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ABSTRACT. In this work we consider the problem of classifying all configurations of singularities, both finite
and infinite of quadratic differential systems, with respect to the geometric equivalence relation defined in [2].
This relation is finer than the topological equivalence relation which does not distinguish between a focus and
a node or between a strong and a weak focus or between foci (or saddles) of different orders. Such distinctions
are however important in the production of limit cycles close to the foci (or loops) in perturbations of the
systems. The notion of geometric equivalence relation of configurations of singularities allows us to incorporate
all these important geometric features which can be expressed in purely algebraic terms. This equivalence
relation is also finer than the qualitative equivalence relation introduced in [18]. The geometric classification
of all configurations of singularities, finite and infinite, of quadratic systems was initiated in [3] where the
classification was done for systems with total multiplicity my of finite singularities less than or equal to one.
That work was continued in [4] where the geometric classification was done for the case my = 2. In this
article we go one step further and obtain the geometric classification of singularities, finite and infinite, for
the subclass of quadratic differential systems possessing three distinct real finite singularities. We obtain 147
geometrically distinct configurations of singularities for this family. We also give here the global bifurcation
diagram of configurations of singularities, both finite and infinite, with respect to the geometric equivalence
relation, for this class of systems. The bifurcation set of this diagram is algebraic. The bifurcation diagram
is done in the 12-dimensional space of parameters and it is expressed in terms of polynomial invariants, fact
which gives us an algorithm for determining the geometric configuration of singularities for any quadratic

system.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We consider here differential systems of the form

dx dy
(1) o = Py), o =alzy),
where p, ¢ € Rz,y], i.e. p, g are polynomials in z, y over R. We call degree of a system (1) the integer
m = max(deg p, degq). In particular we call quadratic a differential system (1) with m = 2. We denote here

by QS the whole class of real quadratic differential systems.

The study of the class QS has proved to be quite a challenge since hard problems formulated more than a
century ago, are still open for this class. It is expected that we have a finite number of phase portraits in QS.
We have phase portraits for several subclasses of QS but the complete list of phase portraits of this class is
not known and attempting to topologically classify these systems, which occur rather often in applications,
is a very complex task. This is partly due to the elusive nature of limit cycles and partly to the rather large
number of parameters involved. This family of systems depends on twelve parameters but due to the group
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action of real affine transformations and time homotheties, the class ultimately depends on five parameters
which is still a rather large number of parameters. For the moment only subclasses depending on at most
three parameters were studied globally, including global bifurcation diagrams (for example [1]). On the other
hand we can restrict the study of the whole quadratic class by focusing on specific global features of the
systems in this family. We may thus focus on the global study of singularities and their bifurcation diagram.
The singularities are of two kinds: finite and infinite. The infinite singularities are obtained by compactifying

the differential systems on the sphere or on the Poincaré disk as defined in Section 2 (see also [15]).

The global study of quadratic vector fields in the neighborhood of infinity was initiated by Coll in [14] where
he characterizes all possible phase portraits in a neighborhood of infinity in terms of the coefficients of the
normal forms. Later on Nikolaev and Vulpe in [21] classified topologically the configurations of singularities
at infinity in terms of invariant polynomials. Schlomiuk and Vulpe used geometrical concepts defined in [26],
and also introduced some new geometrical concepts in [27] in order to simplify the invariant polynomials and
to render more transparent the classification. To reduce the number of phase portraits in half, in both cases
the topological equivalence relation was taken to mean the existence of a homeomorphism of the phase plane
carrying orbits to orbits and preserving or reversing the orientation. In [5] the authors classified topologically
(adding also the distinction between nodes and foci) the whole quadratic class, according to configurations of
their finite singularities.

In the topological classification no distinction was made among the various types of foci or saddles, strong
or weak of various orders. However these distinctions of an algebraic nature are very important in the study
of perturbations of systems possessing such singularities. Indeed, the maximum number of limit cycles which

can be produced close to the weak foci in perturbations depends on the orders of the foci.

The distinction among weak saddles is also important because for example when a loop is formed using two
separatrices of one weak saddle, the maximum number of limit cycles that can be obtained close to the loop

in perturbations is the order of weak saddle.

There are also three kinds of simple nodes as we can see in FIGURE 1 below where the local phase portraits

around the singularities are given.

(a) (b) (c)
FicURE 1. Different types of nodes.

In the three phase portraits of FIGURE 1 the corresponding three singularities are stable nodes. These
portraits are topologically equivalent but the solution curves do not arrive at the nodes in the same way. In
the first case, any two distinct non-trivial phase curves arrive at the node with distinct slopes. Such a node is
called a star node. In the second picture all non-trivial solution curves excepting two of them arrive at the node
with the same slope but the two exception curves arrive at the node with different slopes. This is the generic
node with two directions. In the third phase portrait all phase curves arrive at the node with the same slope.
The three kinds of nodes are distinguished algebraically. By this we mean that the linearization matrices at
these nodes and their eigenvalues, distinguish the nodes. More precisely we have the two direction nodes (b)
which have distinct eigenvalues, the one direction nodes (c) with identical eigenvalues but linearization is not

diagonal and star nodes (a) with identical eigenvalues and linearization is diagonal. (see [2], [3], [4]).

We recall that the first and the third types of nodes could produce foci in perturbations and the first type

of nodes is also involved in the existence of invariant straight lines of differential systems. For example it can
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easily be shown that if a quadratic differential system has two finite star nodes then necessarily the system
possesses invariant straight lines of total multiplicity 6.

Furthermore, a generic node at infinity may or may not have the two exceptional curves lying on the line
at infinity. This leads to two different situations for the phase portraits. For this reason we split the generic
nodes at infinity in two types as indicated in Section 4.

The geometric equivalence relation for finite or infinite singularities, introduced in [2] and used in [3] and
[4], takes into account such distinctions. This equivalence relation is finer than the qualitative equivalence
relation introduced by Jiang and Llibre in [18] because it distinguishes among the foci (or saddles) of different
orders and among the various types of nodes. This equivalence relation also induces a finer distinction among

the more complicated degenerate singularities.

To distinguish among the foci (or saddles) of various orders we use the algebraic concept of Poincaré-
Lyapunov constants. We call strong focus (or strong saddle) a focus (or a saddle) with non—zero trace of the
linearization matrix at this point. Such a focus (or saddle) will be considered to have the order zero and will
be denoted by f or by f(© (respectively s or s(°)). A focus (or saddle) with trace zero is called a weak focus
(weak saddle). In quadratic systems these could be of orders 1, 2 or 3 [10]. For details on Poincaré-Lyapunov
constants and weak foci of various orders we refer to [25], [19]. In [30] necessary and sufficient conditions for

a quadratic system to have weak foci (saddles) of orders 4, i=1,2,3 are given in invariant form.

Algebraic information may not be significant for the local (topological) phase portrait around a singularity.
For example, topologically there is no distinction between a focus and a node or between a weak and a
strong focus. However, as indicated before, algebraic information plays a fundamental role in the study of
perturbations of systems possessing such singularities.

Although we now know that in trying to understand these systems, there is a limit to the power of algebraic
methods, these methods have not been used far enough. For example the global classification of configurations
of singularities, finite and infinite, using the geometric equivalence relation (see further below), can be done
by using only algebraic methods. To obtain this global geometric classification by purely algebraic tools is a
long term goal since we expect to finally obtain over 800 distinct geometric configurations of singularities. The
first step in this direction was done in [2] where the global classification of singularities at infinity of the whole
class QS, was done according to the geometric equivalence relation of configurations of infinite singularities by
using only algebraic methods. This work needs to be extended to also incorporate all the finite singularities.
We initiated the work in this direction in [3] where this classification was done for all global configurations of
singularities which have a total finite multiplicity m; < 1 and we continued the classification for my = 2 in
[4].

In the present article our goal is to go one step further in the geometric classification of global configurations

of singularities by studying here the case of three real distinct finite singularities.

We recall here below the notion of geometric configuration of singularities defined in [4] for both finite and
infinite singularities. We distinguish two cases:

1) If we have a finite number of infinite singular points and a finite number of finite singularities we call
geometric configuration of singularities, finite and infinite, the set of all these singularities each endowed with
its own multiplicity together with the local phase portraits around real singularities endowed with additional
geometric structure involving the concepts of tangent, order and blow—up equivalences defined in Section 4 of
[2] and using the notations described here in Section 4.

2) If the line at infinity Z = 0 is filled up with singularities, in each one of the charts at infinity X # 0
and Y # 0, the corresponding system in the Poincaré compactification (see Section 2) is degenerate and
we need to do a rescaling of an appropriate degree of the system, so that the degeneracy be removed. The
resulting systems have only a finite number of singularities on the line Z = 0. In this case we call geometric

configuration of singularities, finite and infinite, the set of all points at infinity (they are all singularities)
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in which we single out the singularities at infinity of the “reduced” system, taken together with their local
phase portraits and we also take the local phase portraits of finite singularities each endowed with additional
geometric structure to be described in Section 4.

Main Theorem. (A) We consider here all geometric configurations of singularities, finite and infinite, of qua-
dratic vector fields with three distinct real finite singularities. These configurations are classified in DIAGRAM 1
according to the geometric equivalence relation. The total number of geometrically distinct configurations of
singularities, finite and infinite, is 147.

(B) Necessary and sufficient conditions for each one of the 147 different geometric equivalence classes can
be assembled from these diagrams in terms of 21 polynomial invariants with respect to the action of the affine
group and time rescaling, given in Section 5.

(C) The DIAGRAM 1 actually contains the global bifurcation diagram in the 12-dimensional space of pa-
rameters, of the global geometric configurations of singularities, finite and infinite, of this family of quadratic
differential systems and provides an algorithm for deciding for any given system which is its respective con-
figuration.

We use the concepts and notations introduced in [2] and [3] which we describe in Sections 3 and 4. We
denote by f) (s(9) the weak foci (weak saddles) of order i and by ¢ and s the centers and integrable saddles.
For more notations see Section 4.

We introduce two affine invariants: TOW =the total order, i.e. the sum of the orders of the weak finite
singularities, saddles or foci; M OW =the maximum of the orders of the weak finite singularities.

Corollary. We sum up below relevant data regarding the configurations of singularities which follow from the
bifurcation diagram DIAGRAM 1 (for notations see Section 4.

Regarding the singularities at infinity:

o We have no configurations with a star node at infinity.

e We have no configurations with an intricate singular point at infinity.

e A nilpotent p/o\z'nt could have either four or two sectors in which case the point is an elliptic saddle
described as (}) H—E.

o We have 46 configurations with a (unique) nilpotent singular point at infinity, 39 of multiplicity (é),
7 of multiplicity (/31\)

o We have 75 configurations with a single semi-elemental saddle-node (1) SN out of which we have 29

—

cases with G)SN, ©,©, 29 cases with (})S’N, S and N°°, and 17 cases with (})SN, NI, N7,

o There are 24 cases with two semi-elemental saddle-nodes G) SN, (g) SN.
e We have only two configurations with the line at infinity filled up with singularities: s,n,n; [oo; 0] and

$,m,n; [oo; 0].
Regarding the finite singularities and their corresponding singularities at infinity:

o We have 17 configurations with 2 foci which necessarily appear with a saddle and we have MOW <2
and TOW < 2. For MOW < 1, apart from a saddle-node (}) SN at infinity, in all configurations

we have either (©,© or S, N°° or just (g) SN. If MOW = 2 =TOW then at infinity, apart from a

saddle-node G) SN, we just have ©), (©.
o We have 53 configurations with two nodes, the third point necessarily being a saddle s with order

i=0,1,2,3 or an integrable saddle. All possible combination of nodes n and n® occur. The possible

configurations at infinity are: 1) one saddle-node G) SN and two simple singular points either (©), (©

or S, N°°; 2) two saddle-nodes (})SN, (g) SN; 8) a nilpotent point of multiplicity three and either an
S or an N*°, and 4) a single singular point which is nilpotent of multiplicity 4.
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e We have 11 configurations with 2 saddles and a focus. Any combination with TOW < 2 occurs in

some configuration. If in a combination we have TOW = 3 then necessarily we have s, s, and f©).

We have 8 configurations with (})SN and N¥,N7T, and 8 with a nilpotent singular point at infinity
and an N¥ and these only occur in the case TOW < 1.
e We have 13 configurations with 2 saddles and a node. In such a case TOW < 2. We have 9

configurations for which at infinity we have (}) SN and Nf,NT, and 4 configurations for which at
infinity we have a nilpotent point and an N7 .

e We have only 2 configurations with a center which are: s,s,c and $,$,c, in this last case the system

o~

is Hamiltonian. In both cases at infinity we have (;) ﬁAEﬁA—H, N{.
e We have 51 configurations with a saddle, a focus and a node. In this case TOW < 3 and all combi-
nations (regarding the focus and the saddle) with TOW < 2 are possible. There is only one possibility

with a focus f©) in which case at infinity we have G)SN, S, N°°, but three possibilities with a saddle
s3) in which case apart from the saddle-node (}) SN, at infinity we have either ©),©), or S, N°°, or

Just (g) SN. B

We have only three configurations with a finite star node, i.e., s, n, n*; (})SN, S, N*® and s, n%, n*;

(})SN, S, N*°, and s, s, n*;(})SN, Nf NT.

The invariants and comitants of differential equations used for proving our main results are obtained fol-
lowing the theory of algebraic invariants of polynomial differential systems, developed by Sibirsky and his
disciples (see for instance [29, 32, 23, 7, 13]).

Remark 1. We note that the geometric equivalence relation for configurations is much finer than the topo-
logical equivalence. Indeed, for example the topological equivalence does not distinguish between the following
three configurations which are geometrically non-equivalent: 1) n, f; G) SN, ©, ©, 2)n, fO; G) SN, ©,
©, and 3) n?, f; SN, ©, © where n and n® mean singularities which are nodes, capital letters indicate

points at infinity, © in case of a complex point and SN a saddle—node at infinity.

2. COMPACTIFICATIONS ASSOCIATED TO PLANAR POLYNOMIAL DIFFERENTIAL SYSTEMS

2.1. Compactification on the sphere and on the Poincaré disk. Planar polynomial differential systems
(1) can be compactified on the 2—dimensional sphere. For this we consider the affine plane of coordinates (z, y)
as being the plane Z = 1 in R? with the origin located at (0,0, 1), the z—axis parallel with the X-axis in
R3, and the y-axis parallel to the Y-axis. We use central projection to project this plane on the sphere as
follows: for each point (z,y,1) we consider the line joining the origin with (z,y,1). This line intersects the
sphere in two points P, = (X,Y,Z) and Py = (—X, =Y, —Z) where (X,Y,Z) = (1/\/22 + 42 + 1)(z,y,1).
The applications (x,y) — P; and (z,y) — P> are bianalytic and associate to a vector field on the plane
(z,y) an analytic vector field ¥ on the upper hemisphere and also an analytic vector field ¥’ on the lower
hemisphere. A theorem stated by Poincaré and proved in [16] says that there exists an analytic vector field ©
on the whole sphere which simultaneously extends the vector fields on the two hemispheres. We call Poincaré
compactification on the sphere of the planar polynomial system, the restriction ¥ of the vector field © to the

upper hemisphere completed by the equator. For more details we refer to [15].

The vertical projection of ¥ on the plane Z = 0 indices a vector field ® on the unit disk, called the Poincaré
compactification on the disk of the polynomial differential system. This vector field is diffeomorphic to ¥. By
a singular point at infinity of a planar polynomial vector field we mean a singular point of the vector field ¥
which is located on the equator of the sphere, respectively a singular point of the vector field ® located on
the boundary circle of the Poincaré disk.

2.2. Compactification on the projective plane. To a polynomial system (1) we can associate a differential
equation wy = ¢(z,y)dz — p(x,y)dy = 0. Since the differential system (1) is with real coefficients, we may

associate to it a foliation with singularities on the real, respectively complex, projective plane as indicated
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DIAGRAM 1 (continued). Global configurations: the case po = 0, pu1 7% 0, D < 0.
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DiIAGRAM 1 (continued). Global configurations: the case puo = 0, pu1 # 0, D < 0.

below. The equation w; = 0 defines a foliation with singularities on the real or complex plane depending if we
consider the equation as being defined over the real or complex affine plane. It is known that we can compactify
these foliations with singularities on the real respectively complex projective plane. In the study of real planar
polynomial vector fields, their associated complex vector fields and their singularities play an important role.
In particular such a vector field could have complex, non-real singularities, by this meaning singularities of

the associated complex vector field. We briefly recall below how these foliations with singularities are defined.

The application T : K2 — P,(K) defined by (x,y) + [z : y : 1] is an injection of the plane K? over the
field K into the projective plane P»(K) whose image is the set of [X : Y : Z] with Z # 0. If Kis R or C this
application is an analytic injection. If Z # 0 then (Y) "' ([X : Y : Z]) = (x,y) where (z,y) = (X/Z,Y/Z). We
obtain a map i : K3\ {Z =0} — K2 defined by [X : Y : Z] — (X/Z,Y/Z).

Considering that dr = d(X/Z) = (ZdX — XdZ)/Z? and dy = (ZdY — Y dZ)/Z?, the pull-back of the form
wy via the map 4 yields the form i.(w) = ¢(X/Z2,Y/Z)(ZdX — XdZ)/Z* — p(X/Z,Y/Z)(ZdY —YdZ)]Z?
which has poles on Z = 0. Then the form w = Z™*2i,(w;) on K3\ {Z = 0}, K being R or C and m being
the degree of systems (1) yields the equation w = 0:

A(X,Y, Z)dX + B(X,Y, Z)dY + C(X,Y, Z)dZ = 0

on K3\ {Z = 0} where A, B, C are homogeneous polynomials over K with A(X,Y,Z2) = ZQ(X,Y, Z),
QX,Y,Z)=2"q¢(X/2,Y/Z), B(X,Y,Z) = ZP(X,Y,Z), P(X,Y,Z) = Z"p(X/Z,Y/Z) and C(X,Y,Z) =
YP(X,Y,Z) - XQ(X,Y, Z).

The equation AdX + BdY 4+ CdZ = 0 defines a foliation F' with singularities on the projective plane over K
with K either R or C, which is the compactification on the projective plane of the foliation with singularities
defined by w; = 0 on the real (respectively complex) affine plane. The points at infinity of the foliation defined
by w1 = 0 on the affine plane are the points [X : Y : 0] and the line Z = 0 is called the line at infinity of this

foliation.

The singular points of the foliation F' are the solutions of the three equations A =0, B=0, C =0. In
view of the definitions of A, B, C' it is clear that the singular points at infinity are the points of intersection
of Z =0 with C' = 0.

2.3. Assembling multiplicities of singularities in divisors of the line at infinity and in zero-cycles
of the plane. There are two types of multiplicities for a singular point p at infinity: one expresses the
maximum number m of finite singularities which can split from p, in small perturbations of the system
and the other expresses the maximum number m’ of infinite singularities which can split from p, in small
perturbations of the system. We shall use a column (m, m’)? to indicate this situation.

We are interested in the global picture which includes all singularities, finite and infinite. Therefore we
need to assemble the data for individual singularities in a convenient, precise way. We use for the notion of

cycle on an algebraic variety as indicated in [22] and which was used in [19] as well as in [27].

We briefly recall here the definition of cycle. Let V' be an irreducible algebraic variety over a field K. A

cycle of dimension r or r — cycle on V' is a formal sum > ., nw W, where W is a subvariety of V' of dimension
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r which is not contained in the singular locus of V', nyy € Z, and only a finite number of the coefficients ny,
are non-zero. The degree deg(J) of a cycle J is defined by >y, nw. An (n —1)-cycle is called a divisor on V.
These notions were used for classification purposes of planar quadratic differential systems in [22, 19, 27].

To a system (1) with isolated singularities at infinity we can associate two divisors on the line at infinity
Z =0 of the complex projective plane: Dg(P,Q;Z) = >, In(P,Q)w and Ds(C, Z) =%, I,(C, Z)w where
w € {Z = 0} and where by I,(F, G) we mean the intersection multiplicity at w of the curves F(X,Y,Z) =0
and G(X,Y, Z) =0, with F and G homogeneous polynomials in X, Y, Z over C. For more details see [19].

Following [27] we assemble the above two divisors on the line at infinity into just one but with values in the

_ L,(P, Q)
Dg = Z (Iw(C,Z)> w

we{Z=0}

ring Z2:

This divisor encodes the total number of singularities at infinity of a system (1) as well as the two kinds of
multiplicities which each singularity has. The meaning of these two kinds of multiplicities are described in
the definition of the two divisors Dg(P,Q; Z) and Dg(C, Z) on the line at infinity (see [19], [1]).

For systems (1) with isolated finite singularities we also consider the zero-cycle Ds(p, q) = > cpe Luw(p, )w
assembling its multiplicities of all its finite singularities.

3. SOME GEOMETRICAL CONCEPTS

Firstly we recall some terminology.

We call elemental a singular point with its both eigenvalues not zero.

We call semi—elemental a singular point with exactly one of its eigenvalues equal to zero.

We call nilpotent a singular point with both its eigenvalues zero but with its Jacobian matrix at this
point not identically zero.

We call intricate a singular point with its Jacobian matrix identically zero.

The intricate singularities are usually called in the literature linearly zero. We use here the term intricate

to indicate the rather complicated behavior of phase curves around such a singularity.

In this section we use the same concepts we considered in [2] and [3] such as orbit v tangent to a semi-line L
at p, well defined angle at p, characteristic orbit at a singular point p, characteristic angle at a singular point,
characteristic direction at p. Since these are basic concepts for the notion of geometric equivalence relation
we recall here these notions as well as a few others.

We assume that we have an isolated singularity p. Suppose that in a neighborhood U of p there is no other
singularity. Consider an orbit « in U defined by a solution T'(¢) = (x(¢), y(¢)) such that lim;—, 4 I'(f) = p (or
lim;_,_ o I'(t) = p). For a fixed ¢ consider the unit vector C(t) = (I'(t) — p)/||T'(t) — p||. Let L be a semi-line
ending at p. We shall say that the orbit v is tangent to a semi~line L at p if limy_, 1 o, C(t) (or lim;—,_ oo C(2))

exists and L contains this limit point on the unit circle centered at p. In this case we call well defined angle
of T' at p the angle between the positive x—axis and the semi-line L measured in the counterclockwise sense.
We may also say that the solution curve T'(t) tends to p with a well defined angle. A characteristic orbit at
a singular point p is the orbit of a solution curve I'(¢) which tends to p with a well defined angle. We call
characteristic angle at the singular point p a well defined angle of a solution curve I'(¢). The line through p

extending the semi-line L is called a characteristic direction.
If a singular point has an infinite number of characteristic directions, we will call it a star—like point.

It is known that the neighborhood of any isolated singular point of a polynomial vector field, which is not
a focus or a center, is formed by a finite number of sectors which could only be of three types: parabolic,

hyperbolic and elliptic (see [15]). It is also known that any degenerate singular point can be desingularized by
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means of a finite number of changes of variables, called blow—up’s, into elementary singular points (for more
details see the Section on blow—up in [2] or [15]).

Consider the three singular points given in FIGURE 2. All three are topologically equivalent and their
neighborhoods can be described as having two elliptic sectors and two parabolic ones. But we can easily
detect some geometric features which distinguish them. For example (a) and (b) have three characteristic
directions and (¢) has only two. Moreover in (a) the solution curves of the parabolic sectors are tangent
to only one characteristic direction and in (b) they are tangent to two characteristic directions. All these

properties can be determined algebraically.

(a) (b) (c)

FIGURE 2. Some topologically equivalent singular points.

The usual definition of a sector is of topological nature and it is local with respect to a neighborhood
around the singular point. We work with a new notion, namely of geometric local sector, introduced in [2]
which distinguishes the phase portraits of FIGURE 2. As we shall later see this notion is characterized in

algebraic terms.

We begin with the elemental singular points having characteristic directions. These are either two-directions
nodes, one-direction nodes, star nodes or saddles. The first three cases are distinguished algebraically using
their eigenvalues (see Figure 1). In the case of saddles the notion or geometric local sector coincides with

usual notion of topological sector.

We consider now the semi-elemental singular points. These could be saddles, nodes or saddle-nodes. Each
saddle has four separatrices and four hyperbolic sectors. Here again we call geometric local sector any one of
these hyperbolic sectors and we call borsec (contraction of border with sector) any one of the four separatrices.

A semi—elemental node has two characteristic directions generating four half lines. For each one of these
half lines there exists at least one orbit tangent to that half line and we pick an orbit tangent to that half
line. Removing these four orbits together with the singular point, we are left with four sectors which we call
geometric local sectors and we call borsecs these four orbits.

Consider now a semi—elemental saddle—node. Such a singular point has three separatrices and three topo-
logical sectors, two hyperbolic ones and one parabolic sector. Such a singular point has four characteristic
half lines and one of them separates the parabolic sector in two. By removing an orbit tangent to a half line
for each half lines as well as the singular point we obtain four sectors which we call geometric local sectors.

We call borsecs these four orbits.

We now proceed to extend the notion of geometric local sector and of borsec for nilpotent and intricate
singular points.

The introduction of the concept of borsec in the general case will play a role in distinguishing a semi-
elemental saddle-node from an intricate saddle-node such as the one indicate in FIGURE 3. In the elemental
saddle—node all orbits inside the parabolic sector are tangent to the same half-line but in the saddle-node
of FIGURE 3 the orbits in the parabolic sector are not all tangent to the same half-line. The orbits in this
parabolic sector are of three kinds: the ones tangent to separatrix (a), the ones tangent to separatrix (¢) and

a single orbit which is tangent to other half-line of the characteristic direction defined by separatrix (b). In



14 J.C. ARTES7 J. LLIBRE, D. SCHLOMIUK AND N. VULPE

this case this last orbit is called the borsec. The other three borsecs are separatrices as in the case of the

semi—elemental node.

(a)

1

]
/,

(©)

FI1GURE 3. Local phase portrait of a non semi-elemental saddle-node.

To extend the notion of geometric local sector and of borsec for nilpotent and intricate singular points we

start by introducing some terminology.

Let 0 be the border of a sufficiently small open disc D centered at point p so that § intersects all the elliptic,

parabolic and hyperbolic sectors of a nilpotent or intricate singular point p.

Consider a solution I : (a,b) — R? where (a, b) is its maximal interval of definition and let v be the orbit of
T,ie. v={T()|t € (a,b)}. We call half orbit of v at a singular point p a subset v C v such that there exists
t1 € (a,b) for which we have either v = {I'(¢) |t € (a, 1)} in which case we have a = —o0, t_l)iI_nOOF(t) =p,
I'(t1) € 6 and I'(t) € D for t € (—o0,t1), or v/ = {T'(t) |t € (t1,b)}, b = +o0, t_l)iﬁnQQI‘(ﬂ =p, I'(t1) € 6 and
['(t) € D for t € (t1,00).

We note that in the case of elliptic sectors there may exist orbits which are divided exactly in two half
orbits.

Let Q, = {7' |7 is a half orbit at p }.

We shall define a relation of equivalence on 2, by using the complete desingularization of the singular point
p in case this point is nilpotent or intricate. There are two ways to desingularize such a singular point: by
passing to polar coordinates or by using rational changes of coordinates. The first has the inconvenience of
using trigonometrical functions, and this becomes a serious problem when a chain of blow—ups are needed
in order to complete the desingularization of the degenerate point. The second uses rational changes of
coordinates, convenient for our polynomial systems. In such a case two blow—ups in different directions are

needed and information from both must be glued together to obtain the desired portrait.

Here for desingularization we use the second possibility, namely with rational changes of coordinates at
each stage of the process. Two rational changes are needed, one for each direction of the blow—up. If at a
stage the coordinates are (z,y) and we do a blow—up in y-direction, the change (z,y) — (x, zz). This change
is a diffeomorphism when x # 0. This diffeomorphism transfers our vector field on a subset of the algebraic
surface y = zz. The point p = (0,0) is then replaced by the straight line x = 0 and y = 0 in the 3-dimensional
space of coordinates z, ¥y, z and which is also located on the ruled algebraic surface y = xz which is the z-axis.

This line is called blow—up line for this blow—up and it is also present as the line = 0 in the (z, z) plane.

Analogously we can do a blow-up in the z-direction using the change (z,y) — (zy,y) which is a diffeomor-
phism for y # 0.

The two directional blow—ups can be simplified in just one 1-direction blow—up if we make sure that the

direction in which we do a blow—up is not a characteristic direction, so as to be sure that we are not going
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to lose information doing the blow—up in the chosen direction. This can be easily solved by a simple linear
change of coordinates of the type (z,y) — (v + ky,y) where k is a constant (usually 1). It seems natural
to call this linear change a k—twist as the y—axis gets twisted with some angle depending on k. It is obvious
that the phase portrait of the degenerate point which is studied cannot depend on the set of k’s used in the
desingularization process.

Since the complete desingularization of a nilpotent or an intricate singular point in general needs more than
one blow—up, we have as many blow—up lines as we have blow—ups. As indicated above a blow—up line may
be transformed by means of linear changes and through other blow—up’s in other straight lines. We will call
such straight lines blow—up lines of higher order .

We now introduce an equivalent relation on €,. We say that two half orbits ], v4 € €, are equivalent if
- , , . L . L
and only if ¢) for both 71 and 4 we have t_l)n_noo I(t)=p= t_l)n_noo Ty(t) or t—li—o—moo I'i(t)=p= t_1>1+moo Iy(t), and
i1) after the complete desingularization, these orbits lifted to the final stage are tangent to the same half-line
at the same singular point, or end as orbits of a star node on the same half-—plane defined by the blown—up
line, and 4i4) both orbits must remain in the same half-plane in all the successive blow—up’s.

We recall that after a complete desingularization all singular points are elemental or semi—elemental. We
now single out two types of equivalence classes:

(a) Suppose that an equivalence class C € €,/ ~ is such that its half orbits lifted to the last stage in the
desingularization process lead to orbits which possess the following properties: i) they belong to an elemental
two—directions node or to a semi-elemental saddle-node, and i) they are all tangent to the same half-line

which lies on the blow—up line.

(b) Suppose that an equivalence class C € Q,/~ is such that 4) its half orbits lifted to the final stage of the
desingularization process, are tangent to a blow—up line of higher order, and i4) its lifted orbits blown—down

to the previous stage of the desingularization, form a part of an elliptic sector.

Let €2,/ ~ be the set of all equivalence classes which are of type (a) or (b). Then consider the comple-
ment B, = (€2,/ ~) — (€,/ ~) and consider a set of representatives of B,. We call borsec anyone of these

representatives.

Note that the definition of borsec is independent of the choice of the disc D with boundary ¢ if D is
sufficiently small.

We call geometric local sector of a singular point p with respect to a neighborhood V', a region in V' delimited
by two consecutive borsecs.

For more details and a complete example of the desingularization of an intricate singular point see [4].

Generically a geometric local sector is defined by two borsecs arriving at the singular point with two different
well defined angles and which are consecutive. If this sector is parabolic, then the solutions can arrive at the
singular point with one of the two characteristic angles, and this is a geometrical information that can be
revealed with the blow—up.

There is also the possibility that two borsecs defining a geometric local sector tend to the singular point
with the same well defined angle. Such a sector will be called a cusp—like sector which can either be hyperbolic,
elliptic or parabolic denoted by H,, E, and B_respectively.

In the case of parabolic sectors we want to include the information about how the orbits arrive at the
singular points namely tangent to one or to the other borsec. We distinguish the two cases by writing pif
they arrive tangent to the borsec limiting the previous sector in clockwise sense or P if they arrive tangent
to the borsec limiting the next sector. In the case of a cusp—like parabolic sector, all orbits must arrive with
only one well determined angle, but the distinction between P and P is still valid because it occurs at some
stage of the desingularization and this can be algebraically determined. Thus complicate intricate singular
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points like the two we see in FIGURE 4 may be described as PE P HHH (case (a)) and EP HHP E (case
(b)), respectively.

FIGURE 4. Two phase portraits of degenerate singular points.

A star—like point can either be a node or something much more complicated with elliptic and hyperbolic
sectors included. In case there are hyperbolic sectors, they must be cusp-like. Elliptic sectors can either be
cusp-like or star—like. We call special characteristic angle for a polynomial differential system any well defined
angle of a star-like point, in which either none or more than one solution curve tends to p within this well
defined angle. We will call special characteristic direction any line such that at least one of the two angles

defining it, is a special characteristic angle.

4. NOTATIONS FOR SINGULARITIES OF POLYNOMIAL DIFFERENTIAL SYSTEMS

In this work we limit ourselves to the class of quadratic systems with three real singularities in the finite
plane. In [2] we introduced convenient notations which we also used in [3] and [4] some of which we also need
here. Because these notations are essential for understanding the bifurcation diagram, we indicate below the

notations needed for this article.

We describe the finite and infinite singularities, denoting the first ones with small letters and the second
with capital letters. When describing in a sequence both finite and infinite singular points, we will always

place first the finite ones and later the infinite ones, separating them by a semicolon‘;’.

Elemental points: We use the letters ‘s’,'S’ for “saddles”; ¢ for “integrable saddles”; ‘n’, ‘N’ for “nodes”;
‘f7 for “foci”; ‘¢ for “centers” and © (respectively (©) for complex finite (respectively infinite) singularities.

We distinguish the finite nodes as follows:

e ‘n’ for a node with two distinct eigenvalues (generic node);
e ‘n® (a one-direction node) for a node with two identical eigenvalues whose Jacobian matrix is not
diagonal;

e ‘n*’ (a starnode) for a node with two identical eigenvalues whose Jacobian matrix is diagonal.

In the case of an elemental infinite generic node, we want to distinguish whether the eigenvalue associated
to the eigenvector directed towards the affine plane is, in absolute value, greater or lower than the eigenvalue
associated to the eigenvector tangent to the line at infinity. This is relevant because this determines if all the
orbits except one on the Poincaré disk arrive at infinity tangent to the line at infinity or transversal to this

line. We will denote them as ‘N’ and ‘N/’ respectively.

Finite elemental foci and saddles are classified as strong or weak foci, respectively strong or weak saddles.
When the trace of the Jacobian matrix evaluated at those singular points is not zero, we call them strong
saddles and strong foci and we maintain the standard notations ‘s’ and ‘f’. But when the trace is zero, except
for centers, and saddles of infinite order (i.e. with all their Poincaré-Lyapounov constants equal to zero), it
is known that the foci and saddles, in the quadratic case, may have up to 3 orders. We denote them by ‘s’
and ‘f(’ where i = 1,2, 3 is the order. In addition we have the centers which we denote by ‘¢’ and saddles of
infinite order (integrable saddles) which we denote by ‘s’
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Foci and centers cannot appear as singular points at infinity and hence there is no need to introduce their
order in this case. In case of saddles, we can have weak saddles at infinity but the maximum order of weak
singularities in cubic systems is not yet known. For this reason, a complete study of weak saddles at infinity
cannot be done at this stage. Due to this, in [2], [3], [4] and here we chose not even to distinguish between a

saddle and a weak saddle at infinity.

All non—elemental singular points are multiple points, in the sense that there are perturbations which have
at least two elemental singular points as close as we wish to the multiple point. For finite singular points we
denote with a subindex their multiplicity as in 55y’ or in ‘€5(3)” (the notation =" indicates that the saddle
is semi-elemental and ‘€5(3)” indicates that the singular point is nilpotent, in this case a triple elliptic saddle
(i.e. it has two sectors, one elliptic and one hyperbolic)). In order to describe the various kinds of multiplicity
for infinite singular points we use the concepts and notations introduced in [27]. Thus we denote by ‘(Z)...’
the maximum number a (respectively b) of finite (respectively infinite) singularities which can be obtained
by perturbation of the multiple point. For example ‘G) SN’ means a saddle—node at infinity produced by
the collision of one finite singularity with an infinite one; ‘@) S’ means a saddle produced by the collision

(bl

of 3 infinite singularities. The meaning of the notation in the general case will be described in the next

paragraph.
Semi—elemental points: They can either be nodes, saddles or saddle-nodes, finite or infinite (see [15]).

We denote the semi—elemental ones always with an overline, for example “sn’, ‘s” and ‘%’ with the corresponding

multiplicity. In the case of infinite points we put ‘=’ on top of the parenthesis with multiplicities.

Moreover, in cases which will be explained later on (see the paragraph reserved for intricate points), an

infinite saddle—node may be denoted by ‘G) NS’ instead of ‘G) SN’. Semi-elemental nodes could never be

Cpn k9

‘n® or ‘n*’ since their eigenvalues are always different. In case of an infinite semi-elemental node, the type
of collision determines whether the point is denoted by ‘N/’ or by ‘N’ where ‘(?)N’ is an ‘N7’ and ‘(g)N’
is an ‘N°°.

Nilpotent points: They can either be saddles, nodes, saddle-nodes, elliptic saddles, cusps, foci or centers
(see [15]). The first four of these could be at infinity. We denote the nilpotent singular points with a hat

7 as in e€3(g) for a finite nilpotent elliptic saddle of multiplicity 3 and cAp(2) for a finite nilpotent cusp point

>

of multiplicity 2. In the case of nilpotent infinite points, we will put the on top of the parenthesis with
multiplicity, for example (é)PEPf H (the meaning of PEP — H will be explained in the next paragraph). The
relative position of the sectors of an infinite nilpotent point, with respect to the line at infinity, can produce
topologically different phase portraits. This forces us to use a notation for these points similar to the notation

which we will use for the intricate points.

Intricate points: It is known that the neighborhood of any singular point of a polynomial vector field
(except for foci and centers) is formed by a finite number of sectors which could only be of three types:
parabolic, hyperbolic and elliptic (see [15]). Then, a reasonable way to describe intricate and nilpotent
points is to use a sequence formed by the types of their sectors. The description we give is the one which
appears in the clockwise direction (starting anywhere) once the blow—down of the desingularization is done.
Thus in non-degenerate quadratic systems (that is, the components of the system are coprime), we have just
seven possibilities for finite intricate singular points of multiplicity four (see [5]) which are the following ones:
Phpphp(ay; phphay; hhay; hhhhhha; peppepay; pepea); eea).

The small letters used here indicate that we have finite singularities and subindex (4) indicates the multi-
plicity 4 of the singularities.

For infinite intricate and nilpotent singular points, we insert a dash (hyphen) between the sectors to split

those which appear on one side or the other of the equator of the sphere. In this way we will distinguish
between (3)PHP — PHP and (3)PPH — PPH.
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Whenever we have an infinite nilpotent or intricate singular point, we will always start with a sector
bordering the infinity (to avoid using two dashes).

For the description of the topological phase portraits around the isolated singular points the information
described above is sufficient. However we are interested in additional geometrical features such as the number
of characteristic directions which figure in the final global picture of the desingularization. In order to add
this information we need to introduce more notation. If two borsecs (the limiting orbits of a sector) arrive
at the singular point with the same direction, then the sector will be denoted by H,, E, or B_. The index
in this notation refers to the cusp-like form of limiting trajectories of the sectors. Moreover, in the case of
parabolic sectors we want to make precise whether the orbits arrive tangent to one borsec or to the other. We
distinguish the two cases by P if they arrive tangent to the borsec limiting the previous sector in clockwise
sense or P if they arrive tangent to the borsec limiting the next sector. A parabolic sector will be P* when all
orbits arrive with all possible slopes between the two consecutive borsecs. In the case of a cusp-like parabolic
sector, all orbits must arrive with only one direction, but the distinction between P and P is still valid if we
consider the different desingularizations we obtain from them. Thus, complicated intricate singular points like
the two we see in FIGURE 4 may be described as (3) PEP — HHH (case (a)) and (;) EP H-HP.E (case
(b)), respectively.

Finally there is also the possibility that we have an infinite number of infinite singular points.

Line at infinity filled up with singularities: It is known that any such system has in a sufficiently small
neighborhood of infinity one of 6 topological distinct phase portraits (see [28]). The way to determine these
phase portraits is by studying the reduced systems on the infinite local charts after removing the degeneracy
of the systems within these charts. In case a singular point still remains on the line at infinity we study such
a point. In [28] the tangential behavior of the solution curves was not considered in the case of a node. If
after the removal of the degeneracy in the local charts at infinity a node remains, this could either be of the
type N9, N and N* (this last case does not occur in quadratic systems as it was shown in [2]). Since no
eigenvector of such a node N (for quadratic systems) will have the direction of the line at infinity we do not
need to distinguish N/ and N (see [2]). Other types of singular points at infinity of quadratic systems,
after removal of the degeneracy, can be saddles, foci, centers, semi—elemental saddle-—nodes or nilpotent elliptic
saddles. We also have the possibility of no singularities after the removal of the degeneracy. To convey the
way these singularities were obtained as well as their nature, we use the notation [oo; 0], [00; N, [oo; N9,

— -~

[00; S, [o0; C, [o0; (é)SN] or [00; (S)ES]

5. INVARIANT POLYNOMIALS AND PRELIMINARY RESULTS

Consider real quadratic systems of the form

dx
( ) E:po +p1(x7y)+p2(x,y)gp($,y),
2

d

d—‘z =+ q(@,y) + @(z,y) = Qz,y),

with homogeneous polynomials p; and ¢; (i = 0,1,2) of degree ¢ in z,y written as
po =ago, pi(z,y) = a0z + a0y, pa(,y) = axx® + 2112y + agy’,
Q@ =boo, @ (z,y) =bwoz+bory, @(z,y)=baoz®+ 2b1zy + b2y’

Let @ = (aoo, a10, Go1, @20, a11, @02, boo, b10, bo1, b20, b11,bo2) be the 12-tuple of the coefficients of systems (2)
and denote R[a, z,y] = R[ago, - - -, boz, Z, y]-

5.1. Affine invariant polynomials associated to infinite singularities. It is known that on the set
QS of all quadratic differential systems (2) acts the group Aff(2,R) of affine transformations on the plane
(cf. [27]). For every subgroup G C Aff(2,R) we have an induced action of G on QS. We can identify the
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set QS of systems (2) with a subset of R!? via the map QS— R'2 which associates to each system (2) the
12—tuple a = (ago, - - - , boz) of its coefficients.

For the definitions of a GL—comitant and invariant as well as for the definitions of a T—comitant and a
CT—comitant we refer the reader to the paper [27] (see also [29]). Here we shall only construct the necessary
T—comitants and CT—comitants associated to configurations of infinite singularities (including multiplicities)
of quadratic systems (2). All polynomials constructed here are GL—comitants. But some are also affine
invariants or even affine comitants.

Consider the polynomial ®, 5 = aP* + Q" € Rla, X,Y, Z, o, 8] where P* = Z2P(X/Z,Y/Z),

Q" =7%Q(X/2,Y/Z), P, Q € Rla,z,y] and max(deg, P, deg(, , @) = 2. Then

q)a,ﬁ = 811(6, Q, ﬁ)X2 + 2512(&, «, ﬁ)XY + 822(&, Q, ﬁ)YQ —|— 2813(&, «, 6)XZ—|— 2823(&, «, ﬁ)YZ + 833(&, «, 6)22

and we denote D(a,z,y) = 4 det [|sij(a,y, —x)|| and H(a,z,y) = 4det l|sij(a,y, —)||

i,j€{1,2,3} i,j€{1,2}

We consider the polynomials

~ - . - g . o .
(3) Ci(a,l‘,y) :ypi(a7m7y)_x(h(avx7y)7 Di(aaxay) = 8_Ipi(a7$7y)+a_yqi(a7x7y)7
in R[a, z,y] fori =0,1,2 and ¢ = 1, 2 respectively. The polynomials Cy and D5 are trivial T-comitants (trivial
because they only depend on the coefficients of the quadratic terms). Using the so—called transvectant of order
k (see [17], [20]) of two polynomials f, g € R[a, x, y]

k
k o f kg
(k) — A
(f.9) hZ:O( ) (h) DrF—hdyh drhdyE—h’
we construct the following G L—comitants of degree two with respect to the coefficients of the initial system

Ti(a,2,y) = (Co,C)Y,  To(a,z,y) = (Co,Co)V,  Ty(a) = (Co, Do),
(4) Ty(a) = (C1,C1)?, Ts(a,,y) = (C1,C2)",  To(a,x,y) = (C1,C2)?,
Tr(a,z,y) = (C1. D)V, Ts(@,z,y) = (Ca,C2)?,  Ty(a,z,y) = (Ca, D).

Using these GL—comitants as well as the polynomials (3) we construct the additional invariant polynomials

(see also [27])
M(a‘v x, y) = 027 02)(2) = 2Hess (02(6’: Z, y>)7

M, M)® /384 = Discrim (Ca(a, x,y));

—~

I?(dv x,Yy :JaCOb (pQ(&v z, y)? (Z2(&» x, y))7
(3, B)®) /1,

K(a,x,y) + H(a,z,y).

n(a
K(a

N(a,z,y

)
)
)
)

The geometrical meaning of the invariant polynomials Co, M and 7 is revealed in the next lemma (see [27]).

Lemma 1. The form of the divisor Dg(C,Z) for systems (2) is determined by the corresponding conditions
indicated in Table 1, where we write w§ + ws + ws if two of the points, i.e. wf,ws, are complex but not real.
Moreover, for each form of the divisor Ds(C, Z) given in Table 1 the quadratic systems (2) can be brought via
a linear transformation to one of the following canonical systems (Sy) — (Sy) corresponding to their behavior

at infinity.



20 J.C. ARTES7 J. LLIBRE, D. SCHLOMIUK AND N. VULPE

Table 1
Necessary and
Case | Form of Ds(C,Z) | (i icient conditions
on the comitants
I wi + w2 + w3 n >0
17 w{ + w§ + w3 n <0
II7 2wy + wo n =0, M#O
v 3w M=0 Cy#0
V | Ds(C, Z) undefined Cy=0
& = a+cx+dy+ gz’ + (h— 1)y, (1)
I
g = btexr+ fy+(g—1Lzy+hy*
z = a+cr+dy+gx?+(h+ 1)y,
. ) ,  (Sm)
y = b+ex+ fy—a®+ gy + hy?;
& = a+cx+dy+ gz + hay,
. o, (Sm)
y = bt+er+ fy+ (9 —1)zy+ hy*;
& = a+cx+dy+ gx®+ hay,
2 , (Sw)
= b4ex+ fy— x4+ gry + hy*,
T = a+cx+dy+2?,
. (Sv)
y = b+er+ fy+ xy.

5.2. Affine invariant polynomials associated to finite singularities. Consider the differential operator

L =1x-Ly —y-L;j constructed in [9] and acting on R[a, x, y], where

L, = anoﬁ +a1o% + l6101%11 + 2500%0 + bwﬁio + lbmﬁil,
Ly = 2a005,— aa + ao1 5, aa + 301052 aa + 2boo 52— oo T bo1 52 e T 2b10 52— T
Using this operator and the affine invariant pg = Resx(pg(d, x,y), q2(a, x, y))/y4 we construct the following
polynomials
il 2, 9) = L0 o), i=1,.,4,
where £ (110) = L(L5D (uo)) and L) (110) = pio-

These polynomials are in fact comitants of systems (2) with respect to the group GL(2,R) (see [9]). Their
geometrical meaning is revealed in Lemmas 2 and 3 below.

Lemma 2. ([8]) The total multiplicity of all finite singularities of a given quadratic system (2) with coefficients
a equals k if and only if for every i € {0,1,...,k — 1} we have p;(a,z,y) = 0 in the ring Rlz,y] and
ur(@, z,y) # 0. Moreover a given system (2) with coefficients a is degenerate (i.e. ged(P, Q) # constant) if
and only if pi(a,z,y) =0 in Rz, y| for every i =0,1,2,3,4.

Lemma 3. ([9]) The point My(0,0) is a singular point of multiplicity k (1 < k < 4) for a given quadratic
system (2) with coefficients a if and only if for every i € {0,1,...,k — 1} we have py—;(a,z,y) = 0 in Rz, y]
and ps—y(a,z,y) # 0.
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We denote

U(d,x,y) = (3_5 + 86_22 = 00(&) +Ul(d7xvy) (E Dl(&) +D2(&7x7y))’

and observe that the polynomial o(a,z,y) is an affine comitant of systems (2). It is know that if (z;,y;) is a

singular point of a system (2) then for the trace p; of its respective linear matrix we have p; = o(x;,y:).

Applying the differential operators £ and (x,%)) (i.e. transvectant of index k) we define the following
polynomial function which governs the values of the traces for finite singularities of systems (2).

Definition 1 ([30]). We call trace polynomial T(w) over the ring R[a] the polynomial defined as follows

1 1 (@) o4 _
(5) Z e (ai» At (m)) w'™' = Ezj Gi(@) w'™",
1
where the coefficients G;(a) = W(U17 1) € Ra], i=0,1,2,3,4 (Go(a) = po(a)) are GL-invariants.

Using the polynomial T(w) we could construct the following four affine invariants 74, 73, T2, 71, which are
responsible for the weak singularities:
., ld=g
Tai(a)= —

’L' dwl w=0og

€R[a), i=0,1,2,3 (71 =%(00)).

The geometric meaning of these invariants is revealed by Theorem 1 below (see [30] for its proof).

In order to be able to calculate directly for every canonical system the values of invariant polynomials, we
define here a family of T—comitants (see [27] for detailed definitions) expressed through C; (i = 0,1,2) and
D; (j=1,2):

A =(Cy, Ty — 2Ty + D) /144,

D= [200 (Ts — 8Ty — 2D2) + C1 (65 — To — (C1,T5)™" + 6D1(C1 Do — T5) — 9D§CQ} /36,
E = [Di(2Ty - Ty) = 3(C1, 1)) = Do(3T7 + D1Da)| /72,

F = [6D?(D? — 4Ty) + 4Dy Do (T + 6T) +48Cq (Da, To)'") — 9D3T,+288D, E

5\ 5\ ) &)
— 2 (CQ,D) +120 (DQ,D> —36C4 (Ds, T7) "V +8D (Da, Ts) }/144,

B= {161)1 (Dy, Ts)™M (3C1 Dy — 2Cy Dy + 4Ty) + 32C, (D, To)™M (3D1 Dy — 5T + 9T%)
+2 (Do, To)" (27C1 Ty — 18C1 D3 —32D1Ts + 32 (Co, T5)'") )
+6 (Dy, Ty) M) [8Co(Ts — 12T) — 12Cy (D1 Dy + T7) + D1(26C5 Dy + 32T5) +Co (9T, + 96T5)]
+6(Da2, To)'™ [32C0 Ty — C1 (12T + 52D, Do) —32C5D?] + 48D5 (Do, T1)™" (2D — T)
— 32D T (D2, To)™") + 9D2Ty (T — 2T7) — 16D, (Co, Ts) Y (D? + 4T3)
+12D; (C1,Ts)® (C1Dy — 2C5Dy) + 6D, Do Ty (Ts — TD3 — 42T)
+12Dy (C1, Ts)Y (T5 + 2Dy D) + 96 D2 [Dl (€1, T6)V + Dy (Cy, TG)“)}
— 16D1 D, T3 (2D3 + 3T3) — 4D} D2 (D3 + 3Ts + 6Ty) + 6D D3 (715 + 2T%)
—252D, Do TyTo} /(283%),

K =(Ts + ATy + 4D3)/72 = K /4,

H =(8Ty — Ty + 2D32)/72 = —H/A.

These polynomials in addition to (3) and (4) will serve as bricks in constructing affine invariant polynomials
for systems (2).
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The following 42 affine invariants A, ..., A42 form the minimal polynomial basis of affine invariants up to
degree 12. This fact was proved in [11] by constructing Ay, ..., Ao using the above bricks.

A =4, App = 11 [02 )(1) D )(1),Dz)(l),Dg)(l)Dg)(l),
Ay = (Cy, D)® /12, Ay = [F, H)u),K)(m/&

Az = [Cg,DQ)(l)’DZ)(l)’DQ)(l)M& Aoy = [Co, D), IA{)(l ) )30

Ay = (H,H)®, Ay = [D,D)®, E)(z)/16

A5 = (H,K)) /2, Ass = (B, D)® /36

As = (E,H)® /2, Agy = [1§ Dy, )¢ /24

A7 = I:CQ,E)(Q)’DQ)(D/S’ Ags = [ K)(Q) D)(l) )(2)/16

Ag = [BJTI)(?),DQ)“)/S, Agg = [5 )(1) D) /96

Ao = [D, Do)V, Do) D)V a8, Ay = [Co, D), D)V, D)® Jass,

Ay = [D,K)®,D )(1)/8, Ay — [ﬁ,D)@),IA{)(D,ﬁ)@)/M,

An = (F,K)?/4, A = [D,D)®, D) )Y, D) Y 64,
A = (R H)B/4 Ass = [D, Do)V, F)"”, Do)V, D) 128,
Ay = [Co. YD, )P Do)V )24, Ay = [D, D)@, Do)V, &)V, D)V 64,
Ay = (B,Cy)® /36, dss = [D, D), )V, Dy)®, D) /128,
Ays = (E,F)® /4, Agg = [E7E)(2)’5)(1),1:_\[)(2)/167

As = [E Do), 02)(1)71?)(2)/167 Agr = [5715)(2) 15)(1),13)(3)/576,

A = [0, D), D)V, D))V /64, Ags = [C5. D)@, D), D)V, B)? 6,
Ay = [ﬁ’ﬁ)(2)5D2)(1)/16, Aso = [D, D), F)(l) H)(Q)/64

Ay = [ﬁ7ﬁ)(2)aﬁ)(2)/16a Ag = [ﬁ D)(Q) F)(l), )(2)/64

Asg = [Ca, D), F)(2>/16’ A = [Co, D), D)(z) F)(1)7D2)(1)/64’
Ay = [D D). K )(2)/16 A = [ﬁ P, F)(l) )(1)/16.

In the above list, the bracket “[” is used in order to avoid placing the otherwise necessary up to five

parenthesizes “(”.

Using the elements of the minimal polynomial basis given above we construct the affine invariants

Fi(a) =Aa,
Fo(a) = — 2A2 A3 + 2A5(5Ag + 3Ag) + A3(Ag — 3A10 + 3411 + Apo)—
— A4(10As — 3Ag + 5A10 + 5A11 + 5A1),
F3(@) = — 10A3 A3 + 2A5(Ag — Ag) — Ay(24s + Ag + Ayg + Ayy + Aga)+
(6) + A3(5A4s + A1 — A1 + 5412),
= 204245 — Ay(TAg —4Ag + Ajg + A1y + TA1) + A1 (6A14 — 22A15) — 4A33 + 4 A3y,

— (845 + 2A9 + A1p + A11 + A12),
— (A4 + 245),
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as well as the GL-comitants
Bi(@) ={ (T, D2) " [12D1Ts + 2D} + 9D1 Ty + 36(T1, D) "]
—2D1(Ty, D2) " [DF+1215]+ DI [D1 (T, 1)+ 6((Tw, €1) V. D2) V] } /144,
Ba(@) ={ (77, D2) ¥ [8T5 (T, D2) ) = D3 (75,01)” = 4D (76, 01) ™, Do) ] +

2
n {(T% Dg)“)} (8Ty — 3Ty + 2D§)}/384,

Bs(a,z,y) = — D}(4D3 + Ts + 4Ty) + 3D1 Do (T + 4T%) — 24T5(D3 — Ty),
™ Bi(a,z,y) = D1(Ts + 2D2C) — 3C%(D? + 2T3),
G(a,x,y) =M + 32H,
D(a) = - (D, D)®, D)V, D)® /576,

P(a,z,y) =12p0pta — 3paps + 113,
R(a, x,y) =pf — 8popz,
S(a,z,y) =R* — 165P,

U(a, z,y) =pj — 4pzpa,

T(a,2,y) =1815(3p15 — Spapua) + 2p0(2p3 — Y piopiz + 27 ) —

We note that the invariant polynomials 7; (i=1,2,3,4), o, (6) and (7) are responsible for weak singularities
of the family of quadratic systems as it is shown in the next theorem proved in [30].

Theorem 1. Consider a non-degenerate quadratic system (2).

(a) If Ta # 0 then this system has no weak singularity.

() If Ta =0 and Tz # 0 then the system has exactly one weak singularity. Moreover this singularity is
either a weak focus (respectively a weak saddle) of the below indicated order, or a center (respectively
an integrable saddle) if and only if TsF < 0 (respectively TsF > 0) and one of the following conditions

holds
(b1) O (respectively sV) < Fi #0;
(b2) fP (respectively s?) & Fi =0, Fo#0;
(b3) f® (respectively 5(3)) & Fi=F =0, F3F4 #0;
(bs) ¢ (respectively $) & F1=F=F3F,=0.

(¢) If Ta=T3 =0 and Tz # 0, then the system could possess two and only two weak singularities and
none of them is of order 2 or 3. Moreover this system possesses two weak singularities, which are of

the types indicated below, if and only if F = 0 and one of the following conditions holds

(1) s, sM o Fi#£0, T2<0, B0, H>0;
(o) s, fA o  F#4£0 T>0, B<O;
(c3) fO, fM o Fi 40 T2<0, B<0, H<O0;
(ca) 8, $ & Fi=0,T2<0, B<0, H>O0;
(c5) 8, c & Fi=0,T2>0 B<O;
(c6) ¢, c & F1=0,T2<0, B<0, H<O.

(d) If Ta=Ts=T2=0 and T1 # 0, then the system could possess one and only one weak singularity
(which is of order 1). Moreover this system has one weak singularity of the type indicated below if and

only if F =0 and one of the following conditions holds

(dy) sV o F#0, B<0, H>0;
(do) fO & Fi#0, B<0, H<0.
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(e) If Ta=T3=T2=T1 =0 and o(a,z,y) # 0, then the system could possess one and only only one
weak singularity. Moreover this system has one weak singularity, which is of the type indicated below,
if and only if one of the following conditions holds

(61) s o }—17&0,7'[23120, By > 0;
(e2) fV & Fi#0, H=DB1=0, By <0;

[@] F1 =0, F=0, B<0, >0, or
[B] .7:120,7'[281:0,82>0,0T
(e3) 8 &<y Fi=0, H=B=B1=By=B3=p=0, K(u3+p3)#0, or
0] F1=0, H=B=B1=B2=B3=K =0, u2G #0, or
] Fi=0, H=B=B,=By=By=Byi=K = i = 0, pi3 # 0;

() ¢ & [a] F1 =0, F=0, B<0, H<O0, or
! 1] FL=0, H=DB, =0, By <0.

(f) If o(a,z,y) = 0, then the system is Hamiltonian and it possesses i (with 1 < i < 4) weak singular
points of the types indicated below if and only if one of the following conditions holds

(f1) $%s%c <& <0, D<0, R>0,S>0;

(f2) 88 ¢ c < pu>0 D<0, R>0,S>0;

(f3) %8 ¢ <& =0, D<0, R#£O0;

o <0, D>0, or

o <0, D=0, T<O0, or
po=R=0 P#£0, U>0, K+#0;

£)

(f) 85 &

2=

£

o >0, D>0, or
o >0, D=0, T<O0, or
p=R=0 P+#0, U>0, K=0;

&
B
(]
$
SIS

L.

wo <0, D=T=P=0, R#0, or
wo =0, D>0, R#0, or

=0, D=0, PR#0, or
w=R=P=0, U#Q0;

(f7) c & pp>0,D=T=P=0, R#0.

=

(f6) § A

=2 B

Now we also need the invariant polynomials which are responsible for the types of the finite singularities.
These were constructed in [5]. Here we need only the following ones (we keep the notations from [5]):

Wa(a) =[14441 Ao Ag — 2343 A4 — T2A5(A1g + Ao1) + T2A5(A17 + 4A19) + As(14420 — 50417
— 32415 — T5A19 + 93A421) — 28846 415] /9,
Ws(a) =[9AF(36A1s — 1943 + 134A;7 4+ 165A419) 4+ 3A11 (42415 — 102417 + 195A,9)
+2A32(A10 4+ 3A11) + 102A43(3A30 — 14A09) — 63A6(17Ass + 30As6) + 3A10(14A18
— 118417 + 153419 + 120A42;) + 6A7(329A25 — 108 As6) + 3Ag(164A,5 + 153A19 — 4424,7)
+9412(2420 — 160417 — 2A15 — 59A19) + 3A1(TTA2A14 + 235A2A15 — 54 As6)
+ 18451 (21Ag — 5A11) + 30242 A34 — 366A7, — 12A415(7T1 A1 + 80415)] /9,
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Wy(a) =[1512AF(As0 — 2A29) — 648415426 + 7241 A2(49A25 + 39As6) + 6A3(23 421 — 1093 A19)
— 8TA3 +4A3(61A17 +52A18 + 11A450) — 6A37(352A435 + 9394, — 1578 45)
— 36A45(396A29 + 265A30) + 72A29(17A15 — 3849 — 109A411)
4+ 12A430(76Ag — 189419 — 273A1; — 651 A1) — 648414(23 Ags + 5As6)
—24A15(3A90 + 31 A17) + 36 A19(63 A0 + 478 A21) + 1849 (2490 + 137A)
— 4A17(158A17 + 30 A2 + 87A21) — 18419(238A17 + 669A19)] /81,
We(a) =2A7(2A20 — Aso) — Aag(A1 Az + 2414),
Wr (@) =12A26(Ag — 2A455) + (2A29 — Az) (A2 —20A17 — 12418 + 6A19 + 6A45)
+ 48457 (AT — As — Ar2),
Go(a) =(As +245)/4.

Finally we need the invariant polynomials which are responsible for the existence of one (or two) star node(s)

arbitrarily located on the phase plane of a system (2). We have the following lemma (see [33]).

Lemma 4. A quadratic system (2) possesses one star node if and only if one of the following sets of conditions
holds

(i) Ur#0, Uz #0, Us=Y1 =0;

(i) Ur=Us=Us=Us=0, Y2#0;
and it possesses two star nodes if and only if

(ZZZ) U, =Us=U;5=0, U67é0, Ys > 0,

where B L N
=N, Us(a,x,y) = (C1, H—K)") —2D\N,

(a,z,y)
Us(a,x,y) = 3D(D? — 16K) + C2[(Cy, D) — 5(Dy, D) 46 F],
Us(a,z,y) =215 + C1 D2, Us(a,x,y) = 3C1 Dy + 4T» — 2Cy Dy,

(@,2,y) = H, Yi(@)= A1, Ya(@,z,y) =2D? +8T5 —Tj.

w

We base our work here on results obtained in [2] and [5].

6. THE PROOF OF THE MAIN THEOREM

According to [30] for a quadratic system to have three real finite simple singularities the conditions pg = 0,
11 # 0 and D < 0 must be satisfied. Such systems have finite singularities of total multiplicity 3 and therefore
by [2] the following lemma is valid.

Lemma 5. The geometric configurations of singularities at infinity of the family of quadratic systems pos-
sessing finite singularities of total multiplicity 3 (i.e. po =0, p1 # 0) are classified in DIAGRAM 2 according
to the geometric equivalence relation. Necessary and sufficient conditions for each one of the 11 different
equivalence classes can be assembled from these diagrams in terms of 9 invariant polynomials with respect to

the action of the affine group and time rescaling, given in Section 5.

Consider quadratic systems (2) with real coefficients and variables z and y. Assume that these systems
possess three real elemental finite singularities. Then via an affine transformation we may bring two of the
singularities at the points M;(0,0) and M5(0,1) and hence we may assume the equations as being:

(8) &= cx +dy + gx® + 2hay — dy?, G =ex+ fy+ 1z + 2may — fy?

with d? + f2 # 0 (otherwise we get degenerate systems). For these systems the condition po = 0 and 1 # 0

must be fulfilled (i.e. only one real finite singular point has coalesced with an infinite singularity).
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<0, D5N, ©,0
=0 = (SN, 8, N>
520, (1)SN, N/ N/
116 =0, K20, (5)SN, () SN
#0 . R<0 Mo
i M#0 HK=<0, OB EP —H, N’
o =0 ) BEP-m, S
L<0N20, )BHP-E, 5
n=0 K>0 N=0, Oy p. s
20, (3)H,HH,~H, N>
Co#0 1 5 5
. —= H HP, - P
=0 (3) AT A

€270, 10c; ]

DiAGrRAM 2. Configurations of infinite singularities: the case po = 0, pu1 # 0.

On the other hand the invariant polynomial g is the discriminant of the form K (@,x,y). So in this case
the homogeneous quadratic polynomial K has the form: K = (uz + vy)?, where u,v € R[a]. Moreover the
linear form ux + vy is a common factor of the quadratic parts of systems (8) and, hence, the fourth finite
singularity has coalesced with the infinite singular point N[—v, u, 0]. We observe that the condition v # 0 has
to be satisfied, otherwise the common factor of the quadratic parts of systems (8) will be z and this implies
d = f =0 and we get degenerate systems. So v # 0 and via the transformation 1 = z and y; = uz/v +y,
which keeps the singular points Mj (0,0) and Mx(0,1), we get K (@, z,y) = v2y2. This means that the common
factor of the homogeneous quadratic parts of systems (8) will be y and therefore the transformation we applied
above, implies the conditions g =1 = 0.

Thus we arrive at the family of systems
(9) & = cx +dy+ 2hay — dy?, y=ex+ fy+2may — fy?

(a0 —27)

possessing three distinct finite singularities M7 (0,0), M2(0,1) and M3 (a 17 , ;), where a = ¢f — de,
Y Y

B =cm —eh and v = dm — fh. For these systems calculations yield
po =0, p=4Byy, k=—128m*y.

As for the above systems we have u; # 0 (i.e. v # 0) we observe that the condition x = 0 is equivalent to

m = 0.

Since by Lemma 5 the sign of the invariant polynomial « is relevant, in what follows we shall consider three

cases: kK <0,k >0and Kk =0.

If k # 0 we have m # 0 and we may assume m = 1 due to a time rescaling. So we get the systems

(10) i =cx+dy+2hzy — dy?, §=ex+ fy+2zy— fy°
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and for the singular points M; we have the following values for the traces p;, for the determinants A;, for the

discriminants 7; and for the linearization matrix M; and Maj:

_[c d _ c+2h —d
Ml_(e f)’ MQ‘(e+2 —f)’

pr=c+f, Ai=a; pr=c—[f+2h Ay=2y—-q
1

55 [d®e(2 4+ €) — f?(c® — 2ceh — 2eh?) + 2d(c* — 2ceh — 2efh — € fh + €*h?)],
v

p3

ala—2y)

Az = P omi=pp — 40, i=1,2,3
2

Then for systems above we calculate

k=—128y, K =dv? m =4Byy, n=4[(f —2h)* 8],
Gy =", M =-3222+16(f + 2h)xy — 8[(f + 2h)% — 6d]y>?,
(12) Ta = 8Byp1p2ps, Ts =8By p1(p2 + p3) + paps], T2 = 85v(p1 + p2 + p3),
Wy = 6482y i3, Wa = 648%42(1y + 79 + 73),
Wy = 64/3%~> [717'2 + 71713 + 7'27'3].
First of all we prove the following lemma.
Lemma 6. A system (10) possesses a star node if and only if the conditions Wy = Us = 0 hold. Moreover

in this case the star node is unique and the conditions W3 > 0 and Ty # 0 hold. In addition if W5 = 0 then
n > 0.

Proof: Assuming that a system (10) possesses a star node, without loss of generality we can consider that
such a singular point is M;(0,0). In this case considering (11) we must have d = e = 0 and f = ¢ and this
implies Wy = Us = 0.

Conversely, assume that the conditions Wy = Uz = 0 hold. Since p; # 0 (i.e. Sy # 0) the relation Wy =0
is equivalent to Ty 7973 = 0, i.e. at least one of the discriminants corresponding to finite singularities vanishes.
Then without loss of generality we can consider that the singular point with vanishing discriminant is M;(0, 0)
and hence the relation (¢ — f)? + 4de = 0 holds.

Assume first e = 0. Then f = ¢ and we have
Coefficient[Us, 2°y?] = —72cd, 1 = 4e(d — ch)y.
As p11 # 0 the condition Uz = 0 implies d = 0 (then Uz vanishes) and we get a star node. We note that in
this case we obtain
W3 = 64c(c + h)*(c +4h)®> >0, n=4(c+2h)?, Ti=—16ch, p1 = —4c’hy.

It is clear that the condition p; # 0 gives T4 # 0 and that the condition W3 = 0 implies n > 0.

Suppose now e # 0. In this case we obtain d = —(c — f)?/(4e) and we calculate Coefficient[Us, z°] =
—12ef(e+ 2) and since e # 0 we consider two cases: e +2 =0 and e+ 2 # 0.

1) If e = —2, then calculations yield

Coefficient[Us, 2%y] = —24(c+ 2h)(c+ f +2h), 1 = (c+2h)(c® — 2¢f + f2 —8fh)y/2.

Due to p1 # 0 the condition Us = 0 implies f = —(c + 2h) and we obtain Coefficient[[Us, 2%y = 36(c +
h)?(c+2h) = 0. Since c+2h # 0 we get h = —c. In this case we have Uz = 0 and at the same time considering
the matrix My from (11) we observe that the singular point M5(0, 1) is a star node. We remark that in this
case M1(0,0) is a node n? and the condition W5 = 0 is fulfilled. On the other hand we have n=4c? >0 and
Ti =165 # 0 due to u; = —4c3y # 0.
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2) Suppose now e + 2 # 0. Then f = 0 and we calculate u; = —c?(c — eh)y/e and
Coefficient[Us, *y] = —3(10¢? 4 c¢®e — 16¢ceh + 8e?h?) = —3d,
Coefficient[Us, 2°y?] = 6(3¢® + 3c®e + 5c%eh — c?e?h — 8ce?h? + 4e®h®) Je = 6@y /e.
Since Uz = 0 we necessarily have Res ,(®1, ®2) = 144c%e%(2 + €)(4 +€)? =0 and as e(2 +€) # 0 and p1 # 0
(then ¢ # 0) we get e = —4. Thus we obtain
Us = 3(3c+ 8h)y(8z + cy)[ — 256(c + 8h)az® + 32(7c* + 16ch + 64h*)z%y

— 8c(c+ 4h)(c+ 8h)zy® — *(11c* — 8ch — 64h?)y*] /1024,

and it is easy to determine that the condition Us = 0 is equivalent to 3¢ + 8 = 0. Hence h = —3¢/8 and we

obtain that in this case the singular point M3(—c/4,2) is a star node (besides the node n? at M;(0,0)) and the
condition W3 = 0 holds. We note that in this case n = ¢?/4 > 0 and Ty = ¢5/16 # 0 due to u; = —c>y/8 # 0.

To prove the uniqueness of the star node it is enough to apply Lemma 4. For systems (10) we calculate
Uy = —4x? + 8hay +4(d — fh— h*)y* #0,
and by Lemma 4 (see statement (7i7)) these systems could not have two star nodes.

Since all the cases are examined Lemma 6 is proved. [}

Lemma 7. Assume that a quadratic system possesses exactly 3 real finite simple singular points, one of which
being a weak saddle of order 3. Then the condition k < 0 is satisfied. Moreover the other singular points could

not be both foci and if both are nodes then at infinity there are three distinct real singularities (i.e. 1> 0).

Proof: Instead of using systems (9) and forcing the existence of the weak saddle of order three, it is more
convenient to start with a normal form that already assures such property. We take then the normal form

(13) & =x+azx® +bxy +cy?, §=—y—ka?—lzy — my?,

introduced by Cai Sui Lin [12] for systems having a weak saddle of order 1 and used in [6]. We note that in
[6] the study was split in 3 different subcases b=1=1;b=1,l=0and b=1=0.

In the case b =1 = 0 we obtain F; = Fo = F3 = 0 and by Theorem 1 the weak saddle is integrable and it
is not the case that we need.

In the case b =1 and [ = 0 we have F; = —2a and by Theorem 1 in order to have a weak saddle of order 3

the condition F; = 0 is necessary and then we get a = 0. Thus we calculate
Fo=—k*(24+m)(2m —1)*/2, Fy = —k*m(2m —1)*/2,

and according to Theorem 1 in order to have a weak saddle of the third order the conditions F» = 0 and
F3 # 0 must hold. Hence we obtain m = —2 and then we calculate jg = k(c?k — 2). In order to have three
finite singularities we need the condition pg = 0 and as k # 0 clearly the condition ¢ # 0 holds. Therefore we
have k = 2/c? and in this case we obtain Wy = —124400/c* < 0 and £ = —800/c? < 0 and according to [5]
we have exactly one focus.

Finally we consider the case b = [ = 1. Then we have ;3 = —2(a — 2m) and the condition F; = 0 gives
a = 2m. In this case calculations yield

Fo=—(8¢c—k)*(2+m)(—1+2m)*/2,
Fz = —(8c — k)*m(—1+2m)*/2,
and considering Theorem 1 the conditions Fo = 0 and F3 # 0 imply m = —2. Herein we calculate py =
48 — 16¢ — 2k — 18ck + c®k? and the condition po = 0 is necessary to have exactly three real finite singularities.

We observe that in this case the condition Discrim [po,c] = 4(8 + k)?(1 + 2k) > 0 must hold and hence we
either have k = =8 or 2k + 1 = u? > 0.
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We observe that k + 8 # 0, otherwise for K = —8 we get a contradiction: o = 64(1 + ¢)?> = 0 and
F3 =40000(c+ 1)2 # 0. Therefore k = (u? — 1)/2 and then we obtain

po = [e(1+u)? —2(7 — w)] [e(1 — w)® — 2(7 + u)],

and we need to impose pg = 0. If u = £1 then £ = 0 and ¢ = 3. Then we get a system with configuration

s(3) n, f and at infinity we have three distinct real singularities, i.e. 1 > 0.

Assuming u # +1 we get ¢ = 2(7 £ u)/(1 F u)2. Then we calculate

1296(5 F u)?(13 & 2u + u?) 25(3 £ u)?(15 + u?)
D=- ’ G9 = ’
(1Fu)? 16(1 F u)?
200(3 4 u)?(15 + u?) 25(5 F u)?(3 £ u)?(15 + u?)?
= - ) ‘F:') = # 07
(14) (IFu)? 4(1 Fu)t
2534 w)? 4 ERCICE ST
T T gt T T T )
2 2 2 2
Wy — 6253+ u)?(15+u )(I)?(u)’ )= 253+ w)*(5+10u+u )’
41 7 u)? (1Fu)?
where

O (u) = u*(393945 + 46913u> + 311u*) 4 2u (217125 + 93750u> + 2981u*) 4 204975,
®F (u) = u*(776 + 23u?) £ 2u(1227 + 101u?) + 2433),
O (u) = u?(5u* — 1117u® — 7605) 4 2u(16875 — 150u? + 11u) — 4275.

Since ®; (u) = ®; (—u), i = 2,3,4 we shall consider only the solutions of ®; (u) = 0, i = 2,3,4. We obtain
that the polynomial @2’ (u) has only two real solutions u; = —5.06133 and us ~ —1.63968 and it is positive
in the open interval (u1,us2). It is not too difficult to detect that the polynomials W3, Wa and n have no real
roots inside the interval [u1,us] and all of them are positive.

On the other hand by (14) the condition F3 # 0 implies x < 0 and Gg # 0. Therefore, since the condition
Wy > 0 implies W3 > 0, Wo > 0 and n > 0 (i.e. at infinity there are 3 distinct real singularities), according
to [5] we conclude that Lemma 7 is proved. ]

Remark 2. We observe that for systems (10) the invariant polynomial M # 0 and in addition the condition
K # 0 implies KGg # 0. Moreover we have sign (K) = —sign (k).

Now we continue to study the cases kK < 0, kK > 0 and x = 0.

6.1. The subcase x < 0. This implies K > 0 and according to [5] (see Table 1, lines 115 - 122) systems (10)
possess one saddle and two anti-saddles. Moreover the types of the anti-saddles are governed by the invariant

polynomials W;, i =4, 3,2 (because in the case we consider here we have Gy # 0).

6.1.1. The possibility W, < 0. By [5] besides the saddle we have a node (which is generic) and a focus.

6.1.1.1. Assume first 7; # 0. Then by Theorem 1 the focus is strong and considering the condition M #0
(see Remark 2) by Lemma 5 we arrive at the following three configurations of singularities:

os7n,f;(_i)SN7©,©: Ezample = (c=1,h=3,e=-1,d=10, f =1) (if n<0);
os7n,f;(_i)SN7S,N°°: Ezample = (c=1,h=3,e=-1,d=4, f =1/5) (if n > 0);

esn, fi; (})SN7 (g)SN : Ezample = (c=1, h=3,e=-1,d=961/200, f =1/5) (if n=0).
6.1.1.2. Suppose now T; = 0. According to Theorem 1 we have either a weak focus, or a weak saddle
depending on the sign of the product 73.F (in the case T3 # 0).
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6.1.1.2.1. The case T3F < 0. Then we have a weak focus, the order of which is governed by the invariant
polynomials F; # 0 (i = 1,2,3,4) (see Theorem 1).

1) The subcase F1 # 0. In this case considering Lemma 5 and the condition x < 0 we get the three global
configurations of singularities:
os,n, fU; G)SN,@,@ : Ezample = (c=1,h=3,e=—-1,d=5, f=-1) (if n<0);

os7n,f(1);G)SN,S,Nm: Ezample = (c=1,h=3,e=-1,d=2, f=-1) (ifn>0);

os,n, fU; G)SN, (g)SN : Ezample = (c=1,h=3,e=-1,d=25/8, f =-1) (ifn=0).
2) The subcase F1 = 0. Then the weak focus is of order at least two and this depends on Fs.

a) The possibility Fo # 0. In this case the weak focus has the order two and we arrive at the following
three global configurations of singularities (to construct the examples below we use the normal form

(15) i=—y+ (b—v)2?/3+2azy +y*, §=z+az®+ (b+20)zy/3 —ay?):
L4 S,’I’L,f(Z); (}

)SN,©,© : Ezample = (b= —23/7,v=—6/7, a = /1338 — 4y/2559 /42) (if n < 0);
o s,n, f&; G) SN,S,N° : Ezample = (b = —163/49, v = —6/7, a = /66534 — 261/127374 /294)  (if
n>0);
os.n, [ E)SN, @)SN . Ezample = (b= —162/49, v = —6/7, a = 4v/2/7)  (if n = 0).

b) The possibility Fo = 0. According to [31] we could not have a center besides a node and a saddle. So we
have a focus of order three. On the other hand in the case we consider, according to [19] we could have only

three real distinct infinite singularities (i.e. 7 > 0). Hence we have one configuration (see above systems):

o s,n, f; (1)SN,S,N* : Ezample = (b= —15/4,v=3/2, a = /(31 — 3v/57)/2/8).
6.1.1.2.2. The case T3F > 0. Then we have a weak saddle and we consider two subcases: F; # 0 and F; = 0.

1) The subcase F1 # 0. Then by Theorem 1 the weak saddle is of order one and considering Lemma 5 we
get the three global configurations of singularities:

o s n, fi()SN,©,© : Ezample = (c=1,h=3,e=-1,d=5, f=-9/5) (ifn<0);

o s n, f: G)SN, S, N : Ezample = (c=1,h=3,e=—1,d=2, f =2(3—8V6)/25) (if n > 0);

o s n, £ (})SN, (5)SN : Ezample = (c=1,h=3,e=—1,d =2(28V4— 162 — 23),
f=24V4-8Y2+3)) (ifn=0).

2) The subcase F; = 0. By Theorem 1 the weak saddle is of order at least two and this order depends on
Fo.

a) The possibility Fo # 0. We have a weak saddle of order two and we arrive at the next three global

configurations of singularities, for which to construct examples we use the canonical systems:

(16) i =x+az? + by + ey, §=—y—ka?—lzy — my>.
e s n, f: G)SN,@,@ : Ezample = (a=0,b=1,¢=0,m=0,k=5,1=4) (ifn<0);
o 52 pn, f2. G)SN,S,Nc>o : Example = (a=0,b=1,¢c=0,m=0,k=5,1=6) (if n>0);
o 52 pn, f2. G)SN, @)SN : Bxample = (a=0,b=1,¢=0,m=0,k=5,1=2V5) (ifn=0).
b) The possibility F» = 0. According to [6] we could not have an integrable saddle. So we have a weak

saddle of order three and we get the next three configurations.

o s n, fi(1)SN,©,©: Ezample = (a=2/5,b=1, c = (27v/201-227)/250, m = -2, k=1, | = —1/5)
(if n < 0);
o s n, f@: (N)SN,S,N® : Erample = (a = 4/5,b =1, ¢ = (33v/51 — 233)/125, m = 2, k = 1,1 =
b 7f b 1 b ) p b) b b) ) b
—=2/5) (if n > 0);
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o s pn . (})SN, (g)SN . Example = (a =v2,b=1,c= (55— 11)/vV2, m = =2, k = 1/(5/5 —
1), 1=-1/v2) (iffn=0).
6.1.1.2.3. The case 73 = 0. Since 74 = 0 considering (12) we conclude that two traces are zero, but the third
one is different from zero (as one point is a node). So according to Theorem 1 (see the statement (c)) we have
either a weak focus and a weak saddle both of order one (if 77 # 0), or a center and an integrable saddle (if
F1 # 0). However by [6] we could not have besides a node an integrable saddle and a center. So we get the
following three configurations:

o s p, fU. G)SN,©7© : Ezample = (¢c=—-1/10, h=1/10,e=1,d =2, f =1/10) (if n < 0);
o s p, fU. (T)SN,S,NOO : Ezample = (c=-7/5,h=T/5,e=1,d=2, f =7/5) (if n>0);

o s p, fU. G)SN, (g)SN : Ezample = (c=—-4/3,h=4/3,e=1,d=2, f =4/3) (ifn=0).

6.1.2. The possibility Wy > 0. By [5] (see Table 1, lines 115, 121, 122) besides the saddle we have either
two foci or two nodes and this situation if governed by the invariant polynomials W5 and Ws.

6.1.2.1. Assume first W5 < 0 or (W3 > 0, W5 < 0). In this case we have two foci.

6.1.2.1.1. The case T; # 0. Then by Theorem 1 all three singularities are strong and according to Lemma 5
we get the following three geometrically distinct configurations:

os,f,f;G)SN,@,@: Ezample = (c=1,h=3,e=-1,d=7, f=-3) (if n<0);

es, f,f; G)SN,S,NOO : Ezample = (c=1,h=3,e=-1,d=40, f =12) (if n > 0);

es [, f; G)SN, (g)SN : Erample = (c=1,h=3,e=—1,d =40, f =2(4/5-3)) (ifn=0).
6.1.2.1.2. The case 7, = 0. Then at least one singularity is weak.

1) The subcase T3 F < 0. In this case by Theorem 1 we have one weak focus, the order of which is governed
by the polynomials F;, i = 1,2, 3,4.

a) The possibility F1 # 0. The focus is of order one and we arrive at the next three configurations:

os, f, ), G)SN,@,@ : Example = (c=1,h=1,e=-1,d=5/4, f =-1) (ifn<0);

os, f, f); G)SN, S,N*° : Example = (c=1,h=-2,e=-5/11,d=11/4, f = -1) (if n > 0);

os, f, f); (_})SN7 (_g)SN : Ezample = (c=1, h=—-5/4,e =—-40/49,d =49/32, f = —-1) (if n=0).

b) The possibility F1 = 0. In this case the weak focus is of order 2 or 3 because by [31] a quadratic system
could not have a center besides a focus and a saddle. On the other hand according to [19] systems with three
finite real singularities could not have a weak focus of order three and a strong focus. Moreover it is proved
in [1] that we could have the singularities s, f, f? only in the case 7 < 0. So we get the configuration (see
systems (15)):

o s, f, [P G)SN,@,@ . Bxample = (b= —3V4,v=-3,a=1).
2) The subcase T3 F > 0. By Theorem 1 in this case we have a weak saddle.

a) The possibility F1 # 0. The saddle is of order one and we arrive at the next three configurations:

e s £ fi(1)SN,©,© : Ezample = (c = —11/10, h = 1/10, e = —42/47, d = 47/200, f = 11/10) (if
n <0);

o s £ f: G)SN, S,N>* : Ezample = (c = —21/20, h = 7/5, e = —82/145, d = 29/160, f = 21/20) (if
n>0);

o s £ 1 (HSN, Q) SN :  Ezample = (¢ = —(1 + v/226)/15, h = 1/10, e = —8(1 + 1/226)/(121 +
44/226), d = (121 + 41/226)/900, f = (14 /226)/15) (if n = 0).

b) The possibility F1 = 0. In this case the weak saddle is of order 2 or 3. However according to Lemma

7 we could not have two foci besides a weak saddle of order three. Moreover, examining the graphics of the
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functions W; =0 (i = 4,3,2), Ta = 0, 71 = 0 and n = 0, it can be proved that in the case under consideration
we could not have n > 0. So we get the next configuration:

e s f. fi(})SN,©.© : Ezample = (c=-2,h=1,e=-6/5,d=5/2, f =2).

3) The subcase T3 = 0. We note that in this case the systems could not be Hamiltonian, otherwise we get
2 centers and an integrable saddle, which is impossible (see [6]). On the other hand according to Theorem 1
in the case of non Hamiltonian systems we could have only two weak singularities and this implies 72 # 0. So
we could apply the statement (¢) of Theorem 1 which says that we have two weak foci if 73 < 0 and a weak
focus and a weak saddle if 75 > 0.

a) The possibility T2 < 0. By Theorem 1 we have two weak foci (each one of order one) if F; # 0 and we
have two centers if F; = 0. However according to [6] systems (10) could not have as finite singularities ¢, ¢, s.
Thus in the case we consider we arrive at the following three configurations:

o5, fO, fO,(NSN,©,©: Ezample = (c=—1,h=1,e=—4/7,d=17/2, f=1) (if n < 0);
os, f (), G)SN, S,N°: Ezample = (c=—-1,h=1,e=-306/313,d =313/288, f =1) (if n > 0);

o5, fO fW (SN, ()SN : Ezample = (c= -1, h=1,e=-17/18,d=9/8, f=1) (if n=0).

b) The possibility T > 0. Then by the statement (¢) of Theorem 1 we have either a weak focus and a
weak saddle (each of order one) if F; # 0, or we have a center and an integrable saddle if 73 = 0. However

according to [6] in the second case we could not have a focus. So we get the configurations:

o s (), G)SN,@,@ : Ezample = (c=—-1,h=1,e=-3/4,d=5/4, f=1) (if n <0);

o s ¢ (), G)SN, S,N® : Ezample = (c=—-1,h=1,e=-6/7,d=35/32, f =1) (if n>0);

o s ¢ (1), G)SN, @)SN . Ezample = (c=—-1,h=1,e=-5/6,d=9/8, f=1) (if n=0).
6.1.2.2. Suppose now W3 > 0,2 > 0. By [5] (see Table 1, row 115) besides a saddle we have two nodes

which are generic due to Wy # 0.
6.1.2.2.1. The case T; # 0. Then the saddle is strong and we get the following three geometrically distinct

configurations:

®5,1,M; (_})SN,@),@ : Ezxample = (c=1,h=1,e=1/100,d=3, f =2) (if n <0);

e 5. n,n; (_})SN7S,N°° : Ezample = (c=1,h=1,e=1/3,d=6, f =5) (ifn>0);

e 5. n,n; (_})SN7 @)SN : Bzample = (c=1,h=1,e=1/2,d=3+2V2, f =2+2v2) (if n=0).
6.1.2.2.2. The case 7; = 0. In this case we have T3 # 0 because systems (10) possess two nodes besides
a saddle. Then we have a weak saddle the order of which is governed by the invariant polynomials F;,

i=1,2,3,4.

1) The subcase F; # 0. By Theorem 1 the weak saddle is of order one and we arrive at the next three

configurations:

o s n n; G)SN,@,@ . Ezample = (c=1,h=2,e=1,d=49/40, f = -1) (if n<0);
o s n n; (_})SN,S,NOO . Example = (c=1,h=2,e=1,d=1/8, f=-1) (ifn>0);

o s nn; (SN, (3)SN : Ezample = (c=1,h=2,e=1,d=9/8, f=—1) (ifn=0).
2) The subcase F; = 0. Then the order of the weak saddle is greater than or equal to 2.

a) The possibility Fo # 0. In this case we have a weak saddle of order two and this leads to the next three
configurations (see systems(16)):

es® n,n; ())SN,©,©: Ezample = (a=1,b=—9/10, c = —27/100, m = 1, k = (127/21-581)/54, | =
—9/10) (if n < 0);
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e 52 n,n; (})SN,S,N*® : Ezample = a=1,b=—9/10,c = —1/4, m = 1, k = (9181 — 121)/10, |
-9/10) (if n > 0);

o s nn;())SN, (3)SN : Ezample = a = 1,b = —9/10,c = —(87v29 + 419)/3380, m = 1, k =
13(—5089747 — 317811+/29 + 261\/58(7312891 + 821733v/29) )/(10(419 + 87+/29)), 1 = —9/10)  (if n = 0).

b) The subcase Fo = 0. Since T3 # 0, according to [6] we could not have an integrable saddle with two
nodes. On the other hand by Lemma 7 in this case we could only have one configuration with a weak saddle

of order three (here we use systems (16)):

o 53 n n; G)SN,S,N‘X’ . Brample = (a=—2,b=1,c=(5-V17)/2,k=2,1=1,m = —2).

6.1.3. The possibility W, = 0. Considering (12) we obtain 77273 = 0, i.e. at least one discriminant vanishes
and this leads to a node with coinciding eigenvalues.

6.1.3.1. Assume first W3 < 0. In this case by [5] (see Table 1, row 119) besides the node, systems (10)
possess a focus and a saddle. Since W3 < 0, according to Lemma 6 systems (10) could not have a star node
and therefore we have a node n?.

6.1.3.1.1. The case T4 # 0. Then by Theorem 1 we do not have weak singularities and this leads to the

following three configurations:

o 5.1 f; (T)S]\C@,@ : Erzample = (c=2,h=—-1,e=-1/4,d=1, f =1) (if n<0);
o 5.1 f; (T)S]\ES,NOO : Ezample = (c=2,h=-2,e=-1/4,d=1, f =1) (if n>0);

o 5.1 f; (})SN7 (g)SN : Erample = (c=2,h=—(1+2v2)/2, e=—1/4,d=1, f=1) (ifn=0).
6.1.3.1.2. The subcase 7; = 0. We have at least one weak singularity.

a) The possibility T3F < 0. By Theorem 1 in this case we have one weak focus, the order of which is
governed by the polynomials F;, i = 1,2, 3,4.

a) The case F1 # 0. The weak focus is of order one and we arrive at the next three configurations:

o s,nt f: G)SN,@,@ : Ezample = (c=-3/2, h=5/4,e=-25/32,d=2, f =1) (if n <0);

o s,nt f: G)SN, S,N>® : Ezample = (c = —9/4, h=13/8, e = —169/128,d =2, f =1) (if n > 0);

o s,nd, [, G)SN, (_g)SN . Example = (c= -2, h=3/2,e=-9/8,d=2, f=1) (ifn=0).

B) The case F1 = 0. Then by Theorem 1 the weak focus is of order at least 2. However according to [19]
and [6] systems with three finite real singularities could neither have the configuration s, n?, f @) nor s,n¢, c.
On the other hand by [1] in the case of the weak focus of order two, only the case < 0 is realizable. So we

get the configuration (the example below is based on systems (15)):

e s5,n% fP; (SN, ©,© : Ezample = (a =1, (b,v) € {p~1(0),W; '(0)) ~ (—4.1394, —1.4439)).
b) The possibility T3 F > 0. In this case we have one weak saddle.

«) The case F1 # 0. By Theorem 1 the weak saddle is of order one and we obtain three configurations:

e s nd fi(1)SN,©,© : Ezample = (c = —27/20,h = 1, e = —58/45,d = 45/32, f = 27/20) (if
n < 0);

o 50 nd f. G) SN,S,N* : Ezample = (¢ = —13/10, h = 1, e = —84/67,d = 67/50, f = 13/10) (if
n > 0);

o s pnd f: G) SN, @) SN :  Ezample = (c = —(10 + v/103)/15, h = 1, e = —2(17 + 2v/103)(23 +
21/103)/(1703 + 80v/103), d = (1703 + 80v/103) /1800, f = (10 + /103)/15)  (if n = 0).

B) The case F1 = 0. The order of the weak saddle is > 2. On the other hand by [6] in the case under
examination we could not have the configuration s,n?, f. It was shown earlier (see the proof of Lemma 7)
that in the case of a weak saddle of order three the condition W4 = 0 implies W3 > 0 and Wa > 0. By [5] this
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means that we could not have the configuration s(3), n?, f. Moreover examining the graphics of the functions
W;=0(=4,3,2), Ta =0, F; =0 and = 0 it can be proved from these graphics that in the case under
consideration we could not have n > 0. So considering Lemma 5 we get the configuration:

o s nd f. G)SN,@,@ : Ezample = (c=-2, h=1,e=-14/9,d =9/4, f = 2).

¢) The possibility T3 = 0. In this case considering (12) two traces vanish and we have two weak singularities:
a focus and a saddle. On the other hand by [6] we could not have the configuration $,n%, c. So according to

Theorem 1 both weak singularities are of order one and we get three configurations:
o s pd f1). (T)SN,@@ . Example = (c=—1,h=9/5,e=—7/9,d ="729/275, f =1) (if n < 0);
o s nd ). G)SN, S,N><: Ezample = (c = —1, h = 89/50, e = —139/178, d = 704969/271250, f = 1)
(if n > 0);
o s nd O MSN, (SN : Evample = (¢ = =1, h = 3+ VI7)/4, e = —(T+ VIT)/(6 + 2V/17), d =
(45 4+ 11v/17) /(10 + 6V/17), f =1)  (if n = 0).
6.1.3.2. Suppose now W3 > 0. In this case by [5] (see Table 1, row 116) systems (10) possess one saddle and
two nodes (one generic and another one with coinciding eigenvalues).
6.1.3.2.1. The case Uz # 0. Then by Lemma 6 we have a node n?.
a) The subcase Ty # 0. By Theorem 1 the saddle is strong and we obtain three configurations:

e s5,n,n% (_I)SN,@),@ : Example = (¢ =33/8, h=1,e=—2,d=625/512, f =1) (if n <0);
o s,m,n? ( )SN S,N*° : Example = (¢=31/8, h=1,e=—-2,d=1529/512, f=1) (if n> 0);

o s5.n,n? G)SN (g)SN : Erample = (c=4,h=1,e=-2,d=9/8, f=1) (ifn=0).
b) The subcase Ty = 0. Then we have a weak saddle.

a) The possibility F1 # 0. By Theorem 1 the weak saddle is of order one and we arrive at the following
three configurations

o s n nd ( )JSN,©,© : Ezample = (¢ = —2/5, h = 7/10, e = —2441/3600, d = 1764/2441, f = 1)
(if n < 0);

o s n,n% (SN, S, N> : Evample = (¢ = —2/5, h = 7/10, e = —1243/1800, d = 882/1243, f = 1) (if

n>0);

o sU n,nd; (HSN, QSN : Ezample = (c = —2/5,h = 7/10, e = —49/72,d = 18/25, f = 1) (i
n=0).

B) The possibility F1 = 0.

B.1) The case Fo # 0. According to Theorem 1 we have a weak saddle of order two and this leads to the
following three configurations:

o 52 n, nd ( JSN,©,© : Ezample = (c=1-2¢, h=¢ e=—11,d=¢£?/11, f =1) (if n < 0) (where
¢ = F;1(0) = —0.8549);

o 52 n nd ( )SN,S,N°°: Ezample = (c=1-2¢, h=¢§, e=—12,d=¢*/12, f =1) (if n > 0) (where

¢ = F;1(0) =~ —0.8557);

o 52 n nd ( )SN, (g)SN . Ezample = (c = 1-2, h =¢& d = —&Je, f =1) (if n = 0) (where
(e,6) € {Fy 1(0), n71(0)} ~ (—11.5890, —0.8553)).

B.2) The case Fo = 0. By [6] in this case we could not have an integrable saddle. On the other hand by
Lemma 7 systems (10) have finite singularities s(*),n, n¢ only in the case n > 0. So we get the configuration:

o s n,nd ()SNSN‘X’ : Ezample = (c = 1 -2, h = & d = /e, f = 1) (where (¢,£) €
{FH0), 51 (0)} ~ (—4.7882, —2.9346));
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6.1.3.2.2. The case U3 = 0. Then by Lemma 6 we have a star node. Moreover from the proof of Lemma 6
it follows that in the case W3 # 0 the condition Wy = Us = 0 yields d = e = 0 and f = c¢. In this case we
calculate n = 4(c+ 2h)? and D = —192¢®(c + 2h)? and therefore the condition D < 0 implies n > 0. Since by

Lemma 6 the condition 73 # 0 holds (i.e. the saddle is strong) we could only have one configuration:

e s, n,n*; (})SN,S,NOo : Ezxample = (c=1,h=-2,e=0,d=0, f=1)
6.1.3.3. Suppose now W3 = 0. In this case by [5] (see Table 1, row 116) systems (10) possess one saddle and

two nodes each one with coinciding eigenvalues.
6.1.3.3.1. The case Uz # 0. Then by Lemma 6 we have two nodes n¢.
a) The subcase Ty # 0. According to Theorem 1 the saddle is strong and we obtain the following three

configurations:

o s,n% n (i)SN,@,@ : Ezample = (c=1,h=-2,e=3/(v/6—-4),d=(4—6)/2, f=1+6) (if
n<0);

o 5,n% nd; G)SN,S,N"O : Ezample = (c=1,h=-2,e= (5—-2V6)/(3V6 —8),d = (8 —3V6)/2, f =
V6—1) (it n > 0);

o s,nd nd; (_})SN7 (_g)SN . Ezample = (c=1,h=—2,e=(T—2v6)/(4V6 —11),d = (11 —4v6) /4, f =
V6)  (if n=0).

b) The subcase T4 = 0. In this case we have a weak saddle.

a) The possibility F1 # 0. By Theorem 1 the weak saddle is of order one and we arrive at three configura-

tions:

o s nd nd; (SN, ©,©: Ezample = (c =1, h = —(8+5f2)/20, e = —200(f —1)?/(104—160f +180f2—
100f3 4 25f4), d = (104 — 160f 4 1802 — 1003 + 25f4)/800 (if n < 0) (where f = T, *(0) ~ —3.2840);
o s pd pd. G)SN, S,N®: Ezxample = (c=1,h=-2,¢e=0,d=1/2, f=1) (ifn>0);

o s(U nd nd. G)SN, (g)SN : EBzample = (c=1,h = —(2+ f2)/4,e = —8(f —1)2/(2 - 2f + f2)?,d =
(2—2f+ f2)?/32), f = (y/2(5 + VA1) — 1 —V41)/4  (if n = 0).

B) The possibility F1 = 0. In this case the weak saddle is of the order > 2. According to Lemma 7 in the
case of the existence of a weak saddle of order three the condition W, = 0 implies W3 > 0, i.e. we could not

d

have s, n% n%. So we could only obtain the configuration s2),n% n¢, and we claim that in this case the

condition 1 < 0 is satisfied. Indeed, to prove this we consider the 6-parameter family of systems (9) and we

force the conditions on the two discriminants
T =(c—f)2+4de=0, 15 = (c+ f+2h)* —4d(e+2m) =0,

in order to have two nodes with coinciding eigenvalues, and namely the singularities M;(0,0) and M2(0,1).
Moreover we also need the condition ps = 0 in order to force the singular point M3 to be a weak singularity.

First of all we observe that due to k # 0 the condition d # 0 must hold. Indeed, assume d = 0. Then the
relations 71 = 75 = 0 yield f = ¢, h = —c and therefore we obtain p3 = —cm/(2(e+m)) = 0 which contradicts
k= —128¢*m? £ 0.

Thus d # 0 and solving the equations 7 = 0 and 7 = 0 with respect to the parameters e and m we obtain

e=—(c— )?/(4d), m = (+ f* +2ch +2fh+ 2h?)/(4d).
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Then Wy, = W3 = 0 and now it is necessary to force the conditions p3 = 0 (i.e. 74 = 0) and F; = 0. We
calculate

_ (c+ f)(c— f+2h)
8(c+ h)(c® + f?+ 2ch) [(c +h)2+(f - h2)]

Fr = [(f = W27 + )P — (e + R (TGS + 27+ 3%h + efh - 2f%h

P3 Zl(ca f7 h)7

1
+ 6Ch2 + fh2 + h3)] = *@ ZQ(Cv fa h)a
where

Zi(c, f,h) = (f —h)2(f + h)* + (c + h)*(7c® + 8% + l4ch — Afh — h?).
On the other hand we have

D=~ oo (e e+ R e [+ 20 + 2+ 2ch)?,

1
n=— @(262 + f2 +4ch)[(c+h)> + (f + h)2]2.
Therefore due to D < 0, the condition p3 = 0 is equivalent to Zi(c, f, h) = 0.

Thus it remains to determine the sign of the polynomial n when Zi(c, f,h) = Za(c, f,h) = 0. Clearly if
h =0 then n < 0.

Assume h # 0. Then we may consider h = 1 due to a time rescaling in systems (9). We observe that in this
case we have = 0 if and only if 2¢ + f? +4c = 0. Moreover sign (1) = —sign (2¢* + f2 + 4c). Examining the
common real solutions of the polynomials Zi(c, f, 1) and Za(e, f, 1) we detect, that each such solution (co, fo)
satisfying the condition D(cg, fo) # 0 lies outsides the ellipse 2¢? + f2 + 4c = 0, where n < 0. This proves our

claim.

Thus in the case of two nodes n? and of a weak saddle of order two we arrive at the configuration:

o s(2) pd pd (i)SN, ©,©: Brample= (h=1,e=—(c—f)?/[(c+1)?+(f+1)?], d = [(c+1)2+(f+1)?]/4,),
where (¢, f) € {F;1(0), T, 1(0)} ~ (—1.9245, 0.7926).
6.1.3.3.2. The case Us = 0. According to Lemma 6 the conditions Wy = W3 = Us = 0 imply Tz = 16c® # 0
and n > 0. So the saddle is strong and at infinity we have three real singularities. This leads to the

configuration:

o s,n% n*; (})SN,S,NOO : Ezample = (c=1,h=-1,e=0,d=0, f=1).

6.2. The subcase r > 0. According to Remark 2 the condition x > 0 implies K < 0 and by [5] (see Table
1, lines 110 - 114) systems (10) possess two saddles and one anti-saddle. On the other hand considering (12)
the condition k£ > 0 implies v < 0 and then n > 0. By Lemma 5 this means that at infinity we only have the
configuration of singularities: G) SN,Nf N7,

We observe that due to the condition Gy # 0 according to Table 1 [5] the type of the anti-saddle is governed
by the invariant polynomials W;, ¢ = 4,3, 2.

6.2.1. The possibility W, < 0. The anti-saddle is a focus. If 74 # 0 then we do not have weak singularities

and hence we get only one configuration:

o 55 fi()SN.N/ N/ = (c=1,h=2,e=1,d=-1/3, f =2)
Assume now T4 = 0, i.e. we have at least one weak singularity. We consider two cases: 73 # 0 and T3 = 0.

6.2.1.1. The case T3 # 0. Then by Theorem 1 systems (10) have exactly one weak singularity. If 7y # 0
or F; = 0 and F3 # 0 considering Theorem 1 we conclude that there are 4 possible configurations and they

indeed are all realizable:

o 5,5, fV; (SN, N/ Nf = (¢c=0,h=1,e=1,d=—1, f=0) (if T-F <0, F1 #0);

o5, sV fi(WSN,N/ N = (c=—-1,h=2,e=2,d=0, f=1) (if BF >0, F #0);



GEOMETRIC CONFIGURATIONS OF SINGULARITIES FOR QUADRATIC DIFFERENTIAL SYSTEMS 37

° S7S7f(2); G

hd 575(2)af; (}

Suppose now F; = F2 = 0, i.e. we have a single weak singularity of the order > 2. By [6] in the case under

SN,N/ N/ = (c=—-1/2,h=1,e=2,d=—1/3, f =1/2) (f TzF <0, F1 =0, Fo # 0);
SN,N/ N/ = (¢c=—-1,h=6/5,e=1,d=3/5, f =1) (if T3F >0, F1 =0, Fa #£0).

~— ~—

consideration we could neither have a center, nor could we have an integrable saddle. Moreover as k > 0, by
Lemma 7 in this case a weak saddle of order three is also impossible. Therefore considering the only possible
configuration here for infinite singularities we arrive at the following global configuration:

e 5,5 O (SN, N N/ = (c=—-14/11, h =1, e = —7/4, d = 6496/5203, f = 14/11).
6.2.1.2. The case T3 = 0. Then at least two singularities are weak and since 0 = c+ f + 22— 2(f — h)y # 0
(i.e. systems (10) could not be Hamiltonian) we conclude that we could only have two weak singularities.
This implies the condition 73 # 0. Moreover as it was mentioned above we could neither have a center, nor
could we have an integrable saddle and in this case by Theorem 1 (see statement (c)) the condition F; # 0 is

satisfied. So we obtain the following two configurations of singularities:

o s sV (SN, N/ N = (¢=2,h=-2,e=1,d=1, f = -2) (if Tz <0);

o5, sV fO (SN, N/ N = (c=-2,h=2,e=-5,d=1, f=2) (if T >0).

6.2.2. The possibility W4 > 0. In this case besides two saddles, systems (10) possess a node, which is generic.
By [6] in the case under consideration we could neither have a center, nor could we have an integrable saddle.
Moreover by Lemma 7 it is impossible to have a weak saddle of order three together with a saddle and a node.

This leads to the next four configurations:

os,s,n;_lSN,Nf,Nf:> c=1,h=2,e=1,d=0, f=2 if T4 #0);
1
o 5,50 n; ()SN,NF Nf = (c=—1,h=2,e=-3/4,d=0, f=1) (ifTa=0,Tz#0, Fi #0);

o 5,52, n;(})SN,N/ N/ = (c = =1, h = 621/500, ¢ = 1,d = 129/250, f = 1) (if T2 = 0, T3 # 0,
.7‘—1 ZO);
o s sV n: (VSN N/ NI = (¢=2,h==2,e=—4/5,d=1, f = —2) (if Ta =Tz = 0).

6.2.3. The possibility W, = 0. Then the anti-saddle is a node with coinciding eigenvalues. Moreover by
Lemma 6 this node is a star node if and only if U3 = 0, and in this case the condition 7; # 0 holds. It was
mentioned above that we could not have a weak saddle of order three besides a saddle and besides a node of
any type. So we get the following five configurations of singularities:

DSN,NF N = (c=2,h=2,e=-1/4,d=1, f=1) (if Ta #0, Us #0);
os7s7n*;(i)SN,Nf7Nfé (c=1,h=1,e=0,d=0, f=1) (if T4 #0, U35 =0);
o 5,50 0t (SN, NI Nf = (¢ = —7/2, h=9/4, e = —81/32,d=2, f=1) (if Ta =0, Tz #0, Fy #0);

e 5,5 n ())SN,N/ N = (c=-3/4, h =1, e = —2(3+/39)/(23+/39), d = (23+/39)/40, f = 3/4)
(f Ta=0,Ts #0, F1 = 0);

o s s nd (1)SN,N/ N/ = (c=—1,h=4/5,e=-9/8,d=128/175, f =1) (if Ta = T3 =0).

. s,s,nd;(

6.3. The subcase k = 0. In this case for systems (9) we get m = 0 and we have 1y = 4efh%y # 0. Therefore
we may assume e = h = 1 due to the rescaling (x,y,t) — (hz/e,y,t/h) and this leads to the 3-parameter

family of systems
(17) & =cx+dy+2zy —dy?, §=z+ fy— fy*

These systems possess the singular points

d—cf—2f) d—cf)

M(0,0), Ms(0,1), M3(d—cf)( 7 Y
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for which we have
pr=c+f, Ar=cf—-di pr=c—[f+2
(18) Ao =d—=2f—cf; ps=flc+1)+d(1-f)/f,
Az = (cf —d)(d=2f —cf)/(2f); 7 =p] —4A;, i=1,23.
Then for the systems above we calculate
k=n=pg=0, Gog=0, T,=0=W,, i=1,23,4,
mo=A4fy #0, K=—Afy>, N=—-41+f)fy>, M=-82+ ),
By =2fpip2ps, Bo=2f(f—1)*[p1p2+ pips + paps|, L=8Ff(2+ £y’
Wy =12f%m11om3, Ws =Af2[n72 + 173 + 1273], Wi = 1444 f%(11 + 12 + 73).

(19)

We shall examine step by step the global configurations of singularities of systems (17).

We observe that the condition j; # 0 implies K # 0 and sign (IN() = —sign (f).

Remark 3. For systems (17) the condition L = 0 implies M = 0. Moreover if LN # 0 then we have

sign (L) = sign (f(2 + f)) and sign (N) = —sign (1 + f).

6.3.1. The possibility K < 0. According to [5], systems (17) have two saddles and one anti-saddle.
6.3.1.1. The case W, < 0. Then the anti-saddle is a focus.
6.3.1.1.1. The subcase B; # 0. We have p1pap3 # 0, i.e. all thiele singularities are strong. On the other
hand we observe that the condition K < 0 implies f > 0 and then M # 0. So considering Lemma 5 we obtain
the configuration:

es,s, f; (/5 ]SAE]{SA—H, N' . Ezample = (c=—1, d= -2, f =3).
6.3.1.1.2. The subcase By = 0. Then p;p2p3 = 0 and at least one of the traces is zero. Therefore without

loss of generality we may assume p; = c+ f =0, i.e. ¢ = —f and the calculations yield
Bi=H=0, Bz=4(f - 1)*(d+f?), o=2(1-f)y,
(20) D = —192(d+ f3)*(d — 2f + f*)?, Fi=2(1— f)(d+2f+ f?)

Wy =192(1 — d)(d + f2)*(d — 3f* + df* + f*), Co= (2+ flzy® — dy®.

1) The possibility Ba # 0. This implies 0 # 0. Moreover since W7 < 0 the condition By > 0 implies
F1 # 0, otherwise setting d = —f(f +2) (i.e. F; = 0) we obtain Wy = —1536f3(1 + f)* < 0, and therefore
By =—8(f —1)*f <0.

Thus according to Theorem 1 (see statements (e1), (e2) and (e4), [8]) and considering Lemma 5 we get the
following three configurations:

—~

o 5,5 fD; ) PLEP. —H, N’ : Ezample = (¢ = —5/4, d=2, f =3/4) (if By <0, F1 #0);

o s,5¢ (1) PLEP—H, N/ : Ezample = (c= -2, d= -8, f=2) (if B, <0, F; = 0);

o5, sV f: (é) ZSAEIGA—H, N/ . Ezample = (c=—1/2, d=2, f =3/2) (if By >0).

2) The possibility B = 0. In this case (f —1)(d + f2) = 0 and due to W7 # 0 we get f =1, i.e. 0 =0. So
we arrive at the following configuration:

L ex (;) ﬁAEﬁA—H, N’ . Evample = (c=—1,d=2, f=1);
6.3.1.2. The case W7 > 0. Then the anti-saddle is a node which is generic.
6.3.1.2.1. The subcase B; # 0. In this case both saddle are strong and as K < 0, considering Lemma 5 we

get the following configuration:

®5,5,n; (%) IgAE]SA—H, N/ . Ezample = (c=—1, d= -2, f =9/4).



GEOMETRIC CONFIGURATIONS OF SINGULARITIES FOR QUADRATIC DIFFERENTIAL SYSTEMS 39

6.3.1.2.2. The subcase B; = 0. We set again p; = 0 which implies ¢ = —f. We claim that the condition
W7 > 0 and K <0 imply Bs > 0 and F; # 0. We first show that we could not have F; = 0 and neither could
we have By = 0. Supposing the contrary by (20) we obtain either

(f=1)(d+f5)=0 or (1-f)d+2f+f*)=0.
Since the condition W7 > 0 implies d + f2 # 0 we must have either f =1 or d = —f(f + 2), and we obtain
either Wy = —384(d? — 1)2, or Wy = —1536f3(1 + f)*. The condition K = —4fy? < 0 gives f > 0, and
therefore in both cases we obtain the relation W7 < 0 which contradicts the assumption.
Assume now By < 0. Then d + f? < 0 and we can set d = —f2 — u? (with u # 0), and this leads to the
relation W7 = —192u*(1 + 2 + u?)(4f? + u? + f?u?) < 0. So our claim is proved.

Thus B2 > 0 and F; # 0 and considering Theorem 1 and Lemma 5 we get the configuration:
o 5,50, n; () BLEP, —H, N/ . Ezample = (c = —3/2, d = 7/13, f = 3/2).
6.3.1.3. The case W7 = 0. Then the anti-saddle is a node with the coinciding eigenvalues. For systems (17)

we have Uy = —4(1+ f)y? #0 and Y1 = 1+ f # 0 due to K <0 (i.e. f>0), and by Lemma 4 we could not
have a star node.

6.3.1.3.1. The subcase B; # 0. In this case both saddles are strong and considering Lemma 5 we obtain the
configuration:

o s,s,n% (;) IGAE]{SA—H, N' . Erample = (c=1, d=—1/4, f =2).
6.3.1.3.2. The subcase B; = 0. Then one saddle is weak and without loss of generality we may assume that

it is located at the origin and the node n? is at the point M;(0,1). Then p; = 0 gives ¢ = —f, whereas
79 = 4(1 — d) = 0 implies d = 1. In this case calculations yield

Bi=H=0, Bo=4(f - 1)'(1+f*), o=2(1- [y,
Wr=0, Fi=2(1-£)(f+12 D=-192(f - D*1+ )2

Since for the family of systems (17) we have D < 0 this implies F1B820 # 0. Then by Theorem 1 (see statement
(e1)) the weak saddle is of order one. Therefore we get the configuration:

o 5,51 nd: (é) ﬁAEIgA—H, N7 . Ezample = (c= -2, d=1, f=2).

6.3.2. The possibility K > 0. According to [5] systems (17) possess one saddle and two anti-saddles, the

types of which are governed by the invariant polynomial W5.

6.3.2.1. The case W7 < 0. Then besides the saddle we have a node (which is generic) and a focus. We
observe that the condition W7 < 0 implies Co # 0. Indeed, otherwise setting Co =0 (i.e. f =—2 and d =0)
we get Wy = 192¢%(c + 2)% > 0.

6.3.2.1.1. The subcase B; # 0. Then we could not have weak singularities and considering the condition
Cs # 0 and Remark 3 and Lemma 5 we arrive at the next five configurations:

es,n,f; (;) ﬁAE]gAfH, S : Ezample = (¢c=5/4,d=1, f=-1/2) (if L <0, N < 0);
es,n, f; () PHP ~E,S: Ezample = (¢=9/4, d=1, f=-3/2) (fL <0, N >0);

es,n, f; ) H-E,S: Ezample = (c=2,d=3, f=-1) (if L <0, N =0);

es.n,f; (é) H, HH,—H, N* : Ezample = (c=4, d=—5, f=-3) (if L >0);

esn,f; (:13) HAHISA—}S . Ezample = (c=—5, d=1, f=-2) (if L =0).
6.3.2.1.2. The subcase By = 0. Then p1p2p3 = 0 and at least one of the traces (which corresponds to the
saddle or to the focus) is zero. Without loss of generality we may assume p1 =c+ f =0, i.e. ¢=—f and we
arrive at the relations given in (20). Therefore we deduce that the conditions K > 0 (i.e. f < 0) and W7 <0
imply Bao # 0. Moreover we have F; # 0 otherwise setting d = — f(f+2) we obtain W7 = —1536 f3(1+f)* > 0

due to f < 0.
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Thus by Lemma 5 considering the condition Cs # 0 we get in the case By < 0 the configurations:
es,n, fU; (%) JKSAE]SAfFL S Ezample = (¢c=1/2, d=-1, f=-1/2) (if L <0, N < 0);
es,n, fO; ()P HP, —E,S: Ezample = (¢c=3/2, d=-3, f=-3/2) (fL<0, N>0);

—~

os,n, f0; 3) H-E,S: Ezample = (c=1, d=-2, f=-1) (if L <0, N =0);
5 G P

o~

os,n, fU; (;) H,HH,—H, N*° : Ezample = (¢=3, d=-10, f=-3) (if L> 0);

—

e s,n, fI; (3) H,HP,— P : Ezample = (c=2, d=—5, f =—2) (if L =0).
In the case By > 0 we obtain the configurations:

o s n, f; (N BLEP. —H, S: Ezample = (c=1/2, d=1/4, f=—1/2) (it L <0, N <0);

—~

o s n, f: (;) ﬁAHﬁA—E, S : Ezample = (¢c=3/2, d=1/4, f = -3/2) (if[i <0, N > 0);

—

o s n, f: (;)HfE,S: Ezample = (¢c=1, d=0, f=-1) (ifﬂ<07]\~f:0);

—

o s n, f: (;) H HH, —H, N*® : Ezample = (c=3, d=—8, f=-3) (if L >0);

—~

o s n, f: G) HAHﬁAfﬁ . Ezxample = (¢ =2, d= -3, f=-2) (ifﬂ =0).
6.3.2.2. The case W7 > 0. Then beside the saddle we have two generic nodes.

6.3.2.2.1. The subcase By # 0. Then the saddle is strong and considering Remark 3 and Lemma 5 we arrive
at the next six configurations:

®s5.m,m; (;) ﬁAEﬁA—H, S : Ezample = (c=1,d=1, f=-1/2) (iff/ <0, N < 0);
es,nn; () PLHP, —E,S: Ezample = (c=2, d=1, f=-3/2) (it L <0, N >0);

—

®5,1,M; (é)H—E,S: Ezample = (c=2, d=2, f=-1) (if]i<0,]v:0);

—

o s,n,n; (3) HAHH —H, N® : BEzample = (c=1, d=-7/2, f =-3) (if L >0);

e 5. n,n; (é) HAHﬁ)\f P Ezample = (¢c=1, d=-7/2, f =-2) (ifﬂ =0, Cy #0).

e s,n,n; [00; 0] : Ezample = (¢ =3, d=0, f=-2) (if L =0, Cy =0).
6.3.2.2.2. The subcase B; = 0. Then the saddle is weak and we may assume that it is located at the origin,
ie. ¢ = —f and we get the relations (20). We observe that due to f < 0 and D < 0 we obtain Bs # 0.
Moreover the condition By > 0 has to be satisfied, otherwise we have d + f? < 0, and setting d = —f? — u?
(where u # 0) we obtain Wy = —192u*(1 + f2 + u?)(4f? + u® + f?u?) < 0.

On the other hand we observe that in the case under examination we have N # 0, otherwise the condition
N =0 yields f = —1, and then we arrive at the contradiction: Wy = —384(d? — 1)2 < 0.

1) The possibility F1 # 0. Then Cs # 0 because the condition Cy = 0 implies d = f + 2 = 0 and then
F1 = 0. So considering Remark 3 and Lemma 5 we arrive at the next four configurations:

—

o s n,n; (1) PLEP. —H, S: Ezample = (¢ =1/2, d=4/5, f =-1/2) (if L <0, N < 0);
o s n n; ( )ISAHﬁA—E, S : Ezample = (¢=3/2, d=4/5, f =—-3/2) (if L <0, N> 0);

1
2
3 HWHH, —H, N® : Ezample = (c=3, d=1/2, f=-3) (if L > 0);
1
3

o s n n;

o s n n; ( ) HAHﬁAfﬁ . Ezample = (¢c=2, d=1/2, f=-2) (ifﬂ =0).

2) The possibility F1 = 0. Then by Theorem 1 (see statement (es),3) we have an integrable saddle.
Considering (20) we have d = —f(f + 2) and calculations yield

Co = (f+2)y*(x — fy), L=8F(f+2)y"

Since f # 0 the condition L = 0 is equivalent to Cy = 0 and considering Remark 3 and Lemma 5 we arrive at
the next four configurations:
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®$n,n; (;) IgAE]SA—H,S: Ezample = (c=1/2, d=3/4, f =-1/2) (if]i<0,]v<0);
®$n,n; (é) PAHﬁAfE, S : Ezample = (¢=3/2, d=3/4, f=-3/2) (iff/ <0,N > 0);
e $n,n; (;) H HH,—H, N*® : Ezample = (c=3, d= -3, f=-3) (if L >0);

e s,n.n; [00; 0] : Fxample = (¢ =2, d=0, f=-2) (if L= 0).
6.3.2.3. The case W7 = 0. Then besides the saddle we have two nodes and at least one of them has coinciding
eigenvalues. Without loss of generality we may assume that this point is located at the origin and therefore
the condition 71 = (¢ — f)? + 4d = 0 gives d = —(c — f)?/4. Then calculations yield
Ur=—41+f)y?, Yi=1+f, Us=—4> L=8f(f+2)y",
D = —3/4(c+ f)(c* +8f +2cf + f*)°, Ca= 2+ flay® + 1/4(c— f)*°.

and considering Lemma 4 we conclude that systems (17) could not possess a star node. Moreover Cy # 0
otherwise the conditions ¢ = f = —2 implies D = 0.

6.3.2.3.1. The subcase Wy # 0. Considering (19) we conclude that only one discriminant vanishes, i.e. in

this case we could not have two nodes n®.

1) Assume first By # 0. Then the saddle is strong and considering Remark 3 and Lemma 5 we arrive at
the next five configurations:

o s, n,n: (;) P.EP,—H,S: Ezample = (c=1, d=-9/16, f = —1/2) (if L <0, N < 0);

o sty () BHP —E, S: Buample = (c=1, d=—25/16, f = -3/2) (if L <0, N > 0);

o smn®; () H—E,S: Eample = (c=2, d=—9/4, f=—-1) (fL <0, N=0);

o 5,0, nd: ﬁ H HH,—H, N* : Ezample = (c=1, d= —4, f=—3) (ifL>0);

o s,n,n? ( ) H.HP, — P : Ezample = (c=1,d=-9/4, f=-2) (if L=0).

2) Suppose now By = 0. In this case we have p1p2ps = 0 and p1 # 0 (due to 1 = 0). So without loss of

generality we may assume py = 2+ ¢ — f = 0 and this gives ¢ = f — 2. Then we have
Bi=H=0, Bo=4(f—1)*1+ /%), o=2(1-f)(y—1), N=—4(f+1)>
Wy =0, F1=2(1-f)(f+1)>% D=-192(f — 1)*(1 + f?)*,
and hence, the condition D < 0 implies B2 > 0. We note that in this case F; # 0 and N # 0 otherwise we get

f = -1, ¢ = —3 and this implies W5 = 0. Therefore by Theorem 1 (see statement (e1) ) we have a weak saddle
of first order. Since CoN % 0, considering Remark 3 and Lemma 5 we arrive at the next four configurations:

o s pn nd ( )PAEPA H,S: Erample = (c=-5/2, d=—-1, f=-1/2) (if L <0, N < 0);
o s n,nd; (1 ) P.HP,—E,S: Evample = (c=—-7/2, d=—1, f=-3/2) (if L <0, N>0);
o s n,n; ( )HAHHA—H N°°: Ezample = (c= -5, d=—1, f=-3) (if L > 0);
o s n nd ( ) H,HP, — P : Ezample = (c=—4,d=—1, f=-2) (if L=0).
6.3.2.3.2. The subcase W = 0. Then besides the node n located at the origin we have another node n?
and we can assume that this is the singularity M(0,1). Then we have 72 = 2[(c+ 1) + (f + 1)] = 0 which

implies ¢ = f = —1. In this case we calculate
Bi=H=F =0, B,=32>0, 0'22(23/—1)750,
Wr=Ws=0, K=4y>>0, L=-82<0, N=0.

So by Theorem 1 (see statement (es3), 3) the saddle is integrable and considering Lemma 5 we get the config-

uration

—

e 5,nd nd ()H E, S: Ezample = (c=-1, d=0, f=-1).
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As all the cases are examined, we have constructed all 147 possible configurations for the family of quadratic

systems with exact three real distinct finite singularities.
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