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LIOUVILLIAN AND ANALYTIC INTEGRABILITY
OF THE QUADRATIC VECTOR FIELDS
HAVING AN INVARIANT ELLIPSE

JAUME LLIBRE' AND CLAUDIA VALLS?

ABSTRACT. We characterize the Liouvillian and analytic integrability of the qua-
dratic polynomial vector fields in R? having an invariant ellipse. More precisely,
a quadratic system having an invariant ellipse can be written into the form & =
2?2 +y% —1+ylax+by+c), y = —x(ax+by+c), and the ellipse becomes 22 +y? = 1.
We prove that
(i) this quadratic system is analytic integrable if and only if a = 0;
(i) if 22 + y? = 1 is a periodic orbit, then this quadratic system is Liouvillian
integrable if and only if 22 + 2 = 1 is not a limit cycle; and
(iii) if 22 +y? = 1 is not a periodic orbit, then this quadratic system is Liouvilian
integrable if and only if a = 0.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We study polynomial differential systems in R? defined by

(1) x:P(x,y), y:Q(CU,y),
where P and () are polynomials with real coefficients such that the maximum degree of
P and @ is at most m. When m = 2 we call these differential systems simply quadratic
systems. The dot denotes derivative with respect to the independent variable ¢, which
is called here the time. Associated with system (1) we have the quadratic polynomial
vector field X with 5

0

We also refer to X as a quadratic vector field. For general properties on quadratic
systems see [1, 14].

In spite of over a thousand papers published on quadratic systems (see for instance
[11] or [14]) questions about their integrability are hard to tackle. Here we complete
the characterization of the Liouvillian and analytic integrability of the quadratic
systems having an invariant ellipse.

An isolated singular point of a quadratic system is called a center if it has a
neighborhood such that every solution passing through one of its points other than the
singularity is a non-trivial periodic solution. The set of all periodic orbits surrounding
a given center is called the period annulus of that center.
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A limit cycle of a differential system (1) is a periodic orbit isolated in the set of all
periodic orbits of system (1).

As usual C[z, y] denotes the ring of all complex polynomials in the variables x and
y. Let f(x,y) € Clz,y]. We say that f = 0 is an invariant algebraic curve of the
polynomial vector field X if it satisfies

L0 0f
(2) Xf—P%‘FQa—y—Kf,

the polynomial K = K(xz,y) € C|x,y] is called the cofactor of f = 0. It has degree
at most m — 1. When f = 0 is an ellipse and f = 0 is an invariant algebraic
curve, we will say simply that f = 0 is an invariant ellipse. Moreover if f(x,y) &
Rz, y] then the conjugate of f(z,y) provides also an invariant algebraic curve with
cofactor the conjugate of K(x,y). Independently of working with real polynomial
vector fields X when we study their Liouvillian first integrability we need to consider
the complex invariant algebraic curves, because sometimes these complex invariant
algebraic curves force the real integrability.

An exponential factor F of the polynomial vector field X of degree m is an expo-
nential function of the form F = exp(h/g) ¢ C with g, h € C|x, y] satisfying

oF oF
(3) XF_P8x+Q3y_LF’
for some polynomial L of degree at most m — 1, called the cofactor of the exponential
factor F. Exponential factors of the form exp(h/g) with g # 1 appear when the
multiplicity of the invariant algebraic curve g = 0 is larger than one, and with g =1
appear when the multiplicity of the invariant straight line at infinity is larger than
one, see for more details [6].

Let U be an open and dense set in R%2. We say that a non-constant C'! function
H:U — Ris a first integral of the polynomial vector field X on U, if H(x(t),y(t))
is constant for all values of ¢ for which the solution (x(t),y(t)) of X is defined on U.
Clearly H is a first integral of X on U if and only if YXH = 0 on U. We say that it
is an analytic first integral if the function H is analytic.

A non-constant complex function R: U — R is an integrating factor for the poly-
nomial vector field X', if one of the following three equivalent conditions holds

O(RP) _ O(RQ)

(4) e 9y div(RP,RQ) =0, XR=—-Rdiv(P,Q)
on U. As usual the divergence of the vector field X is defined by
orP  0Q
div(P,Q) = — + —.
v(P.Q) = 5o + 5

Knowing an integrating factor R of (1) we can compute a first integral H of X as
H =~ [ Ba.p)Pla.y) dy -+ hia),

OH
where the function h(z) is determined from the equality o R(z,y)Q(z,y).
x



LIOUVILLIAN AND ANALYTIC INTEGRABILITY ON QUADRATIC VECTOR FIELDS 3

Let fi,g;,h; € Clz,y] for i = 1,...,pand j = 1,...,¢q. Then the (multi-valued)
function

(5) 1)‘1 - f;‘zieﬂlgl/hl ... eMada/hq

with \;, u; € Cis called a generalized Darboux function.

We say that a polynomial differential system (1) is Liouvillian integrable if it has
a first integral or an integrating factor given by a generalized Darboux function.
Roughly speaking Liouvillian integrable polynomial differential systems are polyno-
mial differential systems having first integrals given by elementary functions or by
integrals of elementary functions, for more details see Singer [13].

It is well-known that doing an affine change of variables in R? a quadratic system
having an invariant ellipse can be written into the form
(©) i =a2>+y* -1 +ylax + by + c),
y = —xz(ax + by + ¢),

and the ellipse becomes 22 + y? = 1, the unit circle. For more details see [14] or [12].
The next result characterizes the quadratic systems which are analytic integrable.

Theorem 1. The quadratic system (6) is analytic integrable if and only if a = 0.

The proof of Theorem 1 is given in section 2.

The next result characterizes the quadratic systems having an invariant ellipse
which are Liouvillian integrable.

Theorem 2. Consider the quadratic system (6) with the invariant ellipse 2> +y* = 1.

(a) Assume that * + y* = 1 is a periodic orbit. Then system (6) is Liouvillian
integrable if and only if 2> + y*> = 1 is not a limit cycle.

(b) Assume that z*>+y* = 1 is not a periodic orbit. Then system (6) is Liouvilian
integrable if and only if a = 0.

Chavarriga, Giacomini and Grau in [3] proved that if % + y* = 1 is a limit cycle
then system (6) is not Liouvillian integrable. Llibre and Schlomiuk in [12] proved
that if 2 + y* = 1 is a periodic orbit but not a limit cycle, then 22 + y? = 1 is
contained in the period annulus of a center. It is well-known that quadratic systems
having a center are Liouvillian integrable, see [12] and the references quoted therein,
or see section 8.7 of [8]. In short, statement (a) of Theorem 2 is proved.

The proof of statement (b) of Theorem 2 is given in section 3.
2. PROOF OF THEOREM 1

Note that when a = 0 system (6) has the first integral
H=(c+by)(=* +y* - 1)°

which is an analytic first integral. Hence from now on we will assume that a # 0.
We introduce the change of variables

(7) X=zx+iy, Y=z—1y.
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With this change of variables system (6) becomes

ia b .
i=a(y—S@+y) —5@—y) —ic) - 1,
(8) , ia b ,
y:y(x+5(x+y)+§(x—y)+zc> — 1,

where we have denoted again (z,y) instead of (X,Y’). The proof of Theorem 1 will
be an immediate consequence of the following lemma.

Lemma 3. System (8) with a # 0 has no analytic first integrals.

Proof. Let f = f(z,y) be an analytic first integral of system (8).
We do the change of variables (z,y) — (z,y) with z = zy — 1. Then system (8)

becomes
) z+1
s=s(Zt 1),
)
(9) . z ida/z+1 brz+1 .
P ALY E B TN A S P
y 2\ y 2\ y

Let g(z,y) = f(zzl,y). Note that ¢ is a analytic in the variable z with coefficients

being a Laurent series around zero in the variable y. Moreover g satisfies

z+1 dg z da/z+1 brz+1 .\ g
z( J +y)—+y<—+—< y +y)+—(7—y>+zc>—:0.

0z y 2 2 dy
We restrict the equality to z = 0, and denoting g(y) = ¢g(0,y) we get
1a b .\ dg
(1) 4+ = (1 — 2 >_ =
<2(+y)+2( y) tiey) g =0

that is g is a constant, that can be always taken to be equal zero. Therefore, g = z¢;
for some function g; (which is analytic in z with coefficients Laurent series around
zero in y) that, after simplifying by z, satisfies

z+1 d91 z da/z+1 brz+1 1\ O
z( +y)—+y<—+—< +y)+—( —y)+zc>—
y 0z y 2\ y 2\ y dy
__<z+1
Yy

We consider two different cases.

+?J>91-

Case 1: g1 1s not divisible by z. In this case if we denote by g; the restriction of ¢
to z = 0, then we have that g; # 0 and g, satisfies

ia b - \d@ 1+y?_
— (141 +=(1—¢? )—:— .
(2( Ty + -y ey ) , o

Solving it we get g3 = C'exp(h1/hs2) where C' € C\ {0} and
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If 2 # a® + b2, then hy = a® + b? and

4igctanh™! <M> b2 —1
hy = VS + 2ialogy + b | 2itan™* L
VS ay® +2cy + a

—2logy + log <402y2 + 4dac (y2 + 1) y + b (y2 — 1)2 +a? (y2 + 1)2>> .

If > = a? + b2, then hy = —(b+ ia) and

da(-a+ibt V@) 4iby/a? + B tan~! (o)
(y* — 1) a® + 2iby*a — b* (y* + 1) Vib — ala + ib)3/?
a(y?—1
2btan—! (%)
- a+ b

hy =

iblog <a2 (y> —1)° + 0% (12 + 1)2>

21 —
+2logy a + b
Note that g; = §1(y)y~% "+ where g, is analytic. Since g, must be a Laurent series
around zero in the variable y and a # 0 we get that g; = 0 which is not possible.

Case 2: gy is divisible by z. Let n be the degree of g; in the variable z. In this case
we write g3 = 27g; for some 1 < j < n and such that g; is not divisible by z, i.e.,
if we denote by g, the restriction of g; to z = 0, then we have g; # 0. Moreover, g,
satisfies

z+1 0g; z da/z+1 brz+1 .\ 99;

z( +y>—+y<—+—< +y>+( —y)+zc>—
y 0z y 2\ y y

,(z—i—l

=-J + y) UE
If we denote by g; the restriction of g; to z = 0, then g; # 0 and it satisfies

ia b .\ dg; 14y
(Fa+97) +50 =9 +iey) G = —j— T,

2 2

Solving it we get g; = C'exp(hy/he) where C' € C\ {0}.
If 2 # a® + b2, then hy = a® + b? and

4iactanh ™ (M) 2
. NG ) . 1 b(y*—1)
hy = 2ial b2t _
1= NG + 21alog y + <zan (ay2—|—20y+a

—2log y + log <4C2y2 +4dac (y*+ 1)y + b (v* — 1)2 +a* (v + 1)2>>> :
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If > = a® + b2, then hy = —(b+ ia) and

[ Aa(catibt Ve +Py) 4iby/a? B2 tan ™ (Leriy )
1= (y?2 — 1) a® + 2iby%a — b% (y> + 1) Vib — a(a + ib)3/2
2btan! oy’ 1) . 2,2 2 1202 2
a by +b 1blog (a (2 —1)" + 0> (12 + 1) )

+ 2logy —

a-+1b a-+1b

Note that g; = §;(y)y=2/(+19) where §; is analytic. Since g; must be a Laurent series
around zero in the variable y and a # 0 we get that g; = 0 which is not possible This
completes the proof of the lemma. O

3. PROOF OF STATEMENT (b) OF THEOREM 2
Note that when a = 0, system (6) has the first integral
H = (c+by)*(«® +y* - 1)

which is a Liouvillian first integral because ¢ + by = 0 and 2% +3?> — 1 = 0 are
invariant algebraic curves of system (6) when a = 0, and consequently the function
H is a generalized Darboux function. Hence from now on we will assume that a # 0.

If the invariant ellipse 2% + y? = 1 is not a periodic orbit of system (6), then there
is a singular point on z? + 3*> = 1. Now we study the singular points of system (6).
Denote by S = a? + b? — ¢2. We have four cases.

Case 1: b# —1 and S > 0. In this case system (6) has the four singular points
—c+ /2 +4(b+1) —acFbV/S —bctaV/S
(10) p1,2 - 07 ) p3,4 - 2 2 ) 9 D) .
2(b+1) a%+b a+b
Note that ps3 and p4 are in 2% + y? = 1.

Case 2: b# —1 and S = 0. In this case system (6) has the three singular points
—cEt\/2+4(0b+1) —ac  —be

(11) P12 ( 2(b+ 1) BT a2

Note that ps is in 22 +y? = 1.

Case 3: b= —1 and S > 0. In this case system (6) has the three singular points

(12) 0" = (07%)’ o — (—acﬂpb\/§ c:l:a\/§>'

a?+1 7 a?+1
Note that ¢, and ¢z are in 2% + y? = 1.
Case 4: b= —1 and S = 0. In this case system (6) has the two singular points

1 —ac c
1 - - - .
(13) N <O’c>7 © (a2+1’a2—|—1)

Note that ¢o is in 22 +y? = 1.
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In short, for proving statement (b) of Theorem 2 it is sufficient to work with
a # 0 and a? + b* > 2, otherwise there are no singular points on 2% + 3? = 1, and
consequently 2%+ y? = 1 is a periodic orbit. The statement (b) of Theorem 2 follows
directly from the following result.

Proposition 4. System (6) with a # 0 and a* + V*> > ¢ has no Liowvillian first
integrals.

We introduce the change of variables in (7) and we work with system (8). Note
that the invariant ellipse f = 2% 4+ y?> — 1 = 0 of system (6) with non-—zero cofactor
2x, in system (6) becomes f = zy — 1 = 0 with the non—zero cofactor K = x + y.

We first compute the algebraic invariant curves of system (8). Note that by Lemma
3, system (8) has no polynomial first integrals. Now we study the invariant algebraic
curves with non-zero cofactor. We state an auxiliary result.

Proposition 5 ([5]). Assume f € Clz,y] and let f = f" --- f'" be its factorization
in irreducible factors over Clx,y|. Then, for a polynomial system (1), f = 0 is
an invariant algebraic curve with cofactor Ky if and only if f; = 0 is an invariant
algebraic curve for each i =1,...,r with cofactor Ky,. Moreover Ky = n Ky +---+
TLTKfT.

Proposition 5 states that to characterize the invariant algebraic curves f = 0 it is
enough to characterize the irreducible ones, that is the ones such that f is irreducible.
Now we study the invariant algebraic curves with non—zero cofactor.

Lemma 6. Let f = 0 be an irreducible invariant algebraic curve polynomial of system

' b ’ b
(14) a:/:a;(y—%(a:+y) —é(x—y)>, y’zy(as+%($+y)+§(w—y)>
with cofactor K = By + Prx + Poy. Then
By =0, Blz_il(a—ib)

2
for some non-negative integer [.

and By = zl(a;zb)7

Proof. We note that =0, y = 0 and (a—i(b+1))z+ (a+i(b+1))y = 0 are invariant
algebraic curves of system (14) with non—zero cofactors.

Under the assumptions of Lemma 6, if we denote by f = f(y) the restriction of f
to x = 0 then f # 0 (otherwise would be reducible) and it satisfies

<z’_a - é)QQd—f = (Bo + Pay)f-

2 2 dy
Then
_ 2i80 —2ify
f = K@(aJrib)yy atib | KeC \ {()}
' _ ) il(a + 1b)
Then since f must be a polynomial we must have 5y = 0 and [y = —s for

some non-negative integer [.
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If we denote by f = f(x) the restriction of f to y = 0 then f # 0 (otherwise would
be reducible) and we have, after simplifying by =,

(D)l

2 2/ dx
Then ) -
f=Ky=wu, KeC\{0}.
o . ij(a —ib)
Then since f must be a polynomial we must have §; = e for some non-
negative integer j.
Now we denote by f = f(y) the restriction of f to z = —%y. Then we

have that f # 0 (otherwise would be reducible) and it satisfies, after simplifying by
Y,
(L+by df ila(G—D+a*(G+1)+b1+b)(G+1) ;

1+b—|—2’ayd_y N 2(a—1(140)) /-
Then
A —ia(j—1)+a? G+)+b(1+b) (5 +1)
=Ky 2(1+0) , K eC\{0}.
Since f must be a polynomial and a € R, 5,/ € N we get that 7 = [. This completes
the proof of the lemma. O

Lemma 7. The unique irreducible invariant algebraic curves of system (8) with non—
zero cofactor is f =xy —1=0.

Proof. Since the degree of system (8) is two, the degree of any cofactor is at most
one, that is it can be written into the form

K = ap + a1z + oy, (0407041,042> eC? \ {(070; 0>}

It follows by direct computations that system (8) has no invariant algebraic curves
of degree one and that the only irreducible invariant algebraic curves of degree two
is zy — 1 = 0. Now we shall prove that this is the only irreducible invariant algebraic
curve. We proceed by contradiction.

Assume that f = f(z,y) = 0 is an irreducible invariant algebraic curve of system
(8) with non—zero cofactor K as above. Then it satisfies

(a(v- G -g-n-ic)-1) 3

(15) .
ia b . of
+ y(x+—(x+y)+—(x—y)+zc)—1 — = (ap + a1z + ay) f.
2 2 dy
We do again the change of variables (z,y) — (z,y) with z = zy — 1. Then system

Z;rl,y equation (15) becomes

z+1 dg z ta/z+1 brz+1 .\ 09 z+1
() oGz ()5 (i) g, = (orar==rau)o
Y 0z y 2\ y 2\ y dy Yy

(8) becomes system (9). Denoting g(z,y) = f(
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Now we denote by g the restriction of g to z = 0, i.e. g(y) = ¢(0,y). We have that
g # 0 (since otherwise would be reducible) and it satisfies

ia b CNdG ooy +oq 4+ any?
(1 y®) + (1 =2 )_:
<2(+y)+2( y°) +icy i g

Yy
We consider four different cases.
Case 1: ¢ # a®> +b? and b # 0. Solving it we get
9 9 9 9 9 9 ia(a]—ag)—(aj+ag)b
g = Cyiats (4c +dac(y® + )y + 0 (y* — 1)* + a*(y> +1)%) 2@
% exp alag — o) +i(ag + ag)b ton-! ( b— by? )
a’ + b? a+ 2cy + ay?

(a®ap — aloq + az)c + blagh — i(aq — az)c) —— < c+ (a+ib)y) ))
\/ —a _b2+02(a2+b2) ‘/—a2—b2+C2

where C' is a non-zero constant. It is clear that f must be a rational function in the
variable y. Clearly we must have

ala; —ay) +ila; +az)b=0 and a’ag — a(ag + az)c+ blagh —i(a; — az)e = 0,
that is

a—1b 2¢

16 = d =
(16) BT ™ M T ™

—2i(a—ib)ag
Then g = Cy <>+ . Again since g is a rational function in the variable y we have

a-+1b .
2%

for some non—negative integer j. In summary

Qg — —

1 )
ap =icj, = Ej(a —ib) and ap = 2](a +1ib).
Now we write f in sum of its homogeneous parts as f = > ., f; where each f; =
fi(z,y) is a homogeneous polynomial of degree i. Without loss of generality we can
assume that n > 0 and f,, # 0. Moreover f, satisfies the equation

(o= Jo ) G oo Fion o)
U((a—zb)x—l— (a+ib)y) fu

2

Since f,, # 0 we get that f,, must be an invariant algebraic curve of system (14) with
cofactor K = —%((a — ib)x + (a + ib)y), ie., By = 0, f1 = ij(a —ib)/2 and By =
ij(a+1ib)/2. It follows from Lemma 6 that j = 0 which yields that oy = as = a3 =0,
in contradiction with the fact that the cofactor is nonzero. Hence this case is not
possible.
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Case 2: ¢ # a® +b* and b = 0. Solving it we get

i(ag —ag)

g= C’y%1 (402y2 + dac(y® + Dy + a*(y* + 1)2) 2a

(2i(aa0 — (a1 + az)e) [ cHay
X exp tanh (—) ,
‘/—CL2—|—626L '/—CL2+02

where C' is a non-zero constant. It is clear that f must be a rational function in the
variable y. Clearly we must have

+ ) (] .
oy = M, o = % and ag = za(j—l + 2j2>
a

for some non—negative integers j; and js.

Now we write f in sum of its homogeneous parts as f = > | f; where each f; =
fi(z,y) is a homogeneous polynomial of degree i. Again, without loss of generality we
can assume that n > 0 and f, # 0. Moreover, proceeding as in Case 1, f, = 0 must
be an irreducible invariant algebraic curve of system (14) with b = 0 and with cofactor
K = %(jiz+ (j1 +452)y), i-e., Bo =0, B =ij1a/2 and B = ia(ji + 4j2) /2. It follows
from Lemma 6 that j; = jo = 0 which yields oy = ay = a3 = 0, in contradiction with
the fact that the cofactor is nonzero. Hence this case is not possible.

Case 3: ¢ = a? +b* and b # 0. Solving it we get

—2ia i(a(a] —ag)+i(ag+ag)b)
g=Cyor (P - 1+ 02+ 1))
_ , b 2 _ 1
X exp a(a; — ay) +.Z(041 + az) - (a(y ))
(a +1ib)? by +b

2(a(ay + ag) + ib(ay + az))Va® + b2 — (My)
(a? —|—.62)(a + ib)? JVib —a
(a2 + 82— (a +1ib)2y?)(a + ib) (4((01+ a2+ cop)a’

+ (ag(—2ib — Va2 + b2y) — Va? + b*(ag + a1y))a
+ b(byap + iV a? + b2ag — asb + iasvVa® + by + ay (b —iva? + bQZ/)))))v

where C' is a non-zero constant. It is clear that f must be a rational function in the
variable y. Clearly we must have

(I(Oél — 042) + i(Oél + OéQ)b = 0, a(a1 + OéQ) + i(Oél + OéQ)b =0

which yields oy = @y = 0. Then, again since f must be a rational function in the
variable y, and using that a; = as = 0 we must have

V@ F Pag(a — ib) — ag(t? + da)y = 0,

which clearly yields ag = 0, i.e. a3 = as = a3 = 0, in contradiction with the fact
that the cofactor is nonzero. Hence this case is not possible.
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Case 4: ¢ = a® + b* and b = 0. Solving it we get

ia i(ag—aq)
§— Oy (g7 — 1)
2i . . 2i(ay —
o - ol =)o b =) | 2=l 1),

where C' is a non-zero constant. It is clear that f must be a rational function in the
variable y. Clearly we must have

—Qial

ar —ax =0, aolla] —ay) + (o1 + a2)(yla] — a)), o =J
for some non—negative integer j. This yields as = oy, o = 2|alay/a and oy = ija/2.
Now we write f in sum of its homogeneous parts as f = > | f; where each f; =
fi(x,y) is a homogeneous polynomial of degree i. Again, without loss of generality
we can assume that n > 0 and f, # 0. Moreover, proceeding as in Case 1, f, = 0
must be an irreducible invariant algebraic curve of system (14) with b = 0 and with
cofactor K = “2(x +y), i.e, By = 0, By = ija/2 and f; = iaj/2. It follows from
Lemma 6 that 7 = 0 which yields that a; = as = a3 = 0, in contradiction with the
fact that the cofactor is nonzero. Hence this case is not possible. U

Now we present a characterization under suitable assumptions of the algebraic
multiplicity of an invariant algebraic curve using the number of exponential factors.

We say that an invariant algebraic curve f = 0 of degree m of a vector field X has
algebraic multiplicity k if f* is a factor of the so-called extactic curve of X but fF+!
is not a factor of the extactic curve, where the extactic curve of X is

1 T Y e ™ $m_1y e ym
R @ xw e xen aEr )  an)
Xl_1<1) Xl_l(x) Xl_l(y) .. Xl_l(l’m> Xl_1<Im_1y> L Xl—1<ym>
where [ is the number of elements in the basis {1,z,y,...,2™ 2™ 'y,... y™}. For

more details on the definition and properties of the extactic curve, see [6].

Proposition 8. For a given irreducible invariant algebraic curve f = 0 of degree m
of X. Then f has algebraic multiplicity k if and only if the vector field has k — 1
exponential factors exp(g;/f*), where g; is a polynomial of degree at most im and
(9;, f/)=1fori=1,... k—1.

Lemma 9. System (8) has no exponential factors.

Proof. Taking into account the possible multiplicity of the line of infinity, the possible
multiplicities of the finite invariant algebraic curves through Lemmas 3 and 7, and
the change of variables (7), if system (6) has exponential factors they must be of the
form

(17) exp(h), exp(h/(z*+y* —1)F),

where h is a polynomial and k is a positive integer. We denote by Sy + S1x + Boy the
cofactor of one of these exponential factors.
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First we shall see that there are no exponential factors of the form exp(h) with h a
polynomial. From the definition of exponential factor, the left hand side of equality
(3) is zero on the singular points. Then, taking into account the study of the finite
singular points of system (6) done in the beginning of this section we have:

Case 1: b# —1 and S > 0. In this case

() o

w(c )
() ) o

w( S ) () o

where S = a? + b? — 2. Solving this system we get that 3y = 3 = 8> = 0 and thus
h must be a polynomial first integral, in contradiction with Lemma 3.

Case 2: b# —1 and S = 0. In this case

—c+ /A +4b+1)\
st () ="

—c— /A +40b+1)\
50—1‘52( 20+ 1) )—07

Bo + b (m) B2 (aQ_—iClﬁ) =

Solving this system we get that §y = 1 = B2 = 0 and thus A must be a polynomial
first integral, in contradiction with Lemma 3.

Case 3: b= —1 and S > 0. In this case we have

50+@=0,
ot () () o
o+ 01 (ZYE) 4 (V) =,

where S = a% + 1 — 2. Solving this system we get that 8y = 8; = 3 = 0 and thus h
must be a polynomial first integral, in contradiction with Lemma 3.

Case 4: b= —1 and S =0,ie. b= —1 and ¢® =1+ a%. In this case

fot =0, fo—pr o
C C
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Solving this system we get that
Ba

c

Bo = pr=0.

Working with system (9) of the proof of Lemma 3 and denoting by h = ﬁ(z,y) =
h(z,y) we obtain
z4+1 oh z da/z+1 l/7z4+1 \Oh 1
(18) z( +y)—+y<—+—< +y>——< —y>+zc>—:ﬁg<——+y).
Y 0z y 2 Y 2\ gy dy c
Note that & is a polynomial in the variable z with coefficients being rational functions
in the variable y. Now restricting equality (18) to z = 0 and denoting by h = h(y) =

~

h(0,y) we get

(%(HyQ) —%(1—y2)+icy>% =52(—%+y)-

Solving it we obtain that h(y) is equal to

» , [ ct+(a—i)y

2i (2 4+a—i tanl(—)

( ) 2 a?—c2+1) Bo (2tan_1( y?—1 )
(a—i)eva?—c2+1 2(a —1) ay? +2cy +a

+ilog <y4+ (42 — 2) y? + dac (2 + 1)y + a2 (> +1)° + 1>> .

Since h(y) must be a rational function in the variable i, 35 = 0. So, By = 31 = B2 = 0
and thus h must be a polynomial first integral, in contradiction with Lemma 3. Hence,
there are no exponential factors of the form exp(h).

Now we shall see that there are no exponential factors of the form exp(h/(z?+y? —
1)¥). In view of Proposition 8 it is enough to show it for K = 1 and h a polynomial
of degree one. Thus, we take h = vy + 712 + Y2y. Substituting in (3) we get

((z* +y* = 1) +y(az + by + ¢))n — x(az + by + )y — 2x(y0 + N +2y)

= (Bo + frx + Boy)(2® + y* — 1).

Solving it we get By = 1 = B2 = Y9 = 71 = 72 = 0. Thus, h = 0, which is not
possible. This concludes the proof of the lemma. O

Proof of Proposition 4. If system (6) has a Liouvillian first integral, then it has an
integrating factor of the form (5) where f; = 0 are the algebraic curves and F; are
the exponential factors of system (6). In view of Lemmas 3 and 7 we have that
the unique invariant algebraic curve of system (6) is 22 + y* — 1 = 0 (a Darboux
polynomial with cofactor 2z). Additionally, it follows from Lemma 9 that system (6)
has no exponential factors. In short, the unique possible integrating factor must be
of the form (22 + y? — 1)*. From (4) we have

20t = 2z +ay — bz, AeC,

which is a contradiction because a # 0. Then, system (6) has no integrating factors
of the form (5).
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If system (6) has a first integral given by a function (5), from the above arguments
this first integral must be (2% + y? — 1)*. Then X (2% + y?> — 1) = 0 where X is the
vector field associated to system (6). So, we have 2\x(2? + y?> — 1)} =0, ie. A =0
in contradiction with the fact that (z* +y*—1)" = 1 is a first integral. Consequently
system (6) cannot have a Liouvillian first integral. O
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