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Integrability of the constrained rigid body

Jaume Llibre, Rafael Ramirez and
Natalia Sadovskaia

Abstract The integrability theory for the differential equations which de-
scribe the motion of an unconstrained rigid body around a fixed point is well
known. When there are constraints the theory of integrability is incomplete.
The main objective of this paper is to analyze the integrability of the equa-
tions of motion of a constrained rigid body around a fixed point in a force
field with potential U(y) = U(y1,72,73). This motion subject to the con-
straint (v, w) = 0 with v is a constant vector is known as the Suslov problem,
and when v = v is the known Veselova problem, here w = (wy,ws,ws) is the
angular velocity and (, ) is the inner product of R3.
We provide the following new integrable cases.

(i) The Suslov’s problem is integrable under the assumption that v is an eigen-
vector of the inertial tensor I and the potential is such that

1
U=——" (L2 + L2
21112(1M1+ 213),5

where I;, I and I3 are the principal moments of inertia of the body, p;
and po are solutions of the first order partial differential equation
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(ii) The Veselova problem is integrable for the potential

v+l

U=—it%2
2(Iys + I?)

where ¥, and Wy are the solutions of the first order partial differential

equation
oL O, oY, ov, o,

Ih—1I — Vv Iy —=— —)Y——]=0.
(I2—11) 7172 <% oy >+ 172871 271 s Pl oy s

2 2 2

"o, 72 3
h =L LI —+ -2+ =|.
where p 123(114—[2 13>

Also it is integrable when the potential U is a solution of the second order
partial differential equation
ou 0*U 0*U 0*U

22— + L1 Ih[3— L -1 —I3) —— — =
87’3+ 1238722+(T2 ! 2 3) 873872+T3873

L I I3
Moreover we show that these integrable cases contain as a particular case
the previous known results.

2 A2 2
where 7o = 173 + 173 + I373 and 73 = -+ + 2 + 3
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1 Introduction

For simplicity we shall assume that all the functions which appear in this
paper are of class C*°, although most of the results remain valid under weaker
smoothness.

Consider the differential system
x=X(x), x=(x1,...,2n) €ERY. (1)

Let £2 be an open and dense subset of R™. A non—constant function & : 2 —
R such that @ is constant on the solutions of system (1) contained in 2 is
called a first integral. We say that system (1) is explicitly integrable in (2 if it
has & : 2 — Rfor k=1,..., N — 1 functionally independent first integrals,
i.e. the rank of the (N — 1) x N Jacobian matrix

a(¢17..-,¢]\[71)
6(I1,...7IN)

b
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is N — 1 in all the points (z1,...,zy) of {2 except perhaps in a zero Lebesgue
measure set.

Let X be an open subset of RM and let Fj: 0QxY — Rforj=1,...,M be
a smooth maps. The relation F; := F; (x, Ky, ...,Ky) =0, with Ky,..., Ky
constants, is called a general integral of (1) if XFJ-|F1:M:FM:0 = 0. System
(1) is implicitly integrable if it admits M = N — 1 general integrals F; = 0, for
j=1,...,N —1 such that the rank of (N — 1) x (N — 1) Jacobian matrix

O(F1,...,Fy_1)
9(Ki1,.. . Kn 1)

(2)

is N — 1 in all the points (x, K1,...,Ky_1) of 2 x X except perhaps in a
zero Lebesgue measure set. Indeed, under condition (2) and by the Implicit
Function Theorem, we can obtain from the set of N — 1 general integrals N —1
local first integrals of the form K; = &;(x). Consequently system (1) is locally
explicitly integrable in view of the previous definition.

The integration theory of the differential equations which describe the mo-
tion of mechanical systems with nonintegrable constraints (i.e. nonholonomic
system) is not so complete as for the unconstrained systems (i.e. holonomic
systems). This is due to several reasons. One of them is that the equations
of motion of nonholonomic systems in general have no invariant measure, as
they have the equations of motion of holonomic systems, see for instance [12].

The existence of an invariant measure simplifies the integration of the dif-
ferential equations. It is well known the Euler—Jacobi Theorem : If the differ-
ential system (1) has N — 2 independent first integrals @;,...,&y_o and

N

div (M(x)X(x)) = Y

Jj=1

2MXY)
5’:1:j ’
for a convenient function M (x) > 0, then the differential system is explicitly
integrable. We observe that this condition using the divergence is necessary
and sufficient for the existence of an invariant measure with respect to the
action of the vector field (1) (due to Euler—Jacobi Theorem, see for instance
[10,12]).

Let 2 be an open subset of RN ~2. System (1) is quasi—implicitly integrable
in 2 x X if it has an invariant measure and admits N — 2 general integrals
F; (x,K1,...,KNy_2)=0for j=1,...,N —2 such that the rank of (N —2) x
(N —2) Jacobian matrix

O(F1,...,Fn_2)

0(Ki,...,Kn_2)
is N —2, in all the points (x1,...,xx) of £2 except perhaps in a zero Lebesgue
measure set and for arbitrary constants Ki,..., Ky_o.

Now we study the integrability theory for the motion of a rigid body around
a fixed point. If this mechanical system is free of constraints then its integrabil-
ity it is well known (see for instance [1]). But the integration of the equations



4 Jaume Llibre, Rafael Ramirez and Natalia Sadovskaia

of motion of this mechanical system with constraints is incomplete. For ex-
ample the integrability is in general unknown when the constraint is of the
form

<V’ w> =0, (3)

where v = v(y) = (v1, 2, v3) is a vector of R3, 7 is the unit vector of a spatially
fixed axis in the coordinate system rigidly connected with the body and such
that

v = (71, Y2, 73) = (sinzsinz, sin z cos z, cos z), (4)

(z,y,2) = (p,1,0) are the Euler angles and w = (wy, wa, w3) is the angular
velocity.

Applying the method of Lagrange multipliers the equations of motion of
the rigid body around a fixed point with the constraint (3) are (for more details
see for instance [1,4])

oU
Iab:[w/\w—k’y/\a%—,uu, F=7Aw, (v,w) =0, (5)

where I is the inertial tensor of the rigid body, i.e.

Iy Iio I3
I=| T2 1],
113 Ip3 I3

U(y)
Oy

‘wedge” product in R3. .

0
U = U(v1,72,73) is the potential function, is the gradient of U(y) with

3

respect to v, and A is the

We observe that the equations ¥ = v A w are known as the Poisson differ-
ential equations.

System (5) always has three independent first integrals, namely
1
Pr=(v, N =2 +%+% P=@pw), F=;ww+U{). (6

We shall study two particular cases with the constraint (3): the Suslov
problem (v = a) and the Veselova problem (v = «). The main objective of
this paper is to present new cases of integrability for these two problems which
contains as particular cases the previous results on the integrability of these
two problems.

1.1 The Suslov problem
The Suslov problem is the study of the motion of a rigid body around a fixed

point and subject to the nonholonomic constraint (a,w) = 0, where a is a
constant vector (see [19]). Suppose that the body rotates in a force field with
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potential U(vy) = U(y1,72,73). Applying the method of Lagrange multipliers
the equations of motion are

oU
Iw:Iw/\w+7/\a—7+ua, F=7Aw, (a,w) =0, (7)

System (7) always has the three independent first integrals (6) with v = a.

In order to have real motions we must take &1 = 1, @3 = 0 in (6). In this
case using the first integrals @3 we can reduce the problem of integration of (7)
to the problem of existence of an invariant measure and a fourth independent
first integral @4. Under these assumptions, by the Euler—Jacobi Theorem (see
for instance [10,5]) the Suslov problem is integrable [13]. In general system (7)
has no invariant measure if the vector a is not an eigenvector of the tensor of
inertia. It is well-known the following result, see [12].

Proposition 1 If a is an eigenvector of the inertial tensor I, i.e.
Ia=ka (8)

for some k € R, then the flow of system (7) preserves the Lebesgue measure

in RS = R3{w} x R*{y}.

Suslov in [19] has considered the case when the body is in absence of
external forces, i.e. U = 0. In this case the system

Iw =IwAw+ pa,
or equivalently (see [7])

Ia, w)

oA
R

(I “lan w) ,

can be solved with respect to w, i.e. it is integrable by quadratures. The analysis
of theses quadratures shows that if (8) does not holds then all trajectories
w = w(t) approach asymptotically as t — +oo to some fixed straight line on
the plane (a,w) = 0. Consequently equations (7) have no invariant measure .
The question about the possibility to find v = v(¢) by quadratures in general
remains open (for more details see [7]).

If (8) holds then along the solutions of (7) the kinetic moment (Jw, Iw) is
a first integral (see [12]).
From now on we suppose that equality (8) is fulfilled.

Without loss of generality we can choose the vector a as the third axis, i.e.
a = (0,0,1) and consequently the constrained becomes w3 = & + ycosz = 0.
Then, the equations of motion are

ou __ou . 09U __0U
97 735‘72’ 2W2 73871 ’71372, (9)

Y1 = —Y3wa2, J2 =YW, Y3 = Y1W2 — Y2wi,

Ly =7
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where I = diag(I1, I, I3), and Ij are the principal moments of inertia of the
body.

Kharlamova-Zabalina in [11] studied the case when the body rotates in the
homogenous force field with the potential U = (b,v) where the vector b is
orthogonal to the vector a. Under these conditions the equations of motion
have the first integral &, = (Iw,b).

Kozlov consider the case when b = Aa, A # 0. The integrability problem
in this case was study in [12,16]. If I; # I, apparently the equations have no
additional first integral independent of the energy integral. When I; = I and
U = X\ {a,~3) there exists the fourth integral &4 = wiy1 + waya.

For the case U = A|I|(I7'y, v), where |I| = det I, system (7) has the
1

Klebsh-Tisserand first integral ¢4 = % (Tw, Tw) — 5)\|I| <I_1’y, fy> (see for in-
stance [12]).

Okuneva in [17] proved the integrability of the Suslov problem for the

A

potential U = avy; + [y + 5 <I’1’y, 7>, where «, f and A\ are constants.
The first integral is @4 = Liw? — X\ (Iz — I3)y3 — 2372, or equivalently &4 =
Igwg - A (13 — Il)’}/% — 20&"}/1.

Dragovic et al. in [6] consider the case when the potential U = c(v1, v3 +
73)—d(7y2, Y3 +93) for arbitrary functions ¢ = ¢(vy1, Y2 +v3) and d = d(72, Y3+

73), proved that &, = 3 (Iw, Iw) + Irc(y1, v3 +73) — Lid(v2, ¥4 +73) is a first
integral of system (7).

1.2 The Veselova problem

The Veselova problem describes the motion of a rigid body which rotates
around a fixed point and subject to the nonholonomic constraint

(y,w) =9+ &cosz =0, (10)
Thus, in the case of the Veselova constraint the projection of the angular

velocity to a spatially fixed axis is zero.

Suppose that the body rotates in a force field with potential U(vy1,72,73).
Applying the method of Lagrange multipliers we write the equations of motion
in the form

. ou .
Iwzlw/\w+7/\a—+u7, A=7Aw, {vy,w)=0, (11)
Y
where I =diag([1, I, I3). System (11) has always three independent integrals
(6) with v = ~.

As proved in [20] system (11) has an invariant measure with density



Integrability of the constrained rigid body 7

Thus, in view of the Euler—Jacobi Theorem we obtain that if there exists
a fourth first integrals @, independent with @1, @5, @3, then the Veselova
problem is integrable. In order to have real motions we must take #; = 1 and
P9 = 0.

Remark 1 From (11) we get the equalities

d dy dw
L yntw)y =Y AT it
g VN = gy Me AT

('y/\w)/\Ier’yA(Iw/\er'y/\?ng)«y)
oU
=AW ANTw+ (WATWw) Ay +7A 'y/\a—,y ,

and by considering the identities

anN(dAc)={a,c)b—{a,b)c, aAN(bAc)+bA(cha)=—cA(aAD),

we obtain
d ou ou
= Tw) = —— — Y —{I . 12
R (CE- I RI) (12)
From this relation we deduce the equation
dlpw) 1 ou ou
== I—+1T — )= 1
7 p(vA oy T A (5 (w,w) ) ], (13)
2 2 2
_ 02 08
where p = \/11]213 <Il + T + 13>'

2 Statement of the main results

Our first main result is the following.

Theorem 1 The motion of the rigid body subject to the nonholonomic con-
straint wg = 0 (Suslov problem), under assumption (8) is described by system
(9). We suppose that the rigid body rotates under the action of a force field
defined by the potential

1
U=—c+—(Lpi+ L3 14
2[112( 111 + T2pi3), (14)
where M1 = Ml(’yh Y2, 737K33K4) and Mo = M2(71a Y2, ’737K37K4> with K3
and Ky constants. Assume that py and ps are solutions of the first order
partial differential equation

<8u1 8;@) O Opto
”s — ot 4y 2

- a_ 2 1
7373 7873

—0, 15
0y2 O (15)
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satisfying

O Opz  Opg O
0K3 0Ky, 0K3 0K,

Then the following statements hold.

#0  for all (y1,72,73) € R3. (16)

(a) System (9) has the general integrals

Fl = Ilwl - ,U/2(715 Y2, ’737K37K4) = 07

17
Fy = Lywy + pa (71, 72, 73, K3, K4) = 0. (7

Moreover system (9) is quasi—implicitly integrable.

(b) The first integrals of Suslov, Kharlamova-Zabelina’s, Kozlov, Dragovié-Gajicé-
Jovanovié, Klebsh-Tisserand and Tisserand-Okuneva are particular cases
of the first integrals of statement (a).

(¢) Using (17) the Poisson equations for the Suslov problem take the form

S e VN cc- S SR e SR ) (18)
e 3 I’ 2 3 I 73 g4t 1 V2 I,

We provide the solution v(t) = (v1(t), v2(t), v3(t)) for all the cases of
statement (b).

The proof of Theorem 1 is given in section 2.

We note that the potential of the equation (14) contains as particular cases
the potentials studied by the authors Suslov, Kharlamova-Zabelina’s, Kozlov,
Dragovi¢-Gaji¢-Jovanovié¢, Klebsh-Tisserand and Tisserand-Okuneva, previ-
ously defined.

Remark 2 1t is easy to check that the functions

85(717’721733 K37 K4)

H1 = + (V5 4+ 95, 1, K, Ka),
o (19)
oS (v1,v2,73, K3, K.
H2 = O 72812 3, K4) +W(vf + 73, Y2, K3, Ka),

are solutions of (15), where

3(717’727737—[(33[{4) = S(/y17’727K37K4)+/T(’712+7§a 737K37K4)d(7%+’722)7

and S, ¥, ¥, and T are arbitrary smooth functions for which (16) holds.

Remark 2 will be used for proving statement (b) of Theorem 1.

Note that in Theorem 1 we are working with two general integrals because
we are only using the two first integrals &1 = (v, ) = 1 and &3 = (w, 7) = 0.
There are two main reasons for working with two general integrals instead of
using also the energy integral @5 = (Iw, w)+ U(7), which would allow to look
for a unique general integral for determining the integrability of the Suslov
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problem. The first reason is that working with two general integrals all the
computations for studying the integrable cases are easier. The second reason
is that working with two general integrals, which are linear with respect to
the angular velocity, the Poisson differential equations can be written in the
form (18) which do not depend on the angular velocity, and consequently its
integrability is in general easier, mainly in the cases of statement (b) (for more
details see [18]).

Remark 3 The solutions of (15) can be represented in a formal Laurent series
=Y i s, me= Y bakiaad,
n,j, k€L n,j,kEZ

where anjr = anjk (K3, Ka) and by ji = by (K3, K4) are coefficients which
satisfy the equalities

Janjk — (M4 Dbpy1 16 = (K +2) (@nj-2rr2 = bno1j-1,6+2),
where n,j, k € Z.
Our second result on the Veselova problem is the following.

Theorem 2 The motion of the rigid body subject to the nonholonomic con-
straint (y,w) = 0 (Veselova problem), rotating under the action of a force field
1s defined by the potential

Ui+

U= i t%
2(Iivs + I277)

(20)

where ¥; = W;(z, z, K3, Ky) for j = 1,2 and K3 and K4 are constants. As-
sume that Wy and Wy are solutions of the first order partial differential equation

: . 2
0= (I — Ig)smzcoszsmaccosxa—
z

(21)
o o
.2 2 . 1
+ (I cos? z + Iy sin® z) By psinz— = 0,
satisfying
oV, 0¥, 0¥ 0¥ 3
- 0 Il e R°. 22
8K3 8K4 8K3 8K4 74‘ fora (71772;73) ( )
Then the following statements hold.
(a) System (11) has the general integrals
Fi = Lwiy, — Lweyn =% =0, F=pws —¥ =0. (23)

Moreover system (11) is quasi—implicitly integrable.
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(b) If W} + W3 =2W(x), then system (11) has the first integral
Liwye — Lawam = Ky.
Consequently the system is explicitly integrable.

L3 + Ir?
2

(¢) If I # I and W3 + W3 = 2¥ ( ) , then the system has the first

73
integral
2 2 2
o072 03
LiI3 | —+ —+ = = Ky.
\/123(114-]24—]3)&13 4
If I, = Iy and W} + W3 = 202 (z), then system has the first integral
2 2 2
I3 m + T3 ws = Kjy. (24)
L I3

Consequently the system is explicitly integrable.

(d) Using (23) the constraint yiwy + Yows + y3ws = 0, and the fact that v3 +
Y3 +~2 = 1, the Poisson equations for the Veselova problem take the form

2 (I + (Ia — I)) W1 + s ¥a

ne p(I27F + 1273) ’

o = Y (T2 + (I — 12)73)) W1 — 7372%2 (25)
p(I77 + 1273) ’

Ay = 117273 — I2)¥ + p(v5 + 712)![/2.

P20} + 1273)
We observe that the integral (24) is well known (see for instance [6]).

Corollary 1 Equation (21) is equivalent to the equation

o, o O M\ _ O
L1 5o )Ty — kg - o/ 0s)
( 2 1)71/72 <73 8’7 >+ 172 8/}/1 N 8’}/2 p (73 <’>/7 8’7 > 673> ( 0)
26

The proof of Theorem 2 and Corollary 1 are given in section 4.

We note that the potential (20) contains as particular subcases the poten-
tial studied by Veselova and Fedorov—Jovanovic [9)].

Under the assumption A = (I1 — I3)(I2 — I3)(I3 — I1) # 0 we introduce the
coordinates (71, T2, 73) such that

Qe
1 Z’Y%+’Y§+’Y§, 7'2:]1’)/%4—]2’}/34—]3’)/3%, 7'327 724—72 (27)
1

Hence

Vi =r1((Io+ I3)1 — 72 — IoI373),
va =ro ((I1 + I3)11 — 720 — I11373) , (28)
v3 =713 ((Ia+ L)1 — 12 — I21173)
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where

i (I2 —I3)1 o (Is —I)l> . (I — D)1
1 A ) 2 A ) 3 A .

Our last results on the Veselova problems are the following theorem and corol-
laries.

Theorem 3 The following statements hold for the Veselova problem.

(a) System (11) for A # 0 and p # 0 (i.e. we have a constrained system)
admits the first integral

1
gzs4=§||7AIW|\2—W(TM3) (29)

if and only if the potential function U and the function W satisfy the partial
differential equations of first order

877_32177'1, 8677_1/12/2177'37 |I|%+g%Z(—Tg+(ll—|—12+]3)T1)D,
(30)
where |I| = I112I3 and (71, T2, T3) are the variables defined in (27) and

U =0 (72,73) is an arbitrary function.
(b) System (11) with A # 0 and p = 0 (i.e. the system has no constraints)
admits the first integral (29) if and only if the potential function U and the
function W satisfy the following partial differential equations of first order

ou oW ou oW

=0, /=0 I|l— + — =0. 31
8’7'3 ’ 8’7'2 ’ ‘ ‘(97’2 + 87‘3 ( )
Clearly for the real motion 7 = 1.

Corollary 2 The following statements hold.

(a) System (11) with A # 0 and p # 0 admits the first integral &4 given by

1 = 9U
sl ATl = [ " nildne
T2

T3 (32)
/ <|I|g_i+(72—(11+fg+13))w) d’7'3

;? 87’3

if and only if the potential function U satisfies the linear second order
partial differential equations

oU 92U 0%U 82U
2— 4+ |I|—% — (1 + I + I3)) ——— —
+1 87’22 = (Lt bt 1)) 01307 i 8T§

e =0.  (33)
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(b) System (11) with A # 0 and p =0 admits the first integral ®4 given by

1 i ou
sihatelp+ [ (1152 ) ars (31)

T3

if and only if the potential function U satisfies the linear second order

partial differential equations

wo_, U
(97'3 o 37'2(97'2 o

Consequently U = ato, where « is a constant, is the Klebsh-Tisserand
potential, and W = —|I|ars. Thus the first integral @y is

1
§||7 A lwl|? + |I|aTs.
Corollary 3 A particular solution of (33) is the potential function

U =ao+arme + a (15 — |I|73)+
as
r1 ((I2 + I3)11 — 79 — I21373)
a5
r3((I2 + 1)1 — 72 — I Iy 73)”
where ag and o for j = 3,4,5 are constants. Consequently we have the first

&%

_"_
ro (I1 + I3)m — 70 — I1 I373) (35)

integral
1
by = 5”7 A Tw||* — T|ag (Ta73 + (I1 + I + I3) 73) + |[I|ay T3+
ay (o —I) — I3)

az (1o — Iy — I3)
ro (I + Is)T — 70 — I11373)

r1 ((I2 + I3)11 — 72 — I31373)
as (re — I — I)
rg (12 + 1)1 — 10 — IoI173)
The proof of Theorem 3 and Corollaries 2 and 3 are given in section 5.

Remark 4 Fedorov and Jovanovic in [9] claimed that

1
D= 5”7/\]‘0”2 — W(r2, 73)

1
= 51V A Lol + aa 1[Iy, 7) (T, 7) = T {T71,7) (36)
2 2 2 2 2 2
+as (127% + 13%5) +ay (I37§ + 11712) +as (II’VIQ + 127§>
71 71 72 V2 73 73
is a first integral of system (11) with the potential
e N GYe

U= (€51 (<-[2’ya ’Y> - <173’7>2> + o <I77 7> + 2 + 2 + 2
Mmoo 73
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where a; for j =1,...,5 are constants.

In fact the first integral (36) of system (11) for the previous potential in
the variables (71, 72, 73) (see (28)) becomes

1
¢ = §||7/\IWH2 — W(r2,73)

1
= §||7/\IWH2 + ai|I|mers — asll|Ts

372 + Q4 T2 +
T ((IQ + 13)7'1 — T2 — IQIng) T2 ((Il + Ig)Tl — T — 11[37'3)
A5T2

—asl] —ayly —asl
rs ({2 + 1)1 — 170 — I2I173) A3l T aaly T dhdss

The potential (37) and the function W defined in (36) write in the variables
To and 73 as

U=o ((Il + Is + Ig)TQ + |I|7‘3 — (11[2 + IoI3 + 1311) — T22) + asTo+

Q3 + Qy +
T1 ((12 + 13)7'1 — T2 — IQI3T3) T2 ((Il + Ig)Tl — T2 — 11[37'3)
as
r3 (I + 1)1 — 19 — I I173)’
3(( 2 1) 1 2 241 3) (38)
W = Ck1|I|T2T3 - a2|I|7'3
372 T Q4T i
T1 ((IQ + 13)7'1 — T2 — IQI3T3) T2 ((Il + 13)7'1 — T2 — 11[37'3)
a5T2

- Oég[l — CY4IQ — 015.[3.

rs ({2 + I1)m — 10 — IoI173)

Note that U coincide with the potential (35). Since W does not satisfy (30)
with U given by (38), it follows that @ is not a first integral.
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3 Proof of Theorem 1

After some calculations we obtain that the derivative of F) along the solutions
of (9) takes the form

Fy = 1y — fio
= U OU Ok OB OHR e )
72873 73872 o Y3w2 872%’ 1 s Y1iwW2 — YW1
Opsa Opa
oK, ! 8K2K2
ou ou Opn Opta Opiz O
= Yor— — Y3a— +wa(—Y1 s + o (e +
Ng. " B 2(— Mo, T, ) +wi(— 85, wa%)
oU oU  Fy— Opa  Ops
— _ 74— — —_— —_—
) 73(‘9% I (%3%%3%)
Fi+ po Oz Opto
+ Y 4 gy 2
T ( 9 72873)

B 0 1 9 9 0 1
7720773 (U+ 20 1y (Ilﬂ1+12ﬂ2)> *7387 (U 20, 1, (11N1+I2ﬂ2)>

0 0 0 0
+Hl< <H1 Mz) M+1M2)

I Oy Om 57 03
s (71 % 8#2 ) Iy ( 3/12 3#2 )
P 073 571 % 9y 373

here we use that Kl = KQ = 0.
In view of (14) and (15) we obtain
: F P 5#2 O F 3#2 Opiz
F=— = —VBa + - - Y25 |-
87 o 3’7 03
A similar relation can obtained for F. Hence, by considering (17) we deduce
that Fj = 0 for j = 1,2. Therefore F; = 0 and F, = 0 are two general

Fi=F>=0
integrals. Consequently there are two independent local first integrals

¢1(W1aw2a717’72a73) = K37 @4((&117(&12,’}/1,'}/2,'}/3) = K4'

Thus system (9) is locally explicitly integrable. We have a third general integral

F3(71,72,78, K3) | gy =7 +75 +73 — 1 =0.
On the other hand, system (9) has divergence zero due to the fact that its flow
preserves the Lebesgue measure, see Proposition 1.

In short, by the Euler-Jacobi Theorem it follows that system (9) is quasi—
implicitly integrable. Hence statement (a) is proved.
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From Remark 2 first we consider the functions

_ 85(717’727737[{17}(4) o ag _ 3S(’717’72»W37K1,K4) o ag

om T o’ H2 072 T Oy,

M1

Hence the equations (17) become
08 08
Flzjlwl_ai%:()a FQZIQLUQ-FT%:O. (39)
Now we show that the Suslov’s, Kharlamova-Zabelina’s and Kozlov’s first in-
tegral can be obtained from (39) .

_ For the Suslov integrable case (U =constant,and I; # I) we have that
S = C1m + Caye, where C1 = C1(K3, Ky) and Cy = Co(K3, K4) are arbitrary
constants. Since pu; = C7 and pe = Cy, taking

LK K)o B BEKy)

Cy = , —_—
! I, — I, I, — I,

(16) holds. Equations (17) write
Fi=Lw —Cy=0, Fy=1Iwy+Cy=0.
By solving this system with respect to K3 and K4 we obtain

cz 3
nghwf+hw§=?3+~fy Ky = I%0? 4+ 1202 = C2 4+ C2.
2 1
Note that K3 is the energy first integral, and K, is the kinetic moment (the
Suslov first integral).

For the Kharlamova-Zabelina integrable case (U = (b,7)) we take the
function S of the Remark 2 as

~ 2/3 ~ 3/2 f
§=—=2 (b +b K i b
T LI ( +bim + 272) 1, + 020, (b2loy1 — biLiy2)

K2 T
Wil + b31,

b1 \/~— Kbyl
S b 4 by — 22
M1 ﬁb% i hb% 1M 272 b%[l I b%[g
by = Kyb Iy
— 2 SR bin 4 boye + L
H2 ﬁlb% P 171 1 0272 b21, 1 02l

Therefore equations (17) take the form

ba = Ky
Fr=lhw — | ———\h+ b1 +bav2a+ 557—5— | =0,
1 1W1 < ﬁbf—l—bbg 1M 272 b%f1+5312>
by - KyboIo
F,=hw + | ———=\/ht+tbim1+ b2 — 5575+ | =0.
2 2W2 ( ﬁbf—i—bb% 1M 272 b%[1+b§1'2)

where h = 115 ( — Kg) , K3 and K4 are arbitrary constants. Then

(40)
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Solving this system with respect to K3 and K, we obtain

1
K3 = [1(.0% + Igwg — ﬁ (bl"}/l + bg’}/g) , K4 = Ilwlbl + IQ(UQbQ.
142

Again K3 is the energy integral and K is the well-known Kharlamova-Zabelina
first integral [11].

For the Kozlov’s integrable case (U = ays and I; = I) we take

~ 1
S = — K, arctan <31> + i/D(Vf +93)d(V; +73),
2

where

K. V1— K2
D(u) = [1\/W _ 7;17
U U
a, K3 and K, are constants. Hence

7Ky
7+

LY
i+

o= +mD(F +93), p2 = +7D(f +13).

Consequently the functions F; and Fy of (17) are

'71-“4 2 2
F1:w1—< +v2D(vi +7v5 ) =0,
i+ 3 ! 2

K
Fy =wy + ( 72 42 + 1D} +7§> =0.

i +73

Therefore, by solving this system with respect to K3 and K4 we obtain

K3:wf—i—w%—a\/l—vf—ﬁ:w%—kwg—a73, Ky = w1y +wa2ye.

So K3 is the energy integral and K, is the Kozlov—Lagrange first integral. In
fact, this integral correspond to the well-known integrable “Lagrange case” of
the Suslov problem [13].

Finally we analyze the case when the functions pq and ps of (19) are given
by the formula

=007 + 73, 1, Ks, Ka),  pa = Wa(vf + 73, 72, K3, Ka). (41)
We observe that these solutions, obtained integrating the system

O o On ) Ok
072 073 ’ o 073 '

are a particular case of equations (15). The potential function (14) in this case
coincides with the potential obtained by Dragovié-Gajié-Jovanovié in [6]. We
call this case the Generalized Tisserand case. In particular, if I; # Iy and

1= /by + (a1 + a3)(v2 +73) + (b1 + a3)¥? + fi(n),
pi2 = v/ha + (az + ag)(V3 +73) + (b2 + as)13 + fo(12),
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where aq, as, as, aq, by, by and

DKy — K ) D(BKs — Ky

h:
! I — I, I — I,

are constants, and f1 and fy are arbitrary functions, then the general integrals
Fi; =0 and F5 = 0 take the form

F = Lw — Vho + (a2 + a1) (43 +92) + (b2 + as) 2 + f2(72) =0,
Fy = Lws + /b1 + (a1 + as) (43 +92) + (b1 + a3)7? + f1(y1) = 0.

The case when f;(v;) = a;~;, for j = 1,2 was studied by Okuneva in [17],
where a7 and «o are constants.

If fi = fo =0, we obtain the Tisserand’s case [12]. By solving F; = 0

for j = 1,2 with respect to K3 and K, we get that the first integrals in the
Klebsh-Tisserand’s case are

b1 +a as +a
K3:11wf—|—lgw§—<1l 3+ 2[ 4)7%
2 1

ay+az  bytas) o ar+az  ax+ag\ o
( _[2 + Il )72 ( IQ + Il >73’
Ky = 3w} + I3w3 — (by + az + as + as) 73
— (a1 + az + b2 + as) 75 — (a1 + a3 + ag + as) 73

In short, statement (b) is proved.

Now we prove statement (c¢). First we introduce the following well-known
definition. An elliptic integral is any integral which can be expressed in the

form
/ Rlx, /P@))dz,

where R is a rational function of its two arguments, P is a polynomial of degree
3 or 4 with no repeated roots. In general, elliptic integrals cannot be expressed
in terms of elementary functions. Exceptions to this general rule are when P
has repeated roots, or when R(z,y) contains no odd powers of y. However, with
the appropriate reduction formula, every elliptic integral can be brought into
a form that involves integrals over rational functions and the three Legendre
canonical forms (i.e. the elliptic integrals of the first, second and third kind).

We observe that from the general integrals (17) it follows that

_ H2 _m

w1 = ) Wo = )
I I

thus by inserting in the Poisson equation (see formula (9)) we easily obtain
(18).
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85 (717’72a737K37 K4)

Now we deal with the case p1; = for j = 1,2. There-

8%-
fore equations (18) becomes
Y3 65 . Y3 6;§ . ’}/1 85 ’}/2 85
N=—Fo— =—-F75- T= (42)
I On

I Oy’ Loy Loy
The vector v = y(t) is determined integrating system (42).
For the Suslov case the differential system (42) takes the form
13Ch co_ 77302 co_ 11Ch + 7202
12 y 2 I] y 3 12 Il .

After integration and taking into account that 7% +~3 +~3 = 1 we deduce
that

=-

7(t) =

O e (VARG ), DOsd
20T + I3C3 I 1 —,
1307 + 15C% 11 07+ 303

I 1202 IQCQ I
72(t) = %Sinﬁsin Mt—i—a _ M’
LG+ 163 URE LCT + 1303

2
o)  sin ﬁ< |RCR+13C3 )
115

where «, 8, C1, Cy are constants.

For the Kharlamova-Zabelina case the differential system (18) is

. 3 Cy K,CoIy
== | ————1\/h+C C. ——
"L ( 1,CZ + 1,C3 Vit Con + Cam - C?L +C3L, )’

. 3 Cs K,ChiI,
= —\/h+ O+ O+ 57— |,
7 ( LC? + I,C2 \/ 1 272 C3I + C21,
. ’Yl Cy K4Coly
= —/h+C +C —
e ( T,C? + 1,03 Vit Con + Caa - CTI + C3h,
2 Cs K,C 1
—+/h+C C. ——
<«/1102 + 103 Vi Con o+ Ot C3L+C3L )
The solutions of this system are
- 4 9 Ky
’Yl - 12 (T TO) C%Il + 02212 (T 7—1)7
_ 02 2 K4
V2 = IT(T 70) m(T T2),

= \/1 — ’Y% - ’Y% = \/P4(T7T0aT17727K4)7

t=to+ 11,

/ dr
VPi(T, 70,71, T2, Kg)
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where 79, 71, T2, 4 are constants. Note that P, is a polynomial of degree four
in the variable 7. Clearly, the equations of motion are integrable in elliptical
functions of the time.

The differential system (42) in the Kozlov case takes the form

. Yo — Ky . Ky .
Y1 =3 (’YlD - 1_72) Y2 =173 (’Y2D + 1_’Y> y V3= *(1*’Y§)D7
3

where D = D(1 —~3) = D(sin?z), and K, is an arbitrary constant. Hence,
by considering the constraint wz = & + cos zy = 0 we deduce the differential
equations

K, cosz . Ky 9

P Ks, K.
T=——" = Z = D(sin z)sinz::—\/ 5(13, Ky, Ky, )

. ’ Y .2 .
5100 [S10 0 A s 2

(43)
which are easy to integrate. Note that P; is a polynomial of degree three in
the variable ~3. The solutions are

d d
osfxo*K/ Bk —I0+K4/ e ;
sin® zD(sin? ) (1 —93)v/Ps(v3, K3, Ky)
dz dvs
Y |
y=o ! sin® zD(sin? 2) yo * (1 —~3)\/Ps(v3, K3, K4)
dry-
t:t0+11[2/ 13 :
Ps(vs, K3, K3)

As we can observe in the Kozlov case as well as in Lagrange’s classical problem
of a heavy symmetric top z, y and ¢ are expressed as elliptic integral of 3.

For the Generalized Tisserand’s case the dependence v = 7(t) is determined
as follows. Let I} and I3 be the following functions

N=T1(n) =% + 93 M)lhzaqz=1-92s
Iy = Io(72) = P2 (77 + 735 72) 2 4q2=1-42-
Then the Poisson equations (18) take the form

I I

) 3 ) 3 . 111 oIh
Vlzlfh ’722%1—’27 732—7 22
1

Iy Iy

(44)

The vector v can be obtained as a function of time through the following
quadratures

dn__ T — T d2_ _ T — T
/Fl(m = h(r=m), /Fz(’Yz) Lo(r =),
t—to

\/1 =71 (1) = 3(7) = 73, / \/1 _,YQEZZ) —~2(7) - L,
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For the Tisserand case, if we suppose that hy +a; +a3 >0, a1 — by >0
and hg 4+ az + aq > 0, as — by > 0, after the integration of equation (44) we

obtain
hi4+a1+as .
=P i (VT - ) = ()
ho +as+ay .
o= [P i (V= - ) = (o),
75 = /I =22(r) = 33(),
dr
t:tm+hb/) :
V1—73(7) —3(7)
If
Va, —bil =vVay —byly =0, 71 =1=0,
hy + ha + a1 +as + a3 + aq =k2>0,
I — I
then
dr

t:t0+11]2/
1—k

In the most general case the analytical character of the solutions is essentially
more complex. Hence the proof of statement (c) follows. This completes the
proof of Theorem 1.

2sin? (o)

Remark 5(a) In all the known integrable cases studied before our work condi-
tion (16) holds everywhere, and consequently we have local first integrals
everywhere, but the known integrals are globally defined.

(b) In the previous results we determine 7 as a function of time through the
quadratures. In general these quadratures contain elliptic integrals, conse-
quently to deduce the explicit form of the time dependence require previ-
ously to invert these integral. To obtain the time dependence of the angu-
lar velocity vector we use the constraint ws = 0, and the general integrals
Tiwy — pe =0 and Tews + u1 = 0.

4 Proof of Theorem 2 and Corollary 1

We start with some preliminary computations that are necessary for proving
Theorem 2 and Corollary 3 (see [18]).

First, in view of (23), using the constraint v;w; +yawa+y3ws = Y+ cos z =
0 and 7% + 793 + 73 = 1 we deduced the relations
_ Py — Wiy P+ [ Viyes 141

wyp = , wa = , Wy = —. 45
LT p(Ig + Bl : p(1173 + I7}) 3= ()
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Consequently

vZ 4wl

—_— 46
Iy + Iy (46)

(Tw, w) =

From (45) the Poisson equations become (25), which in view of (4) we get

. v, . cos z2¥; . Wop+ (Iy — I)W¥; cosx sinx cos z
T = ’ = T ’ = . .
sin? z p Y sin® z p psin z(I; cos? z + I sin® )

(47)
From the Poisson equations (25) and equation (47) we obtain the relation

L) — (s — 0 2+ (ron — 108 o 1 (a, — n) o
P YoWs3 — Y3Ws2 o7 V3w — Y1Ww3 I Y1w2 — YaWwi1 s

oG oG oG oG
I, — 1T , =— + I1ygo— — Iy =— | ¥ + p¥- = ) — —
(( 2 1) <’Y By > Y172 172 o 271 872) 1 T P¥2 (73 <’Y Y > 97

oG

)

p(I1v3 + I73)

4 oG oG
= M((h cos? x + I sin? x)a—x + (I — Ix) cosx sinx coszsinzaz>
pPasinz  OG

p(I2 4+ 172) 9z
Thus, using that ¥; and ¥, are arbitrary functions we get that

oG oG oG
I -1 , —— + Ly o — Ly o—
( 2 1) <’Y 87 > Y172 172 871 271 872

= (I cos® x + I, sin® x)% + (I — Ix)cosz sinx coszsinz%, (48)

or 0z

0G\ G _ oG
Y3\ 8’7 (9’)/3 - 9z
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Now we calculate the derivative of ¥; = W;(x, z) for j = 1,2 along the solutions
of (47) and using (21) we obtain

% B p(Iw;im%‘)(h cos? & + I sin’ >%
—&—;(h — Iy)cosz sinx coszsinz&
(1173 + I77) 0z
sin 2 ows
2(1173 + Inf) 0z

sin z ov
(173 + 7)) 02

= 9+sinz2 <Jj> + 2cosz

0z \ 172 + L2 L3+ Iy’ (49)
d 2 o,
W = ———————— ( (Iycos® z + I sin® ) —
dt ! p([f}’% +Iz’}/12) <( 1cos”z + Ipsin” z) ox

12
+(I; — Iz) cosx sinx coszsinzl>

0z
pPasinz 0¥
p(h2 + 173) 0z
1
p (175 + I277)
1
+P(117§ + I277)

ov
(I cos® x + I sin? ) —

=OF Jx

. . v
(I1 — I3)cosx sinx coszsinz—

0z

1 ow ow
0+ (1) {7, = +hyep— — Doyt
(173 + I77) (( 2o ) <7 37>%72 2oy T 6‘72)

) v i
O+~ h)n <<7 v (117%+Iﬂf)> ! IW%JFIW%) "

v (mrrmms) 5o (7 )
172571 L3 + I3 2%5’)’2 L3+ 143 )

1
where ¥ = 3 (Q/IQ + Wg) .

Proof (Proof of Theorem 2) After some tedious computations from (11), (45),
(46), (47), (48) and (4) we deduce the relations

dFy d d
— = —(I — 1 — —W
i dt( 1W172 2w271) dat 2

0 v 2U
=60 -sinzg— U+ ———= ) +cosz | Jw, w) — —5—— | .
0z ( Livs + Iﬂ%) << ) Iivs + 12712)
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AR

Thus — = —6. Moreover,
dt

F1=F>=0

dF; _d(po) iy
dt ~ dt dt

0 4 2v
=0 -—(I,-1I — U+ ——= I T 22
(= h)my (<% Oy ( * L +I27%)> + @) L3 + I27g

8(U+W ) I 3<U+W )
o h2+072) oy, 2 +0L)

=—-0.
F1=F»=0

Here we apply the relation

v+ w3

——=— with h = constant,
I3 + It

(Iw,w)=2(h-U) =

obtained from energy integral in view of (46), and

d(pw) oU oU oU
i (I = I2)1172 <<’Y, o > + ({w, W)) + 12 o Iy v

d oU oU

T (Ihwive — Toway1) = —73 <’Y, 5’}/> + s + 73 ({w, w),

which we deduce from (12) and (13). Consequently in view of (21) we have
dF;

dt | gy —py—0
This proves statement (a) of the theorem.

To prove statement (b), first we observe that if U2 + W2 = 2¥(z), then
dw.
from (4) we obtain that de = ©. Thus if (21) holds then W, = K, = arbi-

trary constant. Consequently, from statement (a), we obtain the first integral
Iiwiye — Iowyyr = Ky4. By considering the energy integral, and in view of the
Euler-Jacobi Theorem we obtain the proof of statement (b).

=0, for j = 1,2. Hence F} = 0 and F» = 0 are general integrals.

I1y2 + Iyy?
Now we prove statement (c). If Iy # I, and W3 + W3 = 20 (M> ,

2
73
then from (4) it follows the proof of this statement by considering that the

2 2
function ¥ <1172+I271

5 ) is a solution of the equation
73

ov ov ov
0= (I —I) <% 87> Y172 + IWzaf% - 12716772

14
= (I cos® x + I, sin® x)% + (I3 — I) cos  sin x cos zsin e

)
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For proving statement (d), first we observe that the partial differential equation
(21) for Iy = I, takes the form

ow, on, Iy
_ = 1— 2,2 - — = —,
e sinz \/a + (1 — a) cos? z o 0, « I (50)

Hence

2 Vs _%_0
Oz \ sin z\/a—i— (1 —a)cos?z 0z '

Thus we get that

Wy = sin zv/a + (1 — a) cos2za—§, ¥ = ?Ti' (51)
where S = S(z, 2) is an arbitrary function. If U2 + W2 = 2W(z, K3, K4), then

"z
from (21) we deduce that ditl = O, consequently in view of (21) we obtain

that ¥7 = K, = arbitrary constant.

In particular if S = S1(z) + Kaz, then ¥; = K4, and consequently from
(51) we obtain the first integral /o + (1 — a) cos? zw3 = K4. By considering
the energy integral, and in view of the Euler-Jacobi Theorem we obtain the
proof of statement (c).

Finally we observe that differential system (47) when ¥; = Ky and I1 = I
takes the form

Ky
sin? 2 \/04 (1 —a)cos?z
— cos 2Ky

sin? z \/a + (1 — a) cos? 2
\/ a+(1—a)cos?z g
I v
The solutions of these equations are easy to obtain because it is of separable
variables. This completes the proof of Theorem 2.

Proof (Proof of Corollary 3) The proof follows from the relations (48).

5 Proof of Theorem 1 and Corollary 2

Proof (Proof of Theorem 1) From (12) and after an easy computation we have
d ou

1
The function 5”7 A Tw|? = W(y1,72,73) is a first integral if and only if

a—U Nlw ) = a—W A w
8'Y”Y - 8’}”’7 )
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I 8—U/\ —a—W/\ w)=0

Thus, by considering that (v, w) = 0, we have

consequently

oU oW
I _ P — = 2
(87 Av) o Ay =N\, (52)

or equivalently

ow
—Ay=I ' ——Ay) =21
9y v ( By 'Y) s
where A = A(71, 72, 7v3) is an arbitrary function.

To solve the partial differential equations (52) when A # 0 we use the
relations

of _, (0F , 0f  10f
8’}/]' - 27] ((97'1 +Ij 87’2 + Ij 67’3) ’

for j = 1,2,3, where f = f(v1,72,73) = f(71, 72, 73). Hence

U<Iz—f3)(3f_llaf) (Is—1) 0f L of (L-D) df I;0f

71 (97'2 |I| (97'3 Y2 (Tﬁ_maiﬁg)’ Y3 67'2 |I| (97'3 ) ’
where v = 279;17y2y3. After some computations we obtain

I<w /\f)/) — aiW/\’Y:’U <(I2 *13)431’ (Ig *11)452’ (Il 7]'2)
o m 72 V3

P3| = A
87 3> s

ou I ou oW I; oW

b, =] — - _J -
J ]87'2 |I| 67'3 87’2 |I| 87‘37

for j =1,2,3. Thus

A A A,

Io—1I3)Py = 2 (I3—1)Py = 2 (L1—L)P5 =
Ta=I5) 1 27172’7371 Ta=h)2 271’727372 (h=12)%s 271’727373

Hence, by using the relations

Iy — I3 n Is—1 n L -1 _ (I3 — L)+ I3(I — I3) + I3(Is — Ih)

I I I3 JVEYE!

(L= DL)(2—I3)(I3 — h)
B L1o15 # 0,

B(L— L)+ B3 — L)+ I3 — L) = —(I — L)(Is — I3)(Is — I,) (I + Iz + I3),
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we deduce that

(h—I)(s — L) = 1)U _ A
I 1513 o3 Mveys
(I1 = I)(Iy — I3)(Is — I;) OW _ A
a_ — T3,
VEREYE! 012 V17273 (53)
(I = I)(Io — I5)(Is — I) oU oW oU
LI l3— + — — (1 I I =
11[213 152 3(97’2 * 87’3 ( ! + 2+ 3)67'3
. )\7—2
’717273'
VERDYEDN

Denoting by 7 =

from (53) we easily obtain
(I = L) (L2 — I3)(Is — [)my27s (53)
(30). This is the proof of statement (a).

Now we consider the case A # 0 and g = 0. The equations of motion for a
rigid body without constraints are the Euler-Poisson equations

. ou .
Iw=IwNw+~vAN—, Y =7Aw.
o0
The necessary and sufficient conditions for the existence of a first integral Ky
are obtained from (52) with A = 0, because the system is free of constraints.
Hence, from (53) we get the condition (31). This completes the proof of the
theorem.

Proof (Proof of Corollary 2) From (30) and considering that 71 = 1 we have

ow . ou

- — 135>

872 8T3 (54)
ow ou

oUu
= —|I|7 + (—7’2 + (Il + I +13)) et
872 8’7'3

73

The compatibility condition of this system is given by equation (33). Hence
if U satisfies the equation (33), then the function W is obtained integrating
(54). Consequently from (29) the require first integral takes the form (32). In
short, statement (a) is proved.

Under the assumptions of statement (b) the potential function U must
satisfy the equations (31). So # = 0. Now the proof of statement (b) is easy to
obtain from the proof of the previous statement. Thus the theorem is proved.

Proof (Proof of Corollary 8) The potential function
a4

U=ag+arm + as(72 — |I|13) + —8 ———,
0 e 2(72 = Il7s) a7+ asTe + agT3
where ! Ll
a6:a4(| |a4—af;( 1+ 1L+ 3)’ (55)
5
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for arbitrary ag, a1, as, as,aq,a5 # 0, is a particular solution of (33). Then
the first integral (32) in this case becomes

1 as(asms + ag)
Dy = — ||y A Twl||? = I I I I I _—
4 2||7 w7 = ]a(r2m3 + (1 + Iz + I3) 73) + | |573+a6—|—a47'2—|—a57'3

Consequently, from (54) we get that

as(asm + ar)
=—2° 2 4 \Ias (rom3 + (I1 + Is + I373)) — |I|ay73.
pTEp————— [|ag (123 + (11 + Iz + I373)) — |I]a;73
We denote by w = a7 + asme + ag73. We study the following particular cases

a3

2

ag ==, a5=T1, 5= ril Iy, a7 =—ri(lz+ ) = w =7,
1

ar=2 a5=r ag =rol1I3, ay=-ro(l3+ 1) = w =13

4 7 5 2, 6 24113, 7 243 1 V25
2

=22 as=r ag =313, ar=-r3(lz3+ 1) = w="3

4 o 5 3, 6 34113, 7 343 1 V35
3

where 71, r2, 73 are constants given in (28). By considering that (54) and (33)
are linear partial differential equations we obtain that the linear combination
of the functions

1 1 1
U1:77 U2:77 U3:77
V3 V3 7
W, — (1 —73) + Is(1 —~3) + I171)
1 — 2 )
A
W, — L(1—77) 4+ Is(1 —~3) + 1273)
2 — 2 )
V2
W — L(1—73)+1Li(1—~7) + I373)
3 = 72 )
3

are solutions of these equations. Therefore for the potential function (35) or
what is the same

U=ay+aim + (12(7'22 - |I|T3) + asUy + asUs + asUs
W= |I|a’2 (T27_3 + (Il + 12 + 137—3)) + |I|111T3 + OZ4W1 + 055W2 + OéGW3
we obtain the first integral
1
by = §||’y A Iw||2 + —|I|a2 (T2T3 + (Il + Iy + 137'3)) + |I|a17'3—|—

az(lo(1—~3) + Is(1 —~3) + 177) N as(Ii(1 —17) + I3(1 —73) 4+ 1>73)

i V3
+as((12(1 —%5) + L(1—17) + I373))
2
V3

where a; for j = 3,4,5 are constants.
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