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POLYNOMIAL AND RATIONAL FIRST INTEGRALS
FOR PLANAR HOMOGENEOUS POLYNOMIAL
DIFFERENTIAL SYSTEMS

JAUME GINE!, MAITE GRAU! AND JAUME LLIBRE?

ABSTRACT. In this paper we find necessary and sufficient condi-
tions in order that a planar homogeneous polynomial differential
system has a polynomial or rational first integral. We apply these
conditions to linear and quadratic homogeneous polynomial differ-
ential systems.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main problems in the qualitative theory of differential
systems in C? is to determine whether they have a global first integral,
i.e. first integrals defined in a dense and open subset of C?. This
problem goes back to Poincaré. In fact, Poincaré, in 1891, started
a series of three papers [24, 25, 26] in which he tried to answer the
following question: Is it possible to decide if an algebraic differential
equation in two variables is algebraically integrable? (in the sense that
it has a rational first integral).

For an arbitrary polynomial differential system in C? the existence
of a rational first integral does not imply the existence of an analytic
equation on the coefficients, and neither the degree of the integral nor
the genus of the phase curve is bounded by a function of the degree of
the differential system, see [16].

The characterization of polynomial or rational integrability for differ-
ent particular differential systems has attracted the attention of many
authors, see for instance [1, 14, 19, 20, 21] and references therein. In
the present paper we give the characterization of polynomial or rational
integrability for homogeneous polynomial differential systems. More-
over, for such systems when we control the polynomial first integrals,
in fact, we control all analytical first integrals, see [15, 19]. Indeed in
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[15] it is shown that if the eigenvalues of the linear part of the differ-
ential system do not satisfy some form of resonance condition, then no
analytic first integral exists (in a close similarity to the conditions for
the existence of polynomial and rational first integral).

Let C[z,y] be the ring of all polynomials in the variables x and y
with coefficients in C. And let C(x,y) be its quotient field, that is, the
field of rational functions in the variables x and y with coefficients in C.
As we have said, here we are interested in computing polynomial and
rational first integrals of homogeneous polynomial differential systems
in C? i.e. differential systems of the form

(1) T = Pn<x7y)v y = Qn(l‘,y),

where (x,y) € C?, P,(z,y), Qu(z,y) € Clz,y] are coprime and homo-
geneous of degree n and the dot denotes derivative with respect to an
independent variable ¢ real or complex. Our aim is to characterize the
systems of the form (1) which have a polynomial or a rational first
integral.

We recall that given a planar polynomial differential system

(2) T = P(‘%Z/)? y = Q(m,y),

where P(z,y),Q(x,y) € Clz,y], we say that a function H : Y C C? —
C, with U an open set, is a first integral of system (2) if H is continuous,
not locally constant and constant on each trajectory of the system
contained in &. We note that if H is of class at least C! in U/, then H
is a first integral if it is not locally constant and

oH OH
in U. We call the integrability problem the problem of finding such a
first integral and the functional class where it belongs. We say that
the system has a polynomial first integral if there exists a first integral
H(z,y) € Clx,y]. Analogously, we say that the system has a rational
first integral if there exists a first integral H(z,y) € C(z,y).

We say that a function V : W C C? — C, with WV an open set, is an
inverse integrating factor of system (2) if V is of class C', not locally
zero and satisfies the following linear partial differential equation

1% oV oP 0

in W. The knowledge of an inverse integrating factor defined in W
allows the computation of a first integral in i/ = W\ {V = 0} by the
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following line integral

@) Pz, y)dy — Q(z,y)dx
H(:'UJ y) - / V b
(z0,y0) (:L‘,y)

where (xg,%0) € U is any point. An easy computation shows that the
homogeneous polynomial

Vori(z,y) = yPu(z,y) — 2Qn(z,y)

is an inverse integrating factor for system (1). A proof of this well-
known fact can be found in Lemma 3 of [4]. If V,,14(z,y) =0and n > 1
we have that the polynomials P,(x,y) and @Q,(x,y) are not coprime
in contradiction with our hypothesis. We detail the integrability for
the case n = 1 of system (1) in Proposition 6. To see the relation
between the functional classes of the inverse integrating factors and
their associated first integrals see Theorem 3 of [12], see also [7].

Many works deal with the integrability problem of a system of the
form (2), see for instance [3, 5, 7, 18, 22] and references therein. The
main idea of these works is to consider the singular points of the system
and to give necessary conditions on the eigenvalues associated to the
linear part of each singular point in order that the system has a first
integral of a particular functional class. The paper [23] deals with linear
differential systems defined in £V, where k is a field of characteristic
zero and N > 2 is an integer, and the author gives a characterization
of the linear differential systems which have a polynomial or a rational
first integral in terms of the eigenvalues of the constant matrix which
defines the linear differential system.

Our main result is a characterization of the homogeneous polynomial
differential systems (1) which have a polynomial or a rational first
integral in terms of the eigenvalues associated to the singular points of
the system which lie on the “exceptional divisor”, once the origin has
been blow—up.

We consider the homogeneous polynomial V,,.1(z,y) = yP.(z,y) —
xQ,(z,y) and its factorization in linear factors

n+1

(3) Vori(z,y) = Hvi(m,y)

where v;(x,y) € Clz,y| are homogeneous polynomials of degree 1, for
1 =1,2,...,n+ 1. We say that two linear factors are equal if they
are proportional by a scalar value ¢ € C. We note that V,1(z,y) is
square—free if v;(x,y) is different from v;(x,y) for all i # j.
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Our first result establishes the non—existence of a rational first inte-
gral, and in consequence the non existence of a polynomial first integral,
for system (1) when V,,11(z,y) factorizes with repeated linear factors.

Proposition 1. If the homogeneous polynomial V, 11 (z,y) = yPo(z,y)
—xQn(x,y) is not square—free in Clz,y], then system (1) has no ratio-
nal first integral.

The proof of this result is given in section 2.

We analyze system (1) with n = 1 in Proposition 6. We note that the
origin for n > 1 of system (1) is a degenerate singular point. We make
use of the blow—up technique for studying its local phase portrait and
to characterize the integrability properties of the system. For a detailed
explanation of the blow—up technique, see for instance Chapter 3 of [11].
The idea of a blow—up is to separate the directions at which the orbits
of a system get to a singular point. In order to do that, we consider
the change of coordinates (z,y) — (u,v) with x = u and y = uwv.
We observe that in all the points of C? except those with x = 0, this
change is a one-to-one correspondence and that all the points (x,y) in
the same straight line through the origin y = mx, with m € C, are
transformed to the horizontal straight line v = m. In order to “see”
also the points such that = 0, we also consider the directional blow—
up given by (z,y) — (u,v) with x = uv, y = v, which is in one-to-one
correspondence for all the points of C? except those with y = 0. This
blow—up can be interpreted as a change which transforms the disk in
a neighborhood of the origin into a Moebius band and the origin into
a circle S in the middle of this Moebius band. This circle, which
turns out to be the union of the orbits of the transformed system after
dividing by u™! (or v"~! in the case of the second directional blow—
up), is called the ezceptional divisor. The two considered directional
blow—ups are two local charts which cover the Moebius band. In the
first one (x,y) — (u,v) with £ = u and y = uwv, the exceptional divisor
is given by u = 0 and in the second one (x,y) — (u,v) with x = uv,
y = v, the exceptional divisor is given by v = 0.

We deal with the singular points of system (1) which lie on the ex-
ceptional divisor S'. We will show that if p € S! is a singular point
of system (1) once transformed, then the matrix corresponding to the
linear part of the system in a neighborhood of p is diagonal. We de-
note its eigenvalues by A, and p,, where A, is the eigenvalue whose
eigenvector is orthogonal to the exceptional divisor S* and p, is the
eigenvalue whose eigenvector is tangent to the exceptional divisor S*.
We also define the quotient of these two eigenvalues by 7, = X,/ 1.
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Lemma 2. Consider the factorization of the polynomial V,1(z,y) =
yP(z,y) — 2Qn(x,y) given in (3). Each vi(x,y) defines a singular
point on the exceptional divisor having eigenvalues \; and p;, where
i 18 the eigenvalue whose eigenvector is orthogonal to the exceptional
divisor and p; 1s the eigenvalue whose eigenvector is tangent to the
exceptional divisor. If V,i1(xz,y) is square—free, then \;p; # 0, for
1=1,2,...,n+ 1.

The proof of Lemma 2 is given in section 2.

The following result provides the explicit expression of a first integral
of system (1) when V,,11(z,y) is square—free.

Theorem 3. Using the same notation than in Lemma 2, if the homo-
geneous polynomial V,,1(x,y) is square—free, then
n+1
H(CL’, y) - H Ui(xa y)%"
i=1
n+1

: Ai :

with v; = —, is a first integral of system (1). Furthermore, Z% =
i i=1
—1.

The function of the first integral given in Theorem 3 is called of
Darboux type, and the first integral is called Darboux first integral. To
know more about the Darboux theory of integrability, see for instance
[6, 8,9, 17] and the references therein. The proof of Theorem 3 is given
in section 2.

The following theorem is the main result of this paper and charac-
terizes when system (1) has a polynomial or a rational first integral.
As usual Q denotes the set of rational numbers, and Q* (resp. Q)
the set of positive (resp. negative) rational numbers.

Theorem 4. Using the same notation than in Lemma 2, the following
statements hold.

(a) System (1) has a rational first integral if and only if V,11(z,y)
1s square—free and v; € Q fort1=1,2,...,n+ 1.

(b) System (1) has a polynomial first integral if and only if Vi1 (x, y)
s square—free and v; € Q7 fori=1,2,...,n+ 1.

In relation with statement (a) we remark that, as 31y = —1

we only need to have that n (out of n+ 1) of the values 7; are rational
and we deduce that all of them are rational. In relation with statement
(b) we need that the n + 1 values ~; are in Q. Theorem 4 is proved
in section 2.

Y
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As an application of Theorem 4, we characterize all the linear and
quadratic homogeneous polynomial differential systems of the form (1)
which admit a rational or a polynomial first integral, see section 3.

2. PROOFS OF THE MAIN RESULTS

Proof of Proposition 1. If the homogeneous polynomial V,,.;(z,y) =
yP,(z,y) —2Q,(x,y) is not square—free in C[z, y], we can assume, with-
out loss of generality, that it has the multiple factor y with multiplicity
m > 1. That is, Vi1(x,y) = y™ R(z,y) where R(x,y) is a homo-
geneous polynomial of degree n + 1 — m and such that R(z,0) # 0.
To have this assumption we consider, if necessary, a rotation of the
variables so as to get y as the multiple factor. Indeed, in the new coor-
dinates, we get that y divides @, (x, y) and, since P,(z,y) and Q,(z,y)
are coprime polynomials, we have that P,(x,0) # 0.

A
Assume that system (1) has a rational first integral H(z,y) = B((x’ y; ,
T,y
with A, B € C[z,y]. Hence,
OH OH
P(x, y)a— + Qu(z, y)a— = 0.

By deriving the quotient H(z,y) = A(x,y)/B(z,y) and multiplying
by B(x,y)?, we get

Pule, >(§A ) - A<x,y>§—f
+ Qn(z ( — A(z,y) g_z;) = 0.

or equivalently
0A 0A

(4) OB OB

= o) (Pule) Gy + Qo) ay)

We denote by A, (z,y) the homogeneous terms of highest order a in the
polynomial A(z,y) and by By(z,y) the homogeneous terms of high-
est order b in the polynomial B(x,y). We denote by A(z,y) (resp.
B(x,y)) the sum of lower terms in A(x,y) (resp. B(z,y)), that is,
A(z,y) = Alz,y) + Aul(z,y) (resp. B(z,y) = B(z,y) + By(z,y)). In
the particular case that a = b and there exists a constant ¢ € C such
that A.(x,y) = ¢By(z,y), we consider the first integral H(z,y) — ¢
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instead of H(z,y). Then

e Az, y) + Au(z,y) .
) B(z,y) + By(x,y)
A(ZE,y) + Aa(xay) - CB(ZL’,y) - CBb(may)

B(l’, y) + Bb(aja Yy
Thus, we can assume, without loss of generality, that the quotient
Au(z,y)/By(x,y) is not a constant. The equation of the highest order
terms in expression (4) gives

0A, 0A,
(Pn(ﬂl?;y) o + Qn(z,y) 8_y> By(z,y)
A 0B, OB,
- Aa(xay) (Pn(xay) % + Qn(xay) a_y) )

which implies that the quotients A, (x, y)/By(x, y) and By(x,y)/Ad(x, y)
are also rational first integrals of system (1). Hence, if H(z,y) is a
rational first integral of system (1), we can assume without loss of gen-
erality that H(z,y) is a homogeneous function of degree d > 0, where
d = |a—b|

We consider the blow—up (z,y) — (u,v) with x = v and y = ww.
The transformed system, after dividing by u”~1, is

(5) = uP,(1,v), = Qn(1,v) —vP,(1,v).

v
We remark that, since V,11(x,y) = y™ R(z,y), we get Vi,11(u, uv) =
u"t ™ R(1,v). We define r(v) := R(1,v) and since V. 1(z,y) =
yP,(z,y) —xQ,(z,y), we get that the expression of © in the above

system can we rewritten as v = —v" r(v) with 7(0) # 0. Indeed, as
we have argued in the first paragraph of the proof of Proposition 1,
P,(1,0) # 0.

This change of variables gives that H (u,uv) = u?H(1,v) is a ratio-
nal first integral of the system

= uP,(1,v), v = —v"r(v).

We define h(v) := H(1,v) which is, by assumption, a rational function
of the variable v. We have that

u P, (1,0) (du®'h(v)) — v™r(v) (u’ k' (v)) = 0.

We note that if d = 0 in the previous expression, we get that h'(v) = 0,
which implies that h(v) is a constant. In this case, we can assume that
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h(v) = 1. This fact implies that H(u,uv) = u° which means that
H(z,y) is a constant, in contradiction with the fact that it is a first
integral. Therefore, d > 0. The previous identity gives that
(6) h'(v) _ dP,(1,v)

h(v) vmr(v)
We develop the right—hand side of this identity in simple fractions of
v, that is,

dP,(1,v Cm Con— c ay(v
APALY) G emot G @)

v r(v) o ™ v r(v)
where ¢; € C, for ¢ = 1,2,...,m, and ag(v),a;(v) are polynomials

with a;(v) a polynomial of degree at most the degree of 7(v) minus 1.
Equating both expressions, we get that ¢,, = d P,(1,0)/r(0). There-
fore, ¢,, € C\ {0}. We integrate identity (6) with respect to v, we
exponentiate and we get that

hv) = Cexp[ Cm__1 1

1 —mom-1

exp {/ (ng o+ CU—I + O:(S))) + ao(v)> dv] :

where C' is a constant of integration, which cannot be zero. We note
that exp [i’"m Um}_l] is not a rational function because c,, cannot be
zero. This exponential function cannot be simplified by any part of the
second factor. Thus, we get a contradiction with the fact that h(v) is
a rational function. We conclude that if Vj,1(z,y) is not square—free,

then there cannot exist a rational first integral for system (1). O

Proof of Lemma 2. We can assume, without loss of generality, that z is
not a divisor of the homogeneous polynomial V,,11(x,y) = yP.(x,y) —
xQn(z,y). If it was, we consider an affine change of variables (a ro-
tation) to avoid it. Therefore, the homogeneous polynomial V,, .1 (z,y)
factorizes in Clz, y] as

Vari(@,y) = c(y — o) (y — aez) ... (y — a12)
where a; € C for i = 1,2,...,n+ 1 and ¢ € C — {0}. In this way,
we only need to consider the directional blow—up (z,y) — (u,v) with
r =u, y = uv in order to see all the singular points of the exceptional
divisor. This directional blow—up transforms system (1) into (5). We
observe that the singular points of system (5) on the exceptional divisor
u = 0 are exactly those with v = «;, for i =1,2,... ,n+ 1, because

0 = Qun(l,v) —vP,(1,v) = =V, (1,v)
= —clv—a)(v—ag)...(v—aps1).
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Straightforward computations show that the linear matrix of system
(5) in a neighborhood of the singular point (u,v) = (0, ;) is

P,.(1,v) 0

0
0 %(Qn(l,v) —vP,(1,v))

v=qy

We observe that this matrix is diagonal and following the notation
introduced in the statement of Lemma 2 we have \; = P, (1, ;) and

0
i = 5 (Qn(1,v) —vP,(1,v)) .
We remark that A\; # 0 because if P,(1, ;) = 0 then, since @, (1, o;) —
a; P, (1, ;) = 0, this would imply that Q,(1,a;) = 0 and, hence, the
polynomials P,(x,y) and @, (z,y) would not be coprime, in contradic-
tion with the hypothesis. Therefore, \; # 0.
On the other hand, we see that

n+1

= —c H (o — ).

V=i =l

)

If Vi41(z, y) is square-free then o; # «; when ¢ # j and, thus, p; # 0,
fori=1,2,...,n+ 1. O

Proof of Theorem 3. We use the notation detailed in the statement and
in the proof of Lemma 2 and we will first show that

n+1 n+1

g8 Y=Y =1

iy Mi

This equality appears as a corollary of the results given in [2, 22] but
we include here a proof for the sake of completeness. We can assume,
without loss of generality, that x is not a divisor of the homogeneous
polynomial V,,11(z,y) = yP.(z,y) — 2Q,(z,y). We recall that

Vo (Lv) = Qn(1,v) —vP,(1,v)
(9) ’ = —c(v—ag)(v—ag)...(v—us1).

Since the V,,41(z,y) is square-free, we have that o; # «; when i # j.
We use the decomposition in simple fractions of a rational function,
then

P,(1,v) B il b,
Qn(l,v) —vP,(1,v) i a;’
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where b; € C. We take the common denominator in the right—hand
side, we multiply both members of the equality by it, i.e. by H”H(
«;), and we get that

n+1 n+1
Pn(l,'U) = Zbl H (v—ozj).

=1 =l

We take the value v = «; and we obtain that

n+1

Fally i) =0 H (a; — o).

—C iy
J=1,j#i

As we have seen in the proof of Lemma 2, we have that \; = P,(1, ;)

and p; = —CH?Jrll#Z(az a;), see (7). Hence, by = N/ = .
Therefore, we have that
P (1 U n+1 v
1
(10) Qn(1,v) —vP,( Zv—al

We take again common denominator in the right—-hand side of the pre-
vious identity and we multiply both members by [/ (v — a;). We
observe that the coefficient of v™ in the left-hand side is the coefficient
of v" of P,(1,v) divided by —c. By (9), we deduce that ¢ is the coef-
ficient of v™ in the polynomial P,(1,v). Thus, the coefficient of v™ in
the left— hand side is —1 whereas the same coefficient in the right—hand
side is 27! ;. Thus, we conclude (8).

Now we consider the expression H(z,y) = [[17 vi(z,y)" and we

have that it is a first integral of system (1) if and only if H(u,uv) is a
first integral of system (5), that is, if the following identity is satisfied

(11) Wupn(l,v) + W (Qn(1,v) —vP,(1,v)) = 0.
By (9) and (8), we have that
. n+1 1 n+1
= z?:f Vi — ) = — )
H(u,uv) = u H(v a;) ” H(v a;) .

=1 i=1

The left-hand side of (11) writes as

(12) (1)P1v+nz @n(lv) = vFa(l 0).

UV —
=1 v
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We see by (9) that

n+1
Qn(1,v) —vP,(1,v) _ . H (v—ay).
=1
We use this expression to rewrite the second term in (12) and also using
that v, = N/, i = Po(1l,0q) and p; = —c]_[;”rllﬁéz(aZ a;) (see
(7)) we have that

n+1 n+1 n+1
Qn(1,v) —vP,(1,v) v —
Z v— ZP L) H‘ai—aj’
J=1j#i

which is the expression of the Lagrange polynomial which interpolates

the n + 1 points (o, P,(1,04)), i =1,2,...,n+ 1, see for more details

[13]. Therefore, this polynomial is P,(1,v) and we conclude that the

expression (12) is identically null and, hence, identity (11) is satisfied.
O

Proof of Theorem 4. As we have proved in Proposition 1, the fact that
Vos1(z,y) is square—free is a necessary condition for system (1) to have
a rational (or polynomial) first integral. We will assume that V,, 1 (z,y)
is square—free for the rest of the proof and we will also assume that x
is not a divisor of V,,1(z,y), by doing a rotation in the variables if
necessary.

Assume that system (1) has a rational first integral H(z,y). As we
have shown in the proof of Proposition 1, we can assume that H(x,y) is
a homogeneous function of degree d > 0. Indeed, we have that H (u, uv)
is a first integral of system (5). We can write H (u,uv) = u?h(v) with
h(v) := H(1,v). Since it is a first integral of system (5), we have that

uP,(1,v) (dud_lh(v)) + (Qn(1,v) —vP,(1,0)) u?h (v) = 0,
which implies that
W'(v) _ P,(1,v)
h(v) Qn(1,v) —vP,(1,v)
By (10) we have that

which implies that



12 J. GINE, M. GRAU AND J. LLIBRE

where k € C\ {0} is an integration constant. Therefore,

d
U
H(u,uv) = k ,
) (H?;l(v—am)
and thus

d d
1+
H(z,y) = k =l :1: =k nfl i )
[L2) (/o — oy [Ti2) (v — az)

Using that 22:11 v; = —1 as we have shown in Theorem 3, we get that

H(z,y) = k (H(y—aix)”> :

=1

This fact implies that any first integral of system (1) needs to be the
sum of powers of the expression given in Theorem 3.

In short, the only possibility for system (1) to have a rational first
integral is that the expression given in Theorem 3 is a power of a
rational function, which means that v;/v; € Q for k =2,3,...,n+ 1.
In this case, we denote by g, = /71 for k = 2,3,...,n+ 1. Since
S = —1, we have that

=1
M(l+g+g+...+q4) = -1

Therefore, the fact that ¢ € Q for k = 2,3,...,n+ 1 is equivalent to
veEQfori=1,2,...,n+ 1.

Moreover, the only possibility for system (1) to have a polynomial
first integral is that the expression given in Theorem 3 is the power of
a polynomial, which means that all the ; belong to Q and are of the
same sign. Again, since Z?:’Lll v; = —1, we conclude that v € Q™ for
1=1,2,...,n+ 1. O

3. LINEAR AND QUADRATIC HOMOGENEOUS POLYNOMIAL
DIFFERENTIAL SYSTEMS

This section contains the characterization of the linear and quadratic
homogeneous polynomial differential systems with a rational or a poly-
nomial first integral. To do so, we shall use the canonical forms of linear
and quadratic homogeneous polynomial differential systems. Lemma 5
describes the canonical forms of linear systems of the form (1) in C2.
The canonical forms of quadratic homogeneous polynomial differential
systems are given in [10] and are done for real quadratic systems. Thus,
we give two statements: one in the real case and another one in the
complex case.
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The following lemma provides the canonical forms of linear homoge-
neous differential systems of the form (1).

Lemma 5. By an affine change of variables and a rescaling of time,
any linear homogeneous differential system of the form (1) is equivalent
to one of the following linear systems:

(a) & =z, y = ax + y;

(b) & =z, y = ay;
where a € C.

Proof. In order to avoid a confusion with the names of the variables, we
start with a system with variables u and v and we apply an affine change
of variables to get one of the systems (a) or (b) of the statement. That
is, we consider constants aiq, ag1, b1, bp1 € C which are the coefficients
of a linear homogeneous differential system

(13) U = ayu + anv, 0 = biou + borv.

We consider the homogeneous polynomial V (u,v) := v(aigu + agv) —
u(byou + bp1v) which is an inverse integrating factor of (13). The poly-
nomial V (u,v) splits in two linear factors (equal or different) and we
can assume, by a rotation of the variables if necessary, that u is one
of these factors. Thus, we can assume that ag; = 0 without loss of
generality and since the polynomials which define system (13) are as-
sumed to be coprime, we have that aigby; # 0. Thus, we can take a
time-rescaling and we get the system
U = u, v = @u + bﬂv

a1o aio
We consider two cases, either by; = ajg or bg; # aqg.

Case (a). If bpy = ajp we parameterize the coefficient byy by by =
aayp and renaming (u,v) with (x,y) we get system (a) of Lemma 5.

Case (b). If by # a1, we parameterize the coefficient by, by by; =
aayg and, hence, we are under the hypothesis that a # 1. We consider
the affine change of variables (u,v) — (x,y) with v = (1 — a)ajoz,
v = bypr + y and we get system (b) of Lemma 5. 0

The following proposition contains the characterization of linear ho-
mogeneous differential systems with a rational or a polynomial first
integral.

Proposition 6. By an affine change of variables and a rescaling of
time, a linear homogeneous differential system of the form (1) has a
rational (resp. polynomial) first integral if and only if it is equivalent
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to a linear system of the following form:
T =T, Y= ay,
with a € Q (resp. with a € Q7).

Proof. We only need to consider the canonical forms provided in Lemma
5. For the system (a), we have that the polynomial Vs(z,y) = az? We
observe that if a = 0, we have a particular system of case (b). If @ # 0
we get that the system has no rational first integral as a consequence
of Theorem 4 because V,(z,y) is not square—free.

For system (b) in Lemma 5, we have that Va(z,y) = (a — 1) zy. If
a =1, we see that H(z,y) = y/z is a rational first integral and there
is no polynomial first integral. If a # 1, as an application of Theorem
3, we get the following first integral H(z,y) = 27y~ 1™ with

a

T I e

Thus, the system has a rational first integral if and only if a € Q by
Theorem 4. Indeed, we see that v < 0 and —1 — v < 0 if and only if
a < 0. Therefore, also by Theorem 4, the system has a polynomial first
integral only if a < 0. U

The following results contains the canonical forms of real quadratic
homogeneous polynomial differential systems.

Lemma 7 ([10]). Any real quadratic homogeneous polynomial differ-
ential system of the form (1) is affine—equivalent to one and only one
of the following real quadratic systems:

(i

T = ar’+azy, v = (a+3)ry +y%;

R s

(iii) & = —xy, vy = 22 —y%;

(iv) & = —2zy + %x(ax +by), y =2 +y*+ %y(ax +by);

(v) & = —2zy + %x(aw +by), y = —2*+y*+ %y(aw + by);
where a,b € R.

As a direct consequence of this lemma, we have the following result
in the complex case.

Lemma 8. Any quadratic homogeneous polynomial differential system
of the form (1) is affine—equivalent to one and only one of the following
quadratic systems:

() & = ax®> + 2y, y = (a+ 3)zy + y?;

(b) T =1y, Y= x2+y2;

(¢) & = —2zy + 2x(ax 4+ by), y = 2+ y* + Zy(azx + by);
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where a,b € C.

Proof. In order to avoid a confusion with the names of the variables, we
start with a system with variables u and v and we apply an affine change
of variables to get one of the systems (a), (b) or (c) of the statement.
That is, we consider constants asg, @11, dg2, bag, b11, bg2 € C which are the
coefficients of a quadratic homogeneous polynomial differential system

(14) u = a20u2 + a1uv + CLOQUQ, v = b20U2 + bnuv + b02v2.

We consider the homogeneous polynomial V (u, v) := v(agu?+ayuv+
ap2v?) — u(bogu? + biyuv + beev?) which is an inverse integrating factor
of (14). The polynomial V (u,v) splits in three linear factors (equal or
different) and we can assume, by a rotation of the variables if necessary,
that u is one of these factors. Thus, we can assume that ags = 0 with-
out loss of generality and since the polynomials which define system
(14) are assumed to be coprime, we have that byy # 0. We have three
possible ways of splitting the polynomial V(u, v) taking into account
the multiplicity of the factors. It may have three different linear fac-
tors, or a double one (which we will assume that it is u) with a simple
one, or a triple one (which we will assume that it is u).

Case (a). We assume that V(u,v) has u as a double factor, that
is, we assume that a;; = bpe and asy — by; # 0. In this case, we
parameterize the coefficient byg by a value a such that

(a20 - b11)2 a a20(a20 - bn)

ho = - 3bo2 boz '
We consider the affine change of variables (u,v) — (x,y) with
-3 —3bag 1
v a0 — bi - v (azo—b11)2j€+ b_ozy7

and we get system (a) of Lemma 8.

Case (b). We assume that V(u,v) has u as a triple factor, that
is, we assume that a7 = bgpe and b;; = agy. In this case, since
the polynomials which define system (14) are assumed to be coprime,
we have that byy # 0. We consider the affine change of variables
(u,v) = (z,y) with

U:#;E’ UZ&JE—F—]J,

Vo2 bao bo2v/bo2 bao boz
and we get system (b) of Lemma 8.

Case (c). We assume that V(u,v) has three different linear factors,
that is, we assume that a;; # bgy and A = (agg — by1)* + 4(ay —
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bo2)bag # 0. We consider the affine change of variables (u,v) — (z,y)
with

, v = r— —.
JA VA a1 — boz

Indeed, we parameterize the coefficients a;; and by; by values a and b
such that b # —3/2 and (a,b) # (0,3) with

b— 3 b . GQO(b+6) +(l\/ —SA
34200 T b—3 ’

and we get system (c) of Lemma 8. We note that if b = —3/2 or
(a,b) = (0,3) we have that the polynomials which define system (c) of

Lemma 8 are not coprime, in contradiction with our hypothesis. O

u — 2\/ -3 - V —3(b11 — CLQ(]) 3

ay; = 2bpz

The following results establish all the real quadratic homogeneous
polynomial differential systems with a rational or a polynomial first
integral.

Proposition 9. A real quadratic homogeneous polynomial differential
system of the form (1) has a rational first integral if and only if it is
affine—equivalent to one and only one of the following forms:

(a) & = —2zy+2x(ax+by), y = 2 +y* + 2y(ax+by), witha = 0
and b € Q.
(b) & = —2zy + %x(am +by),y = -2+ 9>+ %y(ax + by), with
a=+3c and b, c € Q.
Proof. We denote, as usual, by ¢ = y/—1 the imaginary unit. By an

affine change of variables, we only need to consider the five families
of systems detailed in Lemma 7. In the family (i) we have that the

homogeneous polynomial Vi(z,y) = —3z%y which is not square—free
and, thus, the system has no rational first integral. In the families
(i) and (iii), the inverse integrating factor is Vz(z,y) = —2® which is

neither square—free and the same conclusion follows.
In the family (iv):

(15) & = —2zy+ %x(aw +by), ¥ =2"+y+ gy(a:c + by),

with a,b € R, we have that the inverse integrating factor is Vi(x,y) =
—x(2? + 3y?). In order to compute the values of the ~; for the three
points on the exceptional divisor provided by the factors of V3(x,y) we
consider the change of variables (z,y) — (u,v) with z = wv and y = v.
We take this blow—up because z is a divisor of V3(z,y) and y is not
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a divisor of this homogeneous polynomial. This blow—up leads to the
System

1
i = —u(3+u®), ©= 3 (3 + 2b+ 2au + 3u?) v.
This system has the singular points p; = (0,0), p» = (iv/3,0) and
ps = (—iv/3,0) on the exceptional divisor v = 0. The matrices associ-
ated to the linear part of the system on each of these points are:

-3 0
An = ( 0 §(3+2b)>’

A - 6 0 A 6 0

P <o 2(—3+iV3a+ ) ) P (0 2(—3 —iV3a +b) )
For each singular point, we define its eigenvalues \; and pu;, where \;
is the eigenvalue whose eigenvector is orthogonal to the exceptional
divisor and pu; is the eigenvalue whose eigenvector is tangent to the
exceptional divisor. Then we compute 7; = \;/p; and we have that

3+2b 1 , 1 ,
nm=TTg o 1= 5(—3+@\/§a+b>, V3 = 5(—3—@\/§a+b>.

By Theorem 4, the necessary and sufficient condition for system (15)
to have a rational first integral is that 1,2, v3 € Q which implies that
b€ Q and a = 0. In this case, a rational first integral is

H(xz,y) = <:L‘3+2b (IZ + 3y2)3_b>m,

where m is the denominator of the rational number b.
In the family (v):

2 2
(16) & = —2zy+ gsc(a:z: +by), §y=-—-at+y*+ §y(ax + by),

with a,b € R, we have that the homogeneous polynomial V3(x,y) =
z(x? — 3y?) is square—free. As in the previous case, we consider the
change of variables (z,y) — (u,v) with 2 = uwv and y = v which leads
to the system

1
= u(u*-3), 0= §(3+2b+2au—3u2)v.

This system has three singular points on v = 0 which are p; = (0,0),
p2 = (v/3,0) and ps = (—+/3,0). By analogous computations as the
ones performed in the previous case, we get that the quotients of eigen-
values for each singular point are

M= _%(3"‘21)), Y2 = %(\/&H—b—iﬂ), V3 = %(—\/ga—kb—B).
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By Theorem 4, system (16) has a rational first integral if and only if
Y1,72,73 € Q. We note that v, € Q iff b € Q. If we substract v5 — 3
we get 2v/3a/9 which also needs to be a rational number. Therefore
we conclude that a = /3¢ with ¢ € Q. A rational first integral in this
case is:

o= (2 )

where m is the least common multiple of the denominators of {3 +
2b,3—b+3c,3—b—3c} with b, c € Q. O

Proposition 10. A real quadratic homogeneous polynomaial differential
system of the form (1) has a polynomial first integral if and only if it
15 affine—equivalent to one and only one of the following forms:
(a) & = —2zy + 2z(ax + by), § = 2® + > + 2y(ax + by), with
a=0,beQ and -3/2 <b < 3.
(b) & = —2zy+ 2x(ax +by), y = —2® +y* + Sy(ax + by), with
a=+/3c, bc € Q and (b,c) belong to the triangle b > —3/2,
b<3—3c b< 3+ 3c.

Proof. If a system of the form (1) has a polynomial first integral, in par-
ticular it has a rational first integral. Thus we are under the hypothesis
of Proposition 9.

We recall that system (15) has the associated quotients of eigenvalues
of singular points in the exceptional divisor

3+2b 1 : 1 ,
o= 79 T2 = 5(—3+Z\/§a+b>, V3 = 5(—3—@\/§a+b>

as we have seen in the proof of Proposition 9. We have that a = 0 and
b € Q by Proposition 9. As a consequence of Theorem 4 we have that
v; € Q7 for i = 1,2, 3 is the necessary and sufficient condition to have
a polynomial first integral. This fact implies that —3/2 < b < 3.

For system (16) we have the associated values

1 1 1
m = —5(3‘*‘217)7 Y2 = 5(\/5@—1—()—3), V3 = §<—\/§a+b—3>,

as we have seen in the proof of Proposition 9. We have that a = v/3 ¢
and b, ¢ € Q again by Proposition 9. To have a polynomial first integral,
we need that v; € Q for i = 1,2, 3, which implies that (b, ¢) belong to
the triangle b > —3/2, b < 3 — 3¢, b < 3 + 3c. d

The following results establish all the complex quadratic homoge-
neous polynomial differential systems with a rational or a polynomial
first integral. We denote by i« = +/—1 the imaginary unit.
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Proposition 11. A quadratic homogeneous polynomial differential sys-
tem of the form (1) has a rational first integral if and only if it is
affine—equivalent to a quadratic system of the following form

2 2
T = —2xy+ gzc(ax—irby), =2 +y"+ gy(a:c—l—by),

with a = iv/3 ¢ and b,c € Q.

Proof. We only need to consider the systems appearing in the statement
of Lemma 8. In the case (a) the polynomial V3(x,y) is —3z2%y and in
the case (b) it is —x®. Since these polynomials are not square—free, we
discard these two systems by Theorem 4. For system (c):

2 2
(17) T = —2xy+ gx(ax +by), §=2"+y+ gy(ax + by),

with a,b € C, we have that V3(x,y) = —z(z? + 3y?) which is square-
free. Indeed, as we have seen in the proof of Proposition 9, we have that
the quotients of eigenvalues of the singular points in the exceptional
divisor are

M = —3+T2b, Yo = %(—3+i\/§a+b>, vy = é<—3—i\/§a+b>.
By Theorem 4, system (17) has a rational first integral if and only if
v; € Q for i = 1,2,3. We observe that v; € Q if and only if b € Q. If
we consider v, — 3 = 2iv/3a/9, we see that a needs to be of the form
a =1v3c with ¢ € Q. We denote by m the least common multiple of
the denominators of {3 + 2b, 3 — b+ 3¢, 3 — b — 3¢}. A rational first
integral in this case is:

H(z,y) = (m3+2b (x — i\/§y) . (x - Z\/§y> 3_b_3c> " .
0

Proposition 12. A quadratic homogeneous polynomial differential sys-
tem of the form (1) has a polynomial first integral if and only if it is
affine—equivalent to a quadratic system of the following form

2 2
T = —2xy + gx(ax—irby), =2+t + gy(ax—l—by),

with a = iv/3e¢, byc € Q and (b,c) belong to the triangle b > —3/2,
b<3—3c, b< 3+ 3c.

Proof. If a complex quadratic homogeneous polynomial differential sys-
tem has a polynomial first integral, then in particular it has a rational
first integral. Thus, we are under the hypothesis of Proposition 11. We
consider system (17) with a = iv/3 ¢ and b,c € Q. Thus, the values of
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the quotients of eigenvalues of the singular points on the exceptional
divisor are:
o= 2Ry = (B 8c4b), 1 = ¢ (-3 +3etb),
9 9 9

as we have seen in the proof of Proposition 9 and where we have sub-
stituted a = iv/3 ¢. By Theorem 4, system (17) has a polynomial first
integral if and only if ; € Q™ for ¢ = 1,2,3, which implies that (b, ¢)
belong to the triangle b > —3/2, b < 3 — 3¢, b < 3 4 3c. O
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