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PHASE PORTRAITS OF QUADRATIC LOTKA-VOLTERRA
SYSTEMS WITH A DARBOUX INVARIANT
IN THE POINCARE DISC

YUDY BOLANOS', JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We characterize the global phase portraits in the Poincaré disc of all the
planar Lotka—Volterra quadratic polynomial differential systems having a Darboux
invariant.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let Rz, y| (resp. Clz,y]) be the ring of the polynomials in the variables z and
y with coefficients in R (resp. C). We consider a system of polynomial differential
equations or simply a polynomial differential system in R? defined by

(1) = P(r,y), 9=0Q(y),

where P, Q € R[z,y| and the dot denotes derivative with respect to the independent
variable t usually called the time. We say that the maximum of the degrees of the
polynomials P and @ is the degree of system (1). Usually a quadratic polynomial
differential system of degree 2 is called simply a quadratic system.

Sometimes we shall talk about the quadratic vector field
0 0
2 X=P — —.
(2) (@ y)5-+ Q(w,y)ay

associated to the quadratic system (1). A non-locally constant real function H of
class C' defined on an open set U is a first integral of the polynomial vector field X
if H(x(t),y(t)) is constant for all value of ¢ for which the solution (z(t),y(t)) of X is
defined on U. We observe that H is a first integral of X if and only if YH =0 on U.

Let f € Clx,y] \ {0}. The algebraic curve f(z,y) = 0 is an invariant algebraic
curve of the polynomial system (1) if for some polynomial k£ € Clz, y] we have
of L o9f _

X[ =Py QG =k

The polynomial k is called the cofactor of the invariant algebraic curve f = 0.
Let g,h € Clz,y] and assume that g and h are relatively prime in the ring C|z, y]

or that h = 1. Then the function exp(g/h) is called an ezponential factor of system
(1) if for some polynomial k£ € C|x, y] of degree at most 1 we have that

t(on(2)) =rew 2)
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A non—constant function I = I(x,y,t) is an invariant of X if

dl  dI . dI . dI
That is, [ is an invariant of X if it is a first integral depending on the time ¢. Moreover
we say that I is a Darboux invariant if it is an invariant which can be written as

] = fl . "f;”Flm - Flexp(st),

where f1 =0, ..., f, = 0 are invariant algebraic curves of X', I, ..., Fj, are exponen-
tial factors of X, Ay,..., Ay, pt1,..., 1y € C and s € R\{0}.

The quadratic Lotka—Volterra systems are of the form
(3) i =z(ar +by +c), y=y(Ar+ By+0),

where a, b, ¢, A, B, C' are constants. In this paper we study the quadratic systems (3)
that possess a Darboux invariant.

System (3) and its generalization to dimension n, since were originally studied by
Lotka and Volterra in [12, 18|, are called Lotka—Volterra systems. Later on these
differential systems were studied by Kolmogorov [9], and after his work some authors
called them Kolmogorov systems. There are many natural phenomena that can be
modeled by these differential systems such as the time evolution of conflicting species
in biology [15], chemical reactions, plasma physics [10], hydrodynamics [2], economics,

The knowledge of a first integral is of special interest for a differential system in
the plane because it allows to compute the explicit expressions of the trajectories of
the system. However, when we cannot compute a first integral of the system it is
interesting to know if the system has an invariant. Roughly speaking, with a first
integral we can describe completely the phase portrait of a planar differential system,
while with an invariant we only can describe its asymptotic behavior, i.e. the w— and
a—limit sets of its trajectories.

Our first result is the characterization of the quadratic Lotka—Volterra systems (3)
having a Darboux invariant.

Theorem 1. The quadratic Lotka—Volterra systems (3) having a Darbouz invariant
are either

(4) t=zx(ax+by+c), y=Cy

with C # 0 and a* + b* # 0, or

(5) y‘c:x(—Aﬁ—jx—Bﬁ—jy—&-c), y=y(Az+ By +C)

with lily # 0, 2 +C? # 0 and A2+ B? # 0. Their Darboux invariants are e~“*y and
e(_ch_cb)txllyl2 respectively, where ly and ly are constants.

Theorem 1 will be proved in section 2. Theorem 1 improves some preliminary
results on the Darboux invariants of the quadratic Lotka—Volterra systems given in
Theorem 1 of [3].

Note that if [, = 0 then system (5) becomes system (4) after the change of variables
and parameters (z,y, A, B,C,c¢) — (y,z,b,a,¢,C). Hence, in system (5) we have
excluded the case I, = 0.
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We remark that in Theorem 1 we do not consider the differential systems (4) and (5)
which become linear differential systems, i.e. we only consider quadratic differential
systems (4) and (5). This is obtained with the conditions a?+b* # 0 and A*+ B* # 0
in the systems (4) and (5), respectively.

We observe that the conditions C' # 0 and ¢* + C? # 0, in the systems (4) and (5)
respectively, are necessary in order that such systems really have a Darboux invariant.

Our next results provide the global phase portraits of systems (4) and (5) in the
Poincaré disc, see Theorems 2 and 3, respectively.

Theorem 2. The phase portrait of any quadratic Lotka—Volterra system (4) is topo-
logically equivalent to one of the 7 configurations of Figures 1-4.

Theorem 3. The phase portrait of any quadratic Lotka—Volterra system (5) is topo-
logically equivalent either to one of the 24 configurations of Figures 5-10, or to the
configuration b =0 of Figure 2, or to the configuration b =0 of Figure 4.

In sections 5 and 6 we shall prove Theorems 2 and 3, respectively. But before that
we recall the notions of the Poincaré compactification (section 3), the definitions of
separatrices and of canonical regions (section 4) that we will need later on for drawing
the global phase portraits of systems (4) and (5).

2. PROOF OF THEOREM 1

In order to prove Theorem 1 first we recall a result from the Darboux theory of
integrability that we will use, for a proof see Theorem 8.7 of [6].

Proposition 4. Supposse that a polynomial system (1) of degree n admits p irre-
ducible invariant algebraic curves f; = 0 with cofactors k; fori=1,...,p, q exponen-
tial factors Fj = exp(g;/h;) with cofactorsl; for j =1,...,q. If there exist \;, u; € C
not all zero such that

p q
(6) Z /\Zk/’z + Z Mjl]‘ = —S
i=1 j=1

for some s € R\{0}, then the (multi—valued) function
(7) M [P Flaexp(st)
1s a Darboux invariant of X.

Proof of Theorem 1. It is easy to verify that the straight lines x = 0 and y = 0 are
invariant algebraic curves of the quadratic Lotka—Volterra systems (3) with cofactors
ki = ax + by + c and ky = Az + By + C respectively. So solving equation (6) with &
and ks we obtain two solutions which are either

(8) s=-Cly, A=0, B=0, Il =0,
or
(9) S:—Cll—CZQ, a:—Alg/ll, b:—Blz/ll, ll 7é0

From (8) we arrive to the family of quadratic Lotka—Volterra systems (4) having
the Darboux invariant e~y when C # 0. Similarly from (9) we obtain the family
(5) with the Darboux invariant e~(¢h+C2)tphyle when —cly — C'ly # 0, as it is stated
in the theorem. (]
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3. POINCARE COMPACTIFICATION

Let X be a planar vector field of degree n. The Poincaré compactified vector field
p(X) corresponding to X is an analytic vector field induced on S* as follows (see, for
instance [8], or Chapter 5 of [6]). Let S* = {y = (y1,92,y3) € R® : y? + 92 +y2 =1}
(the Poincaré sphere) and T,S? be the tangent space to S* at point y. Consider the
central projection f : T(o01)S* — S?. This map defines two copies of X, one in the
northern hemisphere and the other in the southern hemisphere. Denote by X’ the
vector field Df o X defined on S? except on its equator S' = {y € §? : y3 = 0}.
Clearly S' is identified to the infinity of R?. In order to extend X’ to a vector field
on §? (including S') it is necessary that X satisfies suitable conditions. In the case
that X' is a planar vector field of degree n then p(X') is the only analytic extension
of Y41’ to S%. On S?\S' there are two symmetric copies of X', and knowing the
behavior of p(X) around S', we know the behavior of X at infinity. The projection
of the closed northern hemisphere of S? on y3 = 0 under (yi,ys2,y3) — (y1,y2) is
called the Poincaré disc, and it is denoted by ID. The Poincaré compactification has
the property that S' is invariant under the flow of p(X).

In this paper we say that two polynomial vector fields X and ) on R? are topo-
logically equivalent if there exists a homeomorphism on S? preserving the infinity S*
carrying orbits of the flow induced by p(X) into orbits of the flow induced by p()),
preserving or reversing simultaneously the sense of all orbits.

As §?% is a differentiable manifold, for computing the expression for p(X), we can
consider the six local charts U; = {y € S?* : y; > 0}, and V; = {y € §* : y; < 0}
where ¢ = 1,2,3; and the diffeomorphisms F; : U; — R? and G; : V; — R? for
1 = 1,2,3 are the inverses of the central projections from the planes tangent at the
points (1,0,0),(—1,0,0),(0,1,0),(0,—1,0),(0,0,1) and (0,0, —1) respectively. We
denote by (u, v) the value of F;(y) or G;(y) for any ¢ = 1,2,3 (so (u, v) represents
different things according to the local charts under consideration).

The expression for p(X) in the local chart (Uy, Fy) is given by

ol () e (GE)] s ()

The expression for p(X ) in local chart (Us, F3) is

and for (Us, F3) is
= P(u,v), v=Qu,v).
The expression for p(X) in the charts (V;, G;) is the same as for (U;, F;) multiplied
by (—=1)""! for i = 1, 2, 3. The points of S! in any chart have v = 0. Thus we obtain
a polynomial vector field in each local chart.

4. SEPARATRICES AND CANONICAL REGIONS

Let p(&X') be the Poincaré compactification in the Poincaré disc D of the polynomial
differential system (1) defined in R?, and let @ be its analytic flow. Following Markus
[14] and Neumann [16] we denote by (U, ®) the flow of a differential system on an
invariant set U C D under the flow ®. The flow (U, ®) is said to be parallel if it is
topologically equivalent to one of the following flows:
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(i) The flow defined in R? by the differential system & = 1, ¢ = 0, called strip
flow.
(ii) The flow defined in R*\ {0} by the differential system in polar coordinates
=0, 0 =1, called annular flow.
(iii) The flow defined in R\ {0} by the differential system in polar coordinates
r=r, 0 =0, called spiral or radial flow.
It is known that the separatrices of a polynomial vector field p(X) in the Poincaré
disc D are:

() all the orbits of p(X) which are in the boundary S* of the Poincaré disc (i.e.
at the infinity of R?),
(IT) all the finite singular points of p(X),
(III) all the limit cycles of p(X), and
(IV) all the separatrices of the hyperbolic sectors of the finite and infinite singular
points of p(X).

Let & be the union of the separatrices of the flow (D, ®) defined by p(X) in the
Poincaré disc . It is easy to check that S is an invariant closed set. If N is a
connected component of D\ S, then N is also an invariant set under the flow ® of
p(X), and the flow (N, ®|y) is called a canonical region of the flow (D, ®) .

Proposition 5. If the number of separatrices of the flow (D, ®) is finite, then every
canonical region of the flow (D, ®) is parallel.

For a proof of this proposition see [16] or [11].

The separatriz configuration S, of a flow (D, @) is the union of all the separatrices
S of the flow together with an orbit belonging to each canonical region. The sepa-
ratrix configuration S, of the flow (D, ®) is said to be topologically equivalent to the
separatrix configuration SF of the flow (D, ®*) if there exists a homeomorphism from
D to D which transforms orbits of S, into orbits of S} preserving or reversing the
sense of all orbits.

Theorem 6 (Markus-Neumann-Peixoto). Let (D, ®) and (D, ®*) be two compacti-
fied Poincaré flows with finitely many separatrices coming from two polynomial vector
fields (2). Then they are topologically equivalent if and only if their separatriz con-
figurations are topologically equivalent.

For a proof of this result we refer the reader to [14, 16, 17].

It follows from the previous theorem that in order to classify the phase portraits
in the Poincaré disc of a planar polynomial differential system having finitely many
separatrices finite and infinite, it is enough to describe their separatrix configuration.

Finally, Bautin [1] showed that the Lotka—Volterra systems cannot have a limit
cycle, therefore we only look for the other types of separatrices.

5. PROOF OF THEOREM 2

We consider the family of quadratic Lotka—Volterra systems (4). First, we calculate
its finite singularities and we find that if ac # 0 then there are two singular points
(0,0) and (—c/a,0). In the cases a = 0 and ¢ # 0, or @ # 0 and ¢ = 0, we have only
the singular point (0,0); and if a = 0 and ¢ = 0 there exist infinitely many singular
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FIGURE 1. Phase portrait of system (11) when b # 0. It has infinitely many separatrices.

points of the form (x,0) with x € R. Recall that C' # 0 in order to guarantee the
existence of a Darboux invariant.

As we are interested in classifying the phase portraits in the Poincaré disc of system
(4), we introduce a rescaling of the variables and of the time to reduce the number
of its parameters as much as possible, and hence the phase portraits obtained for the
new system will be topologically equivalent to the corresponding phase portraits of
system (4). Let

(10) r=aX, y=pY and t=~1T

where «, 3, and v are parameters.

Case 1: a = ¢ = 0. Then system (4) becomes

whose singularities (x,0) are not isolated points. System (11) written in the new
variables X and Y is

(12) X' =bBXY, Y'=~0Y,

where ’ denotes the derivative with respect to the variable T. Taking vC' = 1 and
vbB =1 it follows that v = 1/C and, moreover = C'/b when b # 0.

If b =0, system (12) is X' =0, Y/ =Y, since it is a linear differential system we
do not consider it.

Let b # 0, then system (12) is
(13) X =XV, =Y.

Therefore system (13) possesses infinitely many finite singularities, the points (X, 0).
Resolving this quadratic system we obtain solutions Y = In | X| + k with & € R and
X # 0. The expression for p(X) in the local chart U is v/ = —u? + uv, v/ = —uv
which possesses a unique singularity on Uj, the origin.

On U, the expression for p(X) is v/ = u — uv, v' = —v?. So the origin is a singular
point on U,. By Theorem 2.19 of [6], it is a semi-hyperbolic saddle-node with stable
separatrix tangent at (0,0) to the positive v—axis. The two unstable separatrices are
tangent to the u—axis in (0,0). Therefore, by joining all the previous information we
obtain the phase portrait of quadratic system (11) on the Poincaré disc when b # 0,
which is topologically equivalent to the one shown in Figure 1.

In the figures we shall use the following notation. The singular points are denoted
by dots, the separatrices which are non singular points are denoted by thicker lines,
and an orbit inside a canonical region is represented by a thinner line.
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Case 2: a # 0 and ¢ = 0. Hence system (4) is

(14) i =xz(ax +by), y=~Cy.

System (14) written in the variables X and Y, according to (10), becomes
(15) X' = X(yaaX +4b8Y), Y' =~4CY,

Taking vC' = 1, yaae = 1 and ybf = 1 it follows that v = 1/C and o = C'/a. Moreover
B = C/b when b # 0.

If b= 0, system (15) is
(16) X'=X* Y=Y

This system has only a finite singularity, the origin, which is a semi—hyperbolic saddle—
node with stable separatrix tangent at (0, 0) to the negative X—axis and two unstable
separatrices tangent at (0,0) to the Y-axis. The expression for the Poincaré com-
pactification p(&X') in the local chart U is v/ = —u + uv, v = —v. Therefore on U;
the origin is the unique singular point, which is a hyperbolic stable node at infinity.
Since on U; the degree of p(X) is 2, the diametrally opposite point is a hyperbolic
unstable node in V.

The expression for p(X) in the local chart U, is
(17) u=u? —uw, v =0t

So the origin of U, is a singular point linearly zero. Since system (17) is homogeneous
we apply the classification due to Date [5], see the appendix. Using the definitions

given at the appendix, we have that D = 0, [h"}] = 00 ] #0and H = —1/4 #

0 —1/9
0. So system (17) belongs to the type II(1). Moreover the value of the covariant K, is
27/8 > 0. Therefore we obtain that system (17) is of Type II(1-1). In consequence the
phase portrait in the Poincaré disc of system (14) if b = 0 is topologically equivalent
to the one showed in Figure 2 with b = 0.

If b # 0 we have that system (15) is X’ = X(X+Y), Y’ =Y. This system possesses
only a finite singularity, the origin which is a semi—hyperbolic saddle-node with stable
separatrix tangent at (0, 0) to the negative X—axis and unstable separatrices tangent to
the Y—axis at (0,0). The expression for p(X) in the local chart Uy is v’ = —u—u?+uw,
v = —v —wv. Thus there are two infinite singularities on Uy, (0,0) and (—1,0). The
origin is a hyperbolic stable node. The singular point (—1,0) is a hyperbolic saddle-
node whose stable separatrix is tangent at (—1,0) to the positive v—axis. The unstable
separatrices are tangent at (—1,0) to the u—axis.

The expression for p(X) in the local chart U, is v = u + u® — uv, v/ = —v%

Therefore the origin is the unique singularity on U, which is a semi-hyperbolic saddle-
node, its stable separatrix is tangent at origin to the positive v—axis and the unstable
separatrices to the u—axis. So we get the phase portrait of system (14) if b # 0, which
is topologically equivalent to the one shown in Figure 2 with b # 0.

Case 3: a =0 and ¢ # 0. In this case system (4) is
(18) t=uz(by+c), y=Cuy.
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b

b=0 b#0
S: 12, CR: 3 S: 17, CR: 4
FIGURE 2. Phase portraits of system (14). S is the number of all separa-
trices and CR is the number of all canonical regions.

AR
NP

m <0 m >0
S: 13, CR: 4. S: 12, CR: 3.

FIGURE 3. Phase portraits of system (18) with m = ¢/C and b # 0.

Again from (10) we obtain that system (18) is transformed into X' = X (bpyY +
cv), Y’ =C~vY, and hence we obtain the two systems X’ = éX, Y'=Yifb=0,
and X' = X(Y 4+ ¢/C), Y =Y when b # 0.

We only consider the case b # 0 because for b = 0 the system is linear, then the
previous system is topologically equivalent to the system X' = X(Y +m), Y/ =Y,
respectively, with m = ¢/C a nonzero constant. The only finite singular point is
(0,0) which is a hyperbolic unstable node if m > 0, or a hyperbolic saddle if m < 0.
The expression for p(X) in Uy is v/ = —u?® + (1 — m)uv, v/ = —uv — mv*.  This
system is homogeneous and it possesses a unique singular point, the origin, which
is linearly zero. We apply the appendix in order to study this singularity. Thus we
obtain D = 0, [h*] = [_%)/9 8] #0and H = —1/4 # 0. So the system belongs to
the type II(1). Moreover Ky = 27m/8, in consequence if m > 0, the system is of the
type II(1-1), and it is of type II(1-2) if m < 0.

In U, the expression for p(X) is v/ = u+(m—1)uv, v' = —v*. So U, contains only a
singularity, the origin, which is a semi—hyperbolic saddlenode with stable separatrix
tangent at the origin to the positive v—axis. The two unstable separatrices are tan-
gent at (0,0) to the u—axis. In Figure 3 are shown the phase portraits topologically
equivalent to the ones of system (18) for b # 0.

Case 4: a # 0 and ¢ # 0. Hence system (4) becomes

(19) i = az® + bry + cx, 3= Cy.
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b=0 b#£0
S: 16, CR: 5. S: 20, CR: 5.

FIGURE 4. Phase portraits of system (19).

From (10) we have that system (19) is topologically equivalent to one of the two
systems X' = X2 +¢/CX, Y =Y ifb=0or X' = X?+ XY 4+ ¢/CX,Y' =Y if
b #0.

We analyze first the case b = 0. Consider the system X' = X2 4+ mX,Y' =Y
with m # 0. Finite singularities are (0,0) and (—m,0). The singular point (0,0) is a
hyperbolic unstable node if m > 0 and a hyperbolic saddle if m < 0. Also (—m,0) is
a hyperbolic saddle if m > 0 and a hyperbolic unstable node if m < 0. The expression
of p(X) in Uy is v/ = —u + (1 — m)uv, v = —v — mv?. There is a unique singularity
on Uy, the origin, which is a hyperbolic stable node.

In local chart Uy, p(X) is v/ = u* + (m — 1)uv, v' = —v?. So the origin is a singular
point on Us linearly zero. Since this system is homogeneous we can use the appendix
for its classification. Hence D = —m?/27 < 0 and so the system belongs to the type
[6. Moreover since Ky = 27/8 > 0, the system is of type [©(1).

Joining all the above information we get the two phase portraits of the system (19)
when b = 0 corresponding to the cases m < 0 or m > 0. However, it is not difficult
to verify that these two configurations are topologically equivalent. In Figure 4 with
b = 0 is presented a phase portrait topologically equivalent to the one of system (19)
when b = 0.

If b # 0, we consider the system X' = X2+ XY +mX, Y’ =Y with m # 0. There
are two finite singularities, (0,0) and (—m,0). The origin is a hyperbolic unstable
node if m > 0, and it is a hyperbolic saddle if m < 0. The singular point (—m,0)
is a hyperbolic saddle if m > 0 and it is a hyperbolic unstable node if m < 0. The
expression of p(X) on Uy is v/ = —u — u? + (1 — m)uv, v' = —v — uv — mv?. So the
singular points on U; are (0,0) and (—1,0). The origin is a stable node and (—1,0)
is a semi-hyperbolic saddle-node, its stable separatrix is tangent to the v—axis at
(—1,0) and the unstable separatrices are tangent to the u—axis at (—1,0).

In U, the expression for p(X) is v’ = u + u® 4+ (m — 1)uv, v = —v?. Therefore the
origin of U, is a singular point which is a semi—hyperbolic saddle-node with stable
separatrix tangent at (0,0) to the positive v—axis. The two unstable separatrices are
tangent at (0,0) to the u—axis. So we obtain the two phase portraits for m < 0 and
m > 0. It is easy to see that these two configurations are topologically equivalent.
Figure 4 with b # 0 shows a phase portrait topologically equivalent to the one of
system (4) in this case. This completes the proof of Theorem 2.
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6. PROOF OF THEOREM 3

We will find the phase portraits in the Poincaré disc of any quadratic Lotka—Volterra
system (5). For doing this we introduce a rescaling of the variables and of the time
in order to reduce the number of parameters of this system as much as possible.
Obtaining the phase portraits for each of the new systems we shall get the phase
portraits of the corresponding systems (5). Let z = aX, y = Y and t = T, where
a, f and ~ are parameters. In the new variables X, Y and 7" system (5) becomes
(20) X'=X (—%AoryX - §2B/B’yY + C’y) , Y =Y(AayX + BByY +~0C),

1 1
here ’ denotes the derivative with respect to the variable T. We recall that Iy # 0
and ¢ + C? # 0.

We consider the following cases. Note that A = B = 0 provides a linear differential

system, and consequently it is not considered here.

Case 1: A# 0, B =0. Then system (20) is
l

(21) X' =X <—l—2Aa7X + cy) , Y =Y(AayX + Cv).
1

In order to study system (20) we consider three subcases.

Subcase 1.1: C' = 0, ¢ # 0. Therefore system (21) is X' = X(—lsAay X/l + ),
Y’ = AayXY. Taking v = 1/c and a = ¢/ A, the previous system is converted into

(22) X' =X +mX?, Y =XY,

where m = [ly/ly. System (22) has infinitely many finite singularities, the points
(0,Y). Doing ds = XdT', system (22) becomes

(23) dX/ds =mX +1, dY/ds=Y

with m # 0. System (23) has only a unique singularity, (—1/m,0). It is a hyperbolic
saddle when m < 0, and it is a hyperbolic unstable node if m > 0. The expression
of p(X) in the local chart U is v/ = (1 — m)u — uv, v = —mwv — v*. Then only the
origin is a singular point if m # 1. However, there are infinitely many singularities if
m = 1, the points (u,0). If m # 1, (0,0) is a hyperbolic unstable node if m < 0, it is
a hyperbolic saddle if 0 < m < 1, and a hyperbolic stable node when m > 1.

In Us the expression of p(X) isu' = (m—1)u+wv, v" = —v. So the origin is a singular
point. If m > 1, it is a hyperbolic saddle, and a hyperbolic stable node if m < 1.
Since the rescaling ds = XdT changes the orientation of orbits where X is negative,
we obtain that the phase portraits of system (22) are topologically equivalent to the
ones shown in Figure 5.

Subcase 1.2: C # 0, ¢ = 0. So system (21) is X' = —lbAay/l; X2, V' =Y (AayX +
~vC). Taking v = 1/C and a = C'/A we obtain
(24) X' =mX? Y =XY+Y,

with m = —Iy/l; # 0. The origin is the unique finite singularity of system (24), which
is a semi-hyperbolic saddle-node. If m > 0, its stable separatrix is tangent at (0, 0)
to the negative X—axis, and to the positive X—axis when m < 0. The expression of
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FIGURE 5. Phase portraits of system (22). They have infinitely many separatrices.

p(X) in the local chart Uy is v/ = (1 — m)u + uv, v' = —muv. If m # 1, on U, there
is only one singular point, the origin; if m < 0, (0,0) is a hyperbolic unstable node,
or it is a hyperbolic saddle when 0 < m < 1, or a hyperbolic stable node if m > 1.

If m = 1, the system becomes u' = uv, v = —v which possesses infinitely many
singularities, the points (u, 0).

The expression of p(X) in Uy is v/ = —uv + (m — 1)u?, v/ = —uv — v%. Therefore,
if m # 1 we have that (0,0) is a linearly zero singular point and the system is

homogeneous. Applying the appendix we obtain that D = 0, [h*}] = 8 _7732 /9] #£0
and H = —m?/4 # 0. In consequence the system belongs to the type II(1). As
Ky = 27m(m — 1)/8, then the system is of the type II(1-1) if Ky > 0, i.e. if m <0
orm > 1. If 0 <m < 1 then Ky < 0 and so the system is of type 11(1-2). If m =1,
then the system belongs to the type II(1-3).

Therefore we obtain the phase portraits of system (24), which are topologically
equivalent to the phase portrait for b = 0 of Figure 2 when m < 0 or m > 1, and the
others are topologically equivalent to the ones represented in Figure 6.

0<m<1

S: 13, CR: 4. Infinitely many
separatrices.

FIGURE 6. Phase portraits of system (24).

Subcase 1.3: C' # 0, ¢ # 0. Hence taking v = 1/C and o = C'/A in system (21) we
obtain

(25) X' =m X2 +mX, Y' =Y +XY,

where my = —Iy/l; # 0 and my = ¢/C # 0. So if my # ma, system (25) has only two
finite singular points, the points (0,0) and (—ms/m4,0), and it has infinitely many
singularities when m, = my, all the points of the straight line X = —1 and (0, 0).
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The origin is a hyperbolic saddle if my < 0, and it is a hyperbolic unstable node if

—Tmy 0
0 1 —mg/ml '

The point (—mgy/m4,0) is a hyperbolic singularity. It is an unstable node if m; <
my < 0, or if m; > 0 and my < 0. It is a saddle when m; < 0 and my > 0, or if
me < mq < 0, or if m; > mo > 0. Moreover if 0 < m; < ma, it is a stable node.

ms > 0. If my # my, the Jacobian matrix at (—ms/mq,0) is

Now we study system (25) at infinity. The expression of p(&X’) in the local chart U;
is ' = (1 —my)u+ (1 —mg)uv, v’ = —myv — myv?. Therefore when m; # 1, there
is a unique singular point at U; the origin, which is hyperbolic. If m; < 0, (0,0) is
an unstable node. If 0 < my < 1, the origin is a saddle; and (0,0) is a hyperbolic
stable node when m; > 1. However, there are infinitely many singularities at U; when
my = 1, the points (u, 0).

On U, the Poincaré compactification p(X) is

(26) u' = (my — Du* + (mg — Duv, v = —uv — v
So (0,0) is a linearly zero singularity. Since system (26) is homogeneous we use
the appendix for its classification. Then, since D = —m?2m3/27 < 0 we get that

system (26) belongs to the type I&. Computing the values of the covariants Ky =
27(my — 1)(my — mse)/8 and K3 = 27(ms — 1)(my — ma + myms)/8, we obtain the
following classification for system (26).

Condition Signof Koand K3 | Type Phase portrait
my <0, my < mo; my > 1, my > ms Ky >0 I15(1) b =0 of Fig. 4,
0<my <1, m <msy (1) of Fig. 7
m1 > 1, my < mg, mg>1 Ky <0,K3>0 [16(2) (2) of Fig. 7
m1 <0, m; >mo, mo <0 Ky <0, K3<0 I@(3> (3)OfFig.7
O0<m <1, mg>mg,mo<1 (4) of Fig. 7
mi =1 mo>1 Ky=0,K3>0 |I©(4) (6) of Fig.7,
my = ma, My > 1 m > 1 of Fig. 5
mi1=1,mg <1 Ky=0, K3<0 16(5) (5) of Fig. 7,

mi = mg, Mo < 1 m<0,0<m<1of Fig. 5
mp=1,mo =1 Ky =0= K3 15 (6) m =1 of Fig. 5

In consequence we obtain the phase portraits of system (25), which are topologically

equivalent to the phase portrait for b = 0 of Figure 4 when m; < 0 and m; < mq or
when m; > 1 and m; > msy. Or to the phase portrait for m < 0 of Figure 5 when
my = mo < 0, to the phase portrait for 0 < m < 1 of Figure 5 when 0 < m; = my < 1,
to the phase portrait for m = 1 of Figure 5 when m; = my = 1, and to the phase
portrait for m > 1 of Figure 5 when m; = my > 1 and the others are topologically
equivalent to the ones of Figure 7.

Case 2: A =0, B# 0. So system (20) becomes

(27) X' =X (—%BﬁyY + cv) , Y =Y (BByY +~0).
1

Subcase2.1: C' =0, ¢ # 0. System (27) for these values becomes X’ = X (—Iy/l; BfvY +
cy), Y' = BByY?. Taking v = 1/c and 8 = —I;/(B~ly) we obtain

(28) X' =XY+X, Y =-0/l,Y*
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(1) (2 3)

N/

0<mi <1, me >0, m <ma, 1 <mi <ma, m1 < 0, ma <0,
S: 16, CR: 5. S: 14, CR: 3. mi1 > ma, S: 17, CR: 6.

AT
B

0<mi<1,0#me <1, m1=1,0#m2 <1, mi=1,ma>1,
mi1 > ma, S: 17, CR: 6. infinitely many separatrices. infinitely many separatrices.

FIGURE 7. Phase portraits of system (25).

Interchanging the variables X and Y we get the system (24) now with m = —1;/l5.
Then the phase portraits of system (28) are the phase portrait for b = 0 of Figure 2
when m > —1, and the phase portraits of Figure 6 but from the left to the right they
correspond to the values m < —1 and m = —1.

Subcase 2.2: C' # 0, ¢ = 0. So system (27) is X' = —l,/LBSyXY, Y = ~CY +
BpB~yY?. Taking v = 1/C and 8 = C/B it becomes

(29) X' =-mXY, Y =Y2+1,

where m = ly/l; # 0. System (29) does not possess real finite singularities.

On the local chart U; the expression of p(X) is v/ = (m + 1)u® + v?, v' = muv. So
if m # —1 the origin is the unique singular point and it is linearly zero. Since this
system is homogeneous, we use the appendix for its classification. Thus we obtain
D =4/27 > 0, and so the system is of type I&. Moreover since Ky = 27m?(m +1)/8
we have that if m > —1, then K5 > 0 and so the system is of type I&(1). In the case
m < —1 we obtain Ky < 0, therefore the system is of type I&(2). If m = —1, then
K, =0, and the system is of type I (3).

The expression of p(X) in Uy is v/ = —(m + 1)u — w?, v' = —v —v*. So (0,0) is
a singular point which is a hyperbolic saddle if m < —1 and it is a hyperbolic stable
node when m > —1. In consequence, we obtain the phase portraits of system (29),
which are topologically equivalent to the ones shown in Figure 8.

Subcase 2.3: C'# 0, ¢ # 0. So from system (27) and taking v = 1/c and 8 = ¢/B we
obtain

(30) X' =X -—mXY, Y =myY +Y?
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m < —1, m > —1,
S: 9, CR: 2. infinitely many separatrices. S: 8, CR: 1.

FIGURE 8. Phase portraits of system (29).

where my = ly/l; # 0 and my = C/c # 0. The finite singularities of system (30)
are the hyperbolic singular points (0,0) and (0, —ms). The point (0,0) is a saddle if
ms < 0, and it is an unstable node when mo > 0.

Since DX (0, —my) = L %llmQ (r)n }, first we study the case 1 + mymy = 0.
—My
Then my; = —1/my and system (30) becomes
(31) X' =X(me+Y)/ma, Y =Y(ma+Y).

We analyze the reduced system X' = X/my, Y’ =Y whose unique singular point is
the origin. If ms > 0, then (0, 0) is a hyperbolic unstable node, and if my < 0, it is a
hyperbolic saddle. On the local chart Uy, the expression of p(X) is v’ = (1 — 1/ms)u,
v' = —v/my then (0,0) is the unique singularity on Uy, which is a hyperbolic unstable
node if my < 0; or it is a hyperbolic stable node if 0 < my < 1, or a hyperbolic saddle
when mqy > 1.

The expression of p(X') on Uy is v’ = (1/my — 1)u, v/ = —v. Therefore (0,0) is
a singular point, and it is hyperbolic. Moreover (0,0) is a stable node if my < 0
or ms > 1, and it is a saddle if 0 < my < 1. In consequence we obtain the phase
portraits of X’ = X/ms, Y =Y. And so changing the orientation of orbits when
Y < —my we get the phase portraits of system (31).

If 1+ myms # 0, then we obtain that (0, —ms) is a stable node if my > 0 and
my; < —1/mgy, or, it is a saddle if mg > 0 and m; > —1/mgy, or my < 0 and
my > —1/ms, or an unstable node when my < 0 and m; < —1/ma.

On the local chart Uy, the expression of p(X) is
(32) u' = (my — Duv + (my + Du?, v =muuv — 0%

which is a homogeneous system. So we can apply the classification of Date to system
(32) (see appendix). Realizing the calculations we obtain D = —m3/27 < 0, thus
system (32) belongs to the type I&. Since Ky = 27(my + 1)(mymg + 1)/8 and
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K3 = —2Tmy(ms — 1)(1 + ma + myms) /8 the classification is given in the next table.

Condition Sign of Ko Type P. portrait
and K3
my < —1, mg >0, my < —1/mq (1) of Fig. 7
my > —1, mg >0, m; > —1/my Ky >0 Is(1) b =0 of Fig. 4
my > —1, my <0, my < —1/mo
m; < —1,0<mg <1, m1>—1/m2 Ky <0, K3<0 16(3) (4) of Fig. 7
my < *1, mo < O, my < *1/7’)12
—1<mg <0, mo >1, m1<—1/m2 Ky <0, K3>0 16(2) (2) of Fig. 7
my >0, mg <0, my > —1/mq Ky <0,K3<0|1I6(3) (3) of Fig. 7
myp =—1,mg > 1 Ky=0,K3>0|16(4) (6) of Fig. 7
my = —1/mg, mo > 1 0<m<1ofFig. 5
myp =—1,my <1 Ky=0,K3<0]|Is(5) (5) of Fig. 7
my = —1/mg, ma < 1 0<m<1ofFig. 5
mp=—1,mg =1 Ko=0=K3 |15 (6) m =1 of Fig. 5

The expression for p(&X') in the local chart Us is v/ = (1 — mg)uv — (my + 1)u,

v = —v — myv? Therefore (0,0) is a singular point, which is a hyperbolic saddle
if m; < —1, and it is a hyperbolic stable node if m; > —1. If m; = —1 then
system becomes v’ = (1 — my)uv, v = —v — myv?, which possesses infinitely many

singularities, all the points (u,0). Consequently, we get the phase portraits in the
Poincaré disc of system (30) for each one of cases that occur and they are topologically
equivalent to the ones described in the previous table.

Case 3: AB # 0.

Subcase 3.1: C'= 0, ¢ # 0. Hence system (20) is X' = X (—ly/l; AayX — 3/l BfyY +
), Y =Y (AayX + Bp7Y). Taking v =1/c, o« = ¢/A and § = ¢/B we obtain

(33) X' =X(1-mX -—mY), Y =Y(X~+Y),

with m = —ly/l; # 0. The finite singularities of system (33) are the points (0,0)
and (1/m,0). If m > 0, then (1/m,0) is a hyperbolic saddle, and it is a hyperbolic
stable node when m < 0. The origin is a semi-hyperbolic saddle node with stable
separatrix tangent to the negative Y—axis.

The expression of the Poincaré compactification p(X’) on the local chart U; is

(34) u' = (m+Du+ (m+1)u* —uv, v =mv+muv— o>

So if m # —1, there are two singularities on Uy, the points (0,0) and (—1,0), which
are hyperbolic. Moreover (0,0) is a stable node if m < —1, it is a saddle when
—1 < m < 0, and an unstable node if m > 0. The point (—1,0) is a semi~hyperbolic
saddle-node.

If m = —1, then system (34) is v/ = —uwv, v = —v — uv — v? which possesses
infinitely many singularities (u, 0) for all w.

On the local chart Us, p(X) is v/ = —(m + )u — (m + 1)u? + uv, v/ = —v — uv.
Then (0,0) is a hyperbolic singular point. If m < —1, then (0,0) is a saddle, and it
is a stable node if m > —1. Therefore we obtain the phase portraits of system (33)
which are topologically equivalent to the ones depicted in Figure 9.
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= —1<m<0, m > 0,
S: 19, CR: 4. infinitely many S: 19, CR: 4. S: 21, CR: 6.
separatrices.
FIGURE 9. Phase portraits of system (33).

Subcase 3.2: C'# 0, ¢ = 0. Hence system (20) is X' = X (—ly/l;AayX —13/l1BB7Y),

1 LC
Y'=Y(AayX + BByY +~C). Let v = a=———and f=———, then

C’ I,A l,B
(35) X' =X(X+Y), Y =Y(1-mX—mY),

where m = [;/ly # 0. So system (35) by interchanging the variables X and Y
coincides with system (33).

Subcase 3.3: C'# 0, ¢ # 0. So taking v = 1/¢, « = ¢/A and 8 = ¢/ B, system (20) is
transformed into

(36) X' =X —mXY —m X% Y =myY + XY +Y?

where m; = ly/l; # 0 and my = C/c # 0. The finite singular points are (0,0),
(1/my,0) and (0, —my). The origin is a hyperbolic saddle if ms < 0, and it is a
hyperbolic unstable node if my > 0. We know that my # —1/m;, because otherwise,
according to Theorem 1, system (36) would not possess a Darboux invariant. Thus
the point (1/m4,0) is a hyperbolic singular point. It is a stable node if my < —1/my,
and it is a saddle if my > —1/my. Also (0,—msy) is a hyperbolic singularity. It is
an unstable node if my < 0 and m; < —1/mg; or it is a saddle when my < 0 and
my > —1/my. If my > 0 and my < —1/ma, then (0, —ms) is a stable node, and a
saddle when my > 0 and m; > —1/ms.

The expression of p(X) on U; is

(37) u' = (1+m)u+ (mg — Duv + (1 +mp)u?, v =myv+muv — v

The singularities on Uy are (0,0) and (-1,0) if my; # —1. In this case, the origin
is a hyperbolic singular point, it is a stable node if m; < —1, or a saddle when
—1 < my <0, or an unstable node if m; > 0. The point (—1,0) is a semi~hyperbolic
saddle-node.

If m; = —1, then system (37) becomes u' = (my — 1)uv, v = —v — uv — v* and
so there are infinitely many singularities on Uy, all the points (u,0). Thus we obtain
the phase portraits of system (36) when m; = —1, which are topologically equivalent

to the one depicted in Figure 10 (5). Note that m; = —1 and my = 1 does not occur
because in this case mg = —1/m;.

The expression of p(X) on Uy is v/ = —(1 + mq)u + (1 — ma)uv — (1 + my)u?,
v/ = —v — uv — myv?. Then (0,0) is a hyperbolic singularity, which is a saddle if
my < —1, and it is a stable node if m; > —1. Therefore we obtain the phase portraits
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of system (36) of the remaining cases, these are topologically equivalent to the ones
represented in Figure 10. This completes the proof of Theorem 3.

(1) (2) (3)

me <0, —1#m; <0or ma <0, my >0, m1 < —1, my > —1/ma,
ma >0, mi < —1,S: 21, CR: 4. S: 23, CR: 6. 0<ma<1,$S:22, CR: 5.

(4)

A

S

mo >0, m; < —1or, mi =
—1<mi; <0,8S:24, CR: 7. infinitely many separatrices.

FIGURE 10. Phase portraits of system (36).

APPENDIX: ON THE CLASSIFICATION OF TWO—DIMENSIONAL REAL
HOMOGENEOUS QUADRATIC DIFFERENTIAL SYSTEMS

We present some results on the classification of the phase portraits of two—dimensional
real homogeneous quadratic differential systems due to Date [5].

A two—dimensional real homogeneous quadratic differential system is defined by
i = PlLa® +2PLxy + PLy?, § = Pia® +2P%xy + Phy’.

!

We first decompose PA’“M into the "tensor part" ()%, and the "vector part" py as

1
p)\:P)%l—’_P)\Q% Qip:Pfu_g((sipﬂ—i_(sip/\)?

where 0f is the Kronecker delta and k, A, 1 = 1,2. Moreover Qf, = @7, and Qi +
2 =0.
X2
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Theorem 7. A two—dimensional real homogeneous quadratic differential system is
affine—equivalent to one and only one of the following ten canonical forms

T = —2zy + 2x(pr1x + pay) /3,

type IS . 9 9 R R
y=—a"+y* +2y(p1x + poy)/3,
T =—2xy + 2x(prx + pay) /3,

type I . 9 9 R R
y=x" 4y + 2y(pr1z + p2y) /3,
& =(2p,/3 — 1)a? + zy,

pe 1(1) | A/
Y =2(p1 +3)xy/3 +y°,
i =(2p,/3 — 1)a?,

type I1(2) (251/ )

Y =2(p1 + 3)xy/3,

type III(1) T=ay, U=a°+y>
type II1(2) T =—zy, U=a>—1y>
type I11(3) =% y=2°+ay,
type I(d)| =0, g§=21°,

type IV(1) | d=uay, y=y°

type IV(2) =0, y=0.

The parameters py and ps in the canonical form of type 16 are siz—valued; i.e., two
systems with (py, p2) and (P}, py) respectively are affine—equivalent if and only if the
vectors (p1, p2) and (P, ph) are connected with each other through a rotation by £2m/3
and/or an inversion of the sign of p;.

Some fundamental invariants of a two—dimensional quadratic differential
system. The following invariants and covariants known in classical invariant theory

[7] are useful for our purpose.
2

, 1
Hessian h™ = 2 g e Q) A, where € is the unit contravariant 2-vector

#7V7P7(7:1
of weight 1 with €2 = —€?! = —1, ' = €22 = 0.

2
Discriminant D = —2 E e,ﬂ,\eu,,h““h)‘”.

H7>‘7/L7V:1
2

2
Invariants H = Z h”ApHpA and F = Z E#HEpAQZ)\pppppo“

KA A=1 Ky by p,0=1
2

Covariant T,y = Z (2€epers ! 4+ Qlxpu/3 + Pupa/9)-
p,v=1

Given a quadratic differential system by means of these invariants and covariants
we can characterize to which of the 10 types given in Theorem 7 it belongs. More
precisely,
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P I T T T S SO typeI@
D) > () v v e e e typel@
( o HAD oo typell(1)
wso {020 I ot
( F >0 ceeveeenniinnn. typellI(1)
F O v, typellI(2)
D=0 N 0
[h] =0 [QM] ? F = [Thr] # 0 typelll(3)
B [T.2] =0 typelll(4)
L DAl A0 e typelV(1)
\ (@5,] =0 {[px]~—-0 ............ typelV(2)

Among an infinite number of invariants of Py, which can be derived through com-
bination of these fundamental invariants, the following sequence of invariants are
particularly useful

K, =F+9(=2)""*H -27(-8)" D, m=1,2,...,

for more details see [4]. This sequence of invariants play a substantial role in the
classification of the two—dimensional quadratic homogeneous polynomial differential
systems as we show now.

The next table provides a classification of a quadratic homogeneous polynomial dif-
ferential system according to the type of system that it belongs and that we shall use.
In Figure 11 are shown the phase portraits that appears in this paper correspond-
ing to the different kinds of quadratic homogeneous polynomial differential systems
described in the following table.

Ky >0 Type 16 (1)

Ky, <0 K3;>0 Type 16 (2)

Type I& K3 <0 Type I& (3)

K3 >0 Type 1& (4)

Ky =0 K3 <0 Type I& (5)

K;=0 Type I& (6)

Ky >0or Ky =K3=0| Type I& (1)

Type Id Ky, <0 Type 1& (2)

Ky=0o0r K3#0 Type 1& (3)

Ky >0 Type II(1-1)

Type II(1) Ky, <0 Type 11(1-2)

Ky =0 Type I1(1-3)
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Type I5(1) Type 16(2) Type 16(3)
/\\ \ A

Type I6(4) Type 16(5) Type I5(6)
Type I8(1) Type I6(2) Type I8(3)
’Ti&;(:) ﬁi Type 11&(1-3)

FIGURE 11. Phase portraits for quadratic homogeneous vector fields.
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