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Abstract

This paper is focused on the application of space mapping
optimization to the automated synthesis of transmission
lines loaded with complementary split ring resonators
(CSRRs) and open complementary split ring resonators
(OCSRRs). These structures are of interest for the
implementation of resonant-type metamaterial transmission
lines, and for the design of planar microwave circuits based
on such complementary resonators. The paper presents a
method to generate the layouts of CSRR- and OCSRR-
loaded microstrip lines from the elements of their
equivalent circuit models. Using the so-called aggressive
space mapping (ASM), a specific implementation that uses
quasi-Newton type iteration, we have developed synthesis
algorithms that are able to provide the topology of these
CSRR- and OCSRR-loaded lines in few steps. The most
relevant aspect, however, is that this synthesis process is
completely automatic, i.e., it does not require any action
from the designers, other than initiate the algorithm.
Moreover, this technique can be translated to other
electrically small planar elements described by lumped
element equivalent circuit models.

1. Introduction

Metamaterial transmission lines have attracted the attention
of RF/microwave engineers in the last years due to their
enhanced design flexibility as compared to ordinary lines
[1-4]. Such lines are implemented by loading a host line
with reactive elements (inductors, capacitors, resonators, or
a combination of them). Thanks to the presence of such
additional elements, metamaterial transmission lines exhibit
functionalities not easily achievable in conventional lines,
mostly related to the fact that their dispersion can be
engineered or tailored to satisfy certain requirements. This
extra controllability of the dispersion diagram (and
characteristic impedance as well) has open the door to the
design and implementation of enhanced bandwidth
components [5-7], multiband and multifunctional devices
[8-10], compact filters and diplexers [11,12], backfire-to-
endfire leaky wave antennas [13,14], etc.

One of the drawbacks in the design of microwave
circuits based on metamaterial transmission lines is related
to their synthesis. This is due to the presence of the loading
elements and their interaction with the host line. There are
two main approaches for the implementation of
metamaterial transmission lines: (i) the CL-loaded
approach, where a host line is loaded with series
capacitances and shunt inductances [15-17], and (ii) the
resonant-type approach, where the host line is loaded with
electrically small resonant elements, typically (although not
exclusively) split ring resonators (SRRs) or complementary
split ring resonators (CSRRs), and additional reactive
elements [18,19]. This work is focused on the second
approach, specifically on the automated synthesis of
metamaterial transmission lines based on CSRRs.
Moreover, we will also consider the synthesis of microstrip
lines loaded with open complementary split ring resonators
(OCSRRs), of interest for the implementation of
metamaterial transmission lines (in combination with
OSRRs [20]) and bandpass filters [21].

2. CSRR- and OCSRR-loaded microstrip lines

The considered structures are microstrip lines loaded with
CSRRs etched in the ground plane (Fig. 1a), and microstrip
lines loaded with OCSRRs connected to ground through via
holes (Fig. 2a). CSRR-loaded lines are described by the
lumped element circuit depicted in Fig. 1(b), where the
CSRR is modeled by the L.-C. resonant tank, C models the
coupling between the line and the resonator, and L accounts
for the line inductance [22]. According to the circuit model,
CSRR-loaded lines exhibit a stopband behavior (there is a
transmission zero at the frequency where the shunt branch
shorts to ground). This behavior can also be attributed (in a
line loaded with an array of CSRRs) to the negative
effective permittivity and large positive effective
permittivity above and below, respectively, the resonance
frequency of the CSRRs. It is also well-known that by
adding series capacitive gaps to CSRR-loaded lines, the line
exhibits also a negative effective permeability in a certain
band, and the structure presents a composite right/left
handed (CRLH) behavior [23]. Both types of lines CSRR-
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and CSRR/gap-loaded lines have been applied to the design
of many circuits, being the synthesis, in general, a complex
task. This has motivated our research activity towards
obtaining algorithms able to help the designers in finding
the appropriate topologies to satisfy the requirements or
specifications.

OCSRR-loaded microstrip lines are described by the
circuit model depicted in Fig. 2(b), where the effect of the
access lines has been ignored. It has been demonstrated that
the structure of Fig. 2(a) is accurately described by this
model [20,24], where the inductance Lg, is included to
account for the strip (of width e) present between the inner
metallic region of the OCSRR and the access lines (or
ports). In combination with OSRR (described by a series
resonator in a first order approximation [20]), OCSRR are
of interest for the implementation of CRLH lines and filters.
It is also possible to implement bandpass filters by coupling
OCSRRs through admittance inverters in microstrip
technology [25].
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Figure 1: Typical topology (a) and circuit model (b) of a
CSRR-loaded microstrip line (the ground plane is
indicated in light grey).
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Figure 2: Typical topology (a) and circuit model (b) of a
OCSRR-loaded microstrip line. Vias are indicated with
black dots.

In the next section, it is briefly explained how CSRR-
and OCSRR-loaded microstrip lines can be synthesized
with the use of the so-called aggressive space mapping
(ASM) algorithm.

3. Synthesis of CSRR and OCSRR loaded lines by
means of ASM

In this section, a general formulation of ASM is first given,
and then it is applied to obtain the automated synthesis of
the considered structures.

3.1. Aggressive space mapping (ASM)

Space mapping is a technique extensively used for the
synthesis of microwave devices [26-28]. It makes use of two
simulation spaces: in the optimization space, X, the
variables are linked to a coarse model, which is simple and

computationally efficient, although not accurate; in the
validation space, X;, the variables are linked to a fine model,
typically more complex and CPU intensive, but significantly
more precise. In each space, a vector containing the different
model parameters is defined. Such vectors are designated as
x¢ and x. for the fine and coarse model parameters,
respectively, and their responses are denoted as Ri(x) and
R.(Xc). In planar microwave circuits, the vectors x; and X
typically contain a set of geometric and circuit parameters,
respectively, whereas the model responses are related to the
evaluation of the device behaviour, e.g., a scattering
parameter, such as Si; or S,;, computed in a certain
frequency range.

ASM [27] is an advanced space mapping optimization
technique that uses a quasi-Newton type iteration to find the
target solution. The goal in ASM is to solve the following
set of non-linear equations

f(Xf):P(Xf)_XZZO @
where x. is the vector that contains the target circuit
elements, and P(x;) is a function that gives the extracted
circuit parameters from the electromagnetic response of the
layout. For a better understanding of the iterative
optimization process, a superscript is added to the notation
that actually indicates the iteration number. Hence, let us
assume that x? is the j-th approximation to the solution of
(1) and f9 the error function corresponding to f(x{"). The
next vector of the iterative process xU*" is obtained by a
quasi-Newton iteration according to

x4 = x9 4+ hO @)
where h? is given by:
h() — _(B(j))—lf(j) 3)
and BY is an approach to the Broyden matrix [29]:
f DR AT
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which is also updated at each iterative step. In (4), fi*V is
obtained by evaluating (1) using a certain parameter
extraction method providing the coarse model parameters
from the fine model parameters, and the super-index T
stands for transpose.

3.2. Application of ASM to the synthesis of CSRR- and
OCSRR-loaded lines.

To start the ASM, we first need an initial geometry for the
structure. Then, the circuit parameters are extracted from
the electromagnetic simulation of the initial layout, we
compute the error function, and initiate the Broyden matrix.
Then the process is iterated until convergence is achieved.
For the CSRR-loaded lines, the parameter extraction
method, generation of the first layout, and initiation of the
Broyden matrix has been explained in detail in [30]. To
illustrate the possibilities of the approach, we report the
synthesis of a CSRR-loaded line with the circuit elements
indicated in table 1. Application of the developed ASM
algorithm has lead to the geometry given in table 2, and
convergence (the error is indicated in the table) has been



achieved after a single iteration (the reason is that we have
applied a pre-optimization, also described in [30], so that
the initial layout is already very close to the target).

Table 1. Circuit elements of the CSRR-loaded line

L (nH) C (pF) Lc (nH) Ce (pF)
4.860 1.880 2.417 3.053

Table 2. Geometry of the synthesized structure
I (mm) W (mm) ¢ (mm) d (mm) Error
8.47 2.22 0.36 0.17 <1%

Figure 3 depicts the target frequency response, i.e., the
one resulting from the circuit simulation of the circuit of
Fig. 1(b) with the elements of table 1, compared to the
electromagnetic simulation of the initial and final layout. As
can be seen the initial layout EM simulation is already very
close to the target, and the difference between the target
response and that of the final layout is roughly
undistinguishable.

0+

(

QD
L

20

S,,.S,,(dB)

Cire. Simulation v

-40+

-- Initial Lavout xe™

— Final Lavout xem™

oo ik 200
Frequency (GHz)

e
o]
(=2

—
O
N

iy

HSO© W

oo o
x

o
1

A
o

Circ. Simulation v

©
=]

Phase (S, .S, (deg)

-- Initial Lavout xew'""

-135

18900

5\\
\ Final Lavout xan™
150 200
Frequency (GHz)

Figure 3: Magnitude (a) and phase (b) of the scattering
parameters S,; and Sy; at initial solution X, final
solution Xen, and circuit simulation of x. (the
parameters of table 1). The considered substrate in the
(lossless) EM simulation is the Rogers RO3010 with
thickness h = 1.27 mm and dielectric constant & = 10.2.

For the OCSRR-loaded microstrip lines, the procedure to
determine the layout is similar, but there are some
differences that must be explained in detail (we dedicate
further effort to the synthesis of this particle since the
details of the CSRR-loaded line were provided in [30]).
First of all, the geometrical variables in the OCSRR-loaded
structure of Fig. 2(a) are not the same ones than in Fig. 1(a).
Notice that, as mentioned before, the access lines are not
considered. However, there is a strip connecting the ports

with the inner metallic region of the OCSRR. Thus we have
4 geometrical parameters in the OCSRR (c, d, re and e),
indicated in Fig. 2(a). Since the number of electrical
parameters of the circuit model (Fig. 2b) is 3, and it is
convenient to deal with the same number of parameters in
both spaces (optimization and validation spaces), one of the
geometrical parameters is set to a fixed value (this
restriction will be relaxed later, in a second ASM
optimization of the OCSRR - see sections 4 and 5).
Specifically, the slot width is set to ¢ = 0.25 mm.

To determine the initial OCSRR geometry, necessary to
initiate the Broyden matrix, the model of the CSRR
reported in [22] is considered. The use of this model is
justified since, to a first order approximation, the
capacitance of the OCSRR (C,) coincides with the
capacitance of the CSRR (C.), and the inductance of the
OCSRR (L) is four times larger than the inductance of the
CSRR (L,). This is true as far as ¢, d and re are identical
for both particles and they are etched on the same substrate
[31]. On the other hand, to estimate e, well-known formulas
providing the inductance of an electrically small and narrow
strip section are used. Once the initial layout is known, the
Broyden matrix is obtained by slightly perturbing OCSRR
dimensions (d, re: and e) and obtaining the values of Cy, L,
and Lg, from parameter extraction. This allows us to
compute the initial Broyden matrix as follows:
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Once the Broyden matrix is initiated, the algorithm can be
iterated using (2), where the first error function in (3) is
inferred from the extracted parameters of the first layout.

Concerning parameter  extraction  from  the
electromagnetic simulation results of a given layout, the
three conditions considered are: (i) the position of the
transmission zero frequency:

S E N IR S ®)
272' C p Lp Lsh
(i) the position of the reflection zero frequency (or intrinsic
resonance of the OCSRR):

_1 1 ()
° 2z L,C,
and (iii) the susceptance slope at f,. All these parameters can
be easily inferred from the electromagnetic simulation.
As a synthesis example, we report here the automated
layout generation of an OCSRR with target values indicated
in table 3.

Table 3. Circuit elements of the OCSRR-loaded line
Lsy (NH) L, (nH) Cp (pF)
0.5 3.8 4.1




The considered substrate is the Rogers RO3010 with
thickness h = 0.254 mm and dielectric constant & = 10.2.
The error function (1) is obtained as follows

[f(x)] = (1— LLJ +[1— gj +[1— LLJ ®)

and the algorithm ends when (8) is smaller than a certain

predefined value. In our case, it has been found that eight

iterations suffice to obtain an error function smaller than

1%. The evolution of the error function is depicted in Fig. 4.
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Figure 4: Evolution of the error function with the
number of iterations.

The synthesis process has provided the layout depicted in
Fig. 5. The geometrical variables are indicated in table 4.
The target response, namely, the one that results by circuit
simulation of the circuit of Fig. 2(b) with the target values,
and the response obtained from (lossless) electromagnetic
simulation of the generated layout, are depicted in Fig. 6. As
can be seen, the agreement between the circuit (target) and
electromagnetic simulation after optimization is excellent in
the frequency range shown, covering a span beyond three
times the OCSRR intrinsic resonance frequency. However,
notice that the electromagnetic simulation of the first
(initial) layout, also depicted in Fig. 6, is very different,
pointing out the need for the proposed synthesis algorithm.

Table 4. Geometry of the synthesized OCSRR
e(mm) rye(mm) ¢ (mm) d (mm) Error
0.52 2.25 0.25 0.35 <1%

Port2 Portl

Figure 5: Final layout of the synthesized OCSRR.
Dimensions are those indicated in table 4 (the ground
plane is indicated in light grey).
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Figure 6: Comparison of the target response and
electromagnetic simulation of the generated layout. (a)
Magnitude; (b) Phase. The electromagnetic simulation
of the initial geometry is also included for comparison
purposes.

4. Discussion on the synthesis of OCSRRs

In the preceding section, the synthesis of OCSRRs has been
realized by setting the value of the slot distance to ¢ =
0.25mm. In this way, the number of geometrical and
electrical variables involved in the synthesis algorithm is the
same. Nevertheless, with this approach the range of
implementable values of L,, C, and Ly, may be limited.
Therefore, another potential approach, where none of the
geometrical variables (c, d, re: and e) is set to a fixed value,
is discussed next.

The idea consists on determining regions in the L,-C,
space corresponding to implementable values of these
variables for different values of the external radius re, and
considering the target value of Lg. The procedure is as
follows. First of all, we set re to a certain reasonable value,
and ¢ and d to the minimum value of the available
technology (Cmin, dmin), and we optimize e (by means of a
specific one-variable aggressive space mapping algorithm)
in order to recover the target value of Lg,. From the resulting
layout, we obtain through parameter extraction the values of
L, and C,, corresponding to a point in the L,-C, space. We
repeat this procedure by maintaining re to the same value,



and setting ¢ = Cpin, and d = dna (the maximum allowed
inter-slot distance). This gives another point in the L,-C
space. Next, we repeat the process for ¢ = Cna and d = dyin,
and for ¢ = cpacand d = dnax, giving two additional points in
the L,-C, space. Thus, the four points define a polygon in the
plane L,-C,. It is expected that if the target value of L, and
C, corresponds to a point within that polygon, then there
will exist a solution for ¢ and d (with the considered value of
lext) Satisfying Cmin < € < Cpnax and dpin < d < dima, and
providing the required (target) values of L, and C,. Notice
that with this procedure, we obtain a polygon in the plane
L,-C,, for a certain value of re. The next step is to repeat this
process for a different value of re,. Obviously, the larger the
external radius re, the larger the values of L, and C,, at the
four vertexes of the polygon. Thus, the criterion to
determine the external radius re is simply to choose the
smallest value that provides a polygon enclosing the target
value of L, and C, (optimum polygon). This procedure
optimizes the size of the OCSRR. If the ratio between the
target L, and C, values is too extreme, it is possible that
none of the polygons contains the point associated to such
pair of element values. In that case, the resonator is not
synthesizable with an OCSRR.

Assuming that the target values L,", C,"and Ly, can be
physically implemented, re; is determined through the
procedure detailed in the previous paragraph. A further step
is required to obtain the initial values of c, d and e necessary
to initiate the ASM algorithm, unless L,", C," coincide with
any of the vertices of the smaller polygon enclosmg the L, -
Cp point (in this case, the layout is already known, and
hence, no further optimization is necessary). A similar
procedure to that reported in [30] for CSRR-loaded lines can
be applied to determine the initial values of ¢, d and e (rather
than determining them from existing, but not accurate
enough, models, as reported in the preceding section). It is
expected that the dimensions of the OCSRR after ASM
optimization depend on the position of the pomt L Cp in
the optimum polygon. Namely, if the point Lp , Cp is close
to a vertex, it is expected that ¢, d and e are similar to the
values corresponding to that vertex.

The specific procedure to determine the initial layout (c,
d and e) is as follows [30]: we assume that ¢, d and e have a
linear dependence on L, and C,. In particular, for ¢ we can
write (identical expressions are used for the other variables):

c=f(L,,C,)=(A+BL,)(C+DC,) 9)
The previous expression can be alternatively written as

c=f(L,,C))=a,+aL, +a,C +alL,C, (10
where the constants a; determine the functional dependence
of the initial value of ¢ with L, and C,. To determine the
constants, four conditions are needed. Let us consider the
following error function:

N, 2
o = 206, - F(L,..C,) (11)
j=1
where the subscript j is used to differentiate between the
different vertices, and hence ¢; is the value of c in the vertex
J, and Ly and Cy; are the corresponding values of L, and C,

for that vertex. We have considered a number of vertices
equal to N, = 4 (as mentioned before), but the formulation
can be extended to a higher number of vertices. The
previous error function can be written as

4
foror Zc —2)¢;-(a, +al, +a,C, +aL,C, )+
=

+Z(a0+a1ij +a,C, +a,L,C,)° (12)
j=1
To find the values of the constants a;, we obtain the partial
derivatives of the previous error function with regard to a;
and force them to be equal to zero [32] as

s of(L,.C,)
P4 S RS
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+23 ] f(Ly,,C,,) ——2—= | =0 (13)
j=1

i
for i = 1,2,3,4. Following this least-squares approach, four
independent equations for the constants a; are obtained.
Such equations can be written in matrix form as:
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Once the constants are obtained (solving the previous
equations), the initial value of c is inferred from (10). The
process is repeated for d and e, and the initial geometry
necessary for the initiation of the ASM algorithm is thus
obtained.

To gain insight on the previous procedure to determine
the initial layout of the OCSRR, where none of the
geometrical variables is a priori fixed, various polygons in
the L,-C, plane (for different radius) have been calculated.
Namely, we have set e to 0.5 mm (this gives approximately
the same value Lg,), and we have extracted the pair of values
L, and C, for the extreme combinations of ¢ and d
considering different external radius, re:. The results are
depicted in Fig. 7. As expected the polygons roughly scale




with re since L, and C, are approximately proportional to
rex for a fixed value of ¢ and d. Notice that the polygons
define a pair of roughly diagonal envelopes in the L,-C,
plane. The region contained between both envelopes is the
region of implementable values of L, and C, for the
considered value of Lg,. The results also confirm that there is
an optimum external radius for the OCSRR, i.e., the smaller
one whose corresponding polygon encloses the target values
of L, and C,.
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Figure 7: Polygons in the L,-C, space corresponding to
the indicated values of the external radius. The four
combinations for each polygon correspond to extreme
values of ¢ and d, that is, ¢ = Cpin, d = diin; € = Cpin, d =
dmax; C = Cmaxs d = dmin; C = Cmaxs d = dmaXn with
Cmin = Omin = 0.15 mm and Cpax = dmax= 0.45 mm. In all
the cases e = 0.5 mm corresponding to an inductance of
approximately Ly, = 0.5 nH. The optimum radius for the
considered target value of L, and C, (indicated by the
symbol *) is ree = 2.25 mm, and the corresponding
polygon is highlighted.

Thus, the alternative approach for the determination of
the initial layout of the OCSRR, rather than forcing one of
the geometrical variables to have a certain value, it
determines the optimum radius, and then gives the initial
values of ¢, d and e (to be optimized in the ASM process)
from a least squares approach (rather than from existing, but
inaccurate, models). The application of this strategy for the
synthesis of OCSRRs has been also developed (a synthesis
example is reported in the next section).

5. Synthesis of an OCSRR-loaded line by means of
the optimized method

Specifically we have considered the synthesis of an OCSRR
with the target parameters indicated in table 3. For the
synthesis we have strictly applied the method explained
before, i.e., we have determined the polygons for different
radius by forcing that the value of Ly, at each point of the
polygon is the target value. Since the polygons of Fig. 7
were obtained by considering a fixed value of e (this speeds
the calculation since a space mapping is not required), we

have not considered the radius of the highlighted polygon (in
spite that the final radius is expected to be similar).

To determine the radius, we have obtained the polygons
corresponding to two extreme radius (Fex = 2 mm and rey =
3.25 mm), and we have calculated the distance between the
target point and the diagonals given by the crossed points
[Cmin,dmax] @nd [Cmax,dmin] OF both polygons. By interpolation
we have estimated the optimum radius, which has been
found to be re = 2.198 mm. The polygon corresponding to
such radius is depicted in Fig. 8, together with the target
value of L, and C,. The value of e in each vertex gives the
target value of L, and has been calculated by means of a
specific one-variable ASM, as indicated before. Notice that
the radius can indeed be further optimized since the target
point is very close to the diagonal of the polygon (indicated
in Fig. 8), rather than to the upper side. Nevertheless, the
calculated radius is expected to be very close to the most
optimum one, and is considered to be the optimum radius in
this work (further optimization is left for a future work).
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Figure 8: Polygon in the L,-C, space corresponding to the
optimum value of the external radius, calculated according
to the indicated procedure.

Once the radius and the associated polygon have been
determined, we apply the least squares approach presented
before for the determination of the first layout, namely c, d
and e. The values of these geometrical variables have been
found to be ¢ = 0.229 mm, d = 0.353 mm, and e = 0.461 mm.
Application of the second ASM has been found to provide
an error function smaller than 1% in only one iteration step.
The final geometry is given in table 5. The circuit simulation
with the target values and the electromagnetic simulation of
the generated layout are compared in Fig. 9. Again, the
agreement is excellent, pointing out the validity of this
alternative synthesis method. As compared to the OCSRR
synthesis reported in section 3, with identical target elements,
the generated geometry with this new method provides
smaller radius, ¢ and d, and hence a smaller OCSRR size.

Table 5. Geometry of the synthesized OCSRR using the
second approach
e(mm)  ree (Mm)
0.474 2.198

d (mm) Error
0.339 <1%

¢ (mm)
0.215




6. Conclusions

In conclusion, we have applied ASM optimization to the
synthesis of CSRR- and OCSRR-loaded microstrip lines,
with special emphasis in OCSRR loaded lines. The model
of a shunt connected OCSRR in microstrip technology,
including the series inductance, has been considered. With
this model, the OCSRR is accurately described up to
frequencies much beyond its resonance frequency, and the
transmission zero, typical of these particles in shunt
connection, can be predicted.
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Figure 9: Comparison of the target response and
electromagnetic simulation of the generated layout. (a)
Magnitude; (b) Phase. The electromagnetic simulation of
the initial geometry is also included for comparison

purposes.

We have considered two alternative OCSRR
optimization schemes. In the first one, the optimization
variables have been considered to be the external radius,
e, the distance between the slots, d, and the width of the
metallic strip, e, connecting the host line and the inner
metallic region of the OCSRR. The width of the slots, c, has
been forced to a certain reasonable value. With this strategy,
the number of geometrical variables is the same than the
number of electrical variables of the circuit model, being
this very convenient in ASM optimization. Concerning the
initial layout, necessary to initiate the ASM synthesis

process, existing models linking electrical variables and
geometry for both the OCSRR and the inductive strip have
been considered. We have applied this optimization
approach to the synthesis of an OCSRR. The generated
layout has been simulated, and the electromagnetic response
has been found to be in very good agreement with the
circuit simulation of the electrical model, thus validating the
model and the synthesis method.

In the second optimization approach, fixing one
geometrical variable of the OCSRR to a certain value has
been avoided. With this approach, the optimum external
radius that minimizes particle size is determined, and the
synthesis process involves the other three geometrical
variables. A method to determine the initial layout, based on
least squares, has been pointed out. This alternative method
provides smaller particle size, as compared to the first
optimization technique, whilst the time to convergence is
comparable, in spite that a pre-ASM is required to
determine the convergence region in the coarse subspace.

In summary, the results of this paper confirm that the
proposed ASM techniques are efficient and useful for the
synthesis of CSRRs and their open counterparts, OCSRRs.
Moreover, it is clear that for OCSRRs the three elements of
the equivalent circuit model do not univocally determine the
layout of the particle. Many solutions exist as long as the
geometry is determined by four parameters. However, we
have proposed a synthesis technique that reduces particle
size.
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