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DARBOUX INTEGRABILITY OF POLYNOMIAL DIFFERENTIAL
SYSTEMS IN R?

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. In this article we study the Darboux integrability of the polynomial
differential systems
P=y—2°, Yy=z-—x, i=-d—azx—Dby—cz

This system comes from the study of a Hopf bifurcation in slow-fast systems with
two slow variables and one fast variable. The tools used here for studying the
Darboux integrability can be applied to arbitrary polynomial differential systems
in R3.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Recently the Hopf bifurcations have been studied intensively in two dimensional
differential systems with one slow and one fast variable, see for instance [1, 5, 6, 10, 8].
Less analysis has been done of the Hopf bifurcations in slow-fast systems in R? with
two slow variables and one first variable, see [7, 9, 13, 14]. Guuckenheimer in [9]
reduces the study of this Hopf bifurcation to study the zero Hopf bifurcation of the
differential system

&=y — %
(1) y=z—ux,
2= —d—axr — by — cz,

where (z,y,2) € R3, a,b,¢,d € R and the dot denotes derivative with respect to the
independent variable ¢.

The vector field associated to (1) is

X = (y—xz)%—l—(z—x)% — (d+ax+by+cz)%.
Let U be an open subset in R3 such that R3\ U has zero Lebesgue measure. We say
that a real function H = H(z,y,z): U C R® — R non-constant in any open subset
of U is a first integral if H(x(t),y(t), 2(t)) is constant on all solutions (z(t), y(t), 2(t))
of X contained in U, i.e. XH);y = 0. The existence of a first integral for a differential
system in R? allows to reduce its study in one dimension. This is the main reason to
look for first integrals.
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One of the more classical problems in the qualitative theory of differential equations
depending on parameters is to characterize the existence or not of first integrals in
function of these parameters. This is a very difficult problem and not many results
can be found in the literature. One of the best tools to look for first integrals is the
Darboux theory of integrability.

Our objective is to study the Darboux integrability of system (1). Probably the
more interesting novelty of this paper is not the characterization of the Darboux
integrability of system (1), but the method for reaching this result, which can be
applied to other polynomial differential systems in R3.

Now we shall introduce the basic notions of the Darboux theory of integrability
restricted to system (1). Let C[z,y, z] be the ring of polynomials in the variables
x,y, z with coefficients in C. We say that f € Clz,vy, 2] is a Darbouz polynomial of
the vector field X if there exists a polynomial K € C[z,y, z] such that X f = K f, i.e.
(2) (y—a:g)%—ir(z—x)g—z—(d+am+by+cz)%:Kh.

The polynomial K = K(z,y, z) is called the cofactor of f. It is easy to show that the
cofactor of a Darboux polynomial of the vector field X has degree at most one, i.e.
K = ko+ kix+ koy + ksz with k; € C for 1 = 0,...,3. Note that we look for complex
Darboux polynomials in real differential systems. The reason is that frequently the
complex structure forces the existence of real first integrals, and sometimes if we only
work with the real Darboux polynomials, we cannot detect all the real first integrals.

If f € Clx,y, 2] is a Darboux polynomial of the vector field X’ then f(z,y,z) =0
is an invariant algebraic surface for the differential system (1), i.e. if an orbit has a
point in this surface then the whole orbit is contained in it. Note that a Darboux
polynomial with zero cofactor is a polynomial first integral.

The Darboux polynomials for system (1) with non—zero cofactor are characterized
in the next result.

Theorem 1. System (1) has an irreducible Darbouz polynomial with non—zero cofac-
tor if and only if a = b =0 and ¢ # 0. In this case the irreducible Darbouz polynomial
1s ¢z + d with cofactor —c.

Theorem 1 is proved in section 3.

Let I(;,,.) be the maximal interval of definition of the solution of system (1) such
that at time zero pass through the point (z,y,z). We say that a real function I =
I(z,y,2,t): U X Iz, — R non-constant in any open subset of U is an invariant if
it is constant on every solution (z(t),y(t), z(t)) contained in U, i.e. if

a a1
haiall VY St
al, ~ T

Corollary 2. System (1) with a =b =0 and ¢ # 0 has the invariant I = (cz+d)e.

=0.
U

The proof of Corollary 2 is immediate from Theorem 1 and the definition of invari-
ant.
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To know and invariant of a differential system is important because it allows to
compute either the a-limits, or the w-limits of the orbits of the system. More precisely,
if ¢ > 0 then when ¢ — @ the orbit of system (1) having maximal interval of definition
(@, w), under the assumption of Corollary 2, tends to the invariant plane ¢z +d = 0,
and studying the dynamics on this invariant plane we can determine the a-limit sets.
A similar study can be done if ¢ < 0 for the w-limit sets. For a definition of a- or
w-limit sets see [4].

An ezponential factor F(x,y, z) of the vector field X is an exponential function of
the form exp(g/h) with g and h coprime polynomials in C[z, y, z] and satisfying X F' =
LF for some L € Clz,y, z] with degree one. The exponential factors appear when
some Darboux polynomial has multiplicity larger than one, or when the multiplicity
of the plane at infinity is larger than one, for more details see [2, 12].

A first integral of system (1) is called of Darbouz type if it is a first integral of the
form

lAl ---fZ;\pFl’“---F;q
where f1,..., f, are Darboux polynomials and F}, ..., Fj are exponential factors.
The next theorem is the main result of the paper, and it characterizes the first
integrals of Darboux type for system (1).

Theorem 3. System (1) has Darbouz first integrals if and only if b = d = 0 and
a+c=10. Moreover, when system (1) has Darbouz first integrals these are functions
of Darboux type in the variable ay — z.

Theorem 3 is proved in section 4. In section 2 we introduce some auxiliary results
that will be used all through the paper.

2. AUXILIARY RESULTS

In the rest of this paper we will use the following well known result of the Darboux
theory of integrability, see for instance Chapter 8 of [4].

Theorem 4 (Darboux theory of integrability). Suppose that a polynomial vector
field X defined in R™ of degree m admits p Darboux polynomials f; with cofactors
K; fori=1,...,p and q exponential factors F; = exp(g;/h;) with cofactors L; for
Jj=1,...,q. If there exist \;, u; € C not all zero such that

p q
i=1 j=1

then the following real (multivalued) function of Darboux type
fl--~f;PF{“~-F5‘4,

substituting fl-)‘i by | fi|M if i € R, is a first integral of the vector field X .

For a proof of the next result see [11, 12].
Proposition 5. The following statements hold.
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(a) If e9/" is an exponential factor for the polynomial differential system (1) and
h is not a constant polynomial, then h = 0 is an invariant algebraic surface.

(b) Eventually €9 can be an exponential factor, coming from the multiplicity of
the infinite invariant plane.

The proof of the next result can be found in Chapter 8 of [4].

Lemma 6. Let f be a polynomial and f = szl fjaj its decomposition into irreducible
factors in Clz,y, z]. Then f is a Darbouz polynomial of system (1) if and only if all
the f; are Darbouz polynomials of system (1). Moreover if K and K; are the cofactors
of f and f;, then K = Z;Zl a; Kj.

We note that in view of Lemma 6 to study the Darboux polynomials of system (1)
it is enough to study the irreducible ones.

To prove Theorem 3 we also need one auxiliary result proved in [3]. We recall that
a generalized rational function is a function which is the quotient of two analytic
functions. In particular rational first integrals and analytic first integrals are partic-
ular cases of generalized rational first integrals. Clearly a Darboux type function is
a generalized rational function.

Theorem 7. Assume that the differential system (1) has p as a singular point and
let A1, Ao, Az be the eigenvalues of the linear part of system (1) at p. Then the number
of functionally independent generalized rational integrals of system (1) is at most the
dimension of the minimal vector subspace of R® containing the set

{(k1, ko, k3) € Z% : kyhy + kada + ksAs = 0, (k1, ka2, ks) # (0,0,0)}.
3. PROOF OF THEOREM 1

To prove Theorem 1 we state and prove some auxiliary results. We denote by N
the set of positive integers.

Lemma 8. If h is a Darboux polynomial of system (1) with non—zero cofactor K
then K = ko — mx for some ky € C and m € NU {0}.

Proof. Let h be a Darboux polynomial of system (1) with non—zero cofactor K then
K = ko + k1x + koy + k3z for some ko, k1, ko, k3 € C.

Let n be the degree of h. We write h in sum of its homogeneous partsash = >\ | h;
where each h; is a homogenous polynomial of degree i. Without loss of generality we
can assume that h, # 0 and n > 1.

Computing the terms of degree n + 1 in (2) we get that

oh,
—332 - = (lﬁﬂf + ka + k’gz)hn

Solving it we get
k k
hn = Ch(y, 2)2 ™™ exp (iy + iz),
T x
where (), is any function in the variables y, 2. Since h, must be a homogeneous
polynomial we must have k; = —m with m € NU {0}, ky = k3 = 0 and C,(y, 2) €
Cly, z] \ {0}. This concludes the proof of the lemma. O
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Proposition 9. System (1) with either a®*+b* # 0, or a = b = ¢ = 0 has no Darboux
polynomials with non—zero cofactor.

Proof. For simplifying the computations we introduce the weight change of variables
=u X, y=p?, z=p'Z t=ul,
with g € R\ {0}. Then system (1) becomes
X' =Y - X?
V' = (Z - X),
7' = —bY — p(aX +cZ) — p?d,
where the prime denotes derivative with respect to the variable T

A polynomial H(X,Y, Z) is said to be weight-homogeneous of degree r € N with
respect to the weight exponent s = (s1,s9,s3) for all ¢ € R\ {0} if we have
H(p* X, p2Y, p22) = p"H(X,Y, Z).

Let h(z,y,z) be a Darboux polynomial of system (1) with cofactor k(z,y,z).
Without loss of generality, we can assume that k(z,y,z) = ko + kix + koy + k3z.
In view of Lemma 8 we get ko = k3 = 0 and ky = —m with m € N U {0}.
Set H(X,Y,Z) = p"h(p ' X, 0 2Y,n'2) = >0 w'Hi{(X,Y,Z) where H; is the
weight-homogeneous part with weight degree n — i of H and n is the weight de-
gree of H with weight exponent s = (—1,—2,—1). We also set K(X,Y,Z) =
pk(p= X, u=2Y, u=Z) = u(ko — mu=X) = pky — mX. From the definition of a
Darboux polynomial, we have

", ,0H, ", ,OH;
y—xZ)ZMa—x (z—x Z,u (9 by—i—,u(a:z:—f—cz)vLud)ZuE
() i=0 ) i=0
(ko= ) S

1=0

where we still use x, y, z instead of X,Y, Z.
Equating in (4) the terms with p for i = 0,1,...,n + 2 we get
L[Hy) = —maH,,

L{H:] = —maHy + koHy + (ax + cz)aaHO

z
L[Hy| = —maHy + koHy + (az + CZ)_é?z (2 — x)—— » +d .

OH;_ OH;_ OH;_
L[HJ] = _m.Z‘Hj + k‘on_l + (CLJT—FCZ) a; L (z —.I‘> @; 2 +d @; 27

for j =3,...,n+ 2, where H; = 0 for j > n, and L is the linear partial differential
operator of the form

0 0
L:(y—ﬂﬂ)%—byaz
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Consider the first equation of (5), that is L[Hy| = —maHy, where Hy is a weight-
homogeneous polynomial of degree n.

By direct computation we get

HO = (1:2 - y)m/2f0(y7 U)u

where fo(y,v) is a differentiable function in y and v = 2z 4 b,/y arctanh(z/,/y). We
consider different cases.

Case 1: b # 0. In this case since Hy is a weight-homogeneous polynomial we must
have fo = fo(y) being fy a homogeneous polynomial, i.e. fo(y) = Coy' for some
Co € C\ {0}. Thus,
Hy = Cy(a® —y)™*y', Coe C\ {0},
and the weight degree of Hy is n = m + 2.
From the second equation of (5) we get

L[Hl] = —mle + k‘oHo.

Solving it we obtain

Hy = Coko(a* — y)m/le‘l/Qarctanh<%) +(2® = y)"? fiy, v),
v

where fi(y,v) is a differentiable function. Again since H; is a weight-homogenous
polynomial we must have Cyoky = 0 (which yields ky = 0 because Cy # 0), and f;
must be a function of y but since the weight-degree of Hy isn —1=m + 2l — 1 we
get that f; = 0 and thus H; = 0. In short, kg = 0 and H; = 0.

The third equation in (5) is
0H,
LIHy| = —maxHy — (2 — x)—.
[Hy) = —maHy — (2 — ) o
Solving it we get
Hy = Com(z® — y)™* 1y~ ((b — 2)y + 222)

2, \m/2,1-3/2 2 L
+ Co(z” —y)™=y <b(m+4l)\/§arctanh (\/§>

A= 1) o - B+ o) g

~((m+ A1)z + 41y/7) log(z + m) (& = )"y, 0),

where fa(y,v) is a differentiable function. Since Hs is a weight-homogenous polyno-
mial of degree n — 2 = m + 2] — 2, we must have fo = fo(y) and 4l = m + 4l = 0.
In short, [ = m = 0 and ky = 0, which yields K = 0, in contradiction with the fact
that h is a Darboux polynomial with non—zero cofactor. Hence if b # 0 there are no
Darboux polynomials with non—zero cofactor.

Case 2: b= 0. In this case we consider two subcases.
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Subcase 2.1: a # 0. The first equation in (5), i.e. L[Hy] = —maHy, together with
the fact that Hj is a homogeneous polynomial with weight-degree n yields

Hy = (% —y)™* fo(y, 2),
where gy € Cly, 2] and has weight-degree n — m. The second equation in (5) yields

0H,

L[H,| = —mxH; + koHy + (ax + cz)—— 5

Solving it we get

fo

H, = (2 — y)m/2( log(z? —y ) y 12 (ko fo + cz%)arctanh (m/ﬂ))

+ (2 =)™ fi(y, 2),

where f; is a smooth function in the variables y, z. Taking into account that H; is
a weight-homogeneous polynomial with weight-degree n — 1 and that a # 0 we get
dfy/0z = 0 and kg = 0. Hence Hy = Co(x? — y)™/?y! with Cy € C\ {0}, n = m + 21
and H, = (2% — y)"™2f1(y, z) with f, € C[y, 2] of weight-degree n —m — 1.

The third equation in (5) yields

B 0H, O0H,
L[Hs] = —mxHy + (ax + c2) P (z —x) o

Solving it we get

Hy = %(wQ — ) (yl 'm(zz —y) — (2° — y)( (ly + ay%f

%f fﬂ)» + (2 —y)" faly, 2),

) log(z® — y)

— 2y V2 ((m + 4yt — dey )arctanh(

where f5 is a smooth function in the variables y, z. Since H, must be a weight-
homogeneous polynomial, we must have ly' + aydf,/0z = 0 and (m + 4l)y' —
4eydfi/0z = 0. Using that a # 0 we obtain fi = —ly'"'z/a + ¢g1(y) and am +
4(a + ¢)l = 0. Since f; has weight degree n — m — 1 = 2l — 1 and y has weight-
degree 2, we must have g, = 0. Furthermore, if a + ¢ = 0, then m = 0 which is
not possible because then K = 0 in contradiction with the fact that the cofactor is
non-zero. Hence, a + ¢ # 0 and | = —am/(4(a + ¢)). In short, f; = —ly'"12/a,
a+c#0,1=—am/(4(a+c)) and Hy = m(z? — y)™> Yyl=Yy — 22) /4 + foly, 2)
where fy € Cly, 2] is a weight-homogeneous polynomial with weight-degree n — 2.

The fourth equation in (5) yields

_ aH? aHl 6H1
L[H3] = —maxHsz + (ax + CZ)E — (2 — 1) —=— 5 + d%'
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Solving it we get

1
H3 = W(SE’2 — y)m/271yl72 <<CL + c)m(2a(a + C)Iy

+ (2¢(a + ¢) — m)yz + maz?) + (2% — y) (% (m(4c +a(d+m))z

—da(a+ P Y log(a? ) + 57 (m(2(a + e)(ala + ) + 24)y

+ (4a+ ) — em)2?) + defa + c>2y2‘lz%>manh<%>)

0z Y
+ (xz - y)m/2f3(y7 Z),

where f3 is a function in the variables y, z. Since H3 must be a weight-homogeneous
polynomial, we have

m(4c+a(4+m))z — da(a + C)ZyH%

(6) 0z o,
m(2(a+ c)(a(a+c) +2d)y + (4(a + ¢) — cm)2®) + 4e(a + c)2y2_1z5

=0,

=0.

From the first identity in (6) we get
m(dc+a(m+4)) | ,

fg(y,Z) = 8a(a+c)2 z +92(y>
Substituting it in the second identity in (6) we obtain
2(a+c)m

- (a(a(a + ¢) + 2d)y + 2(a + ¢)2*) = 0.

Since a(a+c¢) # 0 we must have m = 0. In short, kg = m = 0, which yields K = 0, in
contradiction with the fact that A is a Darboux polynomial with non—zero cofactor.
Hence if b = 0 and a # 0 there are no Darboux polynomials with non—zero cofactor.
Subcase 2.2: a = 0. By hypothesis we also have ¢ = 0. Proceeding as in Subcase 2.1
we get that Hy = (22 —y)"™/2 fo(y, 2) where fy € C[y, 2]\ {0} is a weight-homogeneous
polynomial of weight degree n —m. The second equation in (5) becomes

L[Hl] = —mle + ]{?()H().

Solving it we get
H, = (1‘2 N y)m/2y—1/2]{;0f0(y, Z) arctanh(%) + (1‘2 N y)m/Qfl(y’ Z),
Yy

where f; is a function in y, z. Since H; is a weight-homogeneous polynomial of weight
degree n — 1, we must have kyfy = 0 and f; be a weight-homogeneous polynomial
of weight degree n — m — 1. Since fy # 0 we must have kg = 0 and H; = (2% —
y)m/2f1 (y7 'U) :

From the the third equation in (5) we get

B 0H,  OH,
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Solving it we obtain

Ha = 1 = )" (™ 22 o) — 200 - ) lon(a? = ) G

Ay
@ —y) Ofo | 4,00 k2
- (mz fo—4dy +4yz o )arctanh( )

0z VY
+ (2 =) faly, 2),

where f5 is a function in y, z. Since Hs is a weight-homogeneous polynomial of weight
degree n — 2, we must have dfy/0y = 0 and mz fo — 4dyd fy/0z = 0. Since fy # 0 we
must have m = 0. In short, kg = m = 0 which yields K = 0, in contradiction with
the fact that h is a Darboux polynomial with non—zero cofactor. Hence if b =a = 0
and ¢ # 0 there are no Darboux polynomials with non—zero cofactor. 0

In view of Proposition 9, to complete the proof of Theorem 1 we should study
the case a = b = 0 and ¢ # 0 and show that it has the unique irreducible Darboux
polynomial cz + d. We introduce the change of variables u = cz + d. Then system
(1) becomes

T=y—x°,
) d u
™) j=—diu_ g
c ¢
U= —cu

We introduce the change of variables For simplifying the computations we introduce
the weight change of variables

v=p'X, y=p?, u=p U, t=uT,
with g € R\ {0}. Then system (7) becomes

X' =Y -X?
U d
Y/:_M2X+M2___M3,
c C
U = —cul,

where the prime denotes derivative with respect to the variable T'. From the definition
of a Darboux polynomial, we have

n n

JOH; d\ ~~ ;O0H; ,OH,
(y—xz);u%—MQ(SC—%JruE);Ma—y—CW;Na—U

~ (ko = ma) 3"

=0

(8)

where we still use x,y, v instead of X,Y,U.
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Equating in (8) the terms with u for i = 0,1,...,n + 2 we get
L[Hy| = —maxH,,

H
L[Hl] = —m:le + kOHO -+ cu%7
Uu
— aIql u aHO
(9) L[H,| = —m$H2+k0H1+cuW— <E _x>8_y’
— 8H2 u aHl daHo
L[H3] - _ml‘HE] + kOHQ + CUW — <E — l’)a_y + E ay ,

8H-_1 u 6H~_2 d 8H~_3
L[Hj] = —mxHj + k‘on_l + cu a; — <E — l’) 6; -+ E a]y s
for j =4,...,n+ 3, where H; = 0 for j > n and L is the linear partial differential
operator of the form

0

L=(y—a%)=.

(y—a%)5

Consider the first equation of (9). By direct computation we get
Hy = (y — )" fo(y,w),

where fy € Cly, u] has weight-degree n — m. The second equation in (5) gives
OH
L[H ] = —maH; + koHy + cua—o.
u

Solving it and using that it has weight-degree n — 1 we get

H, = (2 — y)m/zyfl/z (kofo(y, u) + cu%)arc’canh(%) + (2 — y)m/2f1 (y, ),

which yields fo(y,u) = u=%/¢gy(y). Moreover, kg = —lc, go has weight-degree n—m—I
and H, = (22 — y)™2f1(y,u) with f; € Cly,u] and has weight-degree n — 1.
The third equation in (5) gives
L[Hs] = —maxHy + koHy + cu% — (E — x) %.
ou c oy
Solving it we obtain
(122 _ y)m/Z—lul

Ho =
2 4c

(my‘l(ux — cy)go(y) — 2¢(z® — y) log(z* — y)go(y)

+ %( — u(mgo + 4ygy(y)) + 4C2yu_l< —1Ufy + u%))arctanh(%)

Y
+ (2 = )" faly, w),
where fy € Cly, u] and has weight-degree n — 2. Since Hj is a polynomial and gy # 0
we must have gj(y) = 0, i.e, go = Co € C\ {0}, m = 0 and f; = Cyu!. This
yields n = [. Moreover, since H; has weight-degree n — 1 = [ — 1 we must have
Cy; = 0. In short, Hy = Cou™, n =1, Hy = 0 and Hy = fo(y,u) with weight-degree
n — 2 =1 — 2. Proceeding inductively we get that H; = 0 for ¢ = 2,...,n. Hence the
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Darboux polynomial is h = Cy(d + c¢z)™ with cofactor —cn. The irreducible Darboux
polynomial is d + cz with cofactor —c. This concludes the proof of Theorem 1.

4. PROOF OF THEOREM 3

We will divide the proof of Theorem 3 into different results. The first one charac-
terizes the polynomial first integrals of system (1).

Lemma 10. System (1) has a polynomial first integral if and only if b =d =0 and
a+c=0. In this case a polynomial first integral is ay — z.

Proof. Let h € Cx,y, z] \ C be a polynomial first integral of system (1). We write h
as a polynomial in the variable x as

h = i hi(y, 2)x’,
=0

where each h; € Cly, z]. The coefficient of "™ from (2) with K = 0 is
oh,  Oh,

— —a =0.

dy 0z

—nh,,

Solving it we get

hp, = F(ay — z)e” ™,
for some function F'. Thus, since h, must be a polynomial we get that n = 0 and
F' is a polynomial in the variable ay — z. In short h = hy = F(ay — z) being F' a
polynomial. Then from (2) with K = 0 we get

dF dF
_ d b =———(d+0b =0.
d(ay—z)(a(z z) + (d+ az + by + cz2)) d(ay—z)( + by + (c+a)z)
Since F' is a polynomial first integral it is not constant and thus dF'/d(ay — z) # 0.
This implies that d = b =0 and ¢ = —a. U

Theorem 3 follows directly from the following two propositions.

Proposition 11. The unique first integrals of Darbouz type for system (1) with
b=d=0 and a+ c =0 are functions of Darbouz type in the variable ay — z.

Proof. We consider system (1) with b =d =0 and a 4+ ¢ = 0, that is,

(10) t=y—2a® y=z-—2, i=a(z—2).

It follows from Lemma 10 that this system has the polynomial first integral H; =
ay — z, which obviously is a generalized rational first integral. To conclude the proof
of the proposition we shall show that system (10) has no other first integrals of
Darboux type independent with H;. To prove this we will use Theorem 7. First we
note that the singular points of system (10) are of the form (z,2z? z) with z € R.

We compute the eigenvalues Aq, Ay, A3 of the Jacobian matrix of this system on these
singular points and we get

1
)\1 :0, )\273: 5(&-21’:& (a+2x)2—4)
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Therefore ki A1 + koXo + k3A3 = 0 is equivalent to

ko(a — 2z ++/(a+2x)%2 —4) + ks(a — 2z + /(a + 2x)2 — 4) = 0,

or in other words,

ko a—2x++/(a+2x)?—4

11 — =
(1 ks a—2x—+/(a+2w)2—4

It is clear that the left-hand side of (11) is a rational number (because ko, k3 € Z),
and that choosing z in a convenient way the right-hand side of (11) is irrational.
Therefore (11) cannot hold for this convenient choice of x. Hence for this special
singular point (x, 22, x), the dimension of the minimal vector space of R? containing
the set

{(k1, ko, ks) € Z% : kydi + koda + ks = 0, (ku, ko, ks) # (0,0,0)}

is clearly one generated by (1,0,0). Thus it follows from Theorem 7 that system (10)
can only have one generalized rational first integral, which is a function of H;. This
completes the proof of the proposition. O

In the next result we characterize the exponential factors of system (1) with either

b#0,ord#0,0or c+a#0.

Lemma 12. The unique exponential factors of system (1) with eitherb # 0, ord # 0,
orc+a # 0 are:
(a) e¥ and e™~* with cofactors z—x and d+by+ (c+a)z ifa+c# 0, ora+c=0
and b # 0.
(b) e¥, e~ and e'v=2 with cofactors z — x, d and 2d(ay — z) if a + ¢ =0 and
b=0.

Proof. Let F' = exp(g/h) be an exponential factor of system (1) with cofactor L,
where g, h € C|x,y, z] with (g,h) = 1. Then from the definition of exponential factor
and in view of Proposition 5 we have that either h is a constant the we can take
h =1, or h is a Darboux polynomial of system (1).

Case 1. We first assume that F is of the form F' = exp(g) where g = g(x,y,z) €
Clx,y, 2] \ C, with cofactor L = L(x,y,z) of degree at most one. Without loss
of generality we can assume that g has no constant term and that we can write
L=1ly+ iz + loy + l32. So we have

dg dg

9]
(12) (y — xz)% + (2 — x)a—y —(d+ax+by+ cz)a—g =lo+ Lo+ by + 32

We write g as a polynomial in the variable x as
9="> gy, 2)a’,
=0

where each g; € Cly, z]. The coefficient of "™ from (12) if n > 1 is

09,  Ogn

Oy GEZO'
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Solving it we get

gn = Flay — z)e™™,
for some function F'. Thus g, = 0 if n > 1. For n = 0 we have g = go(y, 2) and the
coefficients of x from (12) are

_ 99 99 _,
oy 0z U
0 0
za—z - (d+by+cz)a—i =lp+ Ly + 32

Now solving it we get from the first equation
g9 =Glay — 2) — hy;
and from the second, introducing the variable u = ay — z, we obtain
(13) (d+by + (a+ c)(ay + )G (u) = —lo — loy — (I1 + 13)(ay + u).
We consider different subcases.
Subcase 1.1: a + ¢ # 0. In this case solving (13) we get

G(u) = — S((a+ o)l +I3)u+ (=(ly + 13)(d + by)

(a+c)
+(a+0)(lo + loy)) log(d + (a + c)u + (b + ala+ c))y)).
Since G(u) must be a polynomial we get

d(ly +1 b(ly +1 li+1
lo = M’ Iy = M and  G(u) = _Qu.
a+c a+c a+c
Then g = —liy — (I1 + I3)(ay — 2)/(a + ¢).
Subcase 1.2: a+ ¢ =0 and b = 0. In this case, d # 0 and solving (13) we get
G(u) = —%(2[0 + (ll + l3>’u + 2([2 + (Z(ll + lg))y)
Since G(u) must be a polynomial independent of y we get
u

lo =—a(ly +13) and G(u) = 5 (2lo + (L + I3)u).

Then g = —hy — (ay — 2)(2lo + (L + Is)(ay — 2))/(2d).
Subcase 1.3: a+c¢=0,b# 0 and d = 0. In this case solving (13) we get

G(u) = —;Ty(2l0 + (ll + l3)u + 2([2 + a(l1 + lg))y)
Since G(u) must be a polynomial independent of y we get

l
lb=0, ly=-l and G(u)= —27“.
Then g = —liy — la(ay — 2)/0.
Subcase 1.4: a+c =0, bd # 0. In this case solving (13) we get

SCE) (2o + (Il + Is)u+ 2(y + a(ly +15))y).
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Since G(u) must be a polynomial we get

200+ (L +l3)u+2(la + a(lh + 13))y = k2(d + by), k€ C\ {0}.
Solving it, we obtain
l bl l
K= EO’ ls=—lL, = 70 and G(u) = —Eou.

Then g = —l1y — lp(ay — 2)/d.
Case 2. We study the exponential factors of the form exp(g/h) with cofactor L =
L(z,y, z) of degree at most one, (g, h) = 1 and h is a Darboux polynomial. Therefore

g and h satisfy
(14) (y—xQ)%—l—(z— )gz (d—l—ax—l—by—ircz)g
where we have simplified the common factor exp(g/h) and we have used the fact that
h is a Darboux polynomial of system (1) with cofactor K. By Theorem 1 and Lemma
6,a=0b=0,c#0, h=(cz+d)" withn >1and K = —nc. Then (14) becomes
0 0 0
(15) (y —= )—g + (2 — :c)—g —(d+cz)== J —ncg + (lo + Lo + Loy + I32)(d+ cz)",
Ox dy 0z
with n > 1. We denote by g the restriction of g to z = —d/c. Then g # 0 (since
otherwise (h,g) # 1). In this case, g satisfies

ag d dgg
(16) (y — )837 (E + x) oy neg.

We write § as a polynomial in the variable z that is § = > ;" gi(y)z". Then the
coefficient of 2" in (16) satisfy

= Kg+ Lh,

dgm
_mgm_i:()a

dy

which yields g,, = C,,e™™¥. Since g, must be a polynomial we have m = 0 and
G = go = go(y). Therefore, from (16) we get

d dg
—(— + x)ﬂ = —ncgo,
c dy

which yields gy = 0, in contradiction with the fact that g # 0. U

my

Proposition 13. System (1) with either b # 0, or d # 0, or ¢+ a # 0 has no first
integrals of Darbouz type.

Proof. Tt follows from Theorem 4 that system (1) has a first integral of Darboux
type if and only if there exists A;, u; € C not all zero such that equation (3) is
satisfied where p, ¢ are the numbers of Darboux polynomials and exponential factors,
respectively. Furthermore, K; and L; are the cofactors of Darboux polynomials and
exponential factors, respectively. It follows from Theorem 1 that the cofactor of the
Darboux polynomials of system (1) when a = b = 0 and ¢ # 0 is —c and otherwise
there are no Darboux polynomials of system (1). We consider three different cases.
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Case 1: a =b=0 and ¢ # 0. In this case a + ¢ # 0 and it follows from Theorem 1
and Lemma 12 that equation (3) is equivalent to

—cAi + (2 — ) + po(d +cz) = 0.

Solving it we get A\ = p; = ps = 0. In short there are no first integrals of Darboux
type in this case.

Case 2: a+c =0 and b = 0. In this case d # 0 and it follows from Theorem 1 and
Lemma 12 that equation (3) is equivalent to

(2 — @) + pod + 2p3d(ay — z) = 0.

Solving it we get p1 = py = pus = 0 and there are no first integrals of Darboux type
in this case.

Case 3: Remaining cases. It follows from Theorem 1 and Lemma 12 that equation
(3) is equivalent to

p1(z — x) + pa(d + by + (¢ + a)z) = 0.
Solving it we get py = ps = 0 which concludes the proof of Proposition 13. U
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