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ABsTracCT. We present the actual state of the study of the minimal sets of Lef-
schetz periods MPery, (f) for the Morse-Smale diffeomorphisms on some closed
manifolds, as the connected compact surfaces (orientable or not) without bound-
ary, the n—dimensional torus and some other manifolds. The results on MPery (f)
are valid for C! self-maps on the mentioned closed manifolds with finitely many
periodic points all of them hyperbolic such that all the eigenvalues of the in-
duced maps on homology are roots of unity. This class of maps includes the
Morse—Smale diffeomorphisms.

1. INTRODUCTION

In the study of the discrete dynamical systems and, in particular in the study
of the orbits of self-maps defined on a given compact manifold, the periodic orbits
play an important role. These last forty years there was many results showing that
some simple assumptions force qualitative and quantitative properties (like the set
of periods) of a map. One of the first results in this direction was the famous paper
Period three implies chaos for the interval continuous self-maps, see [24].

One of the most used tool for studying the existence of fixed points and periodic
points, for continuous self maps on compact manifolds, and more generally topological
spaces which are retract of finite simplicial complexes, is the Lefschetz fixed point
theorem and its improvements (¢f. [1, 2, 7, 8, 9, 11, 18, 19, 25, 30]). The Lefschetz
zeta function (;(¢) simplifies the study of the periodic points of f. It is a generating
function for the Lefschetz numbers of all iterates of f. All these notions are defined
in Section 3.

The Morse-Smale diffeormorphisms have simple dynamic behaviour, however they
are an important class of discrete dynamical systems. Our objective is to describe the
periodic structure of these systems, in particular their minimal sets of periods. The
results that we present here are valid for a class of maps that includes the Morse-
Smale diffeomorphisms, i.e. C' maps having finitely many periodic points all of
them hyperbolic and with the same action on the homology as the Morse—Smale
diffeomorphisms.

Many papers have been published analyzing the relationships between the dynamics
of the Morse—Smale diffeomorphisms and the topology of the manifold where they are
defined, see for instance [3, 4, 5, 11, 12, 13, 14, 15, 31, 33, 35, 36, 37]. The Morse—
Smale diffeomorphisms have a relatively simple orbit structure. In fact, their set of
periodic orbits is finite, and their structure is preserved under small C' perturbations.
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Let X be a topological space. Let f : X — X be a continuous map. A point
x € M is nonwandering of f if for any neighborhood U of x there exists some positive
integer m such that f™(U) NU # (). The set of nonwandering points of f is denoted
by Q(f).

We say that x is a periodic point of f of period p if fP(x) = z and f7(x) #  for all
0 <j <p. Theset {z, f(x),..., fP~1(x)} is called the periodic orbit of the periodic
point z. If X = M is a C' manifold and f a C'' map, we say that = a periodic point
of period p, is hyperbolic if the eigenvalues of D fP(x) have modulus different from 1.

If x is a hyperbolic periodic point of f of period p, the stable manifold of x is
W (z)={ye M : d(z, ff(y)) = 0 as m — oo}
and the unstable manifold of x is
W (z)={ye M : d(z, f’"(y)) = 0 as m — —oo},

where d is the distance on M induced by the supremum norm.

We say that M is a closed manifold if it is a connected compact manifold without
boundary. A diffeomorphism f: M — M is Morse-Smale if
(i) Q(f) is finite,
(ii) all periodic points are hyperbolic, and
(iii) for each x,y € Q(f), W*(z) and W"(y) have transversal intersections.
The first condition implies that Q(f) is the set of all periodic points of f.

Two diffeomorphisms f,g € Diff(M) are C' equivalent if and only if there exists
a C! homeomorphism h : M — M such that ho f = go h. A diffeomorphism f
is structurally stable provided that there exists a neighborhood U of f in Diff(M)
such that each g € U is topologically equivalent to f. Since the class of Morse—
Smale diffeomorphisms is structurally stable inside the class of all diffeomorphisms
(see [33, 34, 32]), to understand the dynamics of this class is an interesting problem.

Let
Per(f) = {m € N : f has a periodic orbit of period m},
i.e. Per(f) is the set of periods of f.

The Lefschetz zeta function (f(t) for a C' Morse-Smale diffeomorphism f on a
closed surface M is introduced in Section 3. Using this function we define the minimal
set of Lefschetz periods MPer(f) for a such diffefomorphism f in Section 4. As
we shall see the study of this set is important because any other C' Morse-Smale
diffeomorphism ¢ on a manifold M in the same homology class than f satisfies

MPery,(f) C Per(g).

The set MPer,(f) is computable from the Lefschetz zeta function of f, and it consists
of odd positive integers, see Proposition 7. In Section 5 we mention the results related
to the MPery,(f) for maps on orientable closed surfaces, in Section 6 on non-orientable
closed surfaces, and in Section 7 on the n-dimensional torus.

The results are of two different types, some give an explicit description of the
MPer(f) for all Morse-Smale diffeomorphisms on a given manifold, see Theorems 8,
13 and 15. Other results describe what type of subsets of odd positive integers can
be MPer,(f) for some Morse-Smale diffeomorphisms f, see Theorems 9, 10, 11, 12
14, 16 and 17.

2. CYCLOTOMIC POLYNOMIALS

In this section we describe some basic properties of the cyclotomic polynomials
which we shall use in our study of the Lefschetz zeta function.
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Let n denote an integer. The n—th cyclotomic polynomial is given by

11"
(1) en(t) = =4w——,
[[ea®
d|n
d<n
for n > 1 and ¢;(¢t) = 1 — t. An alternative way to express ¢, (t) is

en(t) = [ (wi — 1),

k
for n # 2, where wy, = ¢*™*/™ and k runs over the relative primes to n and smaller
than n, for ca(t) = —(wz —¢). For more details about these polynomials see [23].
Let ¢(n) be the degree of ¢, (t). Then n = Zcp(d). So ¢(n) is the Fuler function,
d|n
which satisfies )
pn)=n H <1>
b
pln
p prime

Therefore if the prime decomposition of n is p{™ - - - pi*, then

k
o(n) = Hp?‘j_l(pj —1).
j=1

From the formula (1), we have

cn(t) = [J(@ — e/

d|n
where p is the Mébius function, i.e.
1 ifm=1,
um) =14 0 if k2|m for some k € N,

(=1)" if m =py---p, has distinct primes factors.

Lemma 1 (Gauss). Irreducible polynomials whose roots are roots of unity are precisely
the collection of cyclotomic polynomials.

Here are some elementary properties of the cyclotomic polynomials (cf. [23]).

(pl) If p > 1 is prime then ¢,(t) = (1 —t7)/(1 —1).

(p2) If p = 2r with r odd then co,.(t) = ¢, (—1).

(p3) If p = 2« with « a positive integer, then ¢, (t) =1+ 25

(p4)

S

If p = r* with r > 2 prime and « a positive integer,, then c,(t) = cr(tra_l) =

(L—t")/ (1=,

(p5) If p=2"r with r odd and n > 1, then ¢, (t) = ca, (t2"71).
(p6) For all n we have that ¢,(0) = 1, and the leading term of ¢, (¢) is 1 if n > 2.
(p7) The degree of ¢, (t) is even for n > 2.

3. LEFSCHETZ ZETA FUNCTION

Let X be a topological space which is a retract of a finite simplicial complex [20].
The compact manifolds, the CW complexes are spaces of this type. Let n be the
topological dimension of X. If f : X — X is a continuous map on X, it induces
a homomorphism on the k—th rational homology group of X for 0 < k < n, i.e.
for + H(X,Q) — Hi(X,Q). The Hi(X,Q) is a finite dimensional vector space over
Q and it is torsion free, because it is a vector space over Q. The map f,; is linear
given by a matrix with integer entries, then the Lefschetz number of f defined as

n

L(f) = Z(—l)ktrauce(f*k)7

k=0
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TABLE 1. The first thirty cyclotomic polynomials.

at)y=1-t eot) =1+t es(t) = 11_—t§
ca(t) =144 cs(t) = 11__tt5 co(t) = 11125:
11__tt7 cg(t) =1+ t4 co(t) = 1 = iz

11—:75: e (t) = 11_:5: cr2(t) = %ﬁi

c16(t) =1+1¢8 017(t) = 11__t17 Clg(t) - %Z
11++t11 exs(t) = 11—_tj3 () = 11-:_75:42

- 11:tt255 co6(t) = 11++t13 car(t) = 111tt297

is always an integer number.

The Lefschetz Fixed Point Theorem states that if L(f) # 0 then f has a fixed
point (cf. [7]). If we consider the Lefschetz number of f™, then in general is not true
that L(f™) # 0 implies that f has a periodic point of period m; it only implies the
existence of a periodic point with period a divisor of m.

The technique of using Lefschetz numbers to obtain information about the periods
of a map is also used in many other papers, see for instance the book of Jezierski
and Marzantowicz [22], the article of Gierzkiewicz and Wojcik [17] and the references
quoted in both.

The Lefschetz zeta function of f is defined as

(r(t)=exp | Y t

m>1

L{f™) m

This function keeps the information of the Lefschetz number for all the iterates of f,
so this function gives information about the set of periods of f. There is an alternative
way to compute it:

(2) Cf(t) = H det(Id*k — tf*k>(_1)k+1’

k=0
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where n = dim X, n, = dim H(X,Q), Id := Id,j is the identity map on Hy(X,Q),
and by convention det(Id., — tf.) =1 if ng = 0 (cf. [11]).

A rational linear transformation is called quasi—unipotent if their eigenvalues are
roots of unity. We say that a continuous map f : X — X is quasi—unipotent if the
maps f. are quasi—unipotent for 0 < k < n.

Proposition 2 (Shub [35]). Let M be a compact manifold. If f : M — M is a
Morse—Smale diffeomorphism, then f is quasi—unipotent.

The following result shows that the class of C' quasi-unipotent maps are more
general that the Morse-Smale diffeomorphisms.

Theorem 3 ([29]). Let M be a C* closed manifold of dimension n and f: M — M
be a C' map with finitely many periodic points all of then hyperbolic. Then the
eigenvalues of f.r are zero or roots of unity for 0 < k <n.

When X is a surface, i.e. a 2-dimensional manifold, we can compute the Lefschetz
zeta function of a quasi-unipotent self-map on X. If X = M, is an orientable surface
of genus g without boundary then Hy(X,Q) = Q, H3(X,Q) = Q and

Hi(X,Q)=Q&---®Q.
—_——
29
And if X = N, a non-orientable surface without boundary of genus g, i.e.,, X is a
connected sum of g real projective planes, then Hy(X,Q) = Q, H2(X,Q) ~ 0 and
Hi(X,Q) =08 - 2Q.
—_——
g—1
If the rational linear transformation f,j is quasi-unipotent. Then its characteristic

polynomial is in Z[z] and its factors over Z are irreducible polynomials whose roots
are roots of unity. So these factors are cyclotomic polynomials.

The following result is used to compute the Lefschetz zeta functions of f.
Proposition 4 ([26]). If f., is quasi—unipotent, then
det(Idy — tfoy) = (—1)'T9 D det(foq — tId,,).

Proposition 5. Let X be a closed surface and f : X — X be a continuous map such
that f.1 is quasi-unipotent and p(t) its characteristic polynomial .

(1) If X = N, is a non—orientable closed surface of genus g, then

(3) ) =1+

being p(t) a product of cyclotomic polynomials of degree g — 1.
(2) If X = My is an orientable closed surface of genus g, then

t
(lp( 1)2 if [ is orientation preserving,
(4) Cr(t) =
(11:)(2% if f is orientation reversing

being p(t) a product of cyclotomic polynomials of degree 2g.

We say that a rational function (f(t) is a possible zeta function, if (;(t) satisfies
formula either (3), or (4) for amap f : X — X satisfying the hypothesis of Proposition
5.

Proposition 5 allows us to describe explicitly the possible Lefschetz zeta functions
for quasi-unipotent maps on M, and N,. By finding all possible products of cyclotomic
polynomials of total degree 2g or g — 1, in the orientable or non-orientable cases
respectively. In the following paragraphs, we present the possible Lefschetz zeta
functions for small g, see [26, 28] for details.
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If X = My = S?, then (s(t) = (1 —t)~2 when f is orientation preserving, and
Cf(t) = (1 —t*)~! when f is orientation reversing.

Let X = M; = T2. If f preserves the orientation, then the possible characteristic
polynomials of f,; are:

C%(t), C%(t)a C3(t)7 C4(t), 06(t)'

So the possible zeta functions are:
(1+t)?  1+¢ 11—t 1+
1-t)2" 1-t2 (1-63 Q+t)(1-1t)?2
If f reverses the orientation, then the only possible characteristic polynomial of f,
is ¢1(t)c2(t). Then (;(t) =1 is the only possible zeta function.

L

Let X = M. If f preserves the orientation, then the possible (;(t) are:
1t 1+t 1+¢4 1+1¢5
1—t)3" (1+)(1-t)2 Q1-t2" (1+2)(1 -2

(1—13)2 11—+t (1+2)(1—13) (1+t2)?
(1—t)4" (1—t)31+1t)’ (1—¢t)3 7 (1—1t)2"°
(14+t3)(1 + 1) (1+13)? 1—tH(1+1)?  Q+t3)(1+1)?
T—02(1+1)" (Q+620-1t)? (1—1t3 1—-02
1+t (1+1) 13 14t
1-t2 7 1—t’ L+#, 1+t’
(1+4¢)*
TEDE (1+1¢)2, (1—1)2
If f reverses the orientation, then the possible (f(t) are:
L=t e P g e e

1—t’ 1+t’

In Tables 2 and 3 are listed the possible Lefschetz zeta functions for quasi-unipotent
maps on Ms.

Now we consider non—orientable surfaces. If X = Ny, i.e. the real projective plane,
then the only possible zeta function is (f(¢t) = (1 —¢)~!. When X = N, the Klein
bottle, the possible zeta functions are (¢(t) = 1 or (f(t) = (1 4+ ¢)(1 —¢)~'. When
X = Nj the possible Lefschetz zeta functions are
(1+t)? 1-# 1+t 1+1¢2

11—t (1-t2 (Q-t1+t) 1-t°

In Table 4 and 5 the possible Lezfchetz zeta functions on Ny and Nj are listed,

respectively. For higher g, see [28].

(5) 1—t, 14t

The case of X = D,,, the closed disc with n-holes, is similar to N,,1; since they
have the same homology groups, see [16].

The case of X = T™ is studied in [14] and [6]. The homology spaces of T™ with
rational coefficients are

ng
where ng = (Z) Since the homology spaces of T™ form an exterior algebra, then the
map f,1 determines all the other f,, for 2 < k < n, in the following way (cf. [38]):

Let p1(t) be the characteristic polynomial of f,1, then

p() =T,

Jj=1
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where the \; are the eigenvalues of f.;. Then the other p;(t) are expressed as:

pa(t) = JJ(t—=xN),

1<j

ps(t) = H(t_Az)\j)\l)a
1<j<l

pn(t) = t— ()\1)\2 N /\n)

Using this information, Proposition 4 and formula (2), we can compute explicitly
some of the possible possible Lefschetz zeta functions for quasi-unipotent maps on
T" (cf. [6]). In [14] all possible (;(¢) for quasi-unipotent maps on T3 and T* are
listed.

4. THE MINIMAL SET OF LEFSCHETZ PERIODS MPERL(f)

In this section we assume that X is a C' compact manifold. and let f : X — X be
a C! map. Let x be a hyperbolic periodic point of period p of f and E its unstable
space, i.e. the subspace of the tangent space T, X generated by the eigenvectors of
DfP(z) of modulus larger than 1. Let 7 be the orbit of z, the index u of v is the
dimension of E¥. We define the orientation type A of v as +1 if Df?(z) : E* — EY
preserves orientation and —1 if reverses the orientation. The collection of the triples
(p,u, A) belonging to all periodic orbits of f is called the periodic data of f. The
same triple can appear more than once if it corresponds to different periodic orbits.

Theorem 6 (Franks [10]). Let f be a C* a map on a closed manifold having finitely
many periodic points all of them hyperbolic, and let X be the periodic data of f. Then
the Lefschetz zeta function (s(t) of f satisfies

(6) Gwy= ] a-amEuT,

(pyu,A)eX

Clearly the Morse-Smale diffeomorphisms on orientable and non-orientable closed
manifolds satisfy the hypotheses of this theorem.

We remark, this theorem is also true when X is a C! compact manifold with
boundary and f : X — X a C' map such that it does not have periodic points on
the boundary of X, see [10].

Theorem 6 allows to define the minimal set of Lefschetz periods of a C' map on a
compact manifold having finitely many periodic points all of them hyperbolic. Such a
map has a Lefschetz zeta function of the form (6). Note that in general the expression
of one of these Lefschetz zeta functions is not unique as product of elements of the
form (1 & ¢P)*!. For instance the following possible Lefschetz zeta function can be
written in four different ways in the form given by (6):

(1—t3)(1+1t3) 1—1° 1—1¢ A=)+

t = = = = .

G (1) (1—-1t)2(1+41) (1-t)2(1+¢t) (1-6(1-1¢?) (1-t)(1—1¢?)
According with Theorem 6, the first expression will provide the periods {1, 3} for f,
the second the periods {1, 6}, the third the period {1,2,6}, and finally the fourth the
periods {1,2,3}. Then for this Lefschetz zeta function (;(¢) we will define its minimal
set of Lefschetz periods as

MPerL(f) = {17 3} n {17 6} n {17 276} N {la 2?3} = {1}
If ¢;(t) # 1 then it can be written as
Ne¢

(7) () = [T+ airym,

i=1
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TABLE 2. Possible Lefschetz zeta functions for orientation preserving
quasi-unipotent maps on M3

1—1t7
(1-1)3

(1—t5)(1—1t3)

1—1

1+1¢7

(1—1)2(1—t3)

(1 -5 +2)

(1—t)2(1+1¢)

(1 —t2)(1+1t3)

(1-0t

(1 +5)(1 4 t?)

(1-0?

(L+¢5)(1+¢%)

(1—6)3(1+1)

1+tH(1 -3

1+t)(1—1t)2

(1+tH(1+13)

(1—19)2(141)2

(1+1t9(1 —¢3)

1—-6)2(1+1)

(1—1t3)3
(1-1)°

(1+2)(1—t)3

(1-t3)2(1+¢%)

(1—1)3
1+1¢6
(1—1)2

(1-13)2(1+¢%)

1+1t9
(1 +3)(1 —1)2

(1+7)(1 —¢3)
1+t —1)3

(14+tH(1+t?)
(1-1)?

1 +t9(1+13)
1+t2)(1—8)2(1+1¢)

(1 =31+ 3)(1 +¢2)

(1—t)*

(1—=8)4(1+1¢)

(1=8t)3(1+1¢)

(1-t3) (1 +¢%)? (1+t2)2(1 - ¢%) (1+t?)3 (1+t2)2(1+¢%)
(1—1¢)3(1+¢)2 (1—1¢)3 (1—1)2 (1—=8t)2(1+41¢)
(1+¢2)(1 +t3)2 (14¢3)3 (1—t3)2(1+1)2 1-)(1+¢t)2(1+12)
(1—1¢)2(141)2 (1+1¢)3(1—1)2 (1—1¢)* 1—1t)3
A=A+ +3) Q+2)20+1)2 Q+2)A+0)1+¢3) (1+13)2
(1-1)3 (1-1)2 (1-1)2 (1-1)2
(1 —1t3)2 (1 —3)(1+¢?) (1 —t3)(1+¢3)

1—02 -t FEDET) (1422
(1+*)(1+¢%) (1+1%) (1+*a—1%) (I+n*(a+?)
1+t (1+1t)2 (1—1)3 (1—1)2
a J?ig; £) (1%;)7(1;02 1+ )1 +1)? A+3)(1+1)

(1—#3)1—1) (1+2)(1 - 1)2 w 11__';5

(1—t°)(1 + 1) 1415 A+5)(1+1) 144
(1—1)3 1+¢ (1—1)2

(1+tH(1+1)? 1+16 (1+t91+1)? (1 —13)2(1 +1¢)2
(1—1)2 1412 (14+t2)(1—1)2 (1—1t)4

(1+2)(1 + t)* (1+1)°

oo (1+t)4 TEnE (1—=1)2(1+¢)2
(1-0*

where A; = %1, the r;’s are positive integers, m;’s are nonzero integers and N¢ is a

positive integer depending on f.

If ¢¢(t) # 1 the minimal set of Lefschetz periods of f is defined as

MPerL(f) =

ﬂ {7'17...,7"1\[{},

where the intersection is considered over all the possible expressions (7) of (f(t).
If f(t) = 1, then we define MPer(f) := 0. Roughly speaking the minimal set of
Lefschetz periods of f is the intersection of all the sets of periods forced by the finitely
many different representations of () as product and quotient of elements of the form
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TABLE 3. Possible Lefschetz zeta functions for orientation reversing
quasi-unipotent maps on Ms3.

(1 —13)2 1=+t (A-t3)1+1¢3)
1—1? -t DR (1+2)?
(1+t2)(14t3) (14t3)2 (1—3)(1+1t)2
1+t (1+1)2 (1—1¢) (1= -1

(1+3)(1 —1t)2

I+ 1+ QA+ Q-1 1+ +1) o1

(1+t)* 14121 -1)? 1-t?

TABLE 4. Possible Lefschetz zeta functions for quasi-unipotent maps

on Ny.

1+1¢)3 13
1—1)2, (1—t)(1+t 1+t)? (
Q=07 (=)0+n), 1+ e
1+ ¢ - 1+ —t) (1+t)1+¢*) 1+
1+t ’ (1—-t)2 7’ 1—t o1t

TABLE 5. Possible Lefschez zeta functions for quasi-unipotent maps

on Ns.
1-¢ 1+ 14 ¢4 (1—3)2
(1—1t)2’ 1-t)(1+1t) 1—t’ (1—1t)3"
Q-1+t Q-1 +1t?) (1+1%)2 (14 3)(1 +t2)
1+t)(1—1)2" (1—-t)2 7 (1+t)2(1—-t) (1+t)1-t) "’
(141t%)2 1+1¢5 1=t (1+t) (A=) (1+1)?
1t (1—t)(1+12) 1—t 1-1z
(1+t3)(17t), 146, (1+t3)(1+t)’ e
L+t 1—t
areya-n,  @eeaen, LEOOET gy
T+ =2 (+D2(1-1), (1+0)7, (11+_t34

(14 tP)*L. Clearly
MPer,(f) C Per(f).

If M is a closed C! manifold we denote by F(M) the set of all C! self-maps on
M having finitely many periodic points all of them hyperbolic, and such that the
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induced maps on homology f.x are quasi-unipotent. By Proposition 2 the Morse-
Smale diffeomorphisms on M belong to F(M). It can be checked that there are
elements in F (M), which are not Morse-Smale diffeormorphisms.

The results of this article apply to maps f in F(M). Moreover the techniques used
in the proofs of the main theorems of the present paper, can be used when the map
f satisfies the hypothesis of Theorem 3, i.e. f has finitely many periodic points all
of them hyperbolic. Therefore it is possible to obtain similar results with this weaker
hypothesis.

Proposition 7 ([21, 27]). There are no even numbers in MPerp(f).

Proof. If the number 2d is in MPerz,(f) then (1 +¢24)™ is a factor of the Lefschetz
zeta function (;(t), for some m # 0. So if the factor is (1 — ¢2¢)™ it can be written
as (1 —t%)™(1 + %)™, Then due to the fact that the intersection of the exponents is
taken over all possible expressions (7) of (f(t), the number 2d is not in MPery(f).

If the factor is (1 + ¢2¢)™, then it can be written as

sy _ (L E)mA 2D (1 -t
(1 +8" = (1—2dym (L=t 4 td)m

Therefore, again 2d ¢ MPery,(f). O

5. MPERL(f) FOR MAPS IN F(M,)
In this section we summarize the results related to the minimal set of Lefschetz

periods for maps on orientable closed surfaces.

Theorem 8 ([26]). Let f € F(M,).

(a) If g =0 then MPerr(f) = {1} if f preserves orientation, and MPerp(f) =0
if [ reverses orientation.
(b) If g =1 then MPerp(f) =0 if f reverses orientation, and

0 if (p(t)=1
(1+1)° L+t

MPerr(f) = {1} if  Cp(t)= (1—1)2 or Cf(t) = 1-1)2’

. 1— ¢ 1+
(1,3} if ()= a—0 " a_na-ey

-
+

if f preserves orientation.
(¢) If g =2 and f is orientation reversing then

0 if Cf(f)=1+t2,2 2
MPery(f) = { 1 ff Cf(t):(ll:ttg)  or gfgg: (1+1)2,
w3y i GO=q—5 " aro




MINIMAL SETS OF LEFSCHETZ PERIODS FOR MORSE-SMALE DIFFEOMORPHISMS 165

(d) If g = 2 and f is orientation preserving then its MPerr(f) is one of the
following ones:

1-)1+t3) 1+t

W FGOs sy o 10
r A+)A+0? A+2)7 1488 1+
N s N oy A s g el

(142%)?

{3} if Cp(t) s m;

. (1= A+ +t) 1- 1+ (1)1 +1)?
{153} Zfo(t) &) (1_t)4 Y (1_t>2 ) 1_tv 1+t’ (1_t)2 i
(1+t2)(1 —¢t3) (1+¢3)(1+¢%)
a-03  a—naro’

1—¢ 1+6°
(1—1¢)3 or (1+t)(1—1)2’

{15} if Gp(t) is

0 if Cp(t) is 1+ t2

(e) If g =3 and f is orientation reversing then MPery(f) is 0, {1}, or {1,3}.
(f) If g = 3 and f is orientation preserving then MPerp(f) is 0, {1}, {1,3},
{1,5}, {1,7}, {3}, {3,5}, {1,3,5} or {1,3,9}.

The proof of Theorem 8 follows from the calculation of all possible Lefschetz zeta
functions, as it was shown in Section 3, and after using the definition of the Lefschetz
periods.

From the properties of the cyclotomic polynomials we obtain Theorems 9, 10, 11
and 12.

Theorem 9 ([26]). The following statements hold.

(a) If 29 — 1 is an odd prime, then {1,29 — 1} is a possible MPery(f) for some
orientation preserving map f € F(My).

(b) If g = p*Y(p—1)/2 + 1 with p odd prime then p* and p*~' are contained
in the MPerr,(f) for some orientation preserving map f € F(Mgy). If p =2
then MPerr(f) = 0.

(¢) If g is an odd prime number, then MPery(f) = 0 for some orientation pre-
serving map f € F(M).

We would like to know what kind of subsets of the positive odd integers can be
realized as MPery(f) for some maps f € F(M,), for some g. The following result
gives a partial answer to this question.

Theorem 10 ([21]). Let p1,...,px be distinct odd primes and «; ; integers, such that
ajj > a1 for 1 <i <k, 1<j<I;. Let S be one of the following sets

(]‘) S = {p17'~'7pk}’

(2) S={p;, . ...p;""}, for 1 <i <k,

3) S { 1,...,p?1’l1,...,pgk1,...,pZ“’“},
(4) *{1 pla"'apk})

(5) S={1,p;"",.. fé“}, for1 <i<k, or

(6) S = {1 p?l1,...,p?1’ll7...7pzk17...,pzkl*}.

Then there is a possible Lefschetz zeta function C;(t), with f € F(My) for some g,
such that MPerp(f)=S.
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Theorems 11 and 12 give a complete characterization when the number 1 belongs
to the minimal set of Lefschetz periods for a map f € F(M,). This characterization
is given in terms of the arithmetic properties of the cyclotomic polynomials which
are factors of the characteristic polynomial of the induced map on the first homology
space.

Theorem 11 ([21]). Let f € F(M,) an orientation reversing map. Let q(t) be the
characteristic polynomial of f.1. Then q(t) can be written as
q(t) = (eny ()7 -+ (Cni (8)) 7 (Camamy (8)71 -+ (coim, (8)7 (2 (£)) 2" (ea ()P F,

where ny,..., Nk, M1,...,m; are positive odd integers, greater than 1, and o; > 1,
B; >0,v >0, n,m >0, such that

k l
(Z w(ni)%) + (Z w(mi)2ai‘1ﬁi> +2n+2m+ 2 = 2g,
1=1

i=1
with o(m) the Euler function of m. Moreover 1 ¢ MPerr(f) if and only if

k
> wlmy)B+2m =" p(ni)yi+2n,

{d:05=1} i=1
where p(m) is the Mdbius function of m
Theorem 12 (|21]). Let f € F(M,) an orientation reversing map. Let q(t) be the

characteristic polynomial of f.1. Then q(t) can be written as Then
q(t) = (eny ()7 -+ (Cng ()7 (Comamy (8))71 -+ (camum, (£))P (ex (1)) (e2(t))*™,

where ny,...,nE, My, ...,my are positive odd integers greater than 1, and o; > 1,
B; >0,v >0, n,m >0, such that

k
(Z @(m)%) (Zw )2 ) +2n + 2m = 2g,

with ¢ the Euler function. Furthermore 1 ¢ MPery(f) if and only if
k

Z p(m;)B; +2m = Zﬂ(ni)% +2(n—1).

{j:a;=1} i=1
6. MPER(f) FOR MAPS IN F(N,)

In this section we summarize the results related to the minimal set of Lefschetz
periods for maps on non-orientable closed surfaces.

Theorem 13 (|28]). Let f be a Morse-Smale diffeomorphism on Ny, or more gen-
erally a map belonging to F(Ny).

(a) If g =1 then MPer.(f) is {1}.

(b) If g =2 then MPerp(f) is O or {1}.

(c) If g = 3 then MPer(f) is {1}, {3} or {1,3}.

(d) If g =4 then MPerp(f) is 0, {1} or {1,3}.

(e) If g =5 then MPery(f) is {1}, {3}, {5}, {1,3} or {1,5}.

(f) If g =6 then MPery(f) is 0, {1}, {3}, {1,3} or {1,5}.

(g) If g =7 then MPery(f) is {1}, {3}, {5}, {7}, {1,3}, {1,5} {1,7}, {1,3,5}

or {1,3,9}.

(h) If g = 8 then MPerr(f) is 0, {1}, {3}, {1,3}, {1,5}, {1,7}, {3,5}, {3,9},
{1,3,5} or{1,3,9}.

(i) If g =9 then MPery(f) is {1}, {3}, {5}, {7},{9}, {1,3}, {1,5} {1, 7}, {1,9},
{3,9}, {1,3,5}, {1,3,7}, {1,3,9}, {3,5,15} or {1,3,5,15}.

Theorem 14 ([28]). The following statement hold.
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(a) If g is an odd prime, then the sets {1,g} and {g} are possible MPery(f) for
some f € F(Ngy).
(b) If g = p*~Y(p—1)+1 with p an odd prime and o > 1, then the set {1,p>*~1, p~}
is a possible MPerr,(f) for some f € F(Ng).
If g is even, then the empty set is a possible MPerr(f) for some f € F(Ny).
If g is odd, then MPery(f) # 0 for all f € F(N).
For every positive integer g, {1} is a possible MPery,(f) for some f € F(Ny).
If g is odd and p is an odd prime such that 1 < p < g, then {p} is a possible
MPery(f) for some f € F(Ny).
(g) Let p1,...,px be different odd primes larger than 1, and let «oq,...,ap be
positive integers.
(g.1) Then the set {p1,...,pr} is a possible MPery(f) for some f € F(Ny),

k
where g = (Zm) k—1) if k is odd, and g = (sz> (k—2) if

1+1 1+1
k is even.

(8-2) Then the set {p{*,...,py"} is a possible MPerp(f) for some f € F(Ny)
and for some convenient genus g.

(g.3) Let p be an odd prime number. Then the set {p®*,...,p**} is a possible
MPerr(f) for some f € F(Ny) and for some convenient genus g.

(g-4) Let oy ; positive integers such that o, ; > «; 41 for 1 < i < k and
1 < j <. Then the set {p(lll’l,...,pllIl,...,pzk’l,...,p:k’lk} is a
possible MPerr(f) for some f € F(Ny) and for some convenient genus
g.

Statement (d) of Theorem 14 shows an important difference in the periodic struc-
ture between the C' Morse-Smale diffeomorphisms on orientable and non-orientable
compact surfaces without boundary. Statement (c) of Theorem 9 states that for all
orientable compact surfaces without boundary there are C' Morse-Smale diffeomor-
phisms having their minimal set of Lefschetz periods empty, and statement (d) of
Theorem 14 shows that this is never the case for C' Morse-Smale diffeomorphisms
on the non—orientable closed surfaces.

The results of statements (f) and (g) of Theorem 14 also for C! Morse-Smale
diffeomorphisms on orientable closed surfaces, and their proof are similar to the proof
of Theorem 10.

The description of the MPery (f) for Morse-Smale diffeomorphisms on Dy (and
maps in F(Dy)), which does not have periodic points on the boundary is the same
of the MPer(f) of Morse-Smale diffeomorphisms on Ngy1 (maps in F(Ng41)), since
the possible Lefschetz zeta functions are the same, see [16].

Open question. Can any finite set of odd positive integers be the minimal set of
Lefschetz periods for a C' Morse-Smale diffeomorphism on some orientable/non—
orientable compact surface without boundary with a convenient genus?

We think that the answer to this open question is positive. In [21] this open
question was stated as a conjecture for the C!' Morse-Smale diffeomorphisms on
orientable compact surface without boundary.

7. MPERL(f) FOR MAPS IN F(T")

In this section we summarize the results related to the minimal set of Lefschetz
periods for maps on the n-dimensional torus.

Theorem 15 ([14]). Let f € F(T™).

(a) If n =3 and [ is orientation preserving then MPerp(f) =0 .
(b) If n =3 and f is orientation reversing then MPery(f) =0, {1}, or {1,3}.
(¢) If n =4 and f is orientation reversing then MPerp(f) =10 .
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(d) If n = 4 and f is orientation preserving then MPer(f) = 0, {1},{1,3} or
{1,5}.

Theorem 16 ([14]). If n is even then MPerp(f) =0, for f € F(T™) and orientation
reversing. If n is odd then MPerp(f) =0, for f € F(T™) and orientation preserving.

Theorem 17 ([6]). Let f be an orientation preserving map in F(T™), withn =p—1
and p and odd prime, such that the characteristic polynomial of f.1 is cp(t), Then

MPerr,(f) ={1,p}.
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