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INVERSE PROBLEMS IN ORDINARY DIFFERENTIAL EQUATIONS:
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ABSTRACT. This paper is on the so called inverse problem of ordinary differential systems,
i.e. the problem of determining the differential systems satisfying a set of given properties.
More precisely, we characterize under very general assumptions the ordinary differential
systems in RN which have a given set of either M < N, or M > N partial integrals,
or M < N first integrals, or M < N partial and first integrals. Moreover, for such
systems we determine the necessary and sufficient conditions for the existence of N — 1
independent first integrals. For the systems with M < N partial integrals we provide
sufficient conditions for the existence of a first integral.

We give two relevant applications of the solutions of these inverse problems to con-
strained Lagrangian and constrained Hamiltonian systems. Additionally we provide a
particular solution of the inverse problem in dynamics, and give a generalized solution
of the problem of integration of the equation of motion in the classical Suslov problem

on SO(3).

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In the theory of ordinary differential equations we can find two fundamental problems.
The direct problem which consists in a broad sense in to find the solutions of a given ordinary
differential equation, and the inverse problem. An inverse problem of ordinary differential
equations as it was defined in [17] is to find the more general differential system satisfying
a set of given properties. For instance what are the differential systems in RY having a
given set of invariant hypersurfaces, or of first integrals? The aim of the present paper is to
provide an answer to these questions.

The first inverse problem in such sense was stated by Erugin in [15]. In this article
the author stated and solved the problem of constructing a planar vector field for which
a given curve is its invariant, i.e. formed by trajectories of the vector field. Erugin ideas
were developed in particular in [17]. We observe that such kind of problem has recently
been developed in R? or C? mainly restricted to polynomial differential equations (see for
instance [5, 6, 7, 27, 39, 41, 42, 43]).

The aim of the present paper is to characterize under very general assumptions the
ordinary differential systems in RY which have a given set of either M < N, or M > N
partial integrals, or M < N first integrals, or M < N partial and first integrals.

By applying the obtained results we provide a solution of the following two inverse prob-
lems.

(i) For a given natural mechanical system with N degrees of freedom determine the most
general field of force depending only on the position of the system and satisfying
a given set of constraints, i.e. the inverse problem for the constrained Lagrangian
system.
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One of the main objectives in this inverse problem is to study the behavior of the
nonholonomic systems with linear constraints with respect to the velocity in a way
different to the classical approach deduced from the d’Alembert-Lagrange principle.
We shall explain this in more detail in Remark 18.

As a consequence of the solution of the inverse problem for the constrained La-
grangian system we obtain a solution for the inverse problem in dynamics (see
for more details [16]). The first inverse problem in dynamics appeared in Celestial
Mechanics, it was stated and solved by Newton (1687) [32] and concerns with the
determination of the potential field of force that ensures the planetary motion in
accordance to the observed properties, namely the Kepler’s laws.

Bertrand (1877) in [2] proved that the expression for Newton’s force of attraction
can be obtained directly from the Kepler first law. He stated also a more general
problem of determining a positional force, under which a particle describes a conic
section under any initial conditions. Bertrand’s ideas were developed in particular
by [8, 46, 22, 14, 16, 36, 43].

In the modern scientific literature the importance of the inverse problem in Ce-
lestial Mechanics was already recognized by Szebehely (see [48]).

Clearly that in view of the second Newton law, acceleration is equal to force we
obtain that the above inverse problems are equivalent to determine the second order
differential equations from the given properties on the right hand side.

We give a generalized solution of the problem of integration of the equation
of motion in the classical Suslov problem on SO(3). This solution contains as a
particular case the well known integrable cases of this problem.

(ii) For a given submanifold M of a symplectic manifold M we determine the differential
systems having M invariant by their flow, i.e. the inverse problem for constrained
Hamiltonian system.

We determine the equations of motion of a constrained Hamiltonian system in
the following cases: (1) The given properties are [ first integrals with dim M/2 <
I < dim M. In particular we prove that these equations are Hamiltonian only if the
first integrals are in involution, (2) the given properties are M < dimM/2 partial
integrals. We deduce the differential equations which can be interpreted as a normal
form of the equations of motion of nonholonomic system with in general nonlineal
constraint with respect to the velocity.

Constrained Hamiltonian systems arise in many fields, for instance in multi-body
dynamics or in molecular dynamics. The theory of such systems was mainly devel-
oped by Dirac (see for instance [9]). See general references for constrained dynamics
in [45].

The statements of the inverse problem for constrained Hamiltonian and La-
grangian systems are new.

Now we shall provide the notations and definitions necessary for presenting our main
results.

Let D be an open subset of RY. By definition an autonomous differential system is a
system of the form

(1) x=X(x), xe€D,

where the dependent variables x = (x1,...,2x) are real, the independent variable (the time
t) is real and the C! functions X (x) = (X1(x), ..., Xn(x)) are defined in the open set D.
The C! function g : D — R and the set {x € D : g = g(x) = 0} are called partial integral
and invariant hypersurface of the vector field X respectively, if X(g)|4—0 = 0.
The function H = H(x) defined in an open subset D; of D such that its closure coincides
with D is called a first integral if it is constant on the solutions of system (1) contained in
Dy, ie. X(H)|p, =0.
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Let hj = h;(x) for j =1,2,...,M with M < N be functions defined in an open subset
D of D. We define the matrix

dhy(81) ... dhi(On) ohy ... Onh
Sun=| S e
dhpr(D) ... dhar(9n) Ohar ... Onha
oh N
where 9;h = or; and dh = ;ajhda:j.

We say that the functions h; for j =1,..., M < N are independent if the rank of matrix
S,y is M for all x € D, except perhaps in a subset of D of zero Lebesgue measure.

We shall say that the vector field X in D € RY is integrable if it admits N — 1 independent
first integrals.

In this paper we present four different kind of results. First we characterize under very
general assumptions the differential systems which have a given set of partial and first
integrals. Second in RN we provide some results on the integrability and on the existence
of a first integral for the differential equations having M < N partial integrals. Finally we
solve the inverse problem in Lagrangian and Hamiltonian mechanics.

For simplicity we shall assume that all the functions which appear in this paper are of
class C*°, although most of the results remain valid under weaker hypotheses.

We define the matrix S = Sy . We note that S is the Jacobian matriz of the functions
hi,...,hn. The Jacobian of S, i.e. the determinant of S, is denoted by

72(}“’”"}”) = {hy, ..., hn}.
(5171, ce ,.’L'N)
This bracket is known in the literature as the Nambu bracket [29, 49, 21]. We provide new
properties of the Nambu bracket in section 2. These properties will play a very important
role in the proofs of the main results.

Our first result characterizes the differential systems (1) having a given set of M partial
integrals with M < N.

S| =

Theorem 1. Let g; = gj(x) for j =1,2,..., M with M < N be a given set of independent
functions defined in an open set D C RN. Then the most general differential systems in D
which admit the set of partial integrals g; for j =1,2,...,M are

o z; boov o f z; )
(2) szz(bk 91y -3 9k—1,L5,Jk+15-- - gN + Z Ak 91y -3 9k—1,L5,Jk+15-- - gN
k=1

{917927"'791\7} k=M1 {917927"‘791\7}
where garyj = gu4j(x) for j =1,...,N — M, are arbitrary functions defined on D which
we choose in such a way that the Jacobian

in the set D and the functions ®; = ®;(x), for j = 1,2,..., M and Ayryr = Arr() for
k=1,2,... N — M are arbitrary functions such that

(4) (I)j‘gj:():()a fOT’ j:1,2,,M

Theorem 1 is proved in section 2.
An immediate consequence of Theorem 1 is the next result.

Corollary 2. Under the assumptions of Theorem 1 if M = N, then system (2) takes the
form

{xjvg27~'~7gN—17gN}+ +d {917927"'59N—17xj}

(5) jj:‘I)l “ e N )
’ {917927"‘791\77179]\7} {917927"'79N7179N}
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forj=1,2,... N.

Our second result determines the differential systems (1) having a given set of M partial
integrals with M > N.

Theorem 3. Let g; = gj(x) for j =1,2,...,M > N be a set of functions defined in the
open set D C RY such that at least N of them are independent at points of the set D, i.e.
without loss of generality we can assume that {g1,...,gn} # 0 in D. Then the most general
differential systems in D which admit the partial integrals g; for j =1,2,...,M are

M+N
(6) gi= . G A9 G5
JiyeejN—1=1
forj=1,2,...,N, where G, . jy_. = Gj, . .. jx_. () are arbitrary functions satisfying
M+N
(7) Gjlg;=0 = Z G ooin-s9i1s > 9in_195} =0,

Jiseegn—1=1 9,=0

forj=1,2,...,M, andgy4+; =25 forj=1,2,...,N.

Theorem 3 is proved in section 2.
Our third result characterizes the differential systems (1) having a given set of M; partial
integrals and My first integrals with 1 < My < N and M7 + My < N.

Theorem 4. Let g; = gi(x) forl =1,2,...,M; and fr, = fr(x) fork=1,2,..., My < N
with My + My = M < N be independent functions defined in the open set D C RY. Then the
most general differential systems in D which admit the partial integrals g; for j =1,..., M,
and the first integrals f for k=1,..., Ms are

M
ij _ 2(I)k{917~'~79k7179€j,9k+1,~~;ngaflvuwag,gMH.u gN}+
k=1

{gla927"' gM1af17"',fM27 gM-‘rla"'agN}

(8)

N
Z )\k{gl?"-angafla-“va\/fw gM+1>'"7gk7—17mjag/€+17~-'7gN}
k=M+1 {gla "'7gM13f17"'an27 gM—Q—lagM—Q—Qa'"agN}

forj=1,2,...,N, where gypryj for j=1,...,N — M are arbitrary functions satisfying that
IS| = {91, gmys f1, ooy fdas Grt1s -, 9N} # O in the set D where ¢j for j =1,..., M,
are arbitrary constants; the functions ®; = ®;(x), for 1 =1,2,... My and Aryr = Ai+k(T)
fork=1,2,...N — M are arbitrary functions such that ®;|g,—0 =0 forl=1,..., M.

Theorem 4 is proved in section 3.
Two results which follow easily from the proof of Theorem 4 are:

Corollary 5. Under the assumptions of Theorem 4 but without partial integrals, i.e. if
My =0, and My = M < N, then the most general differential systems in D which admit
the first integrals fr for k=1,..., My are

N
(9) G = Z )\k; {f17"-7fM7gM+17'-';gkrflaxjﬁngrla"'qu}
! k=M-+1 {91? "'7gM1?f17"'an27gM+1agM+25"'7gN}7
forj=1,2,...,N, where gypryj forj=1,...,N — M are arbitrary functions satisfying that
|S| = {fla'~'an7gM+17"'7gN—l7gN} 7& 0 in the set D.

Corollary 6. Under the assumptions of Theorem 4 and if M1 + My = M = N, then the
differential system (8) takes the form

(10) P fq)k{glw~~agk—laxj»gk—&-la~~~79M13f1,'-';f1v12}
I =1 {917927"'gM17f17"'an2}
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forj=1,2,... N.

In the next result we provide a new proof of the classical result which states that a differ-
ential system in an open subset of RY having N — 2 first integrals and with zero divergence
is integrable by quadratures. In fact this result goes back to Jacobi and Whittaker, see for
more details on this result the book [20].

Theorem 7. Under the assumptions of Corollary 5 for Ms = N — 2 and determining the
functions gnN_1, gN, AN—_1, AN and p satisfying

(11) {fi, - v, AN, 98} +{f1, - N2, 9N 1, AN} = 0,

U
where p = p(x) = for a convenient function U, then the solutions

S, N—2.9N-1, 9N}
of the differential equation

{fla"'7fN—27xj7gN} )\N {fla"'afN—27gN—1axj} :X(CC)
fiyo s fN—2,9N-1,9N} {fi,oo s IN=2,9N-1,9N} 7

(12) jﬁj = )\N_Q{

,2,..., N, can be computed by quadratures. Moreover (11) is the divergence of
2

Theorem 7 is proved in section 4.
In what follows we present five new results on the integrability of systems (2), (6), (8),
(9) and (10).

Theorem 8. Under the assumptions of Theorem 1 differential system (2) is integrable if
and only if ®, = p{F1,....,Fn_1,91}, M = p{F1,....Fn_1,95} forl = 1,...,M and
k=M+1,...,N, where u, F1, ..., Fn_1 are arbitrary functions such that Fy,..., FnN_1 are
independent in D and p{F1,...,Fn_1,¢i}|g=0 = 0.

The following results are proved in a similar way to the proof of Theorem 8.

Theorem 9. Under the assumptions of Theorem 3 differential system (6) is integrable if
and only if

M+N
Q= Z Ga1,~-7a1\171{90¢1,' -y Gan_1> gl} = M{Fl,- .- )FN—lagl}7

ag,...,an—1=1

forl=1,...,M > N, where u, F1,...,Fn_1 are arbitrary functions such that Fy, ..., Fn_1
are independent in D and p{F1,...,Fn_1,q1}|g=0 = 0.

Theorem 10. Under the assumptions of Theorem /4 differential system (8) is integrable if
and only if ®; = pu{F1,....,Fn_1,91}, e = p{F1,...,Fn_1,9x}, forl =1,..., M7 and
k=M+1,...,N, where u, F1, ..., Fn_1 are arbitrary functions such that Fy, ..., Fn_1 are
independent in D and p{F1,..., FN_1,91}|g=0 = 0.

Corollary 11. Under the assumptions of Corollary 5 differential system (9) is integrable
if and only if A\, = pu{F1,...,Fn—1,9k}, for k=M +1,...,N where u, F1,...,Fx_1 are
arbitrary functions such that Fy, ..., Fy_1 are independent in D.

Corollary 12. Under the assumptions of Corollary 6 differential system (10) is integrable
if and only if ®, = p{F1,...,Fn—1,q1}, where p, F1,...,Fn_1 are arbitrary functions,
Fi,...,Fy_1 independent in D and p{Fi,...,FN_1,q1}|g=0 = 0.

In the next result we provide sufficient conditions for the existence of a first integral of
the differential system (2).
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Theorem 13. Suppose that we are under the assumptions of Theorem 1, and that in the
differential system (2) we choose

AMt1 = Lognr+1 + Lag,
AMi2 = Logm+2 + Lignm+1 + Lag,
(13)
An = Logn + Lign-1+ ...+ Ln-m9,
Mg M
with Ly = Z L where g = H\gjrj,a,nd 1 for 5 = 1,2,...M are constants, and
— 9i .
j=1 j=1
Ly, ... Ly_n are functions satisfying that
N-M
(14) > vl =0,
§=0
for convenient constants v; for j =0,1,..., M.
T
Let G = (G1, Ga,...,Gy_a)" (gM“, gM“,...“”“) and
g g g
1 0 0 0 0 0
G1 1 0 0 0 0
Go Gy 1 0 0 0
Gs Go G 1 0 0
B = . .
Gn-m—2 Gn-m—3 Gn-m—a © ... 1 0
Gn-m-1 Gn-m—2 Gn-m-3 @ ... G 1

be. Then there exists a function R = (Ry,...,Rnx_n)7T satisfying R = /B_ldG, being

dG = (dG4, dG,, . .. ,dGN_M)T where dGy, denotes the differential of Gy, for k=1,2,...N.
Then

N-M
(15) F = |g|" exp Z viR; |,
j=1

is a first integral of system (2).

Theorem 13 is proved in section 5.

Such first integral already was obtained in [37]. We observe that these kind of first
integrals appear also in the study of the invariant algebraic hypersurfaces with multiplicity
of a polynomial vector field, see [4, 28], and for more details on the functions R; see the
proof of Theorem 13.

2. APPLICATIONS TO LAGRANGIAN AND HAMILTONIAN MECHANICS WITH CONSTRAINTS

As we observe from the previous section the solutions of the inverse problem in ordinary
differential equations have a very hight arbitrariness due to the undetermined functions
which appear. To obtain more exactly solutions need additional conditions to reduce this
arbitrariness. In this section we shall obtain additional conditions for getting the equations
of motion provided by the Lagrangian and Hamiltonian constrained mechanics. The aim of
this section is to solve the inverse problem in Lagrangian and Hamiltonian system.
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2.1. Inverse problem for constrained Lagrangian systems. Using Theorem 1 we will
be able to provide an answer to the problems (i).

We shall introduce the notations and definitions that we need for presenting our applica-
tions.

We shall denote by Q an N-dimensional smooth manifold and by T'Q the tangent bun-
dle of Q with local coordinates x = (x1,...,2n), and (x,%X) = (z1,...,2ZN, £1,...,EN)
respectively (see for instance [19]).

The following definitions can be found in [1].

A Lagrangian system is a pair (Q,E) consisting of a smooth manifold Q, a function
L :TQ —s R. The point x € Q denotes the position of the system and we call each tangent
vector x € TxQ the velocity of the system at the point x. A pair (x,%X) is called a state
of the system. In Lagrangian mechanics it is usual to call Q, the configuration space, the
tangent bundle T'Q is called the phase space, L is the Lagrange function or Lagrangian and
the dimension N of Q is the number of degrees of freedom.

The equations

(16) hj =h;(x,%x) =0, for j=1,...,M <N,
hi,...,h
with rank <8(1”M)> = M, in all the points of Q, except in a zero Lebesgue measure
8(1‘1, ce. ,xN)

set, define M independent constraints for the Lagrangian systems (Q, I~/), i.e. we want that
the orbits (x(t), x(t)) of the mechanical system satisfy (16).
Let M* be the submanifold of TQ defined by the equations (16), i.e.

M*={(x,%) € TQ: hj(x,%x)=0, for j=1,....,M <N}

A constrained Lagrangian system is a triplet (Q, L, M*).

We call the inverse problem for the constrained Lagrangian system the problem of deter-
mining for a given constrained Lagrangian system (Q, L, M*), the field of force F = F(x) =
(F1(x),...,Fn(x)) in such a way that the given submanifold M* is invariant by the flow of
the second order differential equations

d ([ oL oL .
dt<a¢j>‘ax;ﬂ<") oI e

We shall study the case when the constraints are linear in the velocities in M*, i.e.
N

(17) hj(x,%x) = Zajk(x)x'k +aj(x)=0, for j=1,...,M.
k=1

Our first main result provides the equations of motion of a constrained mechanical system
with Lagrangian function

(18) L=T=

[N

al 1 1
2 Ginlosin = 3 o %) = 1P
)=

where T is a Riemannian metric on Q (the kinetic energy of the system), and M = N linear
constraints given by

N

(19) gj:ZGjn(x) (Zn —vp(x))=0 for j=1,...,N,
n=1

where v(x) = (v1(x),...,vn(X)) is a given vector field.

Theorem 14. Let ¥ be a constrained Lagrangian mechanical system with configuration
space Q, kinetic energy T given in (18), and constraints given by (19). The equations of
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motion of 2 are the Lagrangian differential equations

d (0L oL .

1 1
with L = §||x ]2 =T~ (x, v) + §\|v||2, which are equivalently to

d (0T T 9 (1, .5\ ~~. (Op; Opn
i (55,) 72, = oy () + o (322 - 32

I A TR Op;  Opn
= o (G0l ) + o (B2 - 22,

n=1

(21)

where

N
(22) pj:ZGjnvn, for j=1,2,...,N.

n=1

In view of the second Newton law: acceleration is equal to force (see for instance [44]),
we obtain that the right hand side of the equations of motion (21) are the generalized forces
acting on the mechanical system which depends only on its position. Consequently the field
of force F with components

9 (1 e N Op;  Opn

n=1

is the most general field of force depending only on the position of the natural mechanical
system which is constrained to move on the N dimensional subset of the phase space given
by (19) In short the equations of motion (21) provide a complete answer to the inverse
problem (i) when the constraints are given in the form (19).

Now we want to solve the inverse problem (i) for the classical constraints

N
(24) > an(x)in =0 for j=1,...,M.
n=1

We recall that the equations of motion of a constrained Lagrangian system with La-

~ 1
grangian L = §|\x||2 — U(x), and constrains given by (24) but with a field of forces

F = (Fy,...,Fy) depending on positions and velocities are the Lagrange equations with
multipliers
d (0T oT lr—
AN _ 9 pixx) =YY ap, for k=1,....N
dt <8d3k> Oxy, k(%) Oxy, +;M3%k’ o Y
25 -
(25) N
Zajn(x):bn =0, for j=1,...,M,
n=1

where y1; = j;(x,%) are the Lagrangian multipliers. As we can observe the forces F are

. ou .
composed by the potential forces with components . and the reactive forces generated
T
M

by constraints with components Z,ujajk for k=1,...,N. For more details see [1].
j=1
In short we have two equations of motions: the ones given in (20), or what is the same
(21) for constraints of type (19), and the classical ones given in (25) for the constraints
(24). In order to solve the problem (i) for the constraints (24) we establish the relationship
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between these two sets of equations. For doing this we shall choose conveniently the vector
field v which appear in (19).
In view of that the constraints (19) are equivalently to the constraints &; = v;(x) for

N
j=1,...,N. On the other hand from (24) we obtain that (a;, v) = Z ajnvy = 0, thus v
n=1
must be orthogonal to the independent vectors a; = (aj1,...,a5n5) for j =1,..., M. So we

introduce the N independent 1-forms, the first M of these 1-forms are associated to the M
constraints (24), i.e.

N
(26) Q; = Zajn(x)dxn for j=1,...,M,
n=1

and we choose the 1-forms Q; for j = M + 1,..., N arbitrarily, but satisfying that the
determinant |Y| of the matrix T = (a;x) :

91(81) 91(81\/) ai1 o e an1
(27) T = : : : = : : : ,

QN(81) QN(8N) an1 ... QNN
is nonzero. The ideal case would be when this determinant is constant. In other words the
N 1-forms Q; for j =1,..., N are independent. Now we define the vector field v as

21(01) Q1 (0n) 0
1 Qar(01) Qar(On) 0
(28) v=-— k3] Qnr41(01) Qu41(0n) vamgr | = (TP, 0x),
Qn(01) Qn(ON) VN
o ON 0
where P = (0,...,0,vpr41,. - ., l/N)T , the functions v; = v;(x) are nonzero arbitrary func-

tions due to the arbitrariness of 2; for j = M +1,..., N.

Proposition 15. The vector field (28) is the most general vector field satisfying the con-
straints (24), i.e. Qj(v) =0 for j=1,..., M, where the Q; are given in (26).

We define

(29) A=Ax)=(M(x),.. .,AN(x))T = (YT 'Hv(x) = AP,
where A = (A;x) is an N X N antisymmetric matrix such that
- _ Op Op;
30 A=(T)T"HY Y, H=(Hj,)=(2n - P,
Theorem 16. Let Y be a constrained Lagrangian mechanical system with configuration space
Q, kinetic energy T given in (18), and constraints given by (19) with v = (vq,...,vn)T :

given by (28).
The equations of motion of ¥ are

M
51) i (55,) g, = P09 = 5 (gl + X2 vy
for j=1,..., N, where the Ay’s are defined in (29) with
M
(32) A=) Apv;=0 for k=M+1,. .. N.

Jj=1
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Remark 17. Equations (32) define a system of the first order partial differential equations

with unknown functions var11,...,vN (see (28),(30) and (32)).
We observe that equations (32) can be rewritten as follows
(33) Ab=0 with b= (vars1,...,vn)7,

where A is an (N — M) x (N — M) antisymmetric matriz. Thus if N — M is even then,
from (28), it follows that the vector b is nonzero, consequently the determinant of the matriz
|A| = u?\ﬂM must be zero, i.e. pn = 0. If N—M is odd then |A| is always zero. If in this

case rank(A) = r, then without loss of generality we can assume that (32) takes the form
N
(34) Z Agjvj =0 for k=M+1,...,M+r.
j=M+1
In particular for M =1, N =3, M =2, N =4 we obtain respectively
31 = ai1Has +asHs +a3Hiz =0,

pa2 = (upasr — asgayr) Hig + (au1ons — aoioue) Hiz+
(35)
(ag1a32 — ag1og) Hig + (o201 — arpayr) Has+
(a12031 — agaonny) Hog + (211 — aipar) Hay = 0.
Remark 18. Equations (31) can be interpreted as the equations of motion of the constrained

~ 1
Lagrangian system with Lagrangian L = T + §||v|\2 and constraints (24). The field of force

with components

0 (1. 5)
(36) Fj(x) = e 5””” + ) Apa,
J k=1

for j=1,...,N, has the same structure than the field of forces determine in (25), but there
are three important differences. First the potential and reactive components in (36) are re-
lated through the vector field v (which itself is determined by the constraints), while in (25)the

M

potential Uis completely independent of the reactive forces with components Z M. Sec-
k=1

ond the multipliers A1, ..., Ay in (36) depend only on the position of the mechanical system,

while in (25) the Lagrangian multipliers p; depends on the position and velocity, and finally
system (31) was deduced from Lagrangian differential system (20), while system (25) in
general has no relations with the Lagrangian equations.

In the applications of Theorem 16 we will determine the functions vasy1,...,VN as solu-
tions of (32) together with the condition

1
(37) U =—3loll*+h,

where h is a constant. Under the potential (37) we obtain that between the fields of force
F given in (25) and F given in (36) the only difference consists in the coefficients which
determine the reactive forces.

The following two questions arises: There exist solutions of equations (32) and (37) in
such a way that the solutions of the differential system

d (0T oT ou
) i (35,) =, = i, + 2y

forj=1,...,N, where the A’s are defined in (29), coincide with the solutions of (25)%
If the answer to the previous question is always positive, then there are equations of
motion with field of forces only depending on the positions (31) equivalent to the Lagrangian
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equations of motions with constraints (25). In short, we would have a new model to describe
the behavior of the mechanical systems with linear constraints with respect to the velocity.

The second question is: What is the mechanical meaning of the differential equations
generated by the vector field (28), i.e

(39) x=v(x)="""'P,

under the conditions (32) and of the differential equations

0 d (oT\ T *||”||2

o it ()~ 5= oo

Partial answer to theses questions are given in the examples of section 8.

Now we consider a mechanical system with configuration space Q of the dimension N
and kinetic energy T given by (18). The problem of determining the most general field of
force depending only on the position of the system, for which the curves defined by

(41) fi=fix)=¢ eR for j=1,...,.N—1,

are formed by orbits of the mechanical system, is called as the generalized Dainelli‘s inverse
problem in dynamics. If we assume that the given family of curves (41) admits the family
of orthogonal hypersurfaces S = S(x) = ¢y, then this problem is called the generalized
Dainelli Joukovski’s inverse problem.

If the field of force is potential in the generalized Dainelli inverse problems, then such
problems coincide with the Suslov’s inverse problem, or the inverse problem in Celestial
Mechanics and generalized Dainelli Joukovski’s inverse problem coincide with the Joukovski
problem (for more details see [43]).

The solutions of the generalized Dainelli’s problem for N = 2, and of the Joukovski’s
problems for N = 2,3 can be found in [50, 8, 22, 16]. A complete solution of the Suslov
problem can be found in [46], but this solution in general is complicate to implement.

The following result provides a solution of these inverse problems.

Theorem 19. Under the assumptions of Theorem 16 if the given M = N — 1 1-forms (26)
are closed, i.e. Q; =df; for j=1,...,N —1, then the following statements hold.
(a) System (31) takes the form

N—1
d (0T oT 0 Ofr
42 S o= T (P A R
(42) at <a¢j) oz, axj< ol >+”NZ NEgg,
for j =1,...,N, where vy = vn(X) is an arbitrary function. Clearly F; are the

components of the most general field of force that depends only on the position under
which a given N — 1 parametric family of curves (41) can be described as orbits of
the mechanical system.

(b) If
N—1
O f oh
43 Anp 25 — 27
(43) VNZ NG, D,
k=1
forj=1,...,N —1, where h = h(f1,...,fn—1), then the family of curves (41) can
be freely described by a mechanical system under the influence of forces derived from
1
the potential function V = -U = §||'v||2 —h(f1, .., fn-1).

(¢) If we assume that the given family of curves (41) admits the family of orthogonal
hypersurface S = S(x) = ¢y defined by

as of;\ _ . B
(44) <5X78X>_O for j=1,....N—1,
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then the most general field of force that depends only on the position of the system
under which the given family of curves are formed by orbits of (42) is

o (v ||os]\? 8 (v2\ s\ as |as|® & [v?
(45) F=2(2Z 20 +(Z(Z), &2\ |22 (V)
Ox \ V2 || 0x ox \ 2 /) 0x/ 0x ox|| ox \ 2
where v = v(x) is an arbitrary function on Q. If we choosev and h = h(f1,..., fn—1)
satisfying the first order partial differential equation

) o (2 s\ os [aS|* o () _ on
ox\ 2 /) 0x/ ox x| ox\ 2 /) ox’

then the field of force F is given by the potential

2

S

1/2

(47) V: ? aix —h(fl,...7fN_1).
If (41) is such that f; =x; =c¢; for j=1,...,N —1 then (47) takes the form
V2G| [0S \?
(48) V— 2A (M) —h(l‘l,...,J?N_l).

where G = (Gpy) is the inverse matriz of the matriz G and

Gun ... Gina

A= : :
Gino1 .- Gnoin—a

Clearly (46) holds in particular if v = v(S) and h is a constant.

(d)  Under the assumption (b) we have that o = const., where o = (v, dX) is the
g5(v)
1-form associated to vector field v, gt is the flow of v, and 7y is an arbitrary closed
curve on Q.

We note that statement (a) of Theorem 19 provides the answer to the generalized Dainelli’s
inverse problem, which before was only solved for N = 2 by Dainelli. Statement (b) of The-
orem 19 gives a simpler solution to the Suslov’s inverse problem, already solved by the
same Suslov. Statement (c¢) of Theorem 19 provides the answer to the generalized Dainelli-
Joukovski’s problem solved by Joukovski for the case when the field of force is potential and
N = 2,3. Finally statement (d) of Theorem 19 is the well known Thomson’s Theorem (see
[26]) in our context.

Theorems 14,16 and Proposition 15 are proved in section 8. Theorem 19 is proved in
section 10.

2.2. Inverse problem for constrained Hamiltonian systems. In this section we shall
apply Theorems 1 and 4, Corollaries 5 and 6 to solve the problem (ii) of the introduction.

Now we consider M a 2N-dimensional smooth manifold with local coordinates (x,y) =
(x1,..., TN, Y1,---,Yn), and let Q2 be a closed non-degenerate 2-form, i.e. (M, Q2) is a
symplectic manifold, H : M — R a smooth function, and M a submanifold of M. The
quaternary (M, Q2, M, H) is called constrained Hamiltonian system (see [1]).

We call the inverse problem for constrained Hamiltonian systems, the problem of the
determination of the vector field W with components (Wi, ..., Way) with W; = W;(x,y)
in such a way that the submanifold M is invariant by the flow of the differential system

(49) j:k = {H7 Ik}* + Wka yk: = {H7 yk}’* + WN+/€7 for k= 17 .. '7Na
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where

N
. dH 9G  9H aaG
(50) {H’ G} N I; <8yk al‘k amk (‘3yk) ’

is the Poisson bracket.

In particular if Wi, = 0 for k = 1,..., N, then (49) coincides with the standard Hamil-
tonian equations for a mechanical system which are under the action of the external forces
with components Wy 1, ..., Wan.

Theorem 20. Let (M,0Q% My, H) be a constrained Hamiltonian system and let fi =
fi(x,y) for j = 1,...,N be a given set of independent functions defined in M. Assume
that {f1,..., fn,21,..., 2N} # 0, in M, then the manifold

Mi={(x,y) e M: fj(x,y)=¢; R for j=1,...,N},

where ¢; for j = 1,...,N are arbitrary constants, is invariant by the flow of differential
system

ik: {H7 xk}*7

N

. 1H, fiy{fr, - fimu ¥k fivt, - fns 21, .. oN )
51 = {H, *—
( ) Yk { yk} ]ZI {fla"'7fNax17--~7xN}

= {Ha yk}* +Wk‘+N7
fork=1,...,N.
Under the assumptions

(52> {fla"’7fN7x17"‘7$N}:0 and {fl?"'afN?xla"-7xN71ay1}#07
the submanifold M1 is invariant by the flow of the differential system

iz ={H, z}*, for k=1,...,N—1,

TN :{Hv xN}*_

N *
Z{Hv f]} {f17"'7fj—1axN7fj+1a"'afNaxla"'7xN—1ay1}
i=1 {fla'"7fN;xla"'7folay1}

={H, zy}* + W,

o ={H, 1} +Mfr,- o v, Tn, e Y )
={H, y1}" + Wiyn,

o ={H, yp}"—

_|_

N *
Z {H, fiY{f,- - fi=1,ue, fix1, - - fNoZ1, -, TN—1, U1 )
= {fl,..‘,fN,il'l,...,{ENfl,yl}

)‘{fh‘"7fN7m17"'a(EN717yk}
:{Hvyk}*+Wk+N’ fO’I’ k:27"'7N7
where A\ = A (x,y) is an arbitrary function.
We observe that the solution (51) of the inverse problem in constrained Hamiltonian sys-
tems for the case when the first integrals are pairwise in involution, and H = H(f1,..., fn)
becomes into the Hamiltonian system &, = {H, zx}*, ¢r = {H, yx}*. Additionally sys-

tem (53), when the first integrals are pairwise in involution satisfying (52) and H =
H(f1,...,fn), becomes into the differential system

i‘k = {H7 xk}*’ y'k = {H7 yk}* +)\{f17"'7fN7x17"'7:I;N717y]€}7
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for k =1,..., N. These equations are the equations of motion of the mechanical system with
the constraints {f1,..., fn,21,...,2n5} = 0.

Theorem 21. Let (M, Q% My, H) be a constrained Hamiltonian system and let fi =
fi(x,y) forj=1,...,N+r withr < N be a given set of independent functions defined in
M and such that {f1,..., fN+rsZ1,...,ZN—r} # 0. Then the manifold

My ={(x,y) EM: fj(x,y)=c; €ER for j=1,...,N+r},

where ¢; are arbitrary constants, is invariant by the flow of the differential system

. = {H, zi}*,
N+r %
Ty = {H’ xn}* _ Z {H, fJ} {f17"'?fj—laxnafj+1’-~-,fN+r,$1,...71'N_T}
j=1 {f17~~~,fN+r,$1,...,xN,r}
(54) ={H, zp}" + Wy,
N+r

{Ha fj}*{fla"'7fj—1>ym7fj+1a"'afN—‘rTaxla"'axN—T}
{fl?"'7fN+T7x17"'7‘/L‘N7T}

ym = {Ha ym}* - Z
j=1

= {Ha ym}*+Wm+N7
fork=1,.... N—r,n=N-r+1,.... NNm=1,...,N.

Remark 22. With respect to Theorems 20 and 21 we observe the following. If we assume
that {f1,...,fn,21,...,an} £ 0, in M, and H = H(f1,..., fn) then the system of equa-
tions f;(x,y) =c¢j, for j=1,...,N can be solved locally with respect to 'y, (momenta)
i.e. y; = uj(x,¢), for j=1,...,N wherec= (ci1,...,cn). If the given first integrals are

N

pairwise in involution, i.e. {f;, fu} =0, then Zuj(x, c)dz; = dS(x). Consequently from
j=1

the Liouville theorem:

Theorem 23. If a Hamiltonian system has N independent first integrals in involution,
which can be solved with respect to the momenta, then its motion can be obtained with
quadratures, that is, the equation of motion can be solved simply by evaluating integrals.

We obtain that the Hamiltonian system &, = {H, xx}*, yx = {H, yr}*, fork=1,...,N
is integrable by quadratures (for more details see [26].

In general the given set of first integrals is not necessarily in involution. The solution of
the inverse problem in constrained Hamiltonian system shows that in this case the differential
equations which have as invariant the submanifold My is in general not Hamiltonian. The
origin of the theory on noncommutative integration is the Nekhoroshevs Theorem (see [30]).
The following result holds (see [26]).

Theorem 24. If a Hamiltonian system with N degrees of freedom has N + r independent
first integrals f; for j = 1,...,N + r, such that the fi,..., fy—, first integrals are in

involution with all integrals fi,..., fy4,. Then the Hamiltonian system is integrable by
quadratures.
If f1, fa,..., fn—r are the first integrals which are in involution with all the first inte-

grals and H = H(f1, fa,..., fn—r), then the differential system (54) is Hamiltonian and is
integrable by quadratures.

Theorem 25. Let (M, Q2 My, H) be a constrained Hamiltonian system and let g; : M —
R forj=1,...,M < N be given independent functions in M, where

Mo ={(x,y) eM:g;(x,y)=0 for j=1,...,M <N},
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We choose the arbitrary functions ¢, for m = M + 1,...,2N in such a way that the

determinant {g1,...,9MGM+1,---, 92N} # 0 in M.
We shall study only the case when {g1,...,90m, 90415+ -GN, Z1,--- TN} £ 0. Then the
submanifold My is an invariant manifold by the flow of the differential system

ik :{Ha l’k-}*7

M
Z (‘I’j — {H7 gj}*) {91, s 95-1,Yk, 954+1,92M 5 G2M 415+ - - N, L1y« - - 7931\/}

Jr
(55) =1 {glv"'agNal'l7"'7mN}

N *
Z (A] - {H7 g]} ){917' s 92M41y5 -5 95—-15Yk, G415 - - 'gNax17"'7$N}

{glv"'vgNaxlv"'va}

Jj=M+1
= {Ha yk}* + Wk-‘rN)

fork=1,...,N, where \; for j=M+1,...,N, and ®; are arbitrary functions satisfying
Qjlg,=0 =0 forj=1,..., M.

We observe that equations (55) on the submanifold My when the arbitrary functions A
are A\, = {H, gx }* become
i:j = {Ha xj}*v
v = {Hy}"+

0) - {g 9r-1,Y5,9 g gN, T TN}
* 1y 9k—12Y5,9k+15- -+ YNys -+ -GN, L1y -y LN
_Z({ngk} ) . - ’
= {91,---,9N,T1,..., TN}
for j = 1,..., N. This system can be interpreted as the equations of motion of the con-

strained mechanical system with Hamiltonian H under the action of the external forces
with components

M
{917"'vgkflvyjagk+l7"'7gl\/' v“'vgNaxlv"‘va}
Witn = — H,g1}" -
I+ ;{ ’ } {gla-~-a9N7$17~-~>$N} ’

generated by the constraints g; =0 for j =1,..., M.
Theorem 20,21 and 25 are proved in section 11.

3. PRELIMINARIES AND NEW PROPERTIES OF THE NAMBU BRACKET
a(hla"'vhN)

(11,‘1, e ,.’I,‘N)
eralize Hamiltonian mechanics. This skew symmetric bracket satisfies the Leibniz rule and

the fundamental identity

0=F(fi...,fN—1,01-..,9N) =

(57) al
Z{glv"'vgn—la{fl'"7fN—1agn}7gn+17"',gN}7{fl"'afN—lv{gl-..7gN}}7
n=1

The Nambu bracket

‘ :={h1, ..., hn} was proposed by Nambu to gen-

where f1, fo, ..., fN-1, 91, - - -, gn are arbitrary functions. For more details see [29, 49, 21].
In this section we show new properties of this bracket which we will use in the proofs and
in the applications of the results stated in the two previous sections.
We shall need the next result:



16 J. LLIBRE, R. RAMIREZ AND N. SADOVSKAIA

Proposition 26. The following identities hold

N
of
%{gla"'agk—laxjvgk—i-lv"',gN} = {gla"- 5gk—1’f7gk+1 -~'5gN}7
g=1""
of
(58) 871'16:{xh.“’xk_17f,xk+1’“.’x]v},

N
0
Kj = Z%j{gla"'7gk717xj7gk+1~-~7g]\7} = 07
j=1

fork=1,2,....N and

0f1 8(G5f27"~7f]\/')‘+ _|_8fN ’3(f1,-.-,fN—1,G)’
(59) dzn | O(y1,---,YN) T Oz dW1,---,yN)
_ 0G| _a(f,-- IN) ’+ +8G‘ (f1,--,In) ‘
oy1 |0 (xn,y2,--yn) | Oyn |0 (1, YN—1,2N) |

Here the functions g1,...,9n, f1,---, fn,G and f are arbitrary.

Proof. The proof of the first relation is the following

g1 ... OnNg1
NMGgrk—1 .- ONGr—1
{91, s 9k—1: F, 91 - 9N} = of ... Onf
O19k+1 -+ ONGr+1
ogy ... OnNgN
g1 ... Ongi ogr ... OnNg1
O19k-1 .- ONGr—1 O1gk—1 .- ONGr—1
—ofl 1 0 . l+..4onfl 0o ... 1
O19k+1 -+ ONGr+1 O19k+1 -+ ONGrt1
oigy ... OngNn Oign ... OnNgN

:{gla"'7gk—1axlvgk+17"')gN}alf+"'+{glv'"agk—lazNagk+17'"7gN}aNf'

The proof of the second relation follows easily from the definition of the Nambu bracket.
The proof of the third relation is the following. Taking in the second identity of (58)
f={91,- -, 9k-1,%j,9k+1...,gN} we obtain

N
Kj = Z{xh sy Tj—1, {917 sy Gk—1,L5y Gk415 - - - 79N}a$j+17 s ,.’17]\/'}.
j=1
By using the fundamental identity (57) we get

K_] = {gla"'agk—lagk-‘rla-- -y 9n, {xla"'axj—la'rj7xj+l7"' ,l‘N}} = 07

because {z1,...,2;_1,2;,2j41,...,2n} = 1. We observe that this identity can be proved
by applying only the properties of the determinants, but this proof is long.
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The proof of (59) is easy to obtain by considering that the value of determinant

o oh oh
oy Oyn  Ozn
oiv o oy
oy Oyn  Ozn
[ I
oy Oyn

can be obtained by developing by the last row or, what is the same by the last column. [J
Proposition 27. The Nambu bracket satisfy the identities

(60)
0:Q(fl...,fN_l,gl...,gN,G) =

N

Z{flwnafN—hgn}{gl?"'agn—17G7gn+17"'7gN} - {fl --~7fN—17G}{gl --~7gN}7
n=1

0=F\(fi--, fn-1,91--.,9N) :=

N

DAt M1 N n b Gnts vy = L e Mo an
n=1

for arbitrary functions fi,..., fn—1, G, 91,--., 9N, A

Note that the second identity is a generalization of the fundamental identity (57) which
is obtained when A = 1.

Proof. Indeed, using the first property of (58) we obtain the first identity (see for instance
[43])

dgi1(01) ... dgi(On) {fi,...,fn-1,01}
Qfie o fytagre gy, G) =] 1 e 3 :
oo Incaogreen v G121 00 7 daw(on) L. dvoran)
dG(d) ... dGOn) {fi,...,fv-1.G}
N
dgl (81) e dgl (8N) Z{fl’ ceay f]\],17 l'j}dgl (8])
j=1
_ N
dgn(01) ... dgn(On) D Af1s---. fv-1,7;}dgn(9))
j=1
N
dG(dy) ... dGOn) > {f1,.- [no1,2;}1dG(0))
j=1
N dgl (81) e dg1 (8N) dgl((‘)j)
_ e N1, : : : —0.
;{ﬁ fvva) dgn(01) ... dgn(On) dgn(0;)
dG(3,) ... dG(dy) dG(9;)

This proves the first identity.
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The proof of the second identity is as follows. Taking G = z; in the first identity of (60)
we obtain

)‘Q(fla"'7fN—17gl,"'agNaxj) =
A{flw"7fN—lagl}{mja92a"'7gN}+"' +A{f1a"'7fN—lvgN}{gl7"'agN—laxj}
.- _A{fh "'7fN*1,xj}{gla"'vgN} =0.

Using the third identity of (58), from the last expression we have
Y9
Zai )‘Q flv'"7folagla~~'agN7xj)) =
0
Z{x]aQQavgN}ai (A{flv"wa—l?gl})_'_"'
=1 i

N
+Z({91,927-~-,9N 17%} ()\{fl, o fn-1,98)) —

j=1

{fh"‘va 17xj} 0 ()\{glvvgN})>

Now using the first identity of (58), the previous expression becomes

0={Mfi, ., fn-1,91},92,-- 9N} + .+ 491,92, gn—1, M f1s s N1, 9N ) -
_{f17 '--;fola)‘{glw'ng}} :F/\(f17"'7fN71agl7"'agN)-

This complete the proof of the second identity. O

Remark 28. We note that the second identity of (60) has obtained from the first identity
of (60). So, in some sense the first identity of (60) is more basic. In fact, from the proof
of the second identity of (60) we obtain

N
0
F)\ (flw"afohgla"ng Zai )‘Q f17'"7fN71ag].7"'7gN7xj))'

Now we establish the relationship between the Nambu bracket and the classical Poisson
bracket. We suppose that N = 2n, and z; = z; and zj4, =y; for j =1,...,n

Proposition 29. Between the Poisson bracket and the Nambu bracket there are the following
equalities

n

Z{H’f’ xl-~'axj—1a‘rj+17"'7xn7y17"'7yj—17yj+17"'7yn} = {H7f}*7
(61 a
Z{H7fj}*{f17 '7fj717Gvfj+17"-7f2n} = {HyG}*{f17~~~7f2n}~

Jj=1
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Proof. The first equality it is easy to obtain by using the definition of the Nambu bracket.
The second equality follows in view of the identity Q (f1 ..., fN-1,91---,9n,G) = 0. Indeed,

2n

Z{vak}*{fla""fk—lvafk+1a-~'vf2n}
k=1

2n n

Z (Z{H,fk, T1ee oy Ty T Ly ey Ty Y1y s Yj—1, Yt 1y -5 Yn b

k=1 j=1

{fl?'"5fk—1aGafk+15"'af2n})
n 2n

Z (Z{Hafka zy ... axj—lamj-‘rla"'axn7y17"'ayj—17yj+1a""yn}'
=1 k=1
{fl?'"afkflaG7fk+la-~-7f2n}>
n
Z{H7Ga 1 "'a$j717xj+17"'7xnvy17"'7yj717yj+17"'7yn}{f17"‘7f2n}
j=1

{Ha G}*{flv .. '>f2n}~

4. PROOF OF THEOREMS 1 AND 3

In this section we construct the most general autonomous differential system on D ¢ RY
having the set of invariant hypersurfaces g; = 0 for j = 1,2,..., M, with M < N, and

M > N.

Proof of Theorem 1. We consider the vector field

dgl(al) dgl(aN) (0%
dg2(01) ... dg2(0n) 2
X: 7; dgM(Bl) dgM(aN) (I)M
{g1,-.., gn} | dgm1(01) .. dgm+1(ON) Amta
dgn(01) ... dgn(On) AN
o, O 0
N
_ Z Sjgpj 8k _ <571P,8x>,

where S for k,7 = 1,...,N is the determinant of the adjoint of the matrix S after

removing

P = (P,.

the row j and the column k (see (3)), S—! is the inverse matrix of S, and
L PN)T = (@1, .., ®Par, Aarsts- -5 An) T . From (62) it is easy to obtain the
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relationship
X(g]): {93392""791\/'}_'_.”_'_(1)1\/1 {glv"'ng—hgjagf\1+1a'~'agN}+
{glvgzw'wg]\’} {gl7°"79M7179M79M+17"'agN}
63 Abig1 {glv“ngvgj,gIL{Jr%“ng} N {91»'--,9N71,gj}
( ) {gla"'agM7g]\/[+lagM+2a'"7gN} {gl?"'7gN—lagN}
B ®; for 1<j<M
B A;  otherwise.
Thus
(64) X(g5) =@, X(gm+k) = Am+k,

forj=1,2,...M,and k =1,..., N — M. In view of assumption ®;|,.—o = 0 we obtain that
the g; = 0 for j = 1,2,... M are invariant hypersurfaces of the vector field X.

The vector field X already was used in [43, 37]. Note that it is well defined in view of
assumption (3).

Now we shall prove that system (2) is the most general differential system which admits
the given set of independent partial integrals. Indeed let x = X(x) be another differential
system having g1, g2, ...,gp as partial integrals, i.e. X(gj)|g]:0 =0forj=12...,M.
Then taking

N
:ng ZXlﬁlg] ZXl{xlv"'a'rl—17gj7zl+1a"'amN}7
for j=1,2,.., M, and
Ak = X(grr+k) ZXlal9M+k = ZXI{M, T, M Ak Tit 1, - - TN T

for k =1,...,N — M, (here we use the second identity of (58)) and substituting ®; and
A4k into formula (62) we get for arbitrary function F'

N
X(F) — Z(I)‘{glw"vgj—l?F’gj-‘rl---ag]V[a"'agN}+
! {913927"'79N}

N
{gla"'7gMagM+la"'7gj—laF7gj+1"'7gN}
D Aarg

{g17927"'7gN}

j=M+1 {917927“'791\7}
N N
N oGt Fogiits . g
- Z X{171,---,xz—1,gj,xz+1,...,xN}{gl 951, F, gjt1, gn}
j=11=1 {glagQa"'agN}
N
- Z xl’-~-axl—179j7$l+1,-~-,J:N}{gl7 951, B g, o}

Mz I\Mz

l{xl,...,a:l,17F,:cl+1,...7xN} = X(F),

N
Il
_

Here we have used the first identity of (60) and the second of (58). Hence, in view of
arbitrariness of F' the theorem has been proved. O

Proof of Theorem 3. First of all we determine the differential system by using the N inde-
pendent functions g; = g;(x) for j = 1,2,..., N. Thus we obtain system (5). Clearly this
differential system admits additional partial integrals g; for j = N +1,..., M if and only
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if X(g,) = ®,, ®,l;,=0 =0, for v = N +1,...,M. Equivalently, using (62) can be
written as

(65)  ®1{gu,..- 9N} + .o+ On{g1,- - 9N-1, 90} — Pu{g1, - 9N 1,98} = 0.
Now we prove that

M+N
(66) (bl/ = Z G(X17---7(XN—1{ga17"'7 gaN—ﬂ gl/}

at,...,an—1=1

is a solution of (65) for v = 1,2,...,M > N, where G,
arbitrary functions satisfying (7).
Indeed, in view of (65) and (66) we obtain

= Ga1,.»-aN_1(X) are

,,,,,

M+N
Z Gal-,-~~7aN—1({ga17' s Gan_1> gl}{gy;QQ, v 7gN—1agN} + ...
()417...,(1]\/,1:1
+{ga1a cooy Yan_1» gN}{leQQv .o 79]\7717911} - {gozlv' -y 9an_1> gll}{917927 s 7nglvgN})
M+N

= Z Gahm,aNle({qua"'a Jan_1s glv'--7gN7gV) =0

at,..,an—1=1

which is identically zero by (60).
Inserting (66) into (5) and from the second identity of (60) we obtain from the equation

. Ty, 02, S s gN—1,Ty
30;/:‘1)1{ g2 9N}+._._~_(I)N{91 gN-—1 }
{gl,"'agN} {gl,“'agN}

M+N

- ¥

x1...00N —1= 1

G
{gil ] .O:gNl} Z{gaw .o 7gaN—17gn}{gl7 e On—1,Tu, gnt1,y - - - ,gN}
M+N

= Z GCK17~~-7C¥N—1 ({gan sy Gan_q1 xV})

at,..,an—1=1

for j = 1,2,..., N. Now we prove that this differential system which coincides with (6) is
the most general. Indeed using that gaq; = x; for j = 1,..., N, system (6) admits the
representation

M+N
T = E Galv-n,OéN—l{gal?"'v Jan_1s xl} +

at,..,an—1=1
al,m,aN,ﬁé(M+2,...,N)

Griyo, M43 .. . M+N{ZT2, ..., xN, T1},
(67)
M+N
.’.‘UN: Z Gal ..... aN_l{gOtlv"'7gO¢N—17'TN} +

at,..,an—1=1
Dél,..‘,OéNflsé(MJrl,...,Nfl)

Gr1, M2 M+N—1{T1,.. ., TN_1, TN}

Note that {z1,...,2;_1,2j41,...,2n,2;} € {—1,1}. Therefore if &; = Xj forj=1,...,N
is another differential system having the given set of partial integrals, then by choosing
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conveniently functions G2, p4+3.. . M+N, - - - G, M42... . m+N—1 We deduce that the con-

structed vector field (67) contain the vector field X = (Xl, Xo, ..o,
Theorem 3 follows.

XN) . So the proof of

O

Corollary 30. Under the assumptions of Theorem 3 for N = 2 system (6) takes the form

(68)

M
i= Y Gigj v} +Gupfy, o} =

Jj=1

M
g= Y. Gi{gy v} + Guofz, y} =

j=1

> Gi{gj ) — G,

ZGJ{g]a y} + GM+27

j=1

where G; = Gj(x,y) for j =1,2,... M + 2 are arbitrary functions satisfying (7). Moreover

(7) becomes

(69)

fork=1,2,...

M
> Gy o} + Gura{y, gx} + Gorga{x, gi}

j=1

M.

gr=0

Proof of Corollary 30. 1t follows immediately from Theorem 3.

Remark 31. We note that conditions (69) hold in particular if

(70)

M ~
Gi= ] 9mG;
=1

m= 3
m#j

where G = G(x,y) for j =1,..., M + 2 are arbitrary functions.

Inserting (70) into (68) we obtain the following differential system

M M ~
(711) & =Y [] 9mGilgs. 2} -
j=1m=1
mj

M ~
11 9mGrrir, 5=
m=1

M M B
ST 9mGifas v} +
= A

M ~
IT 9mGarsa
m=1

We observe that system (71) coincides with polynomial differential (5) of [5] when the

partial integrals are polynomial and generic in the sense defined in [5].

Proof of Theorem 4. Let X be the vector field

REl

dg1(01)
dgr, (01)

df1(01)
dfas, (01)
dgnri1 (31)

dgn(01)
01

dg1(On)

dng.(aN)
df1(On)

df le(aN)

dgrm+1(0N)  Amt1

dgn (On)
ON

5. PROOF OF THEOREM 4 AND THEOREM 7

¢,

D,
0

0

AN
0

=(57'P,0x),

where P = (Py,...,Py)" = (®4,...,®31,,0,...,0, Anss1, ..., An)" , which is the vector

field associated to differential system (8) where |S| = {g1, . ..

Clearly this vector field is well defined in view of the assumptions.

79M17f17"'

uf]WzagM+17"

agN}



INVERSE PROBLEMS IN ORDINARY DIFFERENTIAL EQUATIONS 23

From X(g;) = ®;, ®|g,=0 =0, for j =1,..., M; we deduce that g; are partial integrals
of vector field X and X(f;) = 0 for j = 1,..., M, we obtain that f; are first integrals of
vector field X.

Now we prove that system (8) is the most general differential system admitting the partial
integrals g; and the first integrals f. Indeed let x = X(X) be another differential system
which admits g; for j = 1,..., M; partial integrals and fj for k = 1,..., M, first integrals
with My+M, < N, i.e. X(gj)|g,=0 = 0for j =0,1,..., M; and X(fy) =0fork =1,..., Ms.
Then taking ®; = X(gj) and A\ppig = X(fk) and analogously to the proof of Theorem 1 we
deduce that the vector field X is a particular case of the vector field X. Thus the theorem
is proved. O

Proof of Theorem 7. In view of Corollary 5 it follows (12), or equivalently
(72) x=S5"'P,

where P = (0,...,0,Ay_1, Ax)" (see for more details the proof of Theorem 1, i.e. (62)).
Hence Corollary 5 gives the most general differential system which admits first integrals
fj for j =1,...,N — 2. After the change of variables (z1,...,2n) — (y1,...,yn) where
y; = fifor j=1,...,N =2, and yn—1 = xn—1, yv = &y we obtain that the differential
system (72) on the set

E. = {(ylva,n-Z/N) eRN: Y1==¢1,---,Yn-2 = CN_2}
becomes x = B~ ly = B_lg_lf’, where S and B are defined by

g_ O(fi, - fn—2, gn—1, gN) _ O(fi,- o fn—2, 9n—1,9n) O(y1,..-,YN)

=SB
6(]}1,...,.13]\[) 6(y1,...,yN) 8(1‘1,...,1‘]\1)
N o,
=) (J) s
b1 Oy
and Z denotes the function z(z1,...,2zy) expressed in the variables y = (y1,...,yn).
Clearly we have that
1 0 0 0 0
0 1 0 0 0
S = : : : : : : ,
0 0 1 0 0
dgn-1(01) dgn-1(d2) ... dgn-1(OnN-2) dgn-1(OnN-1) dgn—1(ON)
dgn(01) dgn(02) ... dgn(On_2) dgn(On—1) dgn(On)
where 0; = a%j and consequently
A dgn—-1(On— dgn_1(0 Ogn—1 0 Ogn—1 0O
S| = gn-1(On-1) dgn-1(0n) | _ Ogn—1 gN  OgN-1 UGN = {gn_1, gn}-

dgn(On-1) dgn(ONn) | Oyn_10yn oyn Oyn—1
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After a change of variables x; = x;(y1,...,yn) for j =1,..., N system &; = X,(x) can be
rewritten as y = Y(y). A computation shows that

_/é—1p
\’_.<s P,8y>

1 0 0 0 0

0 0 0 0 0

1 : . : : : :

= _ﬁ 0 .. 1 0 0 0

dgn-1(01) ... dgn-1(On—2) dgn—1(On-1) dgn—-1(0n) ANn—1
dgn(01) ... dgn(On-—2) dgn(On-1) dgn (On) AN
o1 . ON_2 ON_1 on 0

1 dgn-1(0n-1) dgn-1(On) AN—1
=——| dgn(On-1) dgn(ON) AN

5] On_1 An 0
Thus
. e {ZUN 17gN7} Y {gN—hyN—h}
1=Y 1) = AN1———F—— F AN =Yn_ ;
N (yN 1) {!JN 179N} N {QN 179N} N 1(y)
73 . Y ) )
(1) iy = Y(uw) = YRR N DG Y (S ER S R
{ngh QN} {ngh QN}
v =Y(y;) = 0, for j7=1,...,N—2.

On the other hand from (11) and (12) and Remark 26 it follows that

(74)

={fi, -, fn—2. AN—1. 9N} + {f1, - fn—2,9n—1, AN} = 0.

On the other hand from the relations
N N
oX; 1 Z 0 (DY)
= Oxj D = Oym
where D = |S| (see (3)) is the Jacobian. Hence we obtain from (74) the well known relation

NéXUX N 0 (UDY; 0 (UDYy—
o) 190 (0m) 1 (0(0)

o (UDYN
D Oyn—1 - (391\7 ) =0,

Jj=1 Jj=1

Consequently the function DU is an integrating factor of (73).
The equality (11) is obtained from Proposition 26 by considering the vector fields X
determined by (12), hence

div (S\Nq{fla s N, 9N F AN{fis- wa72,gN—17ij}>

_Z 8Zj1{f1,...7fN 2,33],9N}+Z N{fla---va—%gN—l’xj}

= {f1,~--,fN—2,5\N—179N} + {flw-wa—ngN—la;\N}a
Aj
{fla"'va—27gN—1vgN}

where S\j = for j = N — 1, N. Thus the theorem is proved. O
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6. PROOF OF THEOREM &

Proof of Theorem 8. Assume that the vector field X associated to differential system (2) is
integrable, i.e. admit N — 1 independent first integrals Fy, ..., Fy_1. Thus from the equa-
tions X(F;) =0 for j =1,..., N — 1 we obtain the representation X = p{Fi,..., FN_1, *},
where 4 is an arbitrary function. Thus X(g;) = ®; = p{F1,.... Fn—1, 91}, X(gr) = Mg =
w{F1,....Fn_1,91}, for Il =1,...,M and k = M 4+ 1,...,N. So the “only if” part of the
theorem follows. Now we shall prove the “if” part.

We suppose that ®; = p{F1,..., Fn_1,q}, and Ay = pu{F1, ..., Fn_1, gr }. Thus the vector
field associated to differential system (2) takes the form

M
o {glv"'7gn*17xjvgn+1,gM7“'agN}
Xl = 2, P y

n=1

N
Z A {gla'"agMagM-‘rl?'"7gn—17xjagn+1a"'7gN}
n

n=M+1 {gla"'7gN}
. {g gn—1,%j, 9 gn}
1y s 9n—1,Lj, Gn+t1, - - - s N
= W {Fl FNfl,g} .
; o " {gla"'7gN}

In view of the first identity (60) we obtain that
X(:L']) = /u'{Flv "'7FN717xj}M = M{Fl, ...,FN,l,:cj}.
g1, .- ;gN}

Thus functions Fi, ..., Fny_1 are first integrals of X. Hence the vector field is integrable. [J

7. PROOF OF THEOREM 13

Proof of Theorem 13. Let X = (X1,..., Xy) be the vector field associated to system (2).
Since gar4; = gGj for j =1,2,...N — M, and using (13) and (64) we obtain

M - M -
X(g)= Y TX(g) =g~

J "I)J
gj 9;j

. :Loga

X(gm+1) = Am1 equivalently X(g)G1 + gX(G1) = Lo g G1 + Ly,
and similarly it follows that

L() ng + gX(Gg) = LO gG2 + ngG1 + ng,

LogGN_M+gX(GN_M) = LOQGM—N + ...+ Lyn_pmg-

Thus
X(g) = Log,
X(Gy) = Ly,
(75) X(Gz) = LiGi+ Lo,

X(Gnem)= L1Gn_p-1+LoGn_p—2...+ Ln_w,

or, in matrix form X(G) = BL, where L = (L, ..., LN,M)T
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We introduce the 1-forms wq, wo, ...,wn_psr as follows

dG1 = w1
dGo = Giwy + wo
dGN,M = GM,M71LU1+...+G1WN7M71 +WN_M-
or equivalently
(76) dG = BW,

where W = (w1,...,wy_p)" . Consequently by considering (75) and relation dG(X) =
X(G) we obtain that
(77) W(X)=L.

A one-form is said to be a closed one-form if its exterior derivative is everywhere equal

to zero. Denoting by A the wedge product on the differential 1-forms, we obtain

0= d2G1 = dwl,

0= d2G2 = dGi ANwy + Gidwy + dws = wi Awy + Grdwy + dws = dwo,

0= d2G3 = dGy ANwy + Godwy + dGy N wo + Gadwsy + dws,

= Gy (w Awr) +wa Awy + w1 Aws + Godwy + Gadws + dws = dws,

analogously we deduce that dw; = 0 for j = 4,..., N — M, thus the 1-forms w; are closed.
Therefore w; = dR;, where R; is a convenient function. Hence, by (77), we get

w;(X)=L;, for j=1,2,...,N—DM.

Let R = (Rl,...,RN,M)T be the vector defined by dR = (wl,...,wN,M)T =W =
B~1dG, obtained from (76).

After the integration of the system dR = B~'dG we obtain R = /B_ldG. Hence

Rlz le
Gt
Ry= G-,
3
R3 = G3—G1G2—|—%,
G4 GQ
Ry = G4—G1G3+G%G2—4—;—7!27
5 3
Rs = G5—G1G4+G%C¥3—G‘I’G2—|—%-|-%7

gM+j

Therefore, since G; = we deduce the representations

A
R, gm+1 _ Ar

)

g g
~ogm+2 1 (gmi ? A
Ry = - =—,
g 20\ g 9°

3
_ 9m+3  gu+igm+2 | L (gu1\T  As
R3 = - 3 + = =

g g 3!
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A
So we have R; = —;, for j=1,2,...N — M, where A; are functions previously defined.
g

From the equalities X(In |g|) = Lo, X(R;) =dR;(X) =w;(X) =L forj=1,.. N-M
and (14) we have that

N-M N-M N-M
O = Z I/ij = I/0X(1Hg) + Z VjX(Rj) = X 11’1 guo exp Z VjRj = 0
=0 j=1 L i=1
N-M N-M
Thus F' = ¢g*° exp Zl viR; | = g”exp Zl ng—; , is a first integral of differential
i= j=
system (2). We observe that the functions g; for j =1,..., M in general are not algebraic.

O

8. PROOF OF THEOREMS 14, 16 AND PROPOSITION 19.

Proof of Theorem 14. We consider the differential system (2) with N as 2N and with in-
variant hypersurfaces g;(x1,...,22n) = 0 for j = 1,..., Ny < N. Taking the functions g,,
for m = Ny,...,2N as follows g, = ga(z1,...,22n), ¢gny; =5, fora =N +1,...,N
if Ny < Nand j=1,...,N,. We assume that {g1,92,...,9n,21,...,2n5} # 0. Hence the
system (2) takes the form

Tj = AN+js
. al {917"'3gk17xj+Nagk‘+17"'7gNax1a"'7xN}
Tj+N = Z‘I’k { } 4+ ...+
(78) =1 91,92,---,9N,T1,..., TN
2N
Z )\k{917~w9N1+1»~~~,9k71»$j+N79k+1>~-~»9N,3317~~7$N}
)
k=N7+1 {917"'agN7x17~--;xN}
forj=1,...,K.
In particular if we take g; = an4; — pj(21,...,2n5) = 0, where p; = p;(21,...,2n) are
convenient functions for j = 1,..., N, then from (78) we obtain
N p;
Tj=AN+yj, Nt =Pj+ ;/\Nmﬁ?
thus
. d
(79) T = AN+ o (n+j —pj) = @
N
. . . ~ oL
Taking the arbitrary functions An4; and ®; as follows An4; = Z GinTNyn, Pj= T
"y
n=1 J
for j =1,...,N, where Gj,, = Gjn(x1,...,xN) are elements of a symmetric definite positive
matrix G, and
1 1 1 1 1
L=5 37 Grulx)(=0;)(En—va) = 5l %=Vl = S~ (v.5)+5 V][> = T=(v, %)+ 5 IvII%,

n,j=1

where G = (G) is the inverse matrix of G' = (Gjy,).
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N
We can write g; as g; = Tjyn —Dj = ZGjn(in —wv,) =0for j =1,...,N. Then,
n=1

L
gij =0ifand only if &1 —v; = ... = 2y — vn = 0. Since ®; = 87 — _<X_v’3v>’
L 833]- 637]‘
hence ®;|,.—0 = a—%j|,~(=V =0,forj=1,...,N.
Al oL
On the other hand in view of the relations g; = zj4.n — p; = Z Gin (&n —vp) = P
y
n=1 J

we finally deduce that equations (79) can be written as the Lagrangian differential equations

d (0L oL
— == )—-—= f j=1,...,N.
(80) It (aij) oz, 0, for j e,

After computation and in view of the constraints (19) we finally obtain differential system
(21). This complete the proof of the theorem. O

Proof of Proposition 19. First we prove that the vector field (28) is such that

N
Qi (On)vn = Q(v)=0 for j=1,...,M,
=1

N n
Z Q4. (On)on = Quyk(v) =vmyr for k=M+1,...,N.
n=1

Indeed, from the relation v(x) = S™!P we get that

Thus we obtain (81). Consequently the vector field v satisfies the constraints.
Now we show that vector field v is the most general satisfying these constraints. Let
N
v = (1,...,0n) be another vector field satisfying the constraints, i.e. ZQj(an)f)n =
n=1
Q;(v) =0for j =1,..., M. Taking the arbitrary functions var41,..., vy as follows vy, =
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) Unpwe obtain from (28) the relations

ZQM+j

N
(1) D(0n) D (@)
n=1
N
Qr(01) m(@On) Y O
ve_ L N
TH Qaria(01) Qar41(9n) Z
N
Qn(01) Qn(0n) Z Qn (On)0n
n=1
01 ON 0
Q:1(01) Q1(0n) 21(0n)
1 & Qar(01) Qu(On)  Qa(0n)
= - 53] Up | Qar41(01) Qu1(0n)  Qr41(0n)
n=1 . . .
Qn(01) Qn(On) Qn(0n)
o1 N 0
21(01) 1(9n) 0
1 N QM(61) QM(aN) 0 N
hal Zﬁn Qrr+1(0h) Qp1(0n) 0 | = Z UnOp = V.
| n=1 : : : Jk=1
Qn(01) Qn(0n) 0
81 aN _an

Thus Proposition 15 is proved.

Proof of Theorem 16. Let o is the 1-form associated to the vector field v, i.e.

Z Gjrvidry, = an dz,,.

J,k=1

(82) (v, dx)

Then the 2-form do admit the development

al dp op; 1
(83) do= " (agg_axi) daj A dan = 5 > Anin N Q.
n,j=1 n,j=1

Qn are independent, and consequence they form
N form a basis of the 2-form

Here we have used that the 1-forms Q, ...,
a basis of the 1-form space. Hence Qp A Q, for k,n=1,...,
space.
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From (83) we have that the inner product of vector field v and do i.e. #ydo is such that

N Op op;
4 = U ) —(H
(84) do ngz:l Up, ((‘%Ej (%vn) drj = (Hv,dx),
where the matrix H is (8pn — Op; > .
Jz; Oz,
Again from (83) we have that
(85)
1
wdo(x) = do(v,x) = 3 Z b A (v, %)
X N n,j=1
= 5 D An (M) — (V)2 ()
n,j=1
. 1
= 2 Y AW 5 Y A0 ()
n,j=1 n,j=1
1 N ’ N N
) Z (Anj = Ajn) (V) (%) = Z Apj (V)5 (x) = ZAnQn(*)
n,j=1 n,j=1 n=1

Now from the last equality and (83) we have

- Opn _ Op,
v A ( e
(86) 1ydo (0 Z z:: (3%— 8xn>
Clearly, from these relations it follows that Hv(x) = T A hence A= (YD"1Hv(x) =
(YT)='HY~'P = AP, here we used the equality v(x) =
From (86) and (21) we obtain

(s7) (55 ) -5~ (5iMP) + émﬂj(fm
1,

for k=1,...,N. From (87),(26) and (32) we get (31). In short Theorem 16 is proved. O

9. APPLICATIONS OF THEOREMS 14, 16 AND PROPOSITION 19

In this section we illustrate in some particular cases the relation between three mathe-
matical models:

(i) the classical model deduced from the d’Alembert-Lagrange principle (see (25)),
(ii) the model deduced from the Lagrangian equations (20) (see (31)), and
(iii) the model obtained from the first order differential equations (39) under the condi-
tions (32).

9.1. Suslov problem on SO(3). In this example we study the problem of integration of
equations of motion in the classical problem of nonholonomic dynamics formulated by Suslov
[47]. We consider the rotational motion of a rigid body around a fixed point and subject
to the nonholonomic constraint < a,w >= 0 where w = (w1, wa, w3) is the angular velocity
of the body, a is a constant vector, and <, > is the scalar product. Suppose that the
body rotates in a force field with potential U(y) = U(y1,72,73). Applying the method of
Lagrange multipliers we write the equations of motion (25) in the form

oU
(88) Iwzlw/\w—l—v/\a——i—,ué, Y= Aw, <a,w>=0,
Y



INVERSE PROBLEMS IN ORDINARY DIFFERENTIAL EQUATIONS 31

where
(89) v = (71, Y2, 73) = (sinzsinz, sin z cos x, cos z),

(z,9,2) = (p,1,0) are the Euler angles, and I is the tensor of inertia.
Using the constraint equation < a,w >= 0, the Lagrange multiplier x can be expressed

as a function of w and y as follows
< : aU >
alwAw+yAN —

2]
== (a,1-a)
System (88) always has three independent integrals

1 i
Ki=3(lw,w) +U(), Ka=21+3+7%, Ks=(aw).

Note that K, is the energy first integral.

In order to have real motions we must take Ky = 1, K3 = 0. In this case we can reduce
the problem of integration of (88) to the problem of existence of an invariant measure and
fourth independent integrals. Thus, if there exist a fourth first integral K, independent
with K3, Ko, K3, then the Suslov problem is integrable [25]. It is well-known the following
result, see [24].

Proposition 32. If a is an eigenvector of operator I, i.e.
(90) Ia = ka,
then the phase flow of system (88) preserves the “standard” measure in R® = R*{w} xR3{~}.

G.K. Suslov has considered a particular case when the body is in absence of external
forces: U = 0. If (90) holds, then the equations (88) have the additional first integral
K, = (Iw,Iw). EI Kharlamova in [23] studied the case when the body rotates in the
homogenous force field with the potential U = (b, y) where the vector b is orthogonal to the
vector a. Under these conditions the equations of motion have the first integral Ky = (Iw, b).
V.V. Kozlov in [24] consider the case when b = ea, € # 0. The integrability problem in this
case was study in particular in [25, 33]. For the case U = edet I(I 'y, 7) system (88) has

1
the Clebsch-Tisserand first integral [24] Ky = 1 (Jw, Iw) — € det I(I~1y, 7).

From now on we suppose that equality (90) is fulfilled. We assume that vector a coincides
with one of the principal axes and without loss of generality we can choose it as the third
axis, i.e., a = (0,0,1) and consequently the constrained becomes ws = 0. Equations of
motion have the following form
(91) 11@1 = ’}/2(973(] — ’}/3872[], IQLUQ = ’)/38le — ’71673 []7

1= —ysw2, Yo = Yswi, Y3 = Yiwe — Yawi,
where I, are the principal moments of inertia of the body with respect to the k— axis, i.e.,
I = diag(l1,I5,13). The second group of differential system from (91) is well-known as
Poisson differential equations. We observe that the above mentioned choice of a guarantees
that the phase flow of system (91) preserves the standard measure in R%{wy, wa, v}

Now we illustrate the partial answer for the stated questions in Remark 18 . We study
the integrability of the Suslov problem in the case of equations (91). We suppose that the
manifold Q is the special orthogonal group of rotations of R3, i.e. Q = SO(3), with the
Riemann metric G given by

I3 I3cosz 0
I3cosz (Iysin?x 4 Ircos?x)sin® 2z + Iscos? 2 (I; — Iy)sinzcosxsinz |,
0 (I — Iy)sinz cos zsin z Iy cos? z + Ihsin?x

with determinant |G| = I1I13sin? .
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In this case we have that the constraint is w3 = & + g cos z = 0.
By choosing the 1-form Q; for j = 1,2,3 as follows 2y = dz+coszdy, Qo =dy, 3=
dz. we obtain |T| = 1. Hence the differential system (39) can be written as

(92) T =wv9c08 2z Y= —lo, Z=—U3

From (22) we compute

p1 = O,
(93) pa2 = (I1sin x + I cos? 2)vp sin® 2 4 (I — I;)v3 cos z sin sin 2,
p3 = —v3(lasin? z + I; cos® ) + (I — I))vo sin x cos x sin 2.

Changing v, and v by p1 and o as
w1 = I(vssine — vysinzcosx), po = I1(v3cosx + vysinzsinz),
we obtain
p1 =0, pg=pisinzcosx — posinzsinx, p3 = sinxu; + cosTis.
Now the first of condition (35) takes the form
(94) ps1 = a1Hoz + asHsz1 + asHigo = 0.p2 — Oyp3 + cos 20;p3 = 0

After the change y1 =sinzsinz, 72 =sinzcosz, -3 = cosz, the system (92) by consid-
ering the constraints and condition (94) can be written as

1 1 1
o= — o — — g — — — I I
(95) M= s V2= s =i (L + Tapgys)
: Op1 O O Oz :

96 G GRS B2y cos @Oy s — sina Dy = 0,
(96)  sin: (73 ( D) Ty ) cos Oy — sina Oy
respectively.

Clearly if p; = p;(z, 2, K1, K4) for j = 1,2, then the equation (96) takes the form
O O > O Opia
97 S G ) L I )
&7 s (372 oM o T Mo
By comparing (91) with (95) we obtain that w; = —%, we = %
1 2

We define F; and F5 as

(98) Fy = Ly — pa(y, 72, 73, K1, Ky),  Fo = Iowa + pa(v1, 2, 73, K1, Ky).
and we assume that

OF; OF, O0Fy OF;
99 J = —
( ) 8K1 8K4 8K1 8K4
Clearly if (99) holds then F; = F» = 0 can be solved with respect to K7 and Ky , i.e.

Ky = Ky(w1,w2,71,72,73),  Ka = Ka(wi,w2,71,72,73)-
In order to give a partial answer to the question stated in Remark 18 we shall study
system (91) with the potential

#0, in for all (wi, wa,71,72,73) € R,

1
(100) U=—|IVI?+h=—-——(T1 + Lp3) + h,
20,1,

(see formula (37)).
The following result holds (see [40])

Theorem 33. We suppose that a body in the Suslov problem rotates under the action of
the force field defined by the potential (100) where 1 = p1(v1, v2, v3, K1, K4) and pe =
u2(y1, v2, 3, K1, K4) are solutions of the first order partial differential equation (97) for
arbitrary constants K1 and K4 and such that (99) takes place. Then the following statements
hold.
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(a) The equations (91) have the first integrals K; and Ky defined implicitly through
the equations Fy = F» = 0 given in (98). Consequently they are integrable by
quadratures. In particular

65‘(71)727737‘[{17](4)

1 = +\111(W§+7§7717K17K4)7
671
(101) 83 K Ko
H2 = 71’72(:913, o= +\I/2(7%+’Y§772aK13K4)7
2

are solutions of (97), where S, Uy, Uy, Q are arbitrary smooth functions such that

5(71772a'y37K1aK4) = 5(717727K17K4) + /9(712 +’Y§’ 737K17K4)d(7]% +’7§)

(b) The Suslov’s, Kharlamova-Zabelina’s, Kozlov’s, Clebsch-Tisserand’s, Tisserand-Okunova’s
and Dragovié-Gagié-Jovanovié’s first integrals can be obtained from (98) with 1 and
wo determined by (101).

Proof. After some calculations we obtain that the derivative of F; along the solutions of
(91) takes the form

By = L+ i

ou ou 8/12 8/,62 8/12
= 728773 - ’738772 - 87%730& + 377273% + 8773(71602 — Yaw1)
ou ou Ops Opz Opz Opz
= 7257’)/3 - 7337’}/2 + w2(’7187 — 73 o ) +w1(’)’38772 - ’726773)

- G OU B One | Onay Py Zpe ) Ons | Onay
03 02 I, 073 0v3 I 02 0v3
0 1 9 9 0 1 9 9

= 728773 <U+ m(hﬂl +12H2)> — 738772 <U+ m(-’lm Jrfzﬂz))

i <7 (3#1 _ 3#2) ., 0m HPW)
L\"\07 om 973 973

B (Vlam _73%) LA ( Oz _,h%)
IQ 873 871 873 ’

A similar relation can obtained for FQ.

In view of (100), (97) and (98) we deduce that F;, = F, = 0. By solving the equations
F; = 0for j = 1,2 with respect to K, K4 we finally obtain the require first integrals. Hence
the proof of the first part of statement (a) follows. The integrability by quadratures comes
from the Euler-Jacobi Theorem (see for instance [3]).

Finally it is easy to check that the functions py and ps defined in (101) satisfy the equation
(97). This completes the proof of statement (a).

Now we prove the statement (b). First we consider the functions

o 65(71772u 3, K17 K4) o ag _ 651(/)l17 Y2573, K17 K4) _ ag
H1 = — . M2 = — . -
8’71 871 (9")/2 (9’}/2
Hence the implicit first integrals K7 and K, defined implicitly by the equations
oS aS
(102) Fliflwlfaiwio, F2:12w2+87,y1:0.

Now we show that the Suslov’s, Kharlamova-Zabelina’s and Kozlov’s first integral can be
obtained from (102).
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For the Suslov’s integrable case we have that S = Ci71 + Ca7ys, where Cy and Cy are

arbitrary constants. Thus u; = Cy, ps = C3 and U =const. as a consequence the
functions F; and Fy of (98) become Fy; = Iwy — Cy = 0, Fy = Ihws + C; = 0. Thus
c: C?
Ki = Lw? + Luw? = 1—2 + Tl Ky = 3w} + 3w} = C3 + C3.
2 1
For the Kharlamova-Zabelina’s integrable case we have
2/3 K,

- . 3/2
S = (+ by + b3z ) (boToyy = bi1172).

B Wil + b3l

\/ Ilb% + Igb%
Kfflfg B
WL + b3l

by . Kybs I
=———\/htbmt b — 5,
M1 Ilb§ 7 Izbg 171 272 b%Il T 6312
by = Kb Iy
= ————\ht+ b+ by + 55775
He LV + b3 RERREE b21 + b2l

Hence the the functions F; and Fs of (98) are

b2 /5 Kb 1y
Fl=Lw — | ————\/h+biy1 + b2+ 5——5— ] =0,
1 1W1 ( /7111)%4-[2[)% 1M 272 BT + b1

where h = 11 ( K1> , K1 and K4 are arbitrary constants, then

(103)
by = Kubo Iy
Fy=1 ———\/h+b b ————— | =0.
2 = lawy + ( T L LR \/ o+ 0171 + D22 7T +b312>
Thus )
K = Lw? + Lws — A (b1y1 +bay2), Ka = Liw1by + Tawabs.
112

The first integral K4 is the well-know Kharlamova-Zabelina’s first integral [23].
For the Kozlov’s integrable case we have Iy = I and

N 1
S = —K, arctan % + B /D('yf + ’722)d(’Y12 + ’Y%),
2

where

K a/1—u K2
D(u):]l\/1+ - =,
U U
a is a real constant, K7 and K, are arbitrary real constants. Hence

2Ky 11Ky 2 .2
- + 72 D(71 +73)-
"1+ v+ 3 e

p = +mD(OE +73), pe=

Consequently the functions F; and Fy of (98) are
11Ky 2, .2 72Ky 2, .2
F1=w1—( + v2D(vy +’7>=0, FQZOJQ“F(_ + 11 D(y +’7>=0.
7 +13 SERE 7 +13 P

Thus K1 = w? + w3 —ay/1 -7 —72 = wi + w3 —ays Ky = wiy + waye. This case
correspond to the well-known integrable “Lagrange case” of the Suslov problem [25].
Finally we analyze the case when the functions 1 and po are given by the formula

(104) M1 :W1(7%+’Y§a 717K17K4)5 /’LQZ\IJQ(’Y]?—F,Y?%? 727K17K4)'

The potential function (100) in this case coincides with the potential obtained by Dragovié-
Gaji¢-Jovanovi¢ in [11]. We call this case the Generalized Tisserand case. In particular,
if

p1 = /by + (a1 + a3)(43 +93) + (b1 + az)y? + fi(n),
pz = \/ha + (a2 + as) (43 +73) + (b2 + as)¥3 + f2(72),
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L(IL K, — Ky)
L1

,and f1 = fi(y1) and fo = fa(7y2) are arbitrary functions, then the

where a1, ag, as, ayq, b1, ba, , hy, ha, are arbitrary real constants: hy = , and

_ L(I Ky — Ka)

I — I
functions F; and F» of (98) take the form

Fi = Liwy — Vhao + (a2 + as) (73 +73) + (b2 + as) 3 + f2(72) =
Fy = Lws + /b1 + (a1 + a3) (73 +73) + (b1 + as)} + fi(n) =

)

The case when f;(v;) = a;~;, for j = 1,2 was studied in [35], where a; and ay are real
constants. If f; = fo = 0, we obtain the Tisserand’s case [24]. The first integrals in the
Clebsch-Tisserand’s case are

b1 +a as +a
K, = le‘f’+12w§—(1l LS QI 4>vf
2 1

a1 + as by + ay 9 ay + as as + aq 2
(Iz 7 )”2 ( L )73’

Ky= Iwi+Iws— (b +a3+ax+as)v;

— (a1 4 az + by + as) 3 — (a1 + as + az + aq) 73,

it is easy to obtain from F; = 0 and F, = 0. Thus statement (b) follows. In short, the
theorem is proved. O

9.2. Nonholonomic Chaplygin systems. We illustrated Theorem 16 in the noholonomic
Chaplygin systems.

It was pointed out by Chaplygin [4] that in many nonholonomic systems the generalized
coordinates x1, ...,z can be chosen in such a way that the equations of the non—integrable
constraints, can be written in the form

N
(105) Bj= Y @i, an)dk,  for j=1,2,..., M,
k=M+1

A constrained Chaplygin-Lagrangian mechanical system is the mechanical system with La-
grangian L= f/(mMH, .oy XN, &1, ..., ZN), subject to M linear nonholonomic constraints
(105).

We shall solve the inverse problem for this constrained system when the Lagrangian
function is the following

N
(106) L=T= Z Gjn(l'M+1,..«7l'N)fbj¢n
n,j=1

N

In this section we determine the vector field (28) and differential system (31) for con-
strained Chaplygin-Lagrangian mechanical system with Lagrangian (106).
First we determine the 1-forms Q; for j =1,..., N. Taking

N
Q= dxj — Z Gip(Tpmg1,s .., en)deg, for j=1,2,..., M,
k=M+1
Qk: d:IZk for k:M+1,...,N,
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we obtain that

1 0 0 0 —-ai1pmt+1 ... —ain
01 ... 0 0 —Goaer ... —don
(107) T = 0 0 0 o1 —CAl]\/[M+1 ee. —apM N s
00 O 0 1 0 0
00 0 ... 0 0 0 1
thus |Y| = 1 and consequently
10 ... 0 0 éaiaer ... ain
001 ... 0 0 éaoapr ... aan
T'=]100 0 ... 1 aymer ... aun
00 O 0 1 0 0
00 0 ... 0 0 0 1

Thus the vector field (28) in this case generate the following differential equations

(108) Bj= O jvn dx=w for j=1,...,M, k=M+1,.. N
n=M+1

Differential system (31) in this case admits the representation

d (0T 9 (1,
dt<8xk>_ 8%<2||V||>+Ak7

d (0T\ OT 0 (1. 5\ &, .
t (a¢j> ox;  Ou (2”"' ) ;A"’a’”’
for j = M+ 1,...,N,k = 1,...,M, where Ay,...,Ap; are determine by the formula
(29), (30) and (32).
We observe that system (109) coincide with the Chaplygin system. Indeed, excluding
Ay from the first of the equations of (109) and denoting by L* the expression in which the

(109)

velocities @1, .. ., @as, have been eliminated by means of the constraints equations (105), i.e
1
= L N = (T+3vIP) N ,
> ki = D gk
k=M+1 k=M+1
Therefore, we obtain
M N
oL* 0L oL oL* 8L 04
; :7.‘1‘27.&(1]‘, — Z Z am’
Oty O £~ Oiq O0x; Bx] ) (%va Oz

forj=M+1,...,N.
From these relations, we have

d (0L*\ OL* day; O . OL
dt (a;zj) T Z Z <8xm N )xmail’

m=M+1 =1

forj=M+1,...,N, k=1,..., M, which are the equations which Chaplygin published in
the Proceeding of the Society of the Friends of Natural Science in 1897.
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9.3. The Chapliguin—Caratheodory sleigh. We shall now analyze one of the most classi-
cal nonholonomic systems : The Chapliguin-Carathodory’s sleigh (for more details see [31]).
Hence, one has the constrained Lagrangian system with the configuration space Q = S' xR?,
with the Lagrangian function
= m (. . Jo .
L=— y2+Z2+£$2 *U(Z,y,Z),
2 2
and with the constraint ez + sinzy — coszz = 0, where m, J. and ¢ are parameters related
with the sleigh. Observe that the Chapliguin’s skate is a particular case of this mechanical
system and can be obtained when € = 0
To determine the vector field (28) in this case we choose the 1-forms Q; for j =1,2,3 as
follows (see [43]) 1 = edz +sinxdy —cosx dz, Qo =cosxdy+sinzdz, 3= dx, hence
|T| = 1.
Differential equations (39) and the first condition of (35) take the form respectively

(110) & =v3, Y=Uvocosx—celgsinz, Z=uvssinx+ erzcosc,
where v; = v;(x,y, z,¢€) for j = 2,3 are solutions of the partial differential equation

(1) 0=p31 =a1Haz +asHsz +asHiz =
sinx(J0,v3 + emOyva) + cos x(JOyvs — emd,va) — m(Ogva — ev3),

where J = Jo + £2m.
For the Chapliguin skate (¢ = 0) we have

(112) L =v3, Y=UVscoSx, Z=Uosinx, gYcosx—Lcosx =0,

(113) Jo(sinx0,v3 + cos x0yv3) — mOzvs =0,

where v; = v;(z,y,2,0) for j = 2,3. Now we study the behavior of the Chapliguin skate
by using the differential equations generated by the vector field v with 5 and vg satisfying
partial differential equation (113).

Proposition 34. All the trajectories of the Chapliguin skate (¢ = 0) under the action of
the potential field of force with potential U = mgy can be obtained from differential system
(112) where v2 and vs are solutions of (113).

Proof. Indeed, for the case when ¢ = 0 the equation of motions of Chapliguin skate obtained
from (25) are

=0, y=mg+sinxu, 2Z=—coszu, sinzy—cosxz =0.

d
Hence, we obtain —( ) = gcosz. We study only the case when &|;—, = Cp # 0, as a

dt
consequence,
(114) i=0Co, 9= (L2200 cosz, 2= (L2 L) sing.
Co CO
Clearly, the solutions of these equations coincide with the solutions of (112) and (113) under
the condition ||v||? = Jov2 + mv3 = 2(—mgy + h). Indeed, taking

2(— h) — Jo C?
vz = Cy, sz\/( mgy+m) < 2,

sin x

where Cj is an arbitrary constant. We obtain the differential system

_ _ 2 _ _ 2
= Cp, QZ\/Q( mgy—I—nil) JCCOCOSZ‘, 2:\/2( mgyt:) Jc Gy

sinx.

The solutions of this system coincide with the solutions of (114). In short the proposition
is proved. O
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In what follows we study the motion of the Chapliguin—Carathodory’s sleigh without
action of the active forces.

Proposition 35. All the trajectories of Chapliguin—Carathodory’s sleigh in absence of active
forces can be obtained from (110) with the condition (111).

Proof. Indeed, taking in (111) v; = vj(z,e), j = 1,2 such that J,vs = evs, then all the
trajectories of equation (110) are given by

Vo cosx — evssinx)dr Vo Sinx — evg cos x)dw dx
y=y0+/(2 asinz)dr z:zo—/(2 scosz)dz t:to+/7.
V3 V3 A3(z,¢€)

On the other hand, for the Chapliguin—Caratheodory sleigh in absence of active forces
from the (25) we have

JoZ =epu, my=sinzp, mZ= —coszu, eI -+sinxy—cosxz=>0.
Hence, after integration we obtain the system

& =qCycosf, y=Cy(sinfcosz —qecosfsinz), 2z = Cy(sinfsinz+ qecosfcosx),

where § = gex + C and ¢ = which are a particular case of equations (110)

Jo + me? ’
with v = Cysinf, v3 = Cogcosd. Clearly in this case 2||v||? = (Jo + me?)vi(z,e) +
mv3(z,e) = mCg = 2(—U + h), and the equation 9,5 = evs holds. Thus the proposition
follows. 0

9.4. Gantmacher’s system. We shall illustrate this case in the following system which we
call Gantmacher’s system (see for more details [18]).

Two material points m; and msy with equal masses are linked by a metal rod with fixed
length [ and small mass. The system can move only in the vertical plane and so the speed of
the midpoint of the rod is directed along the rod. It is necessary to determine the trajectories
of the material points m; and ms.

Let (g1, r1) and (g2, r2) be the coordinates of the points m and ms. Introducing the fol-
lowi h ¢ dinates: _®2-q _Ti—re _ T2t _ Nt
owing change of coordinates: x; 5 B2 5 %3 ;X4 5
we obtain the mechanical system with configuration space Q = R*, Lagrangian function

4
L= 3 g x? — grs, and constraints are x1%1 + ToZo = 0, x143 — zoty4 = 0. The equations
Jj=1

of motion (25) obtained from the d’Alembert-Lagrange principle are

(115) 1 = i1, Lo =[1T2, T3 = —g-+ paT1, 4= —paTo,
where p1, po are the Lagrangian multipliers which we determine as follows
7i% + @2 | Body — T1¥3 + guy

116 = —
(116) i x? + a3’ Hz z? + 23

After the integration of (115) we obtain (for more details see [18])
f . f

(117) T1 = —Qx2, To=PT1, L3= LT La= T,

where (o, 7) are the polar coordinates: z7 = rcosp, x5 = rsing and f is a solution of
. 2
the equation f = ——gxg.
To construct the differential systems (39) and (28) we determine the 1-forms €2; for
j=1,2,3,4 as follow (see [43])
Oy = x1dxy + xodxe, Qo = x1drs — TodTy,
Q3 :l‘ldﬂfg 71‘2d1‘1, Q4 :$2d$3+$1d$4.
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Here Q7 and 2, are given by the constraints, and 3 and 24 are chosen in order that the
determinant | Y| becomes nonzero, and if it can be chosen constant will be the ideal situation.

l2
Hence we obtain that |T| = —(2? +23)? = 7 # 0. By considering that in this case N =4
and M = 2 then from (35) we obtain

(118) Ha2 = $28w3V3 — xlamug + 1‘2(911V4 =+ l‘l(r“)z2y4 =0.
Differential equations (39) take the form
(119) il = —V3Z29, .’i‘g = V3T, i’g = V49, i}4 = V4271.

It is easy to show that the functions v, vy :

2(—gx3 +h)

((t% +.’£%) - g%(x% + l‘%),

(120) Vg = gg(xf + xg), vy = \/

where g and h are constants, and g3 is an arbitrary function in the variable x? + 3, are
solutions of (118) as a consequence from the relation (37) we have

2[v|* = (21 + 23) (v +v}) = 2(~gas + h) = 2(=U + h).
The solutions of (119) with v3 and v4 given in (120) are

x1=rcosa, xo=rsina, a=ay+ gs(r),

V29C
vy =ud+ —2—t— éq sin2a — — Y cosa,
(121) 2gs(r)  4g3(r) 93(r)

2 2 2
x4h+r93(r)+< V9 Sina+C’) ,
29 V2g3(r)

where C, 7, ag, ul, h, are arbitrary constants, g3 is an arbitrary on r function.

To compare these solutions with the solutions obtained from (117) we observe that they
coincide. We note that we have obtained the trajectories of the masses m; and mq solving
the differential equations of first order (119) with the functions (120).

Finally we observe that for the Gantmacher system the system (31) takes the form

(122) fi’l = Alﬂfh 5&2 = A1£C2, fi’g = —g -+ A2x1, li'4 = AQZL’Q,
and admits as solutions the ones given in (121) (see Remark 18).

Remark 36. From these examples we give a partial answer to the questions stated in Remark
18. Differential equations generated by the vector field (28) under the conditions (33) can
be applied to study the behavior of the nonholonomic systems with linear constraints with
respect to the velocity (at least for certain class of such system). Is it possible to apply
this mathematical model to describe the behavior of the nonholonomic systems with linear
constraints with respect to velocity in general? For the moment we have no answer to this
question.
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10. PROOF OF THEOREM 19. APPLICATIONS

Proof of Theorem 19. In this case we obtain that the vector field (28) is

df1(01) ... df1(On) 0
X S :
V= _m di_l(Bl) C.. di_l(aN) 0
di(Gl) di(aN) UN
(123) ) ON 0
df1(01) ...  dfi(On)
UN . . ~
= — . : =v{f1, ..., fn_1, *}.
1| arw @) o diwaoy) | SN
O ON

Condition (32) in this case takes the form Ay = Aynyvy = 0. Since the matrix A is
antisymmetric, then Ayny = 0. On the other hand from A; = Anjvy, for j=1,...,N -1,
we deduce that system (31) takes the form

dor oT 9 (1, ,\ =~
i Z-r-g <2||v|| ) + 3 Adh(2)

9 /1 N-1
= o= <2||v||2> +on Y Anidfi(9;).
J k=1
From these relations we obtain the proof of statement (a) of the theorem.
The statement (b) follows trivially from the previous result.
The proof of statement (c) follows by considering that under the assumption (44) we have

df1(61) ... dfi(On)
oS ov : :
<676>:Q ' ' :Q{flw"vafl?\IIjh
X 0X dfn-1(01) ... dfn-1(9n)

dv(0y) ... d¥(0n)

where ¥ and ¢ = o(z1,...,2y) are an arbitrary functions. Hence the 1-form associated

to the vector field v is 0 = (v,dx) = Vgs,dx> = vdS where v = 2~ (see (82)). Thus

X 0

do = dv A dS and consequently from (84) we have

N
Opn _ 9p;
tydo = Z Un (ax] - 311) drj = dv(v)dS — dS(v)dv

n,j=1

= v(v)dS — v(S)dv = <v(x), Ov > s — <v(x), 35> dv

ox ox
1 ov? 08 oS
- 2<<ax’8x>dS_Hax

2
dl/2> .

After some computations, we deduce that the field of force F which in view of (86) admits
0 (1
e (2|v||2> + 2,do(9;). Hence we obtain (45).
Ly
If the curve is given by intersection of the hyperplane f; = z; for j =1,..., N — 1, then
the condition (44) takes the form

the representation Fj =

(124) Zéakaszo, a=1,...,N—1,
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where G is the inverse matrix of the matrix G.

By solving these equations with respect to . for k=1,...,N — 1 we obtain
Tk
95| Gu ... G -Gin Gign ... Gines
8l‘k A . - - . ~
Gin-1 ... Gyoig—1 —Gynoin Gyoigyr oo GN_1nN—1
B oS
N 833]\]

By using these relations and in view of (124), after some computations by considering that
N

Z L,Gnn = |G| we deduce that

n=1

oS OF A 05 oF 0S8 OF |G| oS oOF
(125) <8X7 8X> T ’El Z Nk a’Ek 6xN B A a’EN al‘N

Consequently we obtain the following expression for the equations (46)

5 GG Ra- 5 (5)
- |§| aifv <85N < )ax_ ((;ifv) ai <V2>>'

In view of (125) we obtain that the potential function V takes the form
aS |7 V2 |G| [0S\
87)( —h(fl,...7fN_1)—?X (M) —h(x17...,$N_1).

We observe that if Gon = 0 for o = 1,...,N —1, then |C~¥| =AGny and Sy =2y = ¢y
is a family of hyperplanes orthogonal to the hyperplanes f; = z; =c¢; for j=1,...,N — L.
After integrating (126) we obtain that

1~ 0
V—iGNNy2_h: acN Z/ (El,.. s UN— 1)8.13J <

where g = g(zn) and h = h(x1,...,2xNn—_1) are arbitrary functions.

Clearly if v = v(S). Then o = d®(S) where & = /V(S)dS. Therefore do = 0. So

(126)

v=_

> d:Cj éNNa
NN

tydo = 0. The proof of statement (c) follows.
Now we prove statement (d). We use the homotopy formula Ly = 1,d+ diy, see [19]. The
condition (43) in view of (85) is equivalent to

N-1 N-1
wdo =Y Aidfy =vn Y Anjdf; = —dh
j=1 j=1

Thus Lyo = wdo + diyo = —dh + do(v) = —dh + d||v|[* = d (||v]|> — h) , here we use the
relation o(v) =< v,v >= ||v||?. Hence, if ¢! is the flow of v and 7 is a closed curve on Q,

then the integral I = o is a function on ¢. In view of the well- known formula (see
9v(7)

[26]) T = / Lo, we obtain that I = 0. In short Theorem 19 is proved. O
95()

In the two following subsections we illustrate the statement (c) of Theorem 19.
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10.1. Inverse Stackel’s problem. Let

(127) Z/ () dxk:cj, j=1,2,...,N—1,

\/Kk l‘k

be a given N — 1 -parametric family of orbits in the configuration space Q of the mechanical
system with N degrees of freedom and kinetic energy

(128) %Z A—J

N
where Ki(zg) = 2Ug(zk) + 2Zajg0kj(a:k), ag, for k = 1,2,..., N are constants, Uy =
j=1
Uy (xy) are arbitrary functions and A; = A;(x) such that
(129) {Qpla"'a(pN 1,1']} —A
{(101,"'5(10N 1, QPN}
N
for j = 1,2,...,N. Here dp, = ngka(xk)dxk, Oka = Pralrr), for k=1,...,N, a =
k=1
1,..., N are arbitrary functions.

1
A

The inverse Stdackel problem is the problem of determining the potential field of force
that under which any curve of the family (127) is a trajectory of the mechanical system.
The solution is as follows (see [43]).

From (128) follows that the metric G is diagonal with G;; =

Proposition 37. For a mechanical system with a configuration space Q and kinetic en-

v
ergy (128), the potential field of force F = T for which the family of curves (127) are
trajectories is

(130) V= —U:yQ(S)( lon, ., on-1, 9 +aN) ~ ho,
{e1,.. on-1, on}

s a function such that the

N
whereS:/ Uy (zg) + « x) dx 7/
BN E z]% ) do qu

hypersurface S = cy is orthogonal to the given hypersurfaces fi=¢j.

Proof. After some tedious computations we get the equality

(hdgﬁl(al) qugol(aN)
Q1d(PN;1(81) e QNd(PN;l(aN)
{fl?'-'afola *} _ 81 8N
{flv"'afN—lva} Hj-vzlqj{gol,...,cpN}
Y oS
- 2 (30)-S(amn)

From (123) we have v(x) = 1/(}"“245‘7
x

aS 0 N 9y, e ON_1 O
< fg> ZAkSDkJ ZA’CT?Z {901 PN-1 %0]} -0,
k=1

k {@17"'7@N—17¢N}

hence in view of the first identity of (58) we obtain
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for j=1,..., N — 1, thus we obtain the orthogonality of the surfaces.
On the other hand from the relation

N
HVH2 = 22Ak K (xx)) Z 20 (g —‘rQZOngOkJ (xk)
k=1 k=1 j=1
N N N
= 2V22Ak\11k(l‘k Z ZAMO}W xk
k=1 =1 k=1

= 22

N
{8017"'7801\7717\1]} Za'{w17.-.’¢N717wj}
{<P1a-~-,<PN—1,(PN} J{(Pl,---,(PN_thN}

1, ¥
_ 21/2({@1’ y PN—1, }+QN>7

{gpla"w PN-1, @N}

N
here we used the first identity of (58), where d¥ = Z U (zg)dzr. We observe that if we
j=1
choose v = v(5), then from (46) we obtain that the field of force which generates the given
family of orbits (127) is potential with potential function given by (130). In particular if
v =1 and hg = an then we obtain the classical Stdckel potential (see [13]). O

We observe that from (129) (130) follows that the metric G and potential function U can
be determined from the given functions (127).

10.2. Inverse Problem of two fixed centers. The next example is a particular case of
the inverse Stéckel’s problem. This problem is called the inverse problem of two fixed centers
(for more details see [43]).

Let P be a particle of infinitesimal mass which is attracted by two fixed centers Cy and
C7 with mass mg and my respectively. We select the coordinates so that the origin coincides
with the center of mass and the z—axis passing through the points Cy and C;. Denoting
by rg, r1 and 2¢ the distances between Cy(xg,0,0 and P(z,y,2), C1(z1,0,0) and P(z,y, 2)
and Cy(zo,0,0) and C;(z1,0,0) respectively, we obtain that

ro=+vV(r—20)2 +1y2+22, r=+(z—x1)2+y2+22, 2=z — 0.

Then we have a particle with configuration space R? and Lagrangian function

1
L_(d:2+y2+é2)<m+ﬁll)f,
2 1

To

where f is the attraction constant (see [12]).
After the coordinate change

Mo — .
=0 ey, y=c /2 - D)1 - 12 L z=c /2 - D1 - 2
x m1+moc+c w, y=c/( (1 — p?) cosw, z=-cy/( )(1 — p?) sinw
we obtain
P CO )y )y PO D ) (ot ma)A + (m = mae
4(A%2 —1) 4(1 — u?) 2 (A2 — p?)

and ro =c(A+p), 1 =cA—p), wherel <A< 400, -1<pu<1l, 0<w<2nm
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Clearly the matrix G in this case is

2
2(\2 — 1) . .
02()\2 _ /’62) ,
G = 0 20 -p7) 0
62()\2 _ ‘LLQ)
1
0 0

F0 1)1 —127)
The inverse problem of the two fixed centers involves the construction of the potential
field of forces for which the given family of curves

C1,

FrO\ s w /\/RT /\/JT
A dX dp — .
P w) “"2</ <A2—1>m+/<1—u2> le))_ )

are formed by trajectories of the equations of motion, where R; and Ry are functions such
that

f A2

Ri(p) = hoc®p* + fe(mo — ma)p® + (a2 — hoc®)p® — fe(mo —my)p — 2"
2

Ro(N) = hoc®X* + fe(mo +mi)A° + (a2 — hoc®)N? — fe(mo +ma)A — o %

here C, hg, f, A and ay are real constants.
After some computations we deduce
AN —p?)

1 1
Vel Bt == TR U T AR - 10 )

GO p2) 2 —1) VY 21— ) Vi)
O\F o F
R1(M)R2()\)<Cz(>\2 )(()\2 1) A ) Cz()\z_/ﬂ)((l_#z) Iz )
1 oS OF
tamE o (A%T)) = 9<ax’ ax>
= 0(G110\SONF + G220,,50, F + G330,S0, F),
where F' is an arbitrary function, and
2032 _ 2
po N ) VRl [ RSy A
2¢/Ra () Rz () (A2 —1)
Hence from (130) we obtain
2 2
Ry (p) Ry(\) A )
H - e (T m e e e e)
In view of the equalities
Rl(ﬂ)__ 2 2 _ e — A? _
i hoc?p® + (m1 — mo)efu — as 30— 2)
Ry(N) A?

= hoc® A2 + (mg +my)efA +az —

A2 -1 2(\2 —1)



INVERSE PROBLEMS IN ORDINARY DIFFERENTIAL EQUATIONS 45

we deduce that

9 (mo +mi)A+ (mi —mo)p ,\
U=v <h0+ 07 =) f) ho.
A _
By taking v = 1, then U = f (mo + ml())\2+ (H;L; mo)u’ which coincides with the well
(A2 —p

known potential (see [12, 13].)

10.3. Joukovski’s example. We shall study a mechanical systems with three degrees of
freedom. If we denote by x1 = p, o = ¢, x3 = 7, then we consider the mechanical system
with kinetic energy

1 2 2
T=—(p*—2ppi+¢—2q47 + (2 a2 2),
2r2 r2

Consequently the matrix G is such that

P+t opgp
r2 r2 r
G = pq ¢+ q
r2 r2 r
P /I
r r

Then we get |C¥ | =7r% A =p?+q®+rt We determine the field of force derived from the
potential-energy function (48) in such a way that the family of curves p = ¢1, ¢ = ¢ can be
freely described by a particle with kinetic energy T

In this case equations (124) are

oS aS 0S P> +1*9S  pgdS  pds

- 05 05 - 05 _ 95 pgdS p —0,
gu Op t 912 q + o or 2 Op r20q ror
- (r“)5’+~ 6S+~ oS @ +1r*9S | pqds qi?S_O
921 Op 922 0q 92375, = r2 9q r2dp ror
P+
The solutions of these partial differential equations are S = S ( 5 — 7"2) ,where S is
r
2 .2
an arbitrary function in the variable P +2q -2
r
. . . p2 + q2 2
Without loss of generality below we consider that S = 5— — r°. Hence after some
r

computations we obtain that conditions (126) take the form

oh  2p0v? PP+ +rHYow:  oh 20 (PP +P 41t o

(131) v _ev W re wr)ov . o _ 90V W g )oY
op r Or 2 dp’ 9q r Or r2 dq

From the compatibility conditions of these equations we obtain that h = h(p? 4+ ¢?), v =
v(p? + ¢2,7). In the coordinates & = p? + ¢2, r = r the conditions (131) write

oh 1 ov? ov?
132 — = r=—42 HhT )
(132) o€ rg(r8r+(£+r)8£)
Thus, from (48), the potential function takes the form
Ly S 2
(133 v=gen (S+07) -

where v = v(&,r) and h = h(§) are solutions of (132).
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We shall look for the solution h = h(£) of (132) when the function v? is given by
+oo

y2x11<f2r2)+ > ;).

j=—oc0

where the series is a formal Laurent series, and ¥ = @(% —r2) is an arbitrary function.
T

By inserting 2 in (132) we obtain

“+o0o 2
. da; dai_y . rdh
g i+ 26—L 49 )= ——
e (J“J TR T e > 2 d

We choose the coefficients a; satisfying

) da; da;_ . d )

jaj+2§d—g+2 dJ§4_ O<:>(j—2)aj+d—€(2§aj+2aj,4),for j#2,
das da_o  dh d hY

2a2—|-2£d—§+2 dé = 2d£<:>d€ <2§a2+2a2 2)0

Consequently the potential function (133) takes the form

¢ S ¢
V=4|T (742—7‘2) + Z a;(&)r’ <72+T2) —4€ag — da_2 — hg.
Jj=—00
If we change p = xz, q =yz, 7 = z where x,y,z are the cartesian coordinates, then
in these coordinates the kinetic and potential function takes the form respectively

1 9
+oo )
V= 4(¥(2?+y*-2%)+ Z a;(2*(2® +y?) | (2% + 9>+ 22) —
Jj=—00

422 (2% + y?)ag (2% (22 + y?)) — da_o(2%(2® + y?)) — ho.

Clearly if a; = 0 for j € Z then we obtain the potential V = ¥ (:U2 +y? - 22) (:U2 + 9%+ 22) —
ho obtained by Joukovski in [22]. On the other hand, if ¥ =0, a; = 0 for j € Z\ 2 and
4as = a then we obtain the potentials V = az* — hg given in [43].

11. PROOF OF THEOREM 20,21 AND 25

Proof of Theorem 20. Under the assumptions of Corollary 5 taking the NV of the corollary
as 2NN, introducing the notations y; = x4, and choosing gyy; = z; for j =1,..., N, we
obtain that the differential systems (9) takes the form

TR I T RV zn}
. 5 srery JNyllye ooy bk—1,Yjs Lk+1y- 0oy LN
134 Tj = AN i Yj = AN k L : )
( ) / I ! ; + {fl?"'qu7x17"'7xN}
for j = 1,2,..., N. These equations are the most general differential equations which admits

N independent first integrals and satisfy the condition {fi,..., fx,21,...,2n} #O.

The proof of Theorem 20 is obtained by choosing the arbitrary functions Ay 4; as follows
Ant; = {H,z;}*, where H is the Hamiltonian function for j =1,..., N . From the identity
(61) with G = yi, fnyj=z; for j=1,...,N, we obtain that differential system (134)
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can be rewritten as

T = {H7xj}*7

S (i I i,y 0 o}
S H,xk- * 1ye-es JNsy LYy e ooy Lk—1,Yg5, L4153 LN
Yi ;({ }) {f17"'7fNax17'~'7xN}

_ {H7yj}*_i{vak}*{flw"7fk717yj7fk+17°"7fN7:E17"'7'°'7‘rN}

k=1 {fi, - Ny @1, TN}

N
+ZW‘{f1a---7fNa-r17--~7xk—17yjaxk+17~-~7mN}
1 J {fl,...,fN,:cl,...,mN}

Clearly if the first integrals are in involution and W; = 0, then we obtain that the Hamil-
tonian system with Hamiltonian H = H(f1,..., fn) is integrable by quadratures.

Now we shall prove the equations (53). Since {fi,...,f~n,Z1,..,...,zx} = 0 and
{fl, ..,fN,xl,...,,xN_l,yl} 75 0. Taking Wj = 0 for j = 1,...,N — 1 and /\N+j =
O0H
ayj
view of the identity (61) with G = an, fyy; =xjforj=1,...,N—1, faon =1, and
G=vyj, [nvyj==; for j=1,...,N—=1, fon =y, we obtain that differential system
(134) can be rewritten as

j:j: {Hvxj}*’ for j=1...,N-1,

= {H,z;}*, for j =1,...,N — 1, where H is the Hamiltonian function and in

N-1

Z{H xk}*{f17...,fN7-T1,...,Qflcfl,ZEN,CL'kJrl,...,yl}
)

k=1

TN =
{fla"'7fNax17--~7axN—13y1}
+)\2N{f17"'7fN7x17'"afolamN}
{fl7"'afN7x15"'a7xN—17y1}
N
{fl?"'afkflva,karlv'",vaxla“'?'"ayl}
Hzxzy} — H, f}"
{ ’ } ;{ J} {flw"afNamla"'MxN—l?yl}
i, fvs@, . an-1, o8}
+ (Aon —{H,y1}"
( { ’ }){flﬂ"'7fNa'r17"'7axN—lay1}’
ylz )\2Na

N-1
y‘ o Z{H xk}*{fl,...,fN,J,‘h...,xk_l,yj,l‘k+1,...,$N}
] — )

b1 {flv"'7fNax17"'7a$N—1;yl}
{fl,...,fN,xl,...,xN_l,yj}
+Aan
{fla"'7fNax17"'7axN717y1}
N
{f1>~-~7fk7171/j7fk+17~-~»fN7$1,~-~a~~~7CUN}
= Ha B Ha i+
{ yj} kZ:l{ fj} {f17"'7fN7x17~'~77xN—1ay1}
{f17"'7fN7xla"~7fol7yk:}
+ Oay — {H,y,}* .
( N { yl} ){f17~-~,fN7x1,~-~,713N—1,y1}
Therefore by choosing Aoy = {H,y1}* + M f1,-.-, [N, @1, ., EN—1,Y1}, We get the differ-

ential system (53).
In view of the identity (59) with G = f; from (53) we obtain the relations

N
fk: gf;{flr"af]v:xly-'-ayj}:afk

— axN{flw":vaxlw-wa}:O~
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Differential system (53) when {H, f;} = 0 for j = 1,..., N is the standard Hamiltonian
system with the constraints {f1,..., fx,21,...,2x} = 0. O

11.1. Neumar-Moser integrable system. We shall illustrate these theorem in the Neumann-
Moser’s integrable system.
Now we study the case when we have N independent involutive first integrals of the form

N 2
_ 5 (Tvy; — xjy0)
(135) fo=(Az, +By,)* +CY_ =" :

s
j#v v

forv=1,..., N, where A, B and C are constants such that C(A?+ B?) # 0. Thus we study
the constrained Hamiltonian system (RQN , Q2 M, H ) .

The case when A=0,B=1,C=1and A=1, B=0,C =1 was study in particular
in [34]. The case when AB # 0 was introduced in [41]). In particular if C' = (A + B)? then
from (135) we obtain that f, = A2 4 B2 1 2AB P where

N 2 N 2 N 2
Ty — Xj Ty — X Ty — Xj

f =224 (@vy; —2it)° Jy”) N ARIESTADN (@vy; —2it)” TyV) P =zt (@b = 2540)° JW .
A T im0 T A T

It is easy to show that the following relations hold {f,ga), fr(r?)}* =0, for a=1,2,3, mk=
1,..., N, i.e. are in involution.

After some computations we obtain that {fi,..., fx,21,...,2n} # 0 if B # 0. Then
taking in (51) H = H(f1,...,fn), and W; = 0 for j = 1,..., N we obtain a completely
integrable Hamiltonian system &; = {H, z;}*, v; ={H, y;}*.

If B=0then{f1,..., fn,z1,...,2n} = 0 Then takingin (53) H = H(f1,..., fn), W;=

0 for j =1,...,N and in view of the relations {f1,..., fx,21,...,2n-1,y;} = o(z) x; for
j=1,..., N, for convenient function ¢ = g(x), we obtain the differential system
(136) x={H,x}*, y={H y}"+)x,

where A = pX. In particular for N = 3 we deduced that

K
{flaf2vf37x17x27x3}: 07 {f17f2»f37$17$2»y1}:ZfC:}xla

K K
{f15f27f3a7x1;x2ay2}: Zx3x27 {flaf27f35x17x27y3}:Z'x?)x?n

where A = (a1 —az)(az —asg)(a1 —as3), and K is a convenient function. Thus the differential
system (136) with o = % describes the behavior of the particle with Hamiltonian H =
H(f1, f2, f3) and constrained to move on the sphere 27 + 23 + 23 = 1.

I we take H = = (anfy +aafa + asfs) = 5 (IKIPIYIZ = (6 3)% + anad + axed + aged)

and A = (2?2 + 22 + 22), then from equations (136) we deduce that the equations of
motion of a particle on a 3-dimensional sphere, with an anisotropic harmonic potential
(Neumann’s problem). This system is one of the best understood integrable systems of
classical mechanics.
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Proof of Theorem 21. The differential systems (9) under the assumptions of Theorem 21
takes the form

.fj: /\N+jv for jZl,Q,...,N—T,

2N
Z )\k{fla'~'afN, xla"'7xk71axn7xk+1v~~';xN}

j,’ —
" k=N+1 {fla-~'afNax1,...7l‘N} ’
(137) fOr TL:N77"+1,'."N’
2N
Um = Z )\k{fly...,fN,1‘1,...,.rk_1,yn,1‘k+1,...,.r]v}
" k=N+1 {fl»'-wa,ICl,...,xN} 7

for m=1,2,...,N.

These equations are the most general differential equations which admits N +7 first integrals
which satisfies the condition {f1,..., fN4rsZ1,.. ., ZN—p} # 0.

By choosing in (49) the arbitrary functions W; = 0 and Ayy; = {H,z;}* for j =
1,...,N—r, where H is the Hamiltonian and by using the identity (61) with G =z, friqr+; =
z; for 7=1,...,N—r,and G =yr, fniry; =2; for j=1,...,N —r, we obtain
that differential system (137) can be rewritten as

i;= {Hx;}* for j=1,2,... N—r,

N—
d’:k _ ZT{H,./L'j}* {f17"'7fN+T7w17'"7xj717xka$j+l7---afor}

j=1 {fla"'afN-‘,-r,Il,...7$L‘N_T}
- {Haxk}**
N+r
Zf{H f»}*{fl""’fj—l’xk’fj'i‘l""7fN+7'7x17---,-.-,.liN_T}
P v J ] {fh~~'7fN+T7x1""ﬂxN—r} )

for k=N—-r+1,...,N,

N—
y‘ _ ZT{H xk}*{flﬁ"'7fN+Taxl7"',xk:—lvyjaxk-‘rlv"'axN}
i = s

k=1

{fi, o s [Nt Ty TN}
= {Hy}"—
NZ—H{H,fk}*{fl,...,fk_l,yj,fk+1,...,fN_H,xl,...,...,mN_T}’
— {fi, o s N+ T1, TN —r}
for j =1,2,...,N. Hence we get the differential system (54). O

Proof of Theorem 25. Analogously to the proof of Theorem 3 from formula (78), denoting
by (01,...,0on) = (02,502, 0y,,-..,0y), and taking the arbitrary functions Ay, =
{H,z;}* for j = 1,...,N, where H is the Hamiltonian function, from identity (61) with
fi =9, fv+; =5, G =y for j =1,...,N, we obtain the differential system (55).
This is the proof of the Theorem 25 O

11.2. Gantmacher system. We shall illustrate Theorem 25 in the nonholonomic sys-
tem study in subsection 9.4. Thus we shall study the constrained Hamiltonian system
(R8, Q% Mo, H) with My = {g1 = 1y1 + 22y2 = 0, go = 71y3 — 22ys = 0.. We choose
the arbitrary functions g; for j = 3,...,8 as follows

g3 = T1Y2 — TaY1, G4 = T2Y3 +T1Ys, Gj4a =5, for j=1,2,34.
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We apply Theorem 25. In view of the relations
{g1,92,93: 92, %1, ..., xa} = —(zF + 23)%, {y1,92,093. 94, %1, ..., Ta} = —x1 (2} + 23),
{9, 91,93, 90,21, .., x4} =0, {g1,92,91, 94, %1, ..., 24} = wa(x] + 23),
{9192, 93,91, %1, ., 24} =0, {91,092, 93, 94, Y1, T2, T3, T4} = (2191 — Tay2) (27 + 23),
{9192, 93, 94, 01, 91, 23, , w4} = (21y2 + 22y1) (2] +23), {91, 92, 93, 9a, 1, T2, Y1, 24} = 0,
{91, 92,93, 94,71, 22,73, y4} = 0.

In a similar form we can obtain the remain determinant. Thus system (55) takes the form

ij= {H,z;}*, for j=1,2,34,

= () - w - O (Ha)) 5
3s) o= ) = I o () 5,
Gs= My} - l'jﬁggcj = L)) 5.
ga= {H,ys}* + m + (A — {H,g4}") ﬁ

(yi+v3 +v3 +vi) —grs

[N

In particular, taking \s = {H,g3s}*, M\ ={H,g4}*, and H =

thus in view of (116) we obtain
{H, g1} =y + 95 = —m(a] +a3), {H, g2} = y1ys — yaya + g1 = —po(a] + z3).
Consequently differential equations (56) take the form
T1= Y1, T2=Y2, L3=Ys, T4=Ya,
1= T, Y2 =Topn, Y3 = —g+Tife, Ya = —Talz,

which coincide with the Hamiltonian form of equations (122).
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