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This paper presents some results concerning the properties of distances and existence and uniqueness of best proximity points
of p-cyclic proximal, weak proximal contractions, and some of their generalizations for the non-self-mapping T' : (J;c; A; —
Uief B; (p = 2), where A; and B;, Vi € p = {1,2,..., p}, are nonempty subsets of X which satisfy T (A;) € B;,Vi € p, such that
(X, d) is a metric space. The boundedness and the convergence of the sequences of distances in the domains and in their respective
image sets of the cyclic proximal and weak cyclic proximal non-self-mapping, and of some of their generalizations are investigated.
The existence and uniqueness of the best proximity points and the properties of convergence of the iterates to such points are also

addressed.

1. Introduction

The characterization and study of existence and uniqueness
of best proximity points is an important tool in fixed point
theory concerning cyclic nonexpansive mappings including
the problems of (strict) contractions, asymptotic contrac-
tions, contractive, weak-contractive mappings, and cyclic
mappings and also in related problems of proximal contrac-
tions, weak proximal contractions, and approximation results
and methods [1-15]. The application of the theory of fixed
points in stability issues of dynamic systems, [16-21] has been
proved to be a very useful tool. See, for instance, [22-26]
and references therein. Some best approximation problems
in semiconvex and locally convex structures and Hyers-
Ulam type stability in multivalued functions and in additive-
quadratic functional equations are investigated in [27-30]
and some of the references therein. Recent trends concerning
best proximity points and related problems are dealt with
in [31-35] and some references therein. In particular, the
problem of best proximity points of two mappings in a

cyclic disposal is investigated in [31] under a nonlinear
contractive condition. In [32], several results are obtained for
proximal and weak proximal contractions of several types
as well as for generalized proximal nonexpansive mappings.
A modified Suzuki o — y proximal contraction is proposed
and discussed in [33] and “ad hoc” best proximity and
fixed point results are obtained. Generalizations of proximal
contractions of first and second kinds are given in [34, 35] for
non-self-mappings and related optimal approximate solution
theorems are obtained.

This paper is devoted to formulating and proving some
results being concerned with the boundedness and conver-
gence properties of distances and the convergence of the built
iterated sequences to unique existing best proximity points
of p-cyclic proximal and weak proximal contractions of the
form T : Uies Ai = Uiep Bi (p = 2) where A; and B;, for
alli € p = {1,2,..., p}, are nonempty subsets of X which
satisfy T(A;) € B;, for alli € p, with (X, d) being a metric
space. In the most general case, all the A; and B; pairs of
subsets, for all i € p, are assumed to be pairwise disjoint.



The results are also extended to a class of generalized p-
cyclic proximal and weak proximal contractions in the sense
that the contractiveness constraints are referred to finite sets
of consecutive iterations rather than to each iteration. The
boundedness and convergence of the sequences of distances
in the domains and image sets of the cyclic proximal and
weak cyclic proximal non-self-mappings are investigated.
The existence and uniqueness of the best proximity points
and their allocation as limit points, or limit cycles of best
proximity points, are also addressed. These last properties are
achieved if the metric space is complete under approximative
compactness’ assumptions of the image subsets of the cyclic
mapping with respect to the domain subsets.

2. p-Cyclic Proximal Contractions, Extensions,
Boundedness, and Convergence of Distances

Consider the metric space (X, d) and subsets A; and B; of
X fori € p, where p = {1,2,..., p} with p > 2. Consider
also a non-self-mapping T : ;5 A; — Ujep B satisfying
T(A;) € B;, foralli € p. Assume that D; = d(A;,,,B;), Dy =
d(A;,A;,), and Dy = d(B;, B;;,), for all i € p by assuming
alsothat A,,; = A;and B,,,; = B, foralli € p,foralln €
Z,, . If the pair (a;,a;,,) € A;x A, satisfiesd(a;,,Ta;) = D,
foranyi € p,thena;,; € A;,, and Tg; € B, are best proximity
pointsin A;,; and B; with respect to T : ;5 A; — Usep B;-

In the following, the fact that the best proximity points
are best proximity points with respect to the mapping is not
mentioned explicitly.

Ay € A, is the set of best proximity points of A; and
By; € B; is the set of best proximity points of B;. Through
the paper, it is assumed that A, # @ and By, # &, for all
i € p. An important remark is that the above statement can
be considered for the particular case that B; = A;,; which
is well known in the context of p-cyclic self-mappings T' :
Uiep Ai = Uiy B with T(A;) < B; for all i € p. However,
the proposed statement is more general in the sense of the
following illustrative example.

Examplel. Consider a metricspace (X,d)andT : A|UA, —
B, UB, such that A;, B; ¢ X are nonempty with T(A;) € By,
D; = d(A;1,B) = d(Agi1By)s Dy = d(A; Ay =
d(Ag»Agis), and Dy = d(B;,B;,,) = d(By,By,,) for
i = 1,2. Assume also that Ay, = {x;,x3} € A, By, =
{Tx,,Tx;} € By, Ap, = {x,} € A,,and By, = {Tx,} ¢
B,. Then, we can formulate the following simple 2-cyclic
proximal-type problem. Fix x, € A, as a best proximity
point of A, and then compute x, € Ay, and x5 € A, best
proximity points of A, and A, such that

d(x,, Tx,) = d(A,, By) = d(Ay,, By;) = Dy (2-cyclic
proximal constraint, first step);

d(x;,Tx,) = d(A,, B,) = d(Ay,, By,) = D, (2-cyclic
proximal constraint, second step);

d(A, Ay) = d(Ag, Agy) = d(xp,x,) = d(xy,x3) =
D, (2-cyclic best proximity constraints);
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d(Tx,, Tx;) = d(Tx;,Tx,) = Dy = d(B,B,) =
d(By;, By,) (2-cyclic associate best proximity con-
straints for the images).

Note that there are four potentially distinct constraints
related to D,, D,, D4, and Dy which can be distinct so that
the problem is more general than the simple use of D =
d(A;,A;,y) for i = 1,2 for the 2-cyclic self-mapping T :
AUA, — A,UA,. Avariant proximal-type problem arises
it Ay = B, and A, = B, and the best proximity points are
taken as follows:

x; € Ag, Txy € Agy, x5 € Agy, Txy € Ay, x5 € Ay, and
then d(x,, Tx,) = d(x;,Tx,) =D, =d(A,, A,).

The following definitions will be then used through the
paper.

Definition 2. T : ;s Ai — Ujcp B; is said to be a p-cyclic
proximal contraction with respect to its domain (CPD,) if
there are real constants ;; € [0, 1), for alli € p, such that any
two sequences {x,,,;} € A;,;and {x,,,,;} € A, foralli € p,
satisfy the constraints

np+i i+j>

d (xnp+i+l’Enp+i> < Ocid (xnp+i’xnp+i—l) + (1 - ‘Xi) DA’ (1)
Viep, VnelZ,,,
d (xnp+i+1’§np+i+l) < “z’d (xnp+i’znp+i) > (2)
Viep, VnelZ,,,
provided that x,,x, € Aj for any given j € p with
Aiyj = Aijpifi > p— jand that d(x,,, 1, Tx
d(x, TX,p.) = d(A;,, B;) = D;, foralli € p.

np+i+1>

np+i) =

Definition 3. T : ;5 A; — Uiep B; is said to be a weak
p-cyclic proximal contraction with respect to its domain
(WCPD,,) if there are p real constants ; > 0, for alli € p,
subject to & = ]_[f: 1leg] € [0, 1), such that any two sequences
{Xppsit € Ajpjand {x,,,;} € Ay, foralli € p, satisfy the
constraints (1) and (2) provided that x,, X, € A ; for any given
J € pand that d(xnp+i+1’Txnp+i) = d(xnpﬂﬂ)mnpﬂ) =D,
foralli € p.

Definition 4. T Uiep Ai Uiep B; is said to be a
generalized p-cyclic proximal contraction with respect to its
domain (GCPD,,) if there are p bounded real functions «; :
A; — Ry, foralli € p, such that any sequences {x,,,;} <
Ajjand {x,,,;} € A, foralli € p, satisfy the constraints
(1) and (2) with the replacements o; — sup, . Ai(xi(x), for all
i € p, provided that x,,x, € A} for any given j € p and that
d(xnp+i+1>Txnp+i) = d(Enp+i+1’ ﬁnpﬂ) =D, foralli € p.

Definition 5. T UiegAi = Uiep B is said to be a
generalized weak p-cyclic proximal contraction with respect
to its domain (GWCPDP) if there are p bounded real
functions «; : A; — Ry, foralli € p, and a strictly
increasing sequence of integers {r,}, subject to 1, < N, <
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+00, limsup, (M — M) < N < +0o, and @ =
supkezmoc(nk,nkﬂ) € [0, 1), where

Mgy —1 P
o (Mg yy) = H H|: Sup (ijﬂ( ]pﬂ)], Vk € Zy,,

Jj=ny i=1 Xjt
3)

such that any two sequences {x,,;} < A,,;and {x,,;} <
A, » for alli € p, provided that xy, X, € A; for any given
j € D, satisfy the constraints

d(x

"k+1p,E"k+1p_1)
So (”k’ nk+1) d (xnkpﬂ’}nkp) + (1 - (nk’ nk+1)) DA’

Vk € Z,,,
(4)

d (x"k+1P+i’ x”k+1P+i—1)

i-1
< [Sup(x (x ] > d (x”k+1P’ Enk+1p*1)
j=1 xX€A
1/ i1
+ H [sup(xk(x)] <1—supocj(x)>DA,
j +1 Lx€A, X€A;

Vk € Zy,,
©)

N
—

d (x"kﬂp"'i’ xnk+1p+i)

i—1
< (H [supoc (X)] ) o (11 1) (xnkp’ynkp)’ ©)

j=1 x€A

Vk € Zy,,

m

and the constraints (1) and (2) provided that x,,x,
A; for any given j € p and that d(x Tx

d( ;) =D;, foralli € p.

np+i+1> np+i)

np+1+1 > np+1

The following assertions are obvious without proof from
Definitions 2-5.

Assertions 1. If T = | ;5 A; — Uiep B; is CPD,, then it is
WCPD,,
IfT: Uis Ai = Uicp Bi is WCPD,, then it is GCPD,,.

IT: Uiep Al — Ujep Biis GCPD,, then it is GWCPD

Note that the converse implications of those in Assertions
1 are not true in general. The relevant distances satisfy the
following convergence and boundedness result.

Lemma 6. Consider a metric space (X,d) with subsets
A;,B; ¢ X and a p-cyclic mapping T : ;5 A; = Uiep B;
which is GWCPD,, subject to D; = d(A;,,B), Dy =
d(A;, A;,,), and Dy = d(B;, B;,,), with T(A;) € By;, for all
i € psuch that Ay; € A; and By, C B; are nonempty, for all

i € p. Consider also any sequences {x,,y, }, {X,;p,;} € Uiz A
which satisfy d(xnp+i+1’Txnp+i) = d(gnpﬂﬂ’mnpﬂ) = D;, for
alli € p. Then, the following properties hold.

(i) The sequences of distances {d(x,, %,,;)} — Dy, {d(x,,,
X,)} — 0 and they are bounded for any given initial points
XpsXg € Aj C U,EP A,, for any given j € p.

Iffurthermore, T : UIEP Uiep B; is continuous
in clT(Ay), for alli € p, then {d(Tx,,Tx,)} — 0 and
{d(Tx,,Tx,.,)} — Dpg and both sequences of distances are
bounded for any given initial points x,, %, € A; C U;ep A for
any given j € p.

If the sets of best proximity points Ay; and By, for all i €
D, are bounded, then the sequences {d(x,, X,,1)}, {d(x,, X,)},
{d(Tx,, Tx,)}, and{d(Tx,, Tx,,,)} are uniformly boundedfor
any initial points xo, Xy € A ; C ;5 A; for some j € p.

(ii) The sequences {x npﬂ} € Ay, foralli € p (note
that A ; = A j_pand By ; = By, fori > p— j) are
Cauchy sequences for any initial points any given initial point
xo € Usep A; for any arbitrary given j € p. The corresponding
image sequences {Tx,,,;} < clB;,;, for alli € p, are also
Cauchy sequences if T(Ay) € By, foralli € p,and T :

Uiep Ai = Uiep B; is continuous in clT(Ay,), for alli € p.

iep

Proof. Note that, for any i € p, @ # A, < A; implies
A, # @ and @ # By C B; implies B; # @. Take sequences
with initial points x,%, € [J;e A; such that x, € A; and
X, € A, for some i,j € p. The problem of boundedness
and convergence of distances can be described equivalently
from initial points x, X, € A j (i.e., both initial conditions
at the same set), with Eg = T%x, and denoting E(') - X,
for some € € ﬁ U {0} (in particular, £ = 0ifi = j for
the set of both initial points) since £ < p — 1. One has from
(1)-(2) and (3)- (6) that, for any sequences {xanerri} €A

and {Enpﬂ-ﬂ.} < A tulfilling {x,} € A; %) € A; and
d(xnp+i+1’Txnp+z) d(xnp+z+1> np+1) - D for all j’i € ﬁ)
suchthat A;,; = A,  ifi>p— jand

D, < d(xnp+j+1,§np+j) < <su£ocj (x))d(xnpﬂ,%npﬁ_l)
xX€

i

<1—supoc (x)) » Vjep, VYnelZy,,

X€A

DA <d (xnp+j+2’3_cnp+j+1) < ( sup ‘xj+1 (x)>
x€

j+1

X <<su£)oc (x)) ( np+j’§np+j*1)
+ (1 - supa; (x)> DA)
xEAj

(1 ~ supatj,, (x)) D,
xeA
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i-1
:DA+< sup &, (x)><supoc-(x)) <D, + sup «;(x)
X€Ajn x€A; ’ 4 i xEU]-E};Aj !

j=1
X (d (Xuprjp Tuprj1) = Da) X (d (Xppr1>Fop) = D)
(9b)
_ i-1
Dy<d (xnp+j+3,xnp+j+2) < max| 1, sup  «; (x) )d (xnopﬂ,fnop)
j=1 [ *Ujes 4;
<D . —= '\ ~ —
SOt (xiilizajﬂ (x)) < (1 +N+N )och (xn0p+1,xn0p) , VkelZ,,
><< Sup oy (x)) <SUP‘X]' (x)) for all i € (1,max(n,,; — m)) N Z,, since &« € [0,1),
X€A xeA]. J—

limsup, _, (1, — 1) < N < +oo and o; € B(A;; R, ) with
3 max;e5(sup . &;(x)) < @y < +00.

% (d (Xyps s Typrj1) = Da) Thus, 3limy, 0%,y peis Koy pei1) = MMy 00 (X i

(7) Enk,rlp+i—1) = hmkﬂood(xnkﬂpﬂ’%nkpﬂ‘—l) = Dy, for all

i € (1,max(m,,; — m)) N Zy, from (9a) and the distance

subsequence {d(x,,  ,.i>Xy,, pi-1)} foralli € (1, max(m,, —

n)) N Z, is bounded from (9b) for any given initial points

D,<d (x”kﬂp’xnkﬂp_l) < a(m,ng,,)d (X,,kpﬂ,fnkp) Xg» X € Uieﬁ A,;. Also, one gets from (6), subject to (3), that

+ (1 - a(mmyy)) Dy _ B
Hklingod (x"k+1P+i’ x"k+1p+i)
< Dy + & (e ) & (g ) B

= Jim d (i p1in %oy, poi) = 1im d (%o i X ) = O

X (d (x”kflp"'l’xnkflp) N DA) (10)

k
<D, + H [oc (”j) n]-+1)] (d (xn0p+1’xngp) - DA) for all i € (1, max(ny,; — n)) N Zg,. Those results also
=0 imply that the sequences of distances {d(x,,X,,;)} —
Dy, {d(x,,x,)} — 0.Itis now proved by contradiction that

—k+1 — {d(Tx,,Tx ,,)} — Dgand {d(Tx, ,Tx,)} — 0. Assume
<D, + d ) -D n n+l B n n 1
ATq ( <x"°P+1 x”"P) A) that, for each given x, € Ay; C ;5 A; for some j € p
(8a) j icp £i ' -
and any ¢ € R,, there are some § € R,, somei € p, some
B ko = ko(e, x) € Z,,sequences of integers {n } < {m} € Z,,,
<d (xnopﬂ’ xnop) <+oo, VkeZ,y, (8b)  and sequences of best proximity points {x;kp+i} € c(Ag ;)

and {Tx;kp +if € c(By; +j) for k > ky, such that {d(Tx,, Tx,,)}

does not converge to zero so that it has some subsequence

D,<d (xnk+1 o> X +i_1) which does not converge either:

i-1
SDy+ <H I: szupA & (x)] ) d(A;A) =d(Ag Agin) = Dy,
j=1 | *Ujep 4;
. d (T (AOi) T (AO,i+1)) =d (Bi’ Bi+1) =d (BOi’BO,H-l) = Dy,
(TTlaorm] )4 sgnos) 22 ien

*

d(xnkp+i,xnkp+i_1) <Dy +e¢

) d (Txnkep+i, Tx;kgpﬂ_l) >0+ Dy,

Vk >k,

X ak“ (d (x”oP*'l’x”oP) - DA)

—

< DA + akJrl (1 + N +N ) &M (d (xnoer],Enop) - DA) 4 (Xnkp+i’ xnka) <& d <Txnkep+i) Tx”kepH) 20,
(9a) Vk > kg,
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Tx, € clBy;,; CclB,

Xy pi i+j>

Txypri1 € LBy jq € clB;

i+j-1>

Viep
1D
since T(Aq) < By, foralli € p. This implies that {x,, b T
”k p+if — Owhile {Txnk pri— X, p+i} does not converge to

Zero.

Since {x,, pii = Xy, T S LUR CMYY I <y (PP §
{Tx, PH} c cl(T(AOHJ)) cl(BO,+]) and T : U,EPA —

Uiep B; is continuous in cl(A0 i+;)» forall j € pand any given

j € P, then {Txnkepﬂ = Tx, pi} = 0.Also, {x;, ..} €

A(Agisj-1)s {Tx:;kpﬂ_l} € l(T(Agyij-1)) € cl(Byj-1), forall

i € pand any given j € p; then {d(Txnkepﬂ», Tx:k P+i*1)} -
€

Dy, {d(TxnkepH I,Txn pﬂ)} — Dy. Thus, {d(Tx,, Tx,)} —
0and {d(Tx,, TX,,)} — 0ifx, Xy € A; C 5 A;, for any
given j € p.

On the other hand, {d(T'x,,, Tx,,)} and {d(T'x,,, Tx,,,,)} are
bounded, since {d(x,,x,,)} is bounded from (6) because T :
Uies Ai = Uicp Bi is GWCPD,, and since one has for some
positive real constant M = M(d(x,, X)) that

d(Tx,,Tx,) <d(Tx,, x,) +d (X, Tx,) + d (x,,x,)

<2maxD;+M, VnelZg,
1<1<P

d (Tx n+1) (12)

< d (Txn’xn+1) + d (§n+1’ mn+1) + d (xn+l’zn+1)

<2maxD;+ M, VnelZ,,.
1<i<p

If the sets of best proximity points Ay for all i € p
are bounded, then the sequences of distances {d(x,,x,,, )},
{d(x,,x,)}, {d(Tx,, Tx,)}, and {d(Tx,, Tx,,,)} are uniformly
bounded for any initial best proximity points x,,x, €
Agj € UepA; for some j € p which follows by taking
M=M SUP., %y €Uies As (d(xy,%y)). Property (i) has been fully
proved.

To prove Property (ii), take any sequences {x,,,;} € A
and {x,,,;} S Ag;,, foralli € p, for given initial points
x0:Xg € Aj C [J;p A; for some j € p. Note, from (6) for
(%, p+it = {%x p4i}, foralli € p, that

d (x"knP*'i’ x"kP"'i)
< Hd (x"kp’ x”k—lP) s hoad (x"kp’ x”k—lP) >

VkeZ,, Viep, (13)

5
d (xnk+1p+i+€h’ xnkP+i)
< hO&(l +a+--+ Re) d (xnkp’ xnkﬂp)
d (xn,ﬁl priteh> xnkpﬂ‘) (14)
a(1-a!
< h, Qd (x"kP’ x"kflp)

< hO %d (xnkp’ xnk—lp) >

. Vk,€ € Z,,, Vi€ p,

with the given upper bound being independent of the integers
¢ and i. Thus, one has for any Z, that

@
<@y 7= (%% p)

Vi(<h),eZ,,,

d (xnk+m+lp+i+€j’ x”k+mP+i) (15)

VkeZ,, Viep,
where H = supkezm(]_[f:l[supxeA’_oci(x)]oc(nk, Miepr)) < hpa,
with h, > supkezm(l—[?:l [Supyeq,ai(x)]) and 1 < j < h =
max(1, supyez (M, — 1)), since Definition 5 holds for a =
supkdmoc(nk,nkﬂ) € [0,1). Thus, one gets from (15) that,
for any given real ¢ € R,, d(xnk+m+1 privep X, pri) < & for
all k, ¢, j(< h) € Z,, forany i € p and any given integers
My € Zo, it m(e Zy,) > In(hyd(x, . x, ,)/(1 -
a)e)/|Ina| — 1. Thus, the sequences {xnpﬂ-} c dA, for
all i € p, are Cauchy sequences for any given initial point
xo € Agj € UjepAjand any j € p. This implies also that
the sequences of images of the above points are also Cauchy
sequences since T : ;5 A; — Uiep B; is contractive and
then continuous. O

From Assertions 1, we also have the subsequent parallel
result to Lemma 6.

Lemma 7. Assume that T UegAi = UigBi
is either GCPD,, or WCPD,, or CPD,, with the assump-
tions of Lemma 6, and consider any sequences {x
{xnp+j} < U1Ep A which Satlsfy np+i+1’Txnp+i)
A(Xypris1> TXppii) = Dy, for all i € p. Then, the following
properties hold.

(i) The sequences of distances {d(x,,X,.1)} — Dy,
{d(x,,x,)} — 0 and they are bounded for any given initial
points x, Xy € A; C ;5 A; for any given j € p.

If, furthermore, T(Ay;) < By, foralli € p,and T :
Uieg Ai = Uiep B; is continuous in clT(Ay,), for all i € p,
then {d(Tx,,Tx,)} — 0and{d(Tx,,Tx,,,;)} — Dgand
it is bounded for any initial points for any given initial points
X0, Xg € Agj € Uiep Aj for some j € p.

If the sets of best proximity points A,; and By, for all i €
P, are bounded, then the sequences {d(x,,x,,)}, {d(x,,%,)},
{d(Tx,, Tx,)}, and{d(Tx,, Tx,,,)} are uniformly bounded for
any initial best proximity points x,,%, € Ag; C Uz A; for
some j € Pp.

(ii) The sequences {x,,.;} < clAy;,;, foralli € p, are
Cauchy sequences for any given initial point x, € A,; C

np+j}’

iep



Uiep Ai for any given j € p. The corresponding image
sequences {Tx,,,;} € clBy, ;, forall i € p, are also convergent,
then Cauchy sequences if T(A;) € By, foralli € p,and T :
Uiep Ai = Uiep B; is continuous in cIT(Ay,), for all i € p.

Definition 8. T : |5 Ai = Uiep B is said to be a p-cyclic
proximal contraction with respect to its image (CPI,) if there
are real constants f3; € [0, 1), for all i € p, such that any two
sequences {Txnpﬂ} CT(Ay;) € Biyjand{x,,;} € T(A;;) <
for all i € p, being point-to-point images of sequences
{xppeit € A, ;} € Ay, for any given j € p which
satisty d(x np+,-+1, npri) = A(Xpiivr> TXpyi) = Dy, forall i €
p>where B, ; = B, ;_,ifi > p — j such that the initial points
Txo, Txy € T(A;) < B; are the images of points x,, X, € A},

for any given j € p, satisfy the constraints

1+]’
+jand {x,
Tx

np+i

d (Txnp+i+l’ Tgnpﬂ')
< ﬁl ( np+1’Txnp+i—1) + (1 - ﬁl) DB’ (16)
Viep, VnelZy,,
d (Txnp+i+1’ T—np+z+1) < ﬁz ( np+1’ TEan) 4 (17)
Viep, VnelZ,,.
Definition 9. T UiepAi = Uiep B; is said to be a

weak p-cyclic proximal contraction with respect to its image
(WCPL,) if there are p real constants 3; > 0, for all i € p,

subject to = [1Z,[B:] € [0,1), such that any two sequences
{Tx,piit € T(Ay) € By and {Tx,p.i} € T(A;y;) € By, for
all i € p, being point-to-point images of sequences {x
Ajyjand {x,,,;} € Ay, for any given j € p, where B, ; =
i+jop fori > p— j, forall i € p, such that the initial points
Txg, Txy € T(A;) < B; are the images of points x,, X, € A},

for any given j € p, satisfy constraints (16) and (17).

Definition 10. T : ;5 A Uiep Bi is said to be a
generalized p-cyclic proximal contraction with respect to its
image (GCPI,) if there are p bounded real functions ; :
A; — Ry,, forall i € p, such that any sequences {Tx,,,,;} <
T(A.;) € Byyjand {TX,,,;} € T(A;,;) € By, forall i € p,
being point to-point images of sequences {x,,,;} € A;,; and
{Xupsi} © Ajyj for any given j € p, where B,,; = B, ;_,
fori > p— j, foralli € p, such that the initial points
Txo, Txy € T(A;) < B; are the images of points x,,x, € A,
satisfy the constraints (16) and (17) with the replacements

Bi = supyca Bi(Tx), forall i € p.

np+1} <

np+i

Definition 11. T : | ;5 A; — Uiep B; is said to be a gener-
alized weak p-cyclic proximal contraction with respect to its
image (GWCPI,,) if there are p bounded real functions f3; :
A; — Ry, forall i € p,and a strictly increasing sequence of
integers {n;}, subject to ny, < N < +00, limsup; _, ., (1,1 —
n) < N < +0o,and @ = SUPiez,, By iyy) € [0, 1), where
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, VkeZ,,

M =1 p
nk>nk+1) - 1—[ H [ sup ﬁ]pﬂ( ]p+z)

j=m i=1 LXji€

(18)

such that any two sequences {Tx,
(Fpei) € T(As)) < B,
images of sequences {x
given j € p, where B;

wrid € T(Ajy;) € B;yjand
for all i € p, being point-to-point
i} € Ajyjand{x,,,;} € A, forany
ivj = Biyjpfori>p—jforalie p,
such that the initial points Txo, Tx, € T(A;) < B; are the
images of points x,, X, € A ;, for any given j € p, satisfy the
following constraints:

i+j>
np+i

d (Tx”kﬂp’ TE”kHP_l )

s ﬁ (”k’nkﬂ) d (Txnkarl’ﬁnkp) + (1 - ﬁ (nk’ ”k+1)) Dg,

Vk € Z,,
(19)
A (T, s T i)
i-1
< [supﬁi (Tx)] (T, Ty, p1)
j=1 X€A;
i—-1 i—1
5 (s ] (10
=1 \ k=j11 xX€A) X€A;
Vk € Z,,
(20)
d (Txnk+lp+i: ﬁnk+1p+i)

i—1
< < [Su}fﬁi (Tx)] > B (1) d (T, 0 TR, )
=1 Lxea;

Vk e Z,,,
(21)

and constraints (16) and (17) with the replacements S;
sup,ca Bi(Tx), forall i € p.

The following assertions are obvious without proof from
Definitions 8-11 and are a parallel result to Assertions 1.

Assertions 2. If T : ;5 A; — Uiy B; is CPI,, then it is
WCPIL,,.
T : Uiy A; — Usep B: is WCPL, then it is GCPI,.
IfT: Ulep A — UIEPB is GCPL,, then it is GWCPI,,.

Note that the converse implications of those in Assertions
1 are not true in general.

The relevant distances satisfy the following convergence
and boundedness result which is a counterpart of Lemmas 6
and 7. Its proof is close to that of Lemma 6 and Assertions 2
by using (16) and (17) for Definition 11 and their variants for
Definitions 8-10.
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Lemma 12. Assume that T : A, — UepB
is either GWCPI, or GCPI, or WCPI, or CPI, under
the assumptions of Lemma 6, and consider any sequences
{xnp+j}’ {%anrj} < UieﬁAi which satisfy d(xnp+i+1’Txnp+i) =
A(Xppsiv> TXppii) = D;, for alli € p. Then, the following
properties hold.

(i) The sequences of distances {d(x,,X,,;1)} — Dy,
{d(x,,x,)} — 0 and they are bounded for any given initial
points xo, Xy € A; C ;5 Ajy for some j € p.

If, furthermore, T(Ay) € By, foralli € p,and T :
Uies Ai = Uiep B; is continuous in cIT(Ay,), for all i € p,
then {d(Tx,, Tx,)} — 0and{d(Tx,,Tx,,,)} — Dgand it
is bounded any given initial points x,, X, € Ag; C ;e A; for
some j € .

If the sets of best proximity points Ay; and By, for all i €
p, are bounded, then the sequences {d(x,,,x,,,)}, {d(x,,%,)},
{d(Tx,, Tx,)}, and {d(Tx,, Tx,,,)} are uniformly bounded for
any initial best proximity points x,, X, € Ag; C Uep A; for
some j € Pp.

(ii) The sequences {x,,,;} < clAy;,;, for alli € p, are
Cauchy sequences for any given initial point x, € Ay; C
Uiep Ai for any given j € p. The corresponding image
sequences {Tx,,,;} € clBy;,;, forall i € p, are also convergent;
then Cauchy sequences if T(Ay;) < By, for alli € p, and
T : UepAi — Uiep Bi are continuous in clT(Ay), for
alliep.

iep

Remark 13. The result {d(Tx,, Tx,,,;)} — Djy of Lemma 12,
as well as Lemma 12(ii), obtained under the assumption that
T : Uiep Ai = Uiep B; is continuous in cl T(A;) and also
holds w1th0ut such a continuity assumption if the contractive
conditions (16) and (17) become modified to the right limits
as follows:

d (Txnp+1+1’ m;p+i)
s ﬂz ( np+z’TE:p+i—l) + (1 - ﬁz) DB> (22)
Viep, VnelZ,,
d (Tx;p+i+1’ ﬁ;p+i+1) < Bid (Tx:pﬂ" TEZPH) 4 (23)
Viep, VnelZ,,,
provided that any discontinuity points in Jic, cIT(A),

if any, are of first-class finite-jump type under right best
proximity constraints

d (xnp+i+1’ Tx:pﬂ') =d (xnp+i+l’ﬁ;p+i) = Di’ Vi € ?
(24)

In the same way, the result {d(Tx,,Tx,,;)} — Dy of
Lemmas 6 and 7, as well as their properties (ii) obtained under
the assumption that T : | ;e A; — Ujep B;s is continuous in
clT(A;) and also holds under finite-jump discontinuities in
cT(A) for sequences {x,}, {x,}, {Tx,}, and {Tx, } satisfying
the contractive proximal conditions (1) and (2) if Definition 2,
or their counterparts of Definitions 3-5 for right values Tx;,
and Tx, under right best proximity constraints (24).

3. Best Proximity Points and Related
Convergence Results

We first recall the subsequent useful definition [2-4, 7] as
follows.

Definition 14. Let A and B be two nonempty subsets of a
metric space (X,d) and let d(y, A) = inf{d(y, x) : x € A} for
y € X. Aissaid to be approximately compact with respect to
B if each sequence {x,} c A satisfying {d(y,x,)} — d(y,A)
for some y € B has a convergent subsequence.

Note that if the sets of best proximity points A, < A
and B, < B are nonempty if Definition 14 holds, then A is
approximately compact with respect to B if every sequence
{x,} < A such that {d(y,x,)} — D for some y € B,
has a convergent subsequence {x,} < {x,} since D =
d(y,A) = d(By,A) = d(By,A). Note that every set is
approximately compact with respect to itself and that every
compact set is approximately compact with respect to any
nonempty subset of a metric space. Also, if B is compact and
A is approximately compact with respect to B, each sequence
{x,} ¢ Ahasa convergent sequence. If A and B are nonempty
and closed and A is approximately compact with respect to
B, then B, is closed. See, for instance, [2-4, 7]. A result on
existence and uniqueness of best proximity points follows for
p-cyclic proximal contraction fulfilling Definitions 2-5 under
Lemmas 6 and 7 follows.

Theorem 15. Consider a complete metric space (X,d) with
nonempty closed subsets A, B; ¢ X and a p-cyclic mapping
T : UepAi — Uiep B being either GWCPD,, or GCPD,,
or WCPD,, or CPD,, subject to set distances D; = d(A;,;, B;),
D, =d(A;,A;,,), and Dy = d(B;, B;,), for all i € p such that
A; is nonempty and B, is approximately compact with respect
to A; and T(A;) € By, for all i € p. The following properties
hold.

() T : Uiep Ai = Uicp Bi has a unique best proximity
point x! at A; such that d(x],x},,) = Dy, forall i €
p» and all the sequences {x,} C ;e A; converge to a
unique limit cycle {x}, x;,..., x,}.

(ii) Furthermore, if T UicgAi = Uiep B; either
is continuous, respectively, has eventual finite-jump
discontinuity points, then z; = Tx], for alli € P,
respectively, z; = (Tx])", for all i € p, are unique
best proximity points such that d(Tx;,Tx},;) = Dpg,
for alli € p, respectively, d(Txf,Txl.*:l) = Dy, for
all i € p, and all the sequences {x,,} C |J;c; A; converge

to a unique limit cycle {Txf, Txf, e Tx;+}.

Proof. Since A is nonempty and T(A ;) € By, forall i € p,

then T(A;) and B; are nonempty, for all i € p. Also, A
is closed since B; is approximately compact with respect to



A,;. Consider any sequences {x,,,, ;}, {X,,. j} € U5 A; which
satisfy

d (xnp+i+1’ Txnp+i) =d (inpﬂ#l’ TEnp+i) =D;, Viep.

(25)

One gets, from Lemma 6(i), if the mapping T" : {J;i; A; —
Uiep B is GWCPD,, and, from Lemma 7(i), if the mapping
T: Ui Ai = Ujep B; is either GCPD,, or WCPD, or CPD,,
that, since T(A;) € By, forall i € p,

{d Fptunyee o Xpnsies )} — 0, 06
14 (Rpuerysiejon Xpnsiaor )} — 0,
{d (R pusiej Xpmeiejon) |
— Dy =d(yujp A1) =d(VujpAgin)  @Q7)
= d (isjp Xpnsivjsn)
14 (Rpneiejons T pusie )}
— D;=d(yijinB)) = d (30T (4)))
=d(yirjorr T (Agt) = d (Viajurr Bor)
=d(Yisjor- Txpmsir;)» Vi€ D

for some y;,; € Ay, and y i, € Ag gy since Dy =
d(Ap Ay = d(AOi’_AO,iH) and D; = d(A;,,B)
d(A s> Byi)s for all i € p, and some subsequences

(28)

{xpnk+i+j+1} > {xpnk+i+j+l} < AO,i+j+1’
(29)

Fpnericil s (Kpmeries} € Aoies

of the sequences {Xp,.i\jiih {Xpnsivjs} S Aij and
{% prin b X puainjb © Ajyj forall i € p, respectively, for any
given initial points x,,X, € A; for any given j € p. The
following results hold.

(1) From (26) and by taking {x}, = {x,} and
{d(Xprs1)siejp Xpnaivj)} — 0, foralli € pforx, € A for
any given j € p, one gets {x,,,,;,;} — x;,since A is closed,
forall i € pand, from (27), d(x;,x],;) = D, forall i € p.

(2) Again, from (26) {d(Xy(us1)4i1j» Xpneinj)} — 0, for
all i € pfor x, € A for any given j € p, {X,,,;4;} — %, for
all i e p.

(3) Combining results (1) and (2) with (26), it follows that
x; =x/,forall i € p.

(4) Results (1)-(3) hold irrespective of the subset A i for
j € p where the initial conditions of the sequences belong
to, so for any x4, X, C ;5 A; (see the beginning of the
proof of Lemma 6). Thus, from result (3), there are unique
limit points x;" at each subset A; of all the sequences {x,} C
Uiep A; such that any such sequence converges to a unique
limit cycle {x], x;,..., x,} consisting of best proximity points
of adjacent subsets A, for all i € p.
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(5) Since B, is closed and approximately compact with
respect to A;, for alli € p, one gets from (28) that a
subsequence of {Tx } is convergent for each i € p; say

pntitj
{Txpy1isjt — 2z € T(A) € By C B foralli € p.
Since {x,,,;,;} — x;, all its subsequences converge to the

same limit so that {x,, ,;;;} — x; and then z;' = Tx] is
unique, since each x; is unique, within each B;, for all i
P and, again, from (28), D; = d(x},,,Tx;), for all i €
T : Uiep A Uiep B: is continuous at x;and D;
A, T )T Ugg A = Uiep

discontinuity at x;, then zi*+ = Tx; : (see Remark 13). The
result has been proved.

I~ m

B, has a finite-jump

A further result on the existence and uniqueness of best
proximity points follows for p-cyclic proximal contractions
subject to Definitions 8-11 under Lemma 12 and whose proof
is very close to that of Theorem 15.

Theorem 16. Consider a complete metric space (X,d) with
nonempty subsets A;,B; ¢ X and a p-cyclic mapping T :
Uiep Ai = Uiep B; being either GWCPI,, or GCPI,, or WCPI,
or CPI,, subject to set distances D; = d(A;,,,B;), Dy =
d(A;,A;,), and Dy = d(B;,B,,,), for alli € p, such that
Ay; is nonempty and closed and By; is nonempty and A, is
approximately compact with respect to B; and T(Ay;) € By,
for all i € p. The following properties hold.

() T : Uiep Ai = Uicp Bi has a unique best proximity
point x; at A; such that d(x;,x;,;) = Dy, forall i €
D, and all the sequences {x,} C |J,c; A; converge to a

s Xy}

(ii) Furthermore, if T UiegAi = Uiep B; either

is continuous, respectively, has eventual finite-jump
discontinuity points, then z; = Tx], for alli € P,

i€p
. . . * * p
unique limit cycle {x, x5, ...

respectively, zi*+ = (Tx})", for all i € P, are unique
best proximity points such that d(Tx;,Tx},;) = Dp,
foralli € p, respectively, d(Txf,Txlil) = Dy,
for all i € p, and all the sequences {x,,} C J;cp A; con-

verge to a unique limit cycle {Txf, ij, e Tx;:}.

Proof. Since T(Ay) < By, foralli e p, then T(A)
and By, are nonempty, since A, is nonempty, for all i €
P. By; is, furthermore, closed since A; is approximately
compact with respect to B;. Thus, A;, T(A,), and B, are
nonempty and closed, for all i € p. Consider any sequences
{Xups b (Xupej} € Uicp A; which satisty

d (xnp+i+1’ Txnp+i) =d (}np+i+1’ T_np+i) = Di’ Vi€ ﬁ
(30)

One gets from Lemma 12 that, since T'(A;) < B;, for all i €

P,
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{d (Txp(n+1 +z+]>T pn+i+j)} — 0,
{d (T— (n+1) +1+]+1’Txpn+i+j+l)} — 0,
{d (TEerHj’ Txpn+i+j+1)}

— Dp=d (yi+j’Bi+1) =d (yi+j’BO>i+1) (32)

(31)

= d (Vi Xpmsinjo)»
{d (% pmsiajor TXpmaiej)}
— Di=d(yijoB) = d (yiji T (A))
=d (yjo1 T (Ags)) = d (¥ir o1 Bor)

=d (yi+j+1’Txpnk+,‘+j) , Viep,

(33)

for some y;,; € By Yieju € BO,i+j+1 since D =

d(B;,Bi,)) = d(By,By,) and D; d(A,,,B) =
d(A ;1> By), for all i € p, and some subsequences
{Tfpnk+i+j+1} > {Txpnk+i+j+l} < T(Ao,i+j+1) € Byt ji1s ”
{ﬁpnk+i+j} , {Txpnk+z+]} T(A01+]+1) € Bojisj
of the sequences {TX ;i1 b {TXppsivjn} S Biyj and

{TX ppsinjb {TX ppainjb € By for all i € p, respectively, for
any given initial points x,, X, € A; for any given j € p. The
following results hold.

(6) From (31) and by taking {x}, = {x,},
{d(Tx pa1) +l+],Txpn+,+J)} — 0,foralli € pforx, € A;
for any given j € P, one gets {Tx,,,,;} — z, since By,
is closed, for all i € p and, from (32), d(z;,z;,,) = Dp,
for all i € p.

(7) Again from (31), {d(TX i1)ivjp TXpnain )} — 0,
foralli € pforx, € A; for any given j € p, so that
{TX i1} — 2/, foralli e p.

(8) Combining results (6) and (7) with (31), it follows that
z; =z, foralliep

(9) Results (6)-(9) hold irrespective of the subset A j for
j € p where the initial conditions of the sequences belong to
then for any x,%, € [J;ep A;- Thus, considering result (8),
there are unique limit points z; at each subset B; of all the
sequences {Tx,} C [J;ep T(A;) such that any such sequence
converges to a unique limit cycle {z/,z],..., z;} consisting
of best proximity points of adjacent subsets A, for all i € p.

Since B; is closed and approximately compact with respect
to A;, for all i € p, one gets from (33) that a subsequence of
{% psis j} is convergent for each i € p; say {x — X €
Ay for all i € p. Since {Tx .4 ;
converge to the same limit so that {Tx,,, ;. }
x; € Ay fulfilling z7 = Tx] which is unique. Assume not
so that there are x]', X} (# x;') € A, for some i € p such that
z; =Tx; = Tx; . Assume a sequence {x,,, ,;,;} — x; € Ay
} - X € Ay with

pnk+i+j}
} — z7,allits subsequences
— z; and

with x, € A; and a sequence {x,, ,;,;

el C = -
initial point Xy, € A, and some X, = T°Xy € A; for

some j,¢ € p and some nonnegative integer § < p. But
then {d(TX (1) +i+j» TX pnsivj)} dO€s not converge to zero so
that X = x; € Ay is unique, for all i € p. The distance
convergence properties are independent of the fact that for
the initial condition € is as equal or distinct as j, as discussed
in Lemma 6. Ifand another sequence. Since each z;" is unique,
within each A;, for alli € p and, again, from (33), D; =
d(x/,, Tx[), foralli € pif T : Ui A; — Ui B; is
continuous at x; and D; = d(x},,Tx] )if T : J;i A; —

1ep
Uiep B; hasa finite-jump discontinuity at x;, thenz; = Tx}
(see Remark 13). The result has been proved. O

1

Example 17. Consider a 2-cyclic proximal contraction with
respect to its domain: T : A; UA, — B; U B,, where A;
and B; for i = 1,2 are nonempty closed subsets of R. Take
any sequences {x,} ¢ A,, {y,} € A, being subsequences
of {z,} ¢ A, U A, defined either by z,, = x,,, 2,,,1 = ¥y
or by z,, = ¥, Zyps1 = X, for all n € Z,, and subject to
the constraints below under the Euclidean metric d(x, y) =
|x— yl, for all x, y € R for some contractive real constant « €
[0,1) such that &, = a, = a and (R, d) is a complete metric
space and also a Banach space. Assume that A; = [g,,a,] and

A, = [a,,@,] with@, < 0anda, > 0and B, = [b,b,] and
B, = [b,,b,] with@, < 0anda, > 0,b, < a,,0 > b,
0< b2 < ay, and 52 > a,, sothat T(A,) € B, T(A,) € B,

>a,,

with
D,=d(A},A,) = |a] Ty
_ (35)
Dy =d(By,B,) = |b| + b,
D, =d(A,B)=a,+|b],
(36)

D, :d(Al’BZ) = |all +b_’

andT : A UA, — B, U B, isa CPD, (Definition 2 with
p = 2) if the subsequent constraints hold for all n € Z,, :

Y1t |Txn| =D,, Ty, + Ixn+l| =D,, (37)

|xn+2 ~ Xut1 |

- |xn+2|| = |Tyn - Tyn+1| s« Ixn+1 - xn| >
(38)

= [l

|yn+2 - yn+1| = ||Txn| - |Txn+1|l <« |yn+1 - ,an > (39)

[Vne1 = X
= Yur1 +[Xpa| = Dy + D, = [T, =Ty, (402)
<aly,-x,|+(1-a)D,
<aly,-x,|+(1-a)D,
(40b)

=« yn |x| +(1-a)Dy.
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In particular, (37)-(40a) and (40b) are satisfied if, for all n €
Z()+’

Tyn ZDZ_“)/H DA’ (41)
-«
Tx, <-D; —oax, + D,
(42)
. -«
<equ1valently, D, -alx,| - D, < |Tx,,|>,
l-«a
Yn1 S(X|Xn|_ 2 DA’
(43)
-«
lxn+1| <ay, + D,.

Parallel results for the case when T : A, UA, — B, UB,
is WCPD,,, GCPD,,, or GWCPD, (Definitions 3-5 with p =
2) can be discussed in the same way with the appropriate
extensions for the contractive constant or function. It follows
that {d(yn’ yn+1)} - 0, {d(xn"xrﬁl)} - 0, {d(zn’ zn+1)} -
DA’ {yn} - @’ {xn} - al’ {d(Tyn’ TynJrl)} - 0’ {d(Txn’
Tx,.;)} — 0 and, according to (40a), (40b), and (35)-(36),
{d(Tz,,Tz,,,)} — Dg, since {|T(y, — |x,DI} — Dli =
D, + D, - Dy, {Ty,} — Ta, =b,,and {Tx,} — Ta, =b,.

Example 18. Consider Example 17 in the case that T : A, U
A, — B, U B, is CPl,, WCPL,, GCPL,, or GWCPI,
(Definitions 8-11 with p = 2); (40a) using (37) can be
reformulated accordingly. In particular, if it is CPL,, then one
gets for some real constant 3 € [0, 1)

|Txn+1| + Tyn+1

=Ty, - Tx,, =D, + D, - |xn+2| = Ynt2
(44)
= DA + DB - |xn+2| = Vn+2

< B(|xal + 7) + (1= B) D,

Then, {[T(y, - Ix,)l} = {d(Tz,, T2,,,)} = D =D, +D, -
DA’ {|xn| + yn} = {d(zn’zn+1)} - DA’ {d(}’w)’nﬂ)} _)_0’
{d(x,, %01} = 0,{Ty,} — Ta, = by, {Tx,} — Ta, = b,
{y,} = ay,and{x,} — a,. -

Vn € Zy,.
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