists an exponential factor e” satisfying (12), with h
a polynomial of degree n, then h,_, is a polynomial if p > 2s — 1 and
q>s,s0n >3s—1. Thus for s =n — 1 we get that h; is a polynomial if
n>3(n—1)—1=3n—4,i.e. ifand only if 4 > 2n, or equivalently if n = 1, 2.
But as we have mentioned by direct computations the unique exponential
factors e with h of degree 1 and 2 are the ones described in the statement

of the proposition. This completes the proof of the proposition. O

Finally the last statement of Theorem 1 follows from the next result.

Proposition 7. The Falkner—Skan system and Blasius system have no first

integrals of Darboux type.
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Proof. Let H = H(x,y,z) be a first integral of system (2), then it must

satisfy that

OH — OH ,

OH

5—0.

Assume A = 0. Then by Propositions 4 and 5 the only one Darboux
polynomial of system (2) is z and its only exponential factors are e and
e¥. So if system (2) has a Darboux first integral it must be of the form

H = 2%e"1%+02y | Thus equation (13) becomes

z“eb1x+b29(—ax + b1y + baz) =0,

or equivalently

(14) —ax 4+ b1y + baz = 0.

Assume A\ = 1/2. Then by Propositions 4 and 5 the only Darboux poly-
nomial of system (2) is 1 — y? + 22z and its only exponential factors are e®
and e¥. So if system (2) has a Darboux first integral it must be of the form

H = (1 —y? + 222)%"1%+b2Y  and equation (13) becomes

(1 —y 4+ 2xz)a eb1$+b2y(—a$ + b1y + baz) =0,
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or equivalently

(15) —ax + by 4+ bez = 0.

Assume A = —1. Then by Propositions 4 and 5 system (2) does not
have Darboux polynomials and its only exponential factors are e*, e and
e*T®Y. So if system (2) has a Darboux first integral it must be of the form

H = ebwtbaytbs(z+ay) and equation (13) becomes

D1t b2ytbs (2 42) (hy 4 b1y + by2) = 0,

or equivalently

(16) bs + byy + baz = 0.

Finally suppose that A ¢ {—1,0,1/2}. Then by Propositions 4 and 5
system (2) has no Darboux polynomials and only has the exponential factors
e” and €Y. So if system (2) has a Darboux first integral it must be of the

form H = %192 and equation (13) becomes

T2 (h1y + byz) = 0,

or equivalently

(17) b1y + bz = 0.
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From equations (13)—(17) it follows that @ = 0 and by, = 0 for k = 1,2,3
when these coefficients appears in some of the candidates to have a Darboux

first integral. Hence system (2) does not admit a Darboux first integral. [
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