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ABSTRACT. Using the averaging theory of first and second order we study the
maximum number of limit cycles of the polynomial differential systems
t=y, §=-z—epi(x)y+a@)y’) - (p2(x)y + g2(2)y”).
which bifurcate from the periodic orbits of the linear center & = y, y = —=x.
Here € is a small parameter. If the degrees of the polynomials p1, p2, ¢1 and
g2 is n, then we prove that this maximum number is [n/2] using the averaging
theory of first order, where [-] denotes the integer part function; and this
maximum number is at most n using the averaging theory of second order.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The second part of the 16th Hilbert’s problem asks for finding an upper bound
on the maximum number of limit cycles which can have the class of all planar
polynomial differential systems with a fixed degree. Since this problem up to now
is untractable Smale in [34] proposed to restrict it to the class of classical Liénard
differential systems of the form

where f(z) is a polynomial, or equivalently of the form
t=y—F(x), y=-—x, where F(x)= /f(a:) dx.

For these systems in 1977 Lins, de Melo and Pugh [19] stated the conjecture that if
f(x) has degree n > 1 then system (1) has at most [n/2] limit cycles. They prove
this conjecture for n = 1,2. The conjecture for n = 3 has been proved recently
by Chengzi Li and Llibre in [20]. For n > 5 the conjecture is not true, see De
Maesschalck and Dumortier [7] and Dumortier, Panazzolo and Roussarie [8]. So it
remains to know if the conjecture is true or not for n = 4.

Many of the results on the limit cycles of polynomial differential systems have
been obtained by considering limit cycles which bifurcate from a single degenerate
singular point (i.e., from a Hopf bifurcation), that are called small amplitude limit
cycles, see for instance Lloyd [27]. There are partial results concerning the number
of small amplitude limit cycles for Liénard polynomial differential systems.

Other way also very used for obtaining results on the limit cycles of polynomial
differential systems is perturbing the linear center & = y, ¥ = —x inside the class of
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polynomial differential systems, or inside the class of classical polynomial Liénard
differential systems, i.e.

t=y, y=-x—cf(x)y,

where ¢ is a small parameter. The limit cycles obtained in this way are sometime
called medium amplitude limit cycles. Of course, the number of small or medium
amplitude limit cycles gives a lower bound for the maximum number of limit cycles
that a polynomial differential system can have.

There are many results concerning the number of small and medium amplitude
limit cycles for the following generalized Liénard differential systems

where f(z) and g(z) are polynomials, see for instance [2, 4-6, 9-13, 15-21, 24,
29-34, 37, 38].

The number of medium amplitude limit cycles bifurcating from the linear center
z =y, y = —z for the following three kind of generalized polynomial Liénard
differential systems

t=y—gq(@) - filx)y, §=-v—g2(z)— f2(2)y;
&=y - (), §=—z—ga(x) = fa(2)y;
& =y-— filz)y, y=—z—g2(x) — fa(@)y;
where studied in the papers [24], [1] and [25, 26], respectively. Moreover, the

number of medium amplitude limit cycles bifurcating from the center & = 3P~ 1,
§ = —x2971 of the polynomial differential systems
i = y p—l7 y — —.’1?2q_1 _ f($> y2n—17

has been analyzed in [22].

The goal of this paper is to study the number of medium amplitude limit cycles
bifurcating from the linear center & = y, ¥ = —x of the more generalized polynomial
Liénard differential systems

i=y, g=-z—pl@)y—q(x)y’

More precisely, we consider the planar polynomial differential systems

(2) i=y, §=—-z—elpi(x)y+q(@)y’) —(p2)y + g2(z)y?),

where p;(x Z aljx and g;(x Z b”x for 7 = 1, 2. Note that such polyno-

mial dlﬁerentlal systerns have degree n + 2, because the right hand parts of them
are polynomials of degree n + 2.

A summary of the averaging theory of first and second order for computing limit
cycles is given in section 2. Our two main results are the following ones.
Theorem 1. Using the averaging theory of first order the polynomial differential

n
system (2) of degree n+2 has at most 5 limit cycles bifurcating from the periodic

solutions of the linear center & =y, y = —x. Moreover, this upper bound is reached.

Theorem 1 is proved in section 3.
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Theorem 2. Using the averaging theory of second order the polynomial differential
system (2) of degree n + 2 has at most n limit cycles bifurcating from the periodic
solutions of the linear center & =y, y = —x.

Theorem 2 is proved in section 4.

Note that for the moment we do not know if the upper bound n for the number of
limit cycles of the polynomial differential system (2) of degree n+2, which bifurcate
from the periodic solutions of the linear center & = y, y = —z, using the averaging
method of second order is reached. We conjecture that it is reached, see Remark
13 where the conjecture is proved for n = 1,2, 3, 4.

2. THE AVERAGING THEORY OF FIRST AND SECOND ORDER

The averaging theory for studying specifically limit cycles up to second order in
e was developed in [3, 21]. We summarized it here up to second order. The theory
up to first order is very classical and can be found for instance in [35].

Consider the differential system
(3) i =cF(t,x) + 2 Fy(t,x) + 3 R(t, x, ),

where F1,F5: Rx D — R, R: R x D x (—¢y,e7) = R are continuous functions,
T-periodic in the first variable, and D is an open subset of R. Assume that the
following conditions hold.
(i) Fi(t,") € C*(D), Fy(t,-) C CY(D) for all t € R, Fy,Fy, R are locally
Lipschitz with respect to x, and R is twice differentiable with respect to e.

We define Fio: D — R for £k = 1,2 as

1 /7
Fio(z) = T/ Fi(s,z)ds,
0

Fao(z) = ;/OT {DzFl(s,z) </O Fi(t,2) dt) + FQ(S,Z)} ds,

(ii) For V C D an open and bounded set and for each ¢ € (—ey,ey)\ {0}, there
exists @ € V such that Fig(a) + eFao(a) = 0 and dp(Fig + €Fa, V,a) # 0.

Then for |¢| > 0 sufficiently small there exists a T-periodic solution z(-,€) of the
system (3) such that x(0,¢) — @ when € — 0.

The expression dg(Fig + £F39,V,a) # 0 means that the Brouwer degree of the
function Fig+eF5: V — R at the fixed point a is not zero. A sufficient condition
in order that this inequality is true is that the Jacobian of the function F}g + eFyg
at a be non—zero.

If Fig is not identically zero, then the zeros of Fjg+ eFy are mainly the zeros of
F1p for € sufficiently small. In this case the previous result provides the averaging
theory of first order.

If Fyg is identically zero and Fyg is not identically zero, then the zeros of Fyp+eFsg
are the zeros of Fyg. In this case the previous result provides the averaging theory
of second order.
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3. PROOF OF THEOREM 1

If we do in (2) the change of variables © = rcos 6, y = rsind (that is, we use the
polar coordinates) we can write system (2) as

7= —rsin’0 (E(pl + qirsin) + e2(pa + gor sin 9)) ,
§ = —1—cosfsind (e(p1 + qi7sind) + e(p2 + gorsinb)) ,

where p; = p,(rcosf) and g; = ¢;(r cosf). Therefore we have that

dr 1

(4) 0= J =GO,r,e)=cF(0,r) +2Fo(0,r) + ...,
here F1(0,r) = 0 G(0,r,¢) d Fr(0,r) = la—26'(9 ) M
where Fi(0,r) = | & T, E » and F3(6,7) = |55 T, E L ore pre-

cisely, we have
Fi(0,7) = rsin?0(p1 + q17sin )
and
Fy(0,7) = rsin® O(ps + qorsin @) — rsin® 6 cos O(py + q17sin )2,

n n
Substituting p; = Zailri cos'f and ¢ = Z birtcos' 0 in Fy (0,7) we obtain
i=0 =0
that

n+1

(5) Fi(0,r) =Y A0)r,

1=0

where
Ar(0) = ap1Tk(0) + br—1,15k—1(0),

T;(0) = cos’ 6 — cos’ T2 0,

S;(0) = sin 6 cos’ § — sin  cos’ T2 6.
By convention in the expression of A () we have taken
(6) a;1=0if7>n, and bj; =0if 7 < 0.

Doing an analogous process with F5(6,r) we obtain that

ntl . ntl . n+1 ‘
(7) FQ(G,T) = ZAi(g),rz-‘rl _ (Z DZ(G)TZ) (Z Ai(e)TH_l) 7
=0 i=0 i=0

where ~

Ap(0) = araT(0) + br—1 25k—1(0),

Dy(9) = ap1 Ri41(0) + bp—1,1T3(6),

R;j () = sinf cos’ 6.
In short, we have reduced the study of the limit cycles of the polynomial system
(2) to study the limit cycles of the differential equation (4).

First we shall study the limit cycles of the differential equation (4) using the
averaging theory of first order. Therefore, by section 2 we must study the simple
positive zeros of the function

(8) Fio(r) = % /0 ﬂFl(Q,r) do.
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For every one of these zeros we will have a limit cycle of the polynomial differential
system (2).

If Fyo(r) is identically zero, applying the theory of averaging of second order (see
again section 2) every simple positive zero of the function

2 r [
©  Fat)=5 | W;“( / Fl(t,r)dt>+Fz(9,T)] a0,

T or
will provide a limit cycle of the polynomial differential system (2).

Taking into account the expression of (5) and (7), in order to obtain Fio(r) and
F5(r) it is necessary to evaluate the integrals of the form
2m

2w
0 0

In the following lemmas we compute these integrals.

0
Lemma 3. Let I;,(6) :/ Ty (t)dt. Then
0

4]
(10)  Ii(0) = Y M;(k)sinfcos* ™20 4 <k +1-2 [’“;Fl]) Mg ()0,
i=0
where
1
My(k) =———
1
(11) My (k) = “h+2)
B k—2j+3 . E+1
M;(k) = M;_q( )k‘— 57 12 for each j =2,3, ..., { 5 } .
Moreover
0 if k is odd,
(12) I(2m) = k m -
k/2) Tk 5 2)2k1 if k is even.

Proof. In order to prove the value of Ij,(0) given in (10), it is sufficient to prove
that its derivative is T (). Now, if we derive the expression of the second right
hand part of (10) with respect to 6, we obtain

(5]

Z M;(k) (cos®T27200 — (k + 1 — 2i)(1 — cos® ) cos* % 0)
i=0

+ k+1—2@ Meiay(k),
2 (%]
that is,
(5]
Z M; (k) ((k’ 2 20)cost 220 — (k41— 2i) cost % 9)
1=0
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that can be written in the form
(5]
(k + 2)Mo(k) cos* 26 + Z M;(k)(k +2 — 2i) cos®272 ¢
i=1

(5]

k41
Z M;(k)(k + 1 — 2i) cos® 219 — Msp ](k) (k: +1-2 { ; D cogk—21(k+1)/2] g

(;H—Q [k;FlD My ()

Taking into account that

1] £
M;(k)(k+ 1 — 2i) cos" 219 = Z M1 (k)(k + 3 — 2j) cosP 2727 g,

i=0 j=1
the expression of Igé@) becomes

(4]

k+2—2i k+1 k_2[ﬂ]

(13) Z N;(k) cos 0+ (k+1-2 — M[%](k;)(l—cos z 16),

i=0
where

No(k) = (k + 2)Mo(k),
N;(k) = ((k—2i 4+ 2)M;(k) — (k — 2i + 3)M;_1(k)), fori > 2.
Using (11) we deduce that No(k) = —1, Ni(k) = 1 and N;(k) = 0 for ¢ > 2.

k+1
Finally we note that if k£ is odd then k + 1 — 2 ;—} =0, and if k is even then

1 — cos*2["5"] 9 = 0. Hence the value of (13) is cos® @ — cos*+2 0, that is T}, (0).
Therefore (10) is proved.

- kE+1
Now we shall compute the value of I, (27). First we observe that k+1—2 [ ;_ ]
is 0 if k is odd. Therefore, from (10) we have that

(%]

Z M; (k) sin (27) cos® 172 (27) = 0.

On the other hand, when k is even k41 — 2 {
(11) we have

- kD33 (k) 1
Mpsp (k) = My (k) = o= 2.2 (k/2> (k+ 228

and hence, again from (10) we obtain

E+1
;— } = 1 and, taking into account

o k+1-2 k il
+1-22
E M; (k) sin (27) cos (2m) + (k/Z) s

This completes the proof of the lemma. O
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0 0
Lemma 4. Let J,(0) = / sint cos® tdt and Jy,(0) = / Si(t)dt = Jp—2(0)—Jr(0).
0

0
Then the following equalities hold:

- 2
(14) WO = G e T s cost 00— costO,
Jr(2m) =0,
for each value de k.
Proof. Both equalities follow easily by direct computation. O

Using these two lemmas we shall obtain in the next proposition the integral the
function Fyg(r). First, we define the function

[’
T(r) = /O Fy(t,r) dt.

Then taking into account the expression of (5), we deduce that

n+1

(15) To(r) =Y Bi(0)r'*!,
=0

0
where B;(0) = / A;(0) df, that is
0

(16) B,(Q) = a,ll_k(ﬂ) + bi,171ji,1(9).
Proposition 5. We have
[n/2] .
~ Iog(r) a2i1 20\ o
(17) Fuo(r) === =r ; 22i+1(j + 1) <z>r

Proof. Since Iz, (r) can be obtained using (15) with 8 = 27, we must determine
the values of B;(2r). Using (16) and, taking into account that J;_1(27) = 0 (see
Lemma 4), we have that B;(27) = a;1[x(27). Now, if we calcule B;(27), by using
the expression for I;,(27) obtained in (12), it follows (17). O

Proof of Theorem 1. From Proposition 5 the function Fio(r) has at most [g} sim-
ple positive zeros. Furthermore, since we can choose arbitrary values for ag; 1 and,
in addition, these coefficients appear multiplied by nonzero constants, it is possible
to reach this upper bound. Therefore, using the averaging theory of first order, the
polynomial differential system (2) has at most [g} limit cycles bifurcating from the
periodic solutions of the linear center & = y, y = —z and, by choosing an adequate
system, one can has exactly these number of limit cycles. (I

4. PROOF OF THEOREM 2

When Iy, (r) = 0 we shall apply the second order averaging theory for studying
the limit cycles of the polynomial differential system (2). Therefore, from (9) we
must study the simple positive zeros of the function

Fao(r) = % /0% <6Fla(f’r)]lg(r) + Fg(@,T)) o,
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We split the computation of the function Fso(r) in two pieces, i.e. we define
2 Foo(r) = L(r) + J(r), where

2m r 2m
I[‘(T) = /(; %HG(T) df and J(’r’) = /0 F2(0,r) do.

First we shall calcule the function IL(r).
From (5) and (15) we get

n+2 [k—1 2
Lir)= > Z(j+1)/ Aj(0)By_;_1(0)d6 | r*¥ +
k=1 \ j=0 0
(18) ’
n+1 [n+1 2
SG+D [ A OBy (6)ds | 7,
k=1 \ j=Fk 0
27

Remark 6. We have that A (0)By(6)dd = 0. Indeed, we have that Ay (6) is
0

the derivative of By(0). Hence a primitive function of the integrand is By(6)?/2
and taking into account (16) and Lemmas 3 and 4, we deduce that the values of the
primitive function at 2w and at 0 coincide.

2m
Now we shall compute the integrals / A, (8)B,4(0) df that appear in (18) when

0
p # q. Using the expression of A; () and (16) we have
27

27
AOB(0)d0 = apon | T,OL,0) a8+
0 0

2

by [ T(0)7,(0) o+
(19) 0%
byraan [ Sy (O)1,(6)do+

0
2m _
bp—1,10g-1,1 Sp—1(0)J4—1(6)db.
0

In the next proposition we obtain some results on the integrals of the right hand

part of (19).

Proposition 7. If p # q the following statements hold.
2m

(a) Sp—1(0)J;—1(0) d0 = 0 for all values of p and q.
0
2m
(b) If q is odd, then/ T,(0)1,(0)do = 0.
0

27
c) Ifp is odd, then T,(8).J,—1(0) d takes the value 0 if q is even, and the
p q
0

value

B m(2p + 5q + 8) ( p+q )
2vta-lg(g+2)(p+q+2)(p+q+4) \(p+q)/2
if q is odd.
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2
(d) If q is odd, then / 1,(0)S,-1(0) do takes the value 0 if p is even, and the
0

value

S 3Mi(g) (7o)
et WHI=2(p 4 q+2 - 20)(p+ g +4—20) \(p+ ¢ — 20)/2

if p is odd, where M;(q) is defined in Lemma 3.
Proof. From the definition of the function S;(¢) and (14) we obtain that the 27—
periodic function S,_1(0)J,—1(0) is odd. Therefore statement (a) follows.
If ¢ is odd, then

T,(0)1,(0) = (cos” @ — cos”*2 ) Z M;(q) sin cos?t172 ¢

This function again is odd and 27—periodic, therefore statement (b) is proved.
Since
- 2
T,(0)J,—1(8) = (cos? § — cosPT2 9 (—|—
2(0)711(6) = ( s+ s

from the definition of T},, we obtain that

T (0)7,-1(0) = <=y (0) + — 5 Theqs2(6) = ~Trrl0).

Hence, taking into account the definition of I (6), we deduce that
/27r T,(0)J,—1(0)do = 2z L,(27) + L I, (2m) — s (2m)
_ = ™ - .
o P q-1 q(q 2) P q+2 p+q+2 q p+q

Now if we take into account the values of I;(27) given in Lemma 3, statement (c)
follows.

1
cos?T2 6 — = cos? 9) ,
q

Finally taking into account that

2
1,(0)S,-1(0) = Z M;(q)sin6 cos?' =29 | (sinfcosP~1 6 — sin @ cosP*! §)

(1 — cos?0) Z M;(q) cos®™' 7270 | (cosP=1 6 — cosPT10),

again we can express I_q(9)75p,1(9) in terms of the integrals of the functions T}, and
using again the values of Ij(27) given in Lemma 3, statement (d) follows. (]

Proposition 8. If I, (r) =0, then
(3] /&

|
—

(25 + 2)L(k, j) | v+t +

X
—

EM

w3
w3

(2) +2)L(k + [ngg] ) | D
=k

£l
Il
<

<
Il
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where
ot
W(t)(IOt—6j+5)
—a2;411b2e2;—
G222 000 T (¢ 4 1) (¢ + 2) (2t — 25 — 1)(2t — 2j + 1)

3rM;(2t — 2j — 1) 2% — 2i
+boj102i—25-11 Z PR (41— L2\ t—i )
i=0

L(t7j> =
(21)

t—j

Proof. If Iy, (r) = 0, using Proposition 5, we have that a;; = 0 when ¢ is even.

2m
Then we shall prove that / A,(0)By(0)dd = 0 if p or g are even. If p is even,

0
from (19) and statement (a) of Proposition 7, we get

2m

27
/ Ay(0)By(0)d0 = by_11ag1 | S,_1(6)T,(6)db.
0 0

Therefore using that aq1 = 0 if ¢ is even and statement (d) of Proposition 7 if ¢ is
odd, it follows that the above integral is 0.
If ¢ is even, using again statement (a) of Proposition 7, we obtain

27

27
| 408,000 = aibyrs [ 1,017,100
0 0

In this case using that a,; = 0 if p is even, and statement (c) of Proposition 7 if p
is odd, again we obtain that the above integral is 0.

On the other hand in the case that p and ¢ are odd, using statements (a) and
(b) of Proposition 7 we can write (19) as

2

27
Ap(Q)Bq(H)dG = aplbq_m / Tp(ﬁ)Jq_l(G)d0+bp_171aq1 Sp_l(H)Iq(H)dG
0 0

27

0

The integrals on the right hand part can be calculated using statements (c) and
(d) of Proposition 7. If we remove from (18) all the integrals where p or ¢ are
even and we substitute the others integrals by their values, we obtain (20) and the
proposition follows. (I

We note that some of the values of L(t,7) are zero. Indeed, the integral that
2m

corresponds to t = (j — 1)/2 is Agj11(0)Bg;y1(8) df, and from Remark 6 it is
0
zero.

In order to complete the computation of Fay(r) we must determine the function
J(r). Taking in account the expression of F»(6,r) given in (7), first we compute the

o2 n+1 _
integral /

Lemma 9. We have
[n/2]

27rn+1 a
0_ 24,2
[3 S et (;

Proof. The proof is analogous to the proof of Proposition 5. 0
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Next we shall compute the function

270 [/n+1 n+1 )
r) = (0)r (0)rit
S(r) / (2_: D) ) (2_: A,(6) )de,

ie.
n+2 [k—1 2
S(r)=>_ / D;j(0)Ar_j_1(0)d0 | r*+
k=1 \j=0"0
n+1 [n+1 27
S [ DO A0 | ot
k=1 \ j=k O
Using the definitions of the functions A,(#) and D, (#) we have
27 27
Dp(0)Aq(0)db = apraq Ry11(0)T4(0) do+
0 0
2m
ap1bg—1,1 Rp11(0)Sg-1(0) do+
(22) "

27
by 11ag / T, (0)T,(6) do-+
0

27
bpfl,lbqfl,l/ T,(0)S,—1(0)d6.
0
In the next proposition we obtain some results on the integrals of the right hand

part of (22).

Proposition 10. The following statements hold.
2m
(a) Ry 1(0)T,(0) do = 0.
0

27
(b) If p is odd, then / Ry+1(0)Sq-1(0) d is zero if q is even, and equal to
0

p+q
37r((p+q)/2>
20+ (p+q+2)(p+q+4)

if q is odd.

2m
(¢) If q is odd, then / T,(0)T,(6) db is zero if p is even, and equal to
0

p+q
3”(<p+q>/2)
20t (p+q+2)(p+q+4)

if p is odd.
21
@ [ 105,00 =0

Proof. The proof of this proposition is similar to the proof of Proposition 7. (]
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Proposition 11. If I, (r) =0, then

5] /k—1
S(r) = Z S(k,7) | r2* 4

k=1 \ ;=0
(23)

B (L, .

S(k-+ [ 5 ],j) rﬂk+[44ﬁ)+17

k=0 \ j=k

where
2t

37T< ; ) (@2j41,1b2t—25—2.1 + baj1a2t—25-1.1)

(24) S(t,j) =

221 (¢ 4 1)(t + 2)

Proof. Since Ia,(r) = 0, by Proposition 5, the coeflicients a;; = 0 when i is even.
27

Then we shall prove that D,(0)A,(0)dd = 0 if p or ¢q are even. If p is even,
0
from (22) and statement (d) of Proposition 10, we have

2 2m
Dy (0)Ay(8)d0 = by 1 1001 / T, (6)T, (6)do.
0 0
Then using that a4 = 0 if g is even and statement (c) of Proposition 10 if ¢ is odd,
we obtain that the above integral is 0.

If g is even, using statement (a) of Proposition 10 we get

2m 27
Dyp(0)Aq(0)db = ap1bg—1, Rp11(6)Sq-1(0)db.

0 0

Then, since ap = 0 if p is even, and from statement (b) of Proposition 10 if p is

odd, we obtain that the above integral is 0.

In the case that p and ¢ are odd, using statements (a) and (b) of Proposition 10
we can write (22) as

2T 2m

27
D)4, 0)08 = ayiby-rs [ Rys(0)S,1(0)d0+,- 1000 [ T,O)T,(0)ds
0

0 0

that can be calculated using statements (b) and (c) of Proposition 10. If we remove
from the definition of the function S(r) all the integrals where p or ¢ are even,
and we substitute the others integrals by their values, we obtain (23), and the
proposition is proved. ([

Proposition 12. If Iox(r) = 0, then the function Fxo(r) defined in (9) can be
expressed as §H(r) where

3] (254]
(25) H(r) = Hy+ Y Hyr®* + > Hypnge r? B0,
k=1 k=0
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with
HO = Qp2,
(+)
ask,2 k—1
k . .
Hy = —pgrrl + D asjraabar—gj—21 (C(k, j) + E(k, k= j = 1)),
j=0
[252]
Hyypngz) = > 241,10y (mg2)) 2y 21 (C(k + [252],5) +
j=k
Bk + 32k +["52] -7 - 1)),
and
2t
Ctti)= — (25 + 2)(10t — 65 + 5) t
)= (2t—2j—1)(2t—2j + 1) 22t + 1)(t +2)’
2t — 24 2t
- 3Mi<2t—2j—1><t_iz> 3<t)
BE(t,j) = 2j +2 : - :
(t,9) ;( 7+ )22t—2’+1(t+ L—i)(t+2—1d) 2241t +1)(t+2)

Proof. Since 2mFyy(r) = L(r) + J(r) and

2r n+1 B )
J(r) = (/0 Z A (09) d9> i S(r),
i=0

using Propositions 8 and 11 and Lemma 9, we have

[n/2] .
- @252 2 2i4+1
27TF20(71) = T ; 221(Z—|—1)<Z>r +

(5] /k-1

Yo Do @i +2)L(k, 5) - S(k,5) | P+

k=1 \ j=0

2] (2] n+2 n+2 nt2

(2 + 2)L(k + { 5 } ) — Sk + [ . ] ) | PR EED

k=0 \ j=Fk

From (21) and (24) we get

(27 +2)L(t, j) — S(t,7) = m(azjt1,1b2t—2j—21C(t, 5) + baj1a2t—2;-1 1 E(t, 7)),
and consequently

(5] (%]
H(r)=Hy+ ZHkr% + ZH,CHTLTH]TQ(M’[%D
k=1 k=0
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where

Hy = aopo,

()
azk.2 k—1
Hy, = 22k I+ 1 + ;} a2j+1,1b2k72j72,1c(k7j) + b2j,1042k72j71,1E(k7j))7

2] n+2
Hk+[#] = (a'2j+171b2(k+[#])723‘72)1c(k‘+ [ 2 ],])‘i’

j=k
D215 m52)) 2511 E(k+[%£2],7)).

Now we observe that if ¢ is fixed and jo =t — j1 — 1, then agj, 41,1b2t—25,—21 =
baj,,102¢—2j,—1,1. Using this relation we can write Hj, and HanTJrz] as they appear

in the statement of the proposition. We note that now the sum in Hk+[nT+z] ends

with j = [(n — 1)/2], because if n is even the term that corresponds to j = [%] is

zero, see (6). This completes the proof of the proposition. (I

Proof of Theorem 2. From (25), the coefficient of the highest degree of H(r) has
exponent 2([252] +[2£2]). Since [251] + [22] takes the value (n—1)/2+ (n+1)/2
if n is odd, and the value (n —2)/2+ (n+2)/2 if n is even, that is n in both cases,

then the polynomial H(r) has degree at most 2n.

Taking into account the above arguments, we deduce that Fso(r) = gﬁ (r) can
has at most n simple positive zeros, and consequently the polynomial differential
system (2) will have at most n limit cycles bifurcating from the periodic solutions
of the linear center & = y, y = —z, using the averaging theory of second order. [

Remark 13. In Section 1 we conjecture that the upper bound n of Theorem 2 can
be reached and, in fact, our numerical computations confirm this idea. For example,
in the following we prove that the bound is reached for the values of n =1,2,3,4.

If we denote by F,(r) the function H(r) = 2Fs(r)/r corresponding to degree n,
an adequate computation allows to obtain that
Fl(T) = ap — (1/4)&111)017’2,
Fy(r) = Fi(r) + (1/4)r* (az2 — (1/6)ar1ba1r?),
F3(r) = Fa(r) — (1/8)r%az1((7/3)bo1 + (3/8)barr?),
and
F4(’I") = Fg(?”) + (1/8)7’4(6L42 — (1/8)&11b41T2 — (11/80)&31b417"4).

Now if we fiz age = 1, a1 = 2 and byy = 2 we have that Fl( ) =1—12 that
has ezxactly one positive zero. If we fir again agx = 1, a1 = 2 and by = 2 and
furthermore we choose ass = —1 and by = —3, we hcwe Fg( )= (1 —72)(4 —1r?)
that has exactly two positive zeros.

On the other hand, if we choose ags = 1, a;1 = 0, bgy = —%7 a22 = _%:
bor = 18, and az = 1, then F3(r) = £(1 —r?)(4 — r2)(9 — r2) has e:cactly three
positive zeros. Finally if we choose age =1, a11 =0, bgp1 =0, age = — 36 , bor =1,
aszy = 1970} g9 = ﬂ and by, = 11, then F4( ) = %(177"2)(477'2)(9 )(1677” )

has exactly four positive zeros.
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