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PERIODIC SOLUTIONS INDUCED BY AN UPRIGHT POSITION
OF SMALL OSCILLATIONS OF A SLEEPING SYMMETRICAL
GYROSTAT

JUAN L.G. GUIRAO!, JAUME LLIBRE? AND JUAN A. VERA3

ABSTRACT. The aim of this paper is to provide sufficient conditions for the
existence of periodic solutions emerging from an upright position of small os-
cillations of a sleeping symmetrical gyrostat with equations of motion

(‘l&+0&y—ﬁ$:5Fl (t,at,:'c,y,:l)),

y—ai—ﬁy:é‘FQ(t,m,i},y,y)-

2 A
being o and /3 parameters satisfying A = o2 —48 > 0 and 8— % + % <0,

€ a small parameter and, F} and F> smooth periodic maps in the variable ¢
in resonance p:q with some of the periodic solutions of the system for € = 0,
where p and ¢ are positive integers relatively prime. The main tool used is the
averaging theory.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The equations of motion of a sleeping gyrostat on the upright position under the
influence of small periodic momenta are
) i+ ay—pPx=ck (t,z,4,9,9),

y —ar _5y = EFQ (tvxv‘(t»yvy)v

for more details on them see Appendix II or papers [6] and [10]. Here the dot
denotes derivative with respect to the time ¢. The parameter € is small and the
smooth functions F} and F» define the perturbed torques which, in general, are
periodic functions in the variable ¢ and in resonance p:q with some of the periodic
solutions of the sleeping symmetrical gyrostat for € = 0, being p and ¢ positive
integers relatively prime.

Recall that a gyrostat is a mechanical system S composed by a rigid solid 57 to
which other bodies S are connected; these other bodies may be variable or rigid,
but the key property is that they must not be rigidly connected to Si, so that the
movements of Sy with respect to S; do not modify the distribution of mass within
the compound system S.

For instance, we can consider a rigid main body S, designated as the platform,
supporting additional bodies Ss, which possess axial symmetry and are designated
as rotors. These rotors may rotate with respect to the platform in such a way that
the mass distribution within the system as a whole is not altered; this will produce
an internal angular momentum, designated as gyrostat momentum, which will be
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normally regarded as a constant. Note that when this constant vector is zero, the
motion of the system is reduced to the motion of a rigid solid, see for instance
Figure 1 where a gyrostat in the frame of the three body problem is presented, and
[3, 4] or [5] for more details on this class of mechanical systems.

X

FI1GURE 1. Gyrostat with a fixed point

The objective of this paper is to provide, using the averaging theory, a system of
nonlinear equations whose simple zeros provide periodic solutions of the differential
system (1). In order to present our results we need some preliminary definitions
and notation. Periodic orbits of other kind of gyrostat have been studied for several
authors, see for instance the article [1] and the references therein.

The unperturbed system with two differential equations of second order

@) T4+ ay — Pz =0,

§— ot — Py =0,
written as a differential system of first order with four in the variables (z,z,y, ¥)
has a unique singular point at the origin with eigenvalues

:|:(U1 ’i, :l:UJQ ’i,

which are the roots of the polynomial w* — (a? — 23)w? + 2 when the parameters
a and f3 verifies that A = o? — 43 > 0. The frequencies w; are given by

2 A
since B—%ig < 0.

a® VA

R

a2 aVvA

, W2 =

As usual we define that the ratio of the two frequencies is non-resonant with m
if wom /w1 is not a rational number.

System (2) in the phase space (z,%,y,y) has two planes passing through the
origin filled of periodic solutions with the exception of the origin. These periodic
solutions have periods Th = 27/wy and Ty = 27 /w9, according they belong to the
plane associated to the eigenvectors with eigenvalues +wq i or fws i, respectively.
We shall study which of these periodic solutions persist for the perturbed system
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(1) when the parameter ¢ is sufficiently small and the perturbed functions F; for
i = 1,2 have period either pT1/q, or pT»/q, where p and ¢ are positive integers
relatively prime.

We define the constants ®; and ®5 by
-1

<I>1=2(a+¢Z)_1, o, =2(a-VA) |
and the functions:
pT1
G1(Xo,Y0) = /0 (cos (wy t) Fy (t) — sin (w1 t) F5 (t))dt,
®) .
G2(Xo,Yp) = /0 (sin (w1 t) Fy (t) + cos (wi t) F3 (t))dt,

where
(1)7 _2(1) 2 (t’ 1(t)781(t),cl(t),7)1(t))’
2 1

w1
FFty=—-——on———
2( ) (I’ng — <I>1wf

Fi(t)

Fy(t, Ai(t), Ba(t),Ci(1), Da(t))

and
1(t) = @1 (Xo cos (w1 t) + Ypsin (w1 t)),
)

A
Bi(t) = w1 Py (Yo cos (wy t) — Xgsin (wr t)),
Ci1(t) = (Xosin (w1 t) — Yy cos (w1 t)) Jwi,
Di(t) = Xpcos (wr t) + Ypsin (wy t).

A zero (X, Yy) of the nonlinear system

(4) gl(XOa YE]) = 07 g2(X07YO) = 07

such that
) ‘0,
(Xo0,Y0)=(X§,Yy)

The statement of our main result on the periodic solutions of the differential sys-
tem (1) which bifurcate from the periodic solutions of period 77 of the unperturbed
system traveled p times is the following.

0(G1,G2)
det (3(X0>Y0)

is called a simple zero of system (4).

Theorem 1. Let p and q be positive integers relatively prime and assume that
the smooth functions Fy and Fy of the equations of motion of (1) are periodic in
the variable t of period pTy/q. We assume that the ratio of the frequencies wa/wq
is not resonant with w. Then for ¢ # 0 sufficiently small and for every simple
zero (X§,Yy) # (0,0) of the nonlinear system (4), the perturbed system (1) has
a periodic solution (x(t,€),y(t,€)) tending to the periodic solution (x(t),y(t)) =
(Ai(t),C (t))|(X0,Y0):(X5‘,YO*) of the unperturbed system (2) traveled p times.

Theorem 1 is proved in section 2. Its proof is based in the averaging theory for
computing periodic solutions, see Appendix I for more details on this technique.

An application of Theorem 1 is presented in the following corollary, which will
be proved in section 3.
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Corollary 2. Assume that Fy (t,z,&,y,9) =0, Fy (t,z,%,y,y) = sin (wy t) (1 - a'cQ) y?

and that the ratio of the frequencies wa /w1 is not resonant with . Then the system
(1) for e # 0 sufficiently small has two periodic solutions (x(t,€),y(t,€)) tending to
the two periodic solutions (z(t),y(t)) = (Al(t)»Cl(t)”(xo,yo):(x,:,yk*) of (2) when

e — 0, given by (X7,Y7) = (V30/(5@1w1),0) and (X3,Y5) = (0,v2/(®1w1)).

Now we define the functions:

pT>
Go(Zo, We) = /0 ((cos (wa t) F3 (1) — sin (w2 £) Fi (1)) dt,
(5) -
Ga(Zop, W) = /0 (sin (wat) F5 (t) + cos (wa t) Fj (t))dt,

with

D
Dy — Dy
n (I)ng — <I’1wf

Fy(t) =

Fi(t)

Fy (t, Aa(t), Ba(t), C2(t), Da2(t))

Fl (t»A2(t)382(t)»c2(t)7lp2(t)) ’

and
Ag(t) = $o (Zp cos (wa t) + Wosin (we 1)) ,
Ba(t) = wo®s (W cos (wa t) — Zp sin (wa t)),
Ca(t) = (Zpsin (wa t) — Wy cos (wa t)) /wa,
Dy (t) = Zycos (wa t) + Woysin (wa t) .

Consider the nonlinear system
(6) G3(Zo, Wo) =0, Ga(Zo, Wo) = 0.

The statement of our main result on the periodic solutions of the differential
equations (1) which bifurcate from the periodic solutions of the unperturbed system
(2) with period Ty traveled p times is the following.

Theorem 3. Let p and q be positive integers relatively prime and assume that
the smooth functions Fy and Fy of the equations of motion of (1) are periodic
in the variable t of period pTs/q. Assume that the ratio of the frequencies wa/wn
is mot resonant with w. Then for ¢ # 0 sufficiently small and for every simple
zero (Z5,Wg) # (0,0) of the nonlinear system (6), the perturbed system (1) has
a periodic solution (x(t,e),y(t,e)) tending to the periodic solution (x(t),y(t)) =
(AQ(t)7CQ(t))|(Zo,WO)=(Zg,Wg) of the unperturbed system (2) traveled p times.

Theorem 3 will be proved in section 2.

In the next corollary an application of Theorem 3 is given.
Corollary 4. Assume that Fy (t,x,%,y,9y) = sin (w2 t) (1 — zz), Fa (¢, z,4,y,9) =
cos (wa t) y, and that the ratio of the frequencies we /w1 is not resonant with w. Then
system (1) for € # 0 sufficiently small has one periodic solution (x(t,e),y(t,€))
tending to the periodic solutions (z(t),y(t)) = (A2(t), C2(t)] 2, wy)=(z- w~) of the
unperturbed system (2) when e — 0, where (Z2*,W*) = (V2/(®2/w2))(1, -1).

Corollary 4 will be proved in section 3.
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2. PROOF OF THEOREMS 1 AND 3

Introducing the variables (X1, Y1, Z1, W1) = (z,,y,y) we can write the differ-
ential system (1) as a first—order differential system defined in R* in the following
form

Xl = Y17
(7) Y1=ﬁX1—OzW1 +€F1(t,X1,Y1,Z1,W1),
Zl = W17

Wl =aYy + 72y + eFs(t, X1, Y1, Z1, Wh).

Note that the differential system (7) when ¢ = 0 is equivalent to the differential
system (2), called simply in what follows the unperturbed system. When € # 0 we
called it the perturbed system.

The change of variables (X,Y, Z, W) — (X3,Y1, Z1,W1) given by

X1 P, 0 Dy 0 X

(8) Yi _ 0 w1¢’1 0 wgq)g Y
Z1 0 —1/w1 0 —1/w2 Z ’
Wi 1 0 1 0 %%

writes the linear part of the differential system (7) in its real Jordan normal form,
and this system in the new variables (X,Y, Z, W) becomes

X=wY +eFyf,
Y = —wi X +eF5,

(9) .
Z = wy W+ eF¥,
W:_WQZ+€FI,
where
)
Fi(t, XY, ZW) = =———F(t, A, B,C,D),
Py — Py
w1
S, XY, Z W)= ———-——SFi(t B,C,D
2(a y Ly &y ) <I>2w§—<1)1w% 1( 7“4’ s Ly )a
)
Ff(t, X,Y, Z,W) = ————Fy(t,A, B,C, D),
Py — Py
wa

Fyt, XY, Z W)= ———<Fi(t B,C,D

4(a y Ly 4y ) <I>2w§—<1>1w% 1( 7“4’ y Ly )
with

Y W
A:(I)1X+(I)QZ, B:w1<I>1Y+w2<I>2VV, C:—w——w—, D:X+Z
1 2

Now, in the following lemma we characterize the periodic orbits of the unper-
turbed system as a first step for proving Theorems 1 and 3.

Lemma 5. The periodic solutions (X (t),Y (t), Z(t), W(t)) of the differential system
(9) with e =0 are

(10) (Xocos (wr t) + Ypsin (wy t), Yy cos (wy t) — Xpsin (wy t),0,0),
of period Ty, and
(11) (0,0, Zo cos (wa t) + Woysin (wa t) , Wy cos (wa t) — Zp sin (w2 t)),
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of period Ts.
Proof. Since (9) for e = 0 is a linear differential system the proof follows easily. O

Proof of Theorem 1. Assume that the functions F; and Fy of (1) are periodic in
t of period pT1/q with p and ¢ positive integers relatively prime. Then, we can
consider that the differential system (9) and the periodic solutions (10) have the
same period pT7.

We apply Theorem 6 of Appendix I to the differential system (9), and we use
the notation introduced there. Note that system (9) can be written in the form of
system (12) taking

X w Y Fy 0

Y —w X F} 0
X = ,Go(t,X)Z ,Gl(t,x): ,Gg(t,X,&‘):

z wy W F} 0

W —wy Z F} 0

Now we shall study what periodic solutions of the unperturbed system (9) with
e = 0 of the type (10) persist as periodic solutions for the perturbed one for € # 0
sufficiently small.

We start with the description of the different elements which appear in the
statement of Theorem 6 for the particular case of the differential system (9). Thus,
we have that Q = R*, k = 2 and n = 4. Now, let 71 > 0 be arbitrarily small and
let o > 0 be arbitrarily large. Let V' be the open and bounded subset of the plane
Z =W =0 of the form V = {(Xy,Y5,0,0) € R* : r; < /X2 + Y7 < r2}. As usual
Cl(V') denotes the closure of V. If a = (X, Yp), then we identify V' with the set
{a € R? : 71 < ||a|| < ra}, being || - || the Euclidean norm in R?. The function
B:CI(V) — R2is B(a) = (0,0). Therefore, for our system we have

Z =124 = (0, B()), a € CI(V)} = {(X0,Y5,0,0) € R* : 1y < /X2 +YZ <12}
We consider for each z, € Z the periodic solution x(t,z,) = (X(¢),Y (¢), 0,0)
given by (10) of period pT}.

Computing the fundamental matrix M, (t) of the linear differential system (9)
with e = 0 associated to the pTj—periodic solution z, = (Xo, Yp,0,0) such that
M, (0) be the identity of R, we get

cos(wit) sin(wyt) 0 0

_ —sin (wyt) cos(wt) 0 0
M, (t) = M(t) = 0 0 cos (wat)  sin(wat)
0 0 —sin (wat) cos(wet)

Note that the matrix M, _(t) does not depend of the particular periodic solution
x(t, Zq, 0). The matrix

0
0
prw

0
0
2 sin? ( pm.)g) sin ( )
0 0 —sin <2p7rw2> 2 sin (pmug)
w1
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satisfies the assumptions of statement (ii) of Theorem 6 because the determinant

9gin? [ PTw2 . 2pmwe

sin sin s

2pt7:2u Wi = 4 gin? p #0,
. ( 2) . 9 (pm@) w1

—sin | —= 2sin” [ ——

w1 w1

because the ratio of the frequencies is non—resonant with 7. In short, all the as-
sumptions of Theorem 6 are satisfied by the system (9).

For our system the map & : R* — R? has the form ¢(X,Y, Z, W) = (X,Y).
Calculating the function

1 T .
G(Xo,Y0) =G(a) =¢ <p—T1/o M, (f)Gl(t’X(t,Za,O))dt> ;

we obtain that
g(X07 Yb) - (gl (XOa YO))QQ(X07YO))7

where the functions Gy, for k = 1,2 are the ones given in (3). Then, by Theorem
6 we have that for every simple zero (X§,Y;) € V of the system of nonlinear
equations (4) we have a periodic solution (X,Y, Z, W)(t, €) of system (9) such that

(X,Y,Z,W)(0,¢e) = (X7,Yy,0,0) when e — 0.

Going back through the change of coordinates (8) we get a periodic solution
(X1,Y1,Z1,Wi)(t,e) of system (9) such that

Xi1(t,e) Dy (X cos (wrt) + Yy sin (wq t))
Yi(t,¢e) w1 Py (Y cos (wrt) — X sin (w1 t))
— when ¢ — 0.
Z1(t,€) (X sin (w1 t) — Y5 cos (w1 t)) Jwy
Wi(t,e) X§ cos (w1 t) 4+ Yy sin (wy t)

Consequently we obtain a periodic solution (z,y)(t, €) of system (1) such that
D1 (X cos(wit)+ Yy sin (w t))

z,y)(t,
e ( (X3 sin (w1 1) — Yy cos (w1 1)) /o

) when € — 0.

This completes the proof of the theorem. O

Proof of Theorem 3. The proof is analogous to the proof of Theorem 1 changing
the roles of Ty for T5. O

3. PROOF OF THE TWO COROLLARIES

Proof of Corollary 2. Under the assumptions of Corollary 2 the nonlinear system
(4) becomes

P2 XY (1 — (X2 + YE)wid?)
G1(Xo, o) = =0,
1(Xo, Yo) APy — Pa)w?
Dy ((5X¢ + 6X3YE + V) wid? — 2(3X2 + YY)

16((131 - <I)2)w%

gQ(XOaYE)) - :O
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This system has the following four solutions
V30 V2
XY ) =|£— d (X5,Yy) = +—.
(X0, Yq) ( 5<I>1w1’0 and (Xg,Yy) 0, Doy

Note that the solutions which differs in a sign are different initial conditions of
the same periodic solution of the system (2). Moreover, since

4 0(G1,G2) _ 9P2
“\ axo. e = 5008%(@ — 8 7 °
(Xo, Yo) (XO,YO):(i5gf§1 ,0) (P 2)w?
and
0(G1,G2) P2
det PYETEETEN [ — 7é O,
8(X07YO) (XO’YO):(O’j:(b\l/El) 8@%((1)1 — @2)(4}?

these solutions are simple. Finally, by Theorem 1 we only have two periodic solu-
tions for the system of this corollary. O

Proof of Corollary 4. Under the assumptions of Corollary 4 the nonlinear system
(6) becomes

w2(2 + CUQ(I)%WOZO)
Zy, W) = =0 Zy, Wy) =
G3(Zo, Wo) H@2D; — wldy) . Ga(Zo, Wh)

This system only has the two real solutions

<zs,wg>=< v2_ 2 ) and <Z;;,W3‘>=< v V2 )

P03 (WG — Z3)

=0.
8((.«)%@1 - w%@g)

<I>21/w2’_<1)21/w2 _(I)Z\/w2, @2\/“}2

both providing different initial conditions of the same periodic orbit of the unper-
turbed system. Since

det 0(G3,04) _ 3w 20
NZ5 Wl (zgwir= (e pn2) | AT D1 — w3 ®2)°

by Theorem 3 we only have one periodic solution of the differential system of this
corollary. O

APPENDIX I: BASIC RESULTS ON AVERAGING THEORY
In this appendix we present the basic result from the averaging theory that we
shall need for proving the main results of this paper.
We consider the problem of the bifurcation of T—periodic solutions from a dif-
ferential system of the form
(12) x(t) = Go(t,x) + G (t,x) + 2Ga(t, %, €),

with e = 0 to € # 0 sufficiently small. Here the functions Gy, G1 : R x @ — R™ and
Gy : R x Q x (—€p,&0) — R™ are C? functions, T-periodic in the first variable, and
Q) is an open subset of R™. The main assumption is that the unperturbed system

(13) X(t) = Go(t,X),

has a submanifold of periodic solutions. A solution of this problem is given using
the averaging theory.
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Let x(¢, z, ) be the solution of the system (13) such that x(0,z,e) = z. We write
the linearization of the unperturbed system along a periodic solution x(t,z,0) as

(14) v = DxGo(t,x(t,2,0))y.

In what follows we denote by M,(t) some fundamental matrix of the linear differ-
ential system (14), and by £ : R x R"™% — RF the projection of R™ onto its first
k coordinates; i.e. &(x1,...,xn) = (z1,...,Zk).

We assume that there exists a k—dimensional submanifold Z of Q filled with
T-periodic solutions of (13). Then an answer to the problem of bifurcation of
T-periodic solutions from the periodic solutions contained in Z for system (12) is
given in the following result.

Theorem 6. Let V be an open and bounded subset of R¥, and let 5 : C1(V) — R"—F
be a C? function. We assume that

(1) 2 ={2q = (o, B(av)), a € C(V)} C Q and that for each z, € Z the solu-
tion x(t,2q) of (13) is T —periodic;

(i) for each zo € Z there is a fundamental matriz My, (t) of (14) such that
the matriz M, ' (0) — M, ' (T) has in the upper right corner the k x (n — k)

z
zero matriz, and in the lower right corner a (n — k) x (n — k) matriz A,

with det(Ay) # 0.
We consider the function G : CLl(V) — R¥

T
(15) Gla)=¢ (%/0 Mzul(t)Gl(t,x(t,za,O))dt> .

If there exists a € V with G(a) = 0 and det ((dG/da) (a)) # 0, then there is a
T -periodic solution x(t,e) of system (12) such that x(0,¢) = z, as e — 0.

For a proof of Theorem 6 see Malkin [7] and Roseau [9], or [2] for shorter proof.

4. ApPPENDIX II: EQUATIONS OF MOTION

Let OXY Z be an inertial reference system and Ozyz a mobile one with origin
at the fixed point of the gyrostat. Let we denoted by A and C' the inertia momenta,
by w = (p,q,r) the angular velocity, by 1= (Ap, Agq, Cr) the angular momentum,
by 1. = (0,0,1) the gyrostatic momentum and by M the total momentum induced
by the axial forces of a symmetric potential V' (k3). The Poisson vector is denoted
by k = (k1, k2, k3).

The equations of motion on the non—inertial reference system Oxyz are given by

ltox(1+1)=M, dk=wxk,

see for more details [6]. More precisely

Ap= (A=CO)qr—lg+k2V'(k3),

Ajg= (C—Apr+Ip—kV'(ks),

= 0,

(16) .
kl = 7"]62 - qkdv
]-CQ = pk3 - rkl»

ks = gk — pko.
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Clearly the points (p = 0, ¢ = 0, 7 = ro, k1 = 0, ke = 0, k3 = 1) and
(p=0,¢g=0,7r=r0, k1 =0, ke =0, ks = —1) are equilibria solution of the
equations (16). The first of them corresponds to the rotation around the vertical
axis in ascendent sense of the gyrostat, the second one corresponds to rotation in
descendent sense.

To derive the equations of motion close to the upright solution we consider the
Lagrangian of the system given by

L= % (AW + @) + Clr + D) — V(ks)

We introduce the generalized Eulerian angular variables (61, 02, ¢). The following

relations are verified.

p:—dd—etl,qz% cosfy,r Zf—l—%sin&l,kl—cosﬁlsmﬁg,

ko = sinfy, ks = cos 1 cos b5

and the Lagrangian of the problem is

_A d01 2 d92 2 9 C dsa d02 ) 2
L= 2 ((E) + (E) cos™ 0 P T sinf; + 1) —V(cosb; cosby).

d dbs
The variable ¢ is a cyclic coordinate of £ and k, = C < .4 + T sinf; + l)

an integral of the system. The constant k, are given by

" :C(ro—f—l—f— dd_etz sin(91(0)))

t=0

d
being d—f(O) =ry.

For Lagrangians with a cyclic variable it is possible to construct the so called
Routh’s map given by R = L — kwﬁ removing the cyclic variable of the motion
equations. Thus, performing this Lagrangian reduction to £ we obtain the Routhian
of our system given by

_ A do; \° dfy 5 dfs ke
R= 2 ((E) + (E) cos” 61 ke I —=sinb — % — V(cos 0; cos 6z).

The equations of motion associated to R are

2 2
A (Cid_f; + <dd_9t2) cos 6 sin 91> _kw% cos 01 —V'(cos 01 cos ) (sin 61 cos ) = 0

d?0 dfs dby
A (d—; cos? 0, — 26, v sin 07 cos 91> e qr cos 01

—V’(cos 6 cosBs)(cos By sinfz) = 0
When 6, y 05 are small via the change of variables 1 = ey, 62 = ex and expanding
in Taylor series to second order in ¢ we obtain that equations (16) are reduced to
the unperturbed equations (2)

T4+ ay— Pz =0,
§— i — Py =0,
with a = (Cro +1)/Ay B=V'(1)/A.
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Remark 1. We remark that system (2) models the perturbations given by the maps

dx d dr d
Fiq (a:,y, a d_th’t> and Foq <J;,y, i d—g,t) of the small oscillations around the
vertical position of a symmetrical gyrostat.

Remark 2. Our results provides sufficient conditions for the existence of periodic
solutions of system (2).
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