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INTEGRABILITY OF THE RUCKLIDGE SYSTEM

MAURICIO F. S. LIMA', JAUME LLIBRE? AND CLAUDIA VALLS?

ABSTRACT. We study the Darboux and the analytic integrability of the Rucklidge
system.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The Rucklidge system (see [9]):
T =—ax+ by —yz,
Z=—z + y27
is a famous model (see for instance [9]), where z,y,2 € R3 are the state variables,
(a,b) are real parameters and the dot denotes the derivative with respect to the time
t. This model considers the problem of two-dimensional convection in a horizontal
layer of Boussinesq fluid with lateral constants. It provides an accurate description

of convection in the parameter regime where the chaotic solutions appear. Despite
its simplicity it has a reach local dynamical behavior as chaotic attractors for some

values of the parameters a and b (for example when a =2, b = 6.7 or a = —0.1 and
b = —1) and has been widely analyzed (see for instance [10, 11] and the references
therein).

We note that system (1) is a family of quadratic systems in a three dimensional
space. Quadratic systems in R3 are the simplest systems after the linear ones. Ex-
amples of such systems are the well-known Lorenz system, Rossler system, Rikitake
system, among others. These have been investigated in the last decades from dif-
ferent dynamical points of view. Despite their simplicity quadratic systems are not
completely understood from the view point of the integrability, see for instance [8].

The aim of this paper is to study the existence of Darboux and analytic first
integrals of system (1). We recall that a first integral of Darboux type is a first integral
H which is a function of Darboux type (see below (2) for a precise definition). The
study of the integrability is a classical problem in the theory of differential equations.

The vector field associated to system (1) is

0 5} d
X = (—azr+by — yz)% +x8—y + (—=z +y2)$.

Let U C C? be an open set. We say that the non-constant function H: U — C is a
first integral of the polynomial vector field X on U if H(x(t),y(t), 2(t)) is constant
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for all values of ¢ for which the solution (z(t), y(t), 2(t)) of X is defined on U. Clearly
H is a first integral of X on U if and only if

- oH  OH ) OH
XH—(—ax—Fby—yz)%—an—y—F(—z-i—y )E_O'

on U.

In this paper we want to study the so-called Darboux first integrals of the polyno-
mial differential systems (1), using the Darboux theory of integrability (originated
in the papers [2]). For a present state of this theory see the Chapter 8 of [3], the
paper [5], and the references quoted in them. Moreover, we also study the ana-
lytic integrability of system (1), i.e., the existence of a global analytic first integral
H:R® >R

We emphasize that the study of the existence of first integrals is a classical problem
in the theory of differential systems, because the knowledge of first integrals of
a differential system can be very useful in order to understand and simplify the
topological structure of their orbits. Thus, their existence or not can also be viewed
as a measure of the complexity of a differential system.

We recall that a first integral is of Darboux type if it is of the form

A A
(2) 11...prFfl...FéLq’
where f1,..., fp are Darboux polynomials (see section 2 for a definition), Fi, ..., Fy

are exponential factors (see section 2 for a definition), and A;, p € C for all j and
k.

The functions of the form (2) are called Darboux functions, and they are the base
of the Darboux theory of integrability, which looks when these functions are first
integrals or integrating factors. In this last case, the first integrals associated to
integrating factors given by Darboux functions are the Liouvillian first integrals, see
for more details [3, 5].

The Darboux theory of integrability is essentially an algebraic theory of integra-
bility based in the invariant algebraic hypersurfaces that a polynomial differential
system has. In fact to every Darboux polynomial there is associated some invari-
ant algebraic hypersurface (see again section 2), and the exponential factors appear
when an invariant algebraic surface has multiplicity larger than 1, for more details
see [1, 3, 5]. As far as we know is the unique theory of integrability which is devel-
oped for studying the first integrals of polynomial differential systems. In general the
other theories of integrability do not need that the differential system be polynomial.

The main results related to the integrability problem are summarized in the next
theorems.

Theorem 1. System (1) has no Darboux polynomials.
As a straightforward consequence of this result we have the following result.

Corollary 2. System (1) has no polynomial first integrals or invariant algebraic
surfaces.

We prove Theorem 1 and Corollary 2 in Section 3.
The next two results states the no existence of Darboux first integrals and analytic
first integrals (for a set of the values of the parameters (a,b)) for system (1).
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Theorem 3. System (1) has no Darbouz first integrals.

Theorem 4. System (1) has no global analytic first integral except perhaps in a set
S of zero Lebesque measure in the plane of parameters (a,b). The set S is contained
in a countable set of segments.

Remark 5. A more precise statement of Theorem 4 is given in Theorem 18.

We prove Theorem 3 in Section 3 and Theorem 13 in Section 4. Since the Darboux
theory of integrability of a polynomial differential system is based on the existence
of Darboux polynomials and their multiplicity, the study of the existence or not of
Darboux first integrals needs to look for the Darboux polynomials. So the main
steps for proving Theorem 3 are Theorem 10 and 1.

2. BASIC RESULTS

Let h = h(x,y,z) € Clx,y,z] \ C. As usual Clz,y, 2] denotes the ring of all
complex polynomials in the variables x,y, z. We say that h is a Darbouz polynomial
of system (1) if it satisfies

Xh = Kh,
the polynomial K = K(x,y, z) € C[z,y, 2] is called the cofactor of h and has degree
at most one. Every Darboux polynomial h defines an invariant algebraic hypersur-
face h = 0, i.e., if a trajectory of system (1) has a point in h = 0, then the whole
trajectory is contained in h = 0, see for more details [3]. When K = 0 the Darboux
polynomial h is a polynomial first integral.

We recall the following auxiliary result that was proved in [1].

S
Lemma 6. Let f be a polynomial and f = H f]a] its decomposition into irreducible
j=1
factors in Clz,y,z]. Then f is a Darboux polynomial if and only if all the f; are
Darbouz polynomials. Moreover, if K and K; are the cofactors of f and f;, then
S

K=Y oK.
j=1

An exponential factor E of system (1) is a function of the form E = exp(g/h) ¢ C
with g, h € Clx, y, 2] satisfying (g,h) = 1 and

XE = LE,
for some polynomial L = L(z,y, z) of degree at most one, called the cofactor of E.

A geometrical meaning of the notion of exponential factor is given by the next
result.

Proposition 7. If E = exp(g/h) is an exponential factor for the polynomial dif-
ferential system (1) and h is not a constant polynomial, then h = 0 is an invariant
algebraic hypersurface, and eventually €9 can be exrponential factors, coming from
the multiplicity of the infinite invariant hyperplane.

The proof of Proposition 7 can be found in [1, 6]. We explain a little the last
part of the statement of Proposition 7. If we extend to the projective space PR? the
polynomial differential system (1) defined in the affine space R®, then the hyper-
plane at infinity always is invariant by the flow of the extended differential system.
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Moreover, if this invariant hyperplane has multiplicity higher than 1, then it creates
exponential factors of the form e?, see for more details [6].

Theorem 8. Suppose that the polynomial vector field X of degree m defined in C*
admits p invariant algebraic hypersurfaces f; = 0 with cofactors K;, fori=1,...,p
and q exponential factors Ej = exp(g;/h;) with cofactors L;, for j =1,...,q. Then
there exists \;, uj € C not all zero such that

p q
Z)\Z‘Ki + Z/Lij =0
i=1 j=1

if and only if the function of Darbouz type
ML i Bl
is a first integral of X.

Theorem 8 is proved in [3]. The following result is well-known.

Lemma 9. Assume that exp(g1/h1),...,exp(gr/h,) are exponential factors of some
polynomial differential system
(3> x, = P(x7 y7 Z)? y, = Q(x7 y? Z)’ z/ = R<aj7 y7 Z)?

with P,Q, R € Clz,y, 2] with cofactors L; for j=1,...,r. Then

exp(G) = exp(g1/h1 + -+ gr/hr)

is also an exponential factor of system (3) with cofactor L = Z;Zl L;.

3. PrROOF OF THEOREM 1 AND THEOREM 3.
We consider the automorphism 7: C3[xz,y, 2] — C3[x,y, 2] defined by
T(p(l’, Y, l’)) = p(—l', Y, Z)'

The following result characterizes the polynomial first integrals of system (1), i.e.
it characterizes the Darboux polynomial with zero cofactor that are invariant by 7.

Theorem 10. There are no polynomial first integrals of system (1) that are invari-
ant by 7.

Proof. Let h = h(x,y, z) be a polynomial first integral of system (1) that is invariant
by 7. We write it as a sum of homogeneous polynomials as

h=> hj(zy,2)
j=0

where each h; is a homogeneous polynomial of degree j. Without loss of generality
we can assume that hg = 0, n > 0 and h, # 0. Note that if h is a polynomial first
integral then

oh  0Oh 2 Oh
(4) (—a:v—i—by—yz)a—x —i—xa—y +(—z+y )a =0.
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Now we define the following linear partial differential operator L := —yz— +

ox
0
y28—. Computing the coefficient of degree n + 1 in (4) we get
2

Ohy, 9Ohn
(5) L(hy) = —?JZ% +y e

To solve system (5) is equivalent to look for a polynomial first integral of system

0.

(6) .T:—yZ, y:07 Z:y2
We introduce the change of variables
2

(7) Y=y, Z=z X:xy—}—%
with inverse )
X —27Z%)2
y ) 'Z ) Y

Then we can rewrite system (6) as
X=0, Y=0 2Z=Y?
which implies that system (5) becomes
07z
where hy, = hn(X,Y, Z) = hy(x,y, z). Clearly

iLn = Bn(YaX) = Z al,k’Yle = Z al,kyl(xy + z2/2)k
l+2k=n l+2k=n

Y =0

Since h,, is invariant by 7 we must have 7(h,,) = h,, that is

Z (—D ey (zy + 22/2)F = Z ayy (zy + 2% /2)F.

l+2k=n l+2k=n
Hence, a;;, = 0 for [ odd. This yields that  must be even and thus
(8) hy, = Z arpy* (xy + 2% /2)".
204+2k=n

Then n = 2m that is [ + k = m with

hgm—Zalm w2 (wy + 22 /2)™ Zblym (zy + 22/2)™
1=0 1=0

where b; = a;,,—;. Note that

m
(9) hom = Y _ Y X™L
=0
Now we will show by induction that for j =1,...,m,
(10)
/2] m-r

j—2r
h2m = Z Z Clr xXm— I+j— 3r<( 1_) A Y2l 4(j— 27")Z] 27" O(X_l)),
r=0 [=2(j—2r) ('7 2T)
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where
Jj—2r

A= H(m—|—l—r—3(s—1)), co = by,
s=1

and O(X~!) denotes polynomials in the variable X! (with coefficients depending
in the variables Y, 7).

We compute the terms of order n = 2m in (4) we get

L (hp—1) = (ax — by) %}; azahn + zahn

oy 0z
which is equivalent with the change of variables in (7) as
Ohy a z? Oh, X (X —Z%/2\ /Oh,  Ohy, 0X
2 n-1 __ (& R Ultn A n n VA
Y 0z _<Y(X 2) bY)aX oz ( Y )(aY 0X ay)
hy 0X Ohn, oh
(11) %7 _ _ 72 2 290n
79X 0 (“(X Z°/2) - bY)aX+Z 0X
X — Z2/2\ h, 5 o 4, Ohy _Ohy
-(FFE) G - et x4 25

Note that in the right hand of equation (11) the parts that will prov1de the highest
degree in X are

X Oh, XZ20h,

12 LT = T
(12) Y oy Y290X’
so we only need to consider them. Hence, using (9) we obtain
ailn—l — _ i lem—l+1((2l + (m _ l))y21—4 4 O(X—l))
07z

=0

== X" (m+ )Y+ O(X ).
=0

Integrating it with respect to Z we obtain

m
o1 ==Y X" ((m+ DY 2+ O(X 7)) + g a (Y, X).

1=0
Since h,,_1 must be invariant by 7 (p(X,Y,Z)) = p(X,-Y, Z) and must have dimen-
sion 2m — 1 we get that g, 1(X,Y) = > 5/ op—om_1 Y2 X* which is not possible
and thus g,—; = 0. Hence,

hn—l — Z lemfl+1 ((m + l)y2l74Z + O(Xfl))
=0

Since h,_; is a polynomial we must have b; = 0 for [ = 0,1 and thus

hn—l — Z lemfl+1 ((m + l)y2l74Z + O(Xfl))
=2

which satisfies (10) for j = 1 with ¢ 0 = b;.
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Now assume (10) is true for j = 1,..., k and we will prove it for j = k+ 1. Hence
if we compute the terms of order n — k in (4) we get

Ohy— Ohy, Ohy—
L (hp—g—1) = (az — by) L L k.

Oz y 0z
Proceeding as in (11) using the new variables (7) we only need to consider the terms
n (12) for each one of the sums when we let » = 0,.. ., [k/2]. Hence, using equation
(10) with j = k we get
aBn—k—l
0z
[k/2] m—r (—1)k-2r ( )
_ Xm—l—l—k—Sr( A,y 2l—4lk=2r) pk—2r
Z y3 8Y( >, e (k—2r)1F
1=2(k—2r)
+ O(X—l)))
o Xm—l+k—3r( A YQZ—4 k—2r Zk—27"
Z yi 8X< >, s (k—2r)1 "
1=2(k—2r)
+ O(X—l)))
and so,
ailnfkfl
0z
(k/2]  m—r

1)k+1—2r

=3 Y quxmtrkes <MAk(2l — 4(k — 2r)

r=0 l:2(k*27’)
4 (m— 1+ k — 3r))y2a=2n—a gh=2r(q | O(Xfl))

[k/2]  m—r ( 1)k+1 2r
(13) Z Z e XM ‘5T+1< =) A(m+1—r—3(k—2r))
r=0 [=2(k—2r)

. Y2l74(k72r)74zk72r(1 + O(Xf ))

[k/2]  m—r ( 1)k+1 2r ( )
_ Xk 3r+1< A,y 2—Ak=2r)—4 ph—2r 1
;zzgz)c (k=20 (

+O(X™ ))

Integrating (13) with respect to Z we obtain

&= Ihogryr ( (DRI 20—4(k+1-2r)
— m— T A Y T
nkl glﬂzk:Q)C rX ((k,‘—l—l )

(14 O(X)) + i (Y, X).

Since h,_j_, must be invariant by 7 (p(X,Y, Z)) = p(X,-Y, Z) and must have
dimension 2m — k — 1 we get that gn_,—1(X,Y) = Yo o om g1 dstY X" If
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k is even then this is not possible and thus g,_r_1 = 0. Note that in this case
[(k+1)/2] = [k/2] which implies that

[(k+1)/2]  m—r (_1)k+1—2r

[ Z Z . TXm—l+k—3r+1( Ak+ly2l—4(k+1—2r)
, — o)l
r=0 [=2(k—2r) (k41— 2n)!

_Zk+1—2r(1 +O(X_1))

Since hy,_x_1 is a polynomial in Y we must have that it is zero when I = 2(k — 2r)
and when | = 2(k — 2r) + 1. We emphasize that Ay # 0 for | = 2(k — 2r) or
Il =2(k—2r)+1 and thus ¢, =0 for | = 2(k — 2r) and | = 2(k — 2r) + 1. This
implies that [ > 2(k + 1 — 2r) which proves (10) for j = k 4+ 1 and k even. If k is
odd then we get that

m—(k+1)/2
In-r—1(X,Y) = Z Js’tYQSXt — Z d,y2s xm—s—(k+1)/2,
2s+2t=2m—(k+1) 5=0
Note that in this case
7 B [(k+1)/2]  m—r T (_1)k+1—2r eyt
n—k—1 = Z Z Cl,rX (mAkJrlY

r=0  (=2(k—2r)

'Zk+1_2r(1 +O(X_1)),

where for r = (k+1)/2 we get that ds = ¢;,. As before, since n_j_1 is a polynomial
in Y we must have that it is zero when [ = 2(k — 2r) and when [ = 2(k — 2r) + 1.
We emphasize that Ay # 0 for | =2(k—2r) or [ =2(k—2r)+1 and thus ¢;, =0
for | = 2(k —2r) and | = 2(k — 2r) + 1. This implies that [ > 2(k + 1 — 2r) which
proves (10) for j = k + 1 with k£ odd.

It follows from (10) with » = 0 and j = 0,...,m that b, = 0 for [ = 0,...,m.
This implies that h,, is a zero which is not possible since h is a first integral. This
completes the proof of the theorem. O

Now we compute the Darboux polynomials of system (1) that are invariant by 7.

Proposition 11. If g is an irreducible Darboux polynomial for system (1) with
cofactor

(14) K =qap+ a1z + asy + asz,
then f = g-7g is a Darbouz polynomial invariant by T with a cofactor of the form
(15) K; =200 + 2a32.

Proof. Since system (1) is invariant under 7, then 7¢ is a Darboux polynomial of
system (1) and with cofactor 7(K). Moreover, by Lemma 6, ¢g-7g is also a Darboux
polynomial of system (1) with cofactor K + 7(K). Therefore again by Lemma 6,
the cofactor of f is K; = K + 7(K) which is given in (15). O

Proposition 12. System (1) has no Darboux polynomials invariant by T with nonzero
cofactor K.
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Proof. Let g = g(x,y, z) be a Darboux polynomial of system (1) with nonzero co-
factor K. Then it satisfies

dg ~ 0Og 2,09
8?—1-3:8—?/—1-( z2+y )&—2(a0+agz)g.

We write g in its homogeneous parts as

n
9=">_9gi(y,2),
j=0

where each g; is a homogeneous polynomial of degree j. Computing the terms of
degree n + 1 in (16), we get

(16) (—azx + by — yz)

L (gn) = 20329y
Solving it we get
01322
z 2
gn = Gn(y,$y+ ?>€ Yy
2
where G, is any function in the variables y and zy + % Since g, must be a

polynomial we must have a3 = 0. Then we get that g, can be written as in (8).
Hence, proceeding exactly as we did in the proof of Theorem 10 taking into account
that in the computation of g, 1 we have that 2agg, is in the O(X ') we can prove
in the same manner that (10) holds. Then, g, = K,, a constant and n = 0. Thus, it
follows from (16) that

0 =2a0pg9 thatis «ap=0.
This concludes the proof. O

Proof of Theorem 1. Let g be an irreducible Darboux polynomial of system (1) of
degree n and with cofactor K of the form given in (14). Then, from Proposition 11,
we can assume that f = ¢g-7g is a Darboux polynomial of system (1) and invariant
by 7, with degree 2n and non-zero cofactor K, of the form in (15). From Proposition
12, we get that K, = 0. Hence, f must be a polynomial first integral of system (1)
that is invariant by 7. By Theorem 10 this is not possible. Note that this proof
states for Darboux polynomials with zero and nonzero cofactor. O

Now we proceed with the proof of Theorem 3.

Proof of Theorem 8. It follows from Theorems 8 and 1 and Proposition 7 that in
order to have a first integral of Darboux type we must have ¢ exponential factors
Ej = exp(g;) with cofactors L; such that >°%_; p;L; = 0. Let G = 377_; p1jg;, then
E = exp(G) is an exponential factor of system (1) with cofactor L = Z?’:l piLi =0
(see Lemma 9). So G is a polynomial first integral of system (1). By Theorem 1
this is not possible. O

4. PROOF OF THEOREM 13

In this section we prove the next result Theorem 13. A corollary of Theorem 13
is Theorem 4

Theorem 13. System (1) has no analytic first integral for the values of the param-
eters a, b € R satisfying:

(i) For all (a,b) such that ab = 0.
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(ii) For all (a,b) such that b < —a?/4.

(iii) For all (a,b) such that b # m(m + a) and m € N.

(iv) For all(a,b) such thatb = m(m+a) withm € N, and either a € (—oo, ai;(m))U
(a2(m), 00) where a1(m) < az(m) are the unique two real roots of the polyno-
mial g(a,m) = (8m—1)a*+(8m?—12m+2)a®+(96m>—12m—1)a?+(216m>—
12m? + 8m)a + m?(108m? + 8), or a € [a1(m),az(m)] and {1, a Va2 + 4b}
1s linearly independent on Z.

—~~

Before proving Theorem 13 we need an auxiliary lemma that characterizes all the
first integrals of the linear part of system (1).

Lemma 14. The linear part of system (1) has the two independent first integrals:

(a) For a =0 and b # 0 the linear part of system (1) has the two independent
first integrals Fy = —x% + by? and Fy = ze™/".

(b) For a # 0 and b = 0 the linear part of system (1) has the two independent
first integrals Fy = x + ay and Fy = ze¥/*,

(c) For ab # 0 and b = —a?/4 the linear part of system (1) has the two inde-
pendent first integrals Fy = (z + a/2y)z~%? and Fy = ze¥/*,

(d) Forab # 0 and b # —a?/4 the linear part of system (1) has the two indepen-
dent first integrals Fy = (z + Xay)2™ and Fy = (x + A3y)2*? where A2 and
A are the eigenvalues of the linear part of system (1) different from —1.

Proof. The proof of this lemma follows easily. O

Proof of Theorem 13. Case (i.1): a = 0 and b # 0. Suppose that h(z,y,z) =
Z hi(z,y, z) is an analytic first integral of system (1) under the conditions of case
k>0
(i.1) where hj is the homogeneous part of h of degree k in the x, y and z variables.
So H satisfies
oh oh oh

17 by —yz)— — 4+ (= Hh— =
(17) (by yz)ax+way+( 2ty )5,

Note that the homogeneous terms of degree 1 in (17) satisfy the differential
equation: Lj (h1) = 0 where L; is the linear partial differential operator given by

0.

L= bya—x —i—xa—y e i.e. hj is a first integral of the linear vector field X (x,y, z) =

(by, x, —2). As hy is polynomial it follows from Lemma 14 that hy(z,y, 2) = ag(—2%+
by2)l. But, as hy is of degree 1 we must have a; = 0 and so h; = 0.
oh
Now the homogeneous terms of degree 2 in (17) satisfy L (h2) = yza—l = 0. So,
x
we get ho = ao (—352 + by2)l2 for some Iy € N. Using the fact that hs is homogeneous
of degree 2 we obtain hs = ao (—x2 + by2) . Concerning the terms of degree 3 we
have

(18) Ly (h3) = —200xyz.
Doing z = 0 in (18) we have
Ohs Ohs
b _— _— =
Y gy (£::0) + 2 ay (z,y,0) =0

and so hs(z,y,0) is a polynomial first integral of the vector field X3(z,y) = (by, z).
This implies that hs(z,y,0) = d3(—2% 4 by?)®. In order that hs be homogeneous of
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degree 3 we must have &3 = 0. So hz(z,y, z) = zﬁg(:c, Yy, z). Substituting this expres-
sion in (18) we get for z # 0 the equality L (ilg) — hg = —2aszy that has the poly-

ag(2? 4+ 2y + by?) | 200(2? + 2y + by?)z
f 1/4. hs = .
1—4b b7 1/4. S0 hy 1—4b

In a similar way, considering the homogeneous term of degree 4 in (17) we can write

[ Bhy  ,0h3\ 200y [y +zy+by?) — (23 +y)2?]
L(h”‘)_(yzax yaz>__ 1—4b ‘

This equation admits polynomial solution only if ap = 0 and, in this case, hy =
ay(—x? 4 by?)2. All together, until now we have hy, ho, hs = 0 and hy = ay(—22 +
by?)? with ay € R.

We suppose that we have hy, hg,--- ,hop_1 = 0 and hay, = g, (—22 + by?)" with
o € R. So, the terms of degree 2n + 1 satisfy

Ohap e
Ly (hony1) = yz 0; = —2nag,zyz(—2* + by?)" !

nomial solution hy =

As before this implies that honi1(x,y,0) = agpp1(—2% 4 by?)!2n+1. This means that
hopt1 = Zhgn where hgn satisfies

Ly (hgn) — hgn = —2a2nxy(—:c2 + byZ)nfl

This means that ho,11(2,y,0) = Ggpr1(—22+by?)2e+1 that implies that hoy,11(x,y,0) =
Zhgn where hgn satisfies

L (hQn) - iLQn = —2042n962/(—952 + byQ)n_la

that admits polynomial solutions just when a9, = 0 and, in this case, ilgn =
2nag, (—? + by?) (22 + zy + by?) 2nag, (—z% + by?)" 1 (2? + 2y + by?)z

and h2n+1 =

1—4b 1—4b
For the homogeneous terms of degree 2n + 2 of (17) we have

Ohony1 9 O0honia

ox Y8,
that has polynomial solution just when a9, = 0 and the homogeneous solution of
degree 2n + 2 is given by hopio = agni1(—22 + by?)" 1. So we have by induction
under the degree of homogeneity that hy = 0 for all £ > 1 and system (1) restricted
to case (i.1) with b # 1/4 has no analytic first integral.

L (hopt2) = yz

Case (i.1.1): a = 0 and b = 1/4. Suppose that h(z,y,z th T,Yy,2) is an
k>0

analytic first integral of system (1) under the conditions of case (i.1.1) where hy, is

the homogeneous part of h of degree k in the z, y and z variables. So h satisfies

Yy Oh 9, Oh
1 (L) 2 gy,
(19) 1 8x+:vay+( Y5
Note that the homogeneous terms of degree 1 in (19) satisfy the differential
equation: Lo (h1) = 0 where Ly is the linear partial differential operator given by
0
Lo = L +x——z—-—,1.e. hjisafirst integral of the linear vector field X (z,y, z) =
49x Oy 0z’

(y, x,—z) . As hy is polynomial it follows from Lemma 14 that h(z,y, 2) = o (42—
Y ) But, as h; is of degree 1 we must have a; = 0 and so hy = 0.
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Now the homogeneous terms of degree 2 in (19) satisfy L (h2) = yzaahl = 0. So,
x

we get ho = g (4x2 — y2)12 for some [y € N. Using the fact that he is homogeneous
of degree 2 we obtain ho = an (4:62 — y2) . Concerning the terms of degree 3 we have

Lo (hg) = —2axyz.

This equation has polynomial solution only when as = 0 and, in this case, hy =
as(4x? — )b for some I3 € N. But as hs3 is homogeneous of degree 3 we get a3 = 0
and so hz = 0. Now using this fact the homogeneous terms of degree 4 in (19) satisfy

La (hg) =0,
that have homogeneous polynomial solution of degree 4 of the form hy = ay(4x? —
y?)? with ay € R.

Suppose that we have hi,ha, -+ ,hop_1 = 0 and ha, = o, (—22 + by?)" with
aop € R. So, the terms of degree 2n + 1 satisfy

oh _
Lo (hont1) = yz 8;” = —2nagnryz(—2® + by?)" L.
Then the homogeneous terms of degree 2n + 1 satisfy
Ohay,

= 8nagpryz(4x? — y?)" 1

Ly (hopy1) = yz e

that has polynomial solution only if as, = 0 and, in this case, the homogeneous
polynomial solution of this system is given by hani1 = aoni1(4x? — y?)" 1 So we
have by induction under the degree of homogeneity that hy = 0 for all £ > 1 and
system (1) restricted to case (i.1.1) has no analytic first integral.

Case (i.2): a #0 and b= 0. If h(zx,y,z) = Z hi(z,y, z) is an analytic first integral
k>0

of system (1) under the conditions of case (i.2) then H satisfies
oh oh oh

2 — P— — 2 _—= .

(20) (aaz+yz)am+xay+( 2ty)y =0

The terms of degree 1 in (20) satisfy L3 (h1) = 0 where L3 is the linear partial
differential operator

L3 = —ar— + xi — zg
5 oz oy 0z
From L3 (hy) = 0 if follows from Lemma 14 that hi(z,y, 2) = a1(x + ay).

Now the homogeneous terms of degree 2 satisfy Lo (hg) = yz% — yz% = 1Yz

that has the solution
ai(z+y+az)z
14+a
when a # —1. Observe that the part that depends on (5 is polynomial only for
a=—1/n withn € N,
Suppose that a # —1/n with n € N. So 82 must be zero and the homogeneous
terms of degree 3 in (20) satisfy

ho(x,y,2) = — + as(x + ay)2 + ﬁgx_l/az,

L3 (h3) = Z/?«“E Yy D2
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that has polynomial solution only when oy = 0 and, in this case,

200(z + ay) (@ + (1 + a)y)z )
hy = — :
3 a2(1+a) + as(z + ay)
In a similar way the homogeneous terms of degree 4 are solutions of the partial
differential equation

L (ha) = yz ox —Y 0z

that are polynomial. The solution exists only for ap = 0 and is given by
_Bog(z+ay)*(z+ (1+a)y)z
1+a

hy = + au(z + ay)*.

Now suppose by induction that

— 1 _ n—2 1
R e T ) i R (0 I ER Y
1+a
with n > 4. Then the homogeneous terms of degree n + 1 satisfy L3 (hn,t1) =
y%ix” — yQaaLZ”z that just admit polynomial solutions if a,,_1 = 0 and, in this case,

we have

_nap(z+ay)" e+ (1+a)y)z
1+a

So, hi = 0 for all £ > 1 and system (1) has no analytic first integral restricted to
the case (i.2) when a # —1/n.

n+1

Py = + apt1(x + ay)

Case (i.2.1): a = —1 and b = 0. Suppose that h = Z hy is an analytic first integral

E>1
of system (1) with a = —1 and b = 0. So h satisfies
oh oh oh
21 —yz) -+t (—z )5 =0
(21) (z yZ)aerwaer( 2ty 5
0
The homogeneous terms of degree 1 satisfy Ly (h1) = 0, where Ly = T +
x
mag — za2 The characteristic equations associated to the partial differential equa-
Y z

tion Ly (h1) =0 are

dy 1 dz z
de de =
They have the general solutions £ —y = ¢ and zx = ¢g, where ¢; and ¢ are constants
of integration. So doing the change of coordinates

(22) u=x -1y, v =z, w =1y,
the equation Ly (h1) = 0 is written as
dhi
— =0.
(u+ w) T

This implies that hi(u,v,w) = g1(u,v) = g1(x — y,22), and as hy has degree 1 we
obtain hi(z,y,2) = aq1(x — y).
The homogeneous terms of degree 2 in (21) satisfy

L =yt 2 .
4 (h2) yag - —Y 5 = ouyz
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In the new coordinates u, v, w this last equation becomes

dhs VW

dw — u+w'
Therefore ha(u, v, w) = ayv <u+w + log(u + w)) + f2(u,v). Going back to the z, y, 2
coordinates we have ha(x,y,2) = arz (z —y + zlog(z)) + fo(z — y,z2). As hy is a

homogeneous polynomial of degree 2 we have oy = 0 and ho(x,y, 2 Z ag

$)272i (.TZ)%
Performing with the homogeneous terms of degree 3 in the same way than before
we obtain

Ly(hs) =yz— —y"—.
a(hs) =yz— = —y" >~
This has polynomial solution only when as ¢ = 0, and considering that h3 is homo-
geneous of degree 3 we have
Q21
hs = ——=(

G 20% + 3(x +y)2? +2043z (y —2)* (22)".
=0

Solving (21) with respect to the homogeneous terms of degree 4 we must solve

La(ha) = yz ox —Y 0z

This has a polynomial solution only if ag 1 =a30 = az1 = 0 and, in this case, the
homogeneous part of degree 4 is hy = Z agi(y —x) )72 (22)1,

Taking into account the expression of h4 and solving the homogeneous part of
(21) of degree 5 we obtain

2
hy = — 222 3 22(2y° + 3(z + y)2* +z;045z (y —2)° (22)".
We consider, by induction that for fixed n > 1 we have
(n —1)agm—1)m-1 = 2An—i)—1/,, i
hop_1 = — 3 (22)" 2 (24> +3(x+y)2 —l—z a2n—1,i(y—x) (z2)
1=0
and

n
hon = Z aoni(y — )" z2)".
=0

So the homogeneous terms of degree 2n + 1 in (21) satisfy

L n = .
4 (hony1) = yz 5 Y 8,

This has a polynomial solution only when aw, ; =0 for j = 0,---n — 1 and, in this
case, we get

noon n

hont1 = — 3

(22)" (24" + 3(x + y) 2 +Za2n+u(y—w) (=0 (2
=0
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The homogeneous terms of degree 2n + 2 satisfy

. 8h2n-|—1 2 ah2n-‘,—1

This has a polynomial solution only when as, , = asp41,j = 0 for j =0,---n, and,
we have

n+1
honta = Y 0gniai(y — o)) (w2)')
i=0
All together we can conclude that H is constant and so system (1) has no analytical
first integral restricted in the case (i.2.1).

Case (i.2.2): a = —1/n withn > 1 and b = 0. Suppose that h(z,y, z) = Z hi(z,y, 2)
k>0
is an analytic first integral of system (1) under the conditions of case (i.2.1). Then
H satisfy
x oh Oh Oh
23 (—f— )— AU )
(23) n U° 8x+x8y+( Z+y)8z
The terms of degree 1 in (23) satisfy Ls (h1) = 0 where L5 is the linear partial
differential operator given by
x 0 0 0
L= 1,9 .9
T nox + x@y “52
The characteristic equations associated to the partial differential equation L (h1) =
0 are
dy dz nz

=n, — = .
dx dx T

They have the general solution y — nx = ¢; and "2 = co where ¢; and co are

constants of integration. So doing the change of coordinates

(24) u=1y—nx, v=2za"z w =1y,

whose inverse change is

—u+v n"v
P _ _ _
(25) x w0 T Cagom YTW
the equation L5 (h1) = 0 becomes
(—u + w) diLl
A e
n dw

its solution is Ay (u,v,w) = g1(u,v) = g1(y — nx,x"2). As hy has degree 1 we obtain
hi(z,y,2) = a1 (y — nz).
Now the homogeneous terms of degree 2 in (23) satisfy

0 o
L5<h2)_y28x y 0z

In the new coordinates u, v, w it becomes

dhs n"lajvw

dw  (—u4w)r

= —na1yz.

I ts solution is
"Hojo(u —nw)

(n—1)(—v +w)" + ol 0).

hQ(U,’U,’UJ) = -




16 M.F.S. LIMA, J. LLIBRE AND C. VALLS

In the z, y, z coordinates we have

naiz(ne + (n—1)y)
n—1

h2(x7y72) = —{—fg(x—ny,xnz).

As ho is a polynomial homogeneous of degree 2 we conclude that

naiz(ne + (n—1)y)

hao(z,y,z) = —] + ag(y — nx)?.
The homogeneous terms of degree 3 satisfy
Ls (h3) = yZ% - yQ%,
that in the u, v, w coordinates is written in the form
dhy  n*w(—u+ w)(—uw + n(w? — n*v*(—u+w)"?"))  2an"Pu
dw (n—1) T Cutwy

It has polynomial solutions only for ¢y = 0 and, in this case, the homogeneous
solution of degree 3 written in coordinates x, y, z is of the form

_ 2nagz(y — nz)(ne + (n — 1)y)
n—1

3

hs +az(nz —y)”.

-1 B _ m—2 _ -1
Suppose by induction that h,,(z,y, z) = (m = Dnam1(y nm)l (nz — (n )y)+
n —_—
am(y — nx)™ and m < n + 1. Solving equation (23) with respect to the terms of

degree m + 1 we must solve

oh oh
L (hypay) = yzomm _,290m
5 (hmg1) = yz Y as

They can be solved using the coordinates u, v and w in the same way than before
and its solution is polynomial only if a,,,—1 = 0 and

mnamz(y — na)™ " (na + (n — 1)y) -—

hmt1 = + am11(y — nw)

n—1
We can do this for all m < n+1 (this is due to the degree of the polynomial 2"z),
and we conclude that h; = 0 for all k& < n.
Now, for the homogeneous part of h of degree k > n we have

(n — Dnay_12(y — nz)"2(nz + (n — 1)y)
n—1

hy =

+ ap(y —nx)".
Solving (23) with respect to the homogeneous terms of degree n + 1 we obtain
polynomial solutions only if a,,—1 = 0, and this is

n2a,z(y —nx)" Y(nx + (n—1

1
st = )y) + Z Oén+1,i(y _ nm)(n—l—l)(l—i) (l‘nz)z
=0

n—1
In order to find the homogeneous part of degree n + 2 satisfying (23) we have to
solve

h h

L5 (hn+2) — yzaanx‘i‘l . y2aanz+l ]
Note that when we consider this partial differential equation in the u, v, w coordi-
nates as before the left hand part of the resultant ordinary differential equation is
(_u + w) dhn—i—Z

n dw

, and the right hand part is composed of two parts. The first part is
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n2anz(y — nx)" (nz + (n — 1)y)

n—1

the term in the new coordinates, and the second

1
part is Z i1, (y — na) MDA (272)7 also in the new coordinates. Moreover, by
the linezar?ty of the integral which provides the solution of this ordinary differential
equation, we can study these two parts separately.

Note that the first part has the same form than in the induction process up to
n. So we can conclude that the next step of the iterative process forces that this
term must vanish. So we just have to study the second part. For these terms we
have to study the expression obtained after integrating. But when we integrate, in
the iterative process terms of the form w(y — nx)"(z"2)®, we obtain two new terms
which are

sa™(y — nz)" [2n22? — 2n(n + 2)zy + (n + 1)(n + 2)y?] (z"2)*!

? (n+ D)(n+2)
and
wxn_l(y —nz) " Inn?s + (r — s)n + r)z?2?(z"z)5 !
(n+1)(n—1)
u}x”_l(y — naz)?"_1 [(n — 1)(n25 +(r—=s)n+r)xy —n(n— 1)sy2] 22(55",2)5_1
(n+1)(n—-1) ’

These two new terms will be integrated again in the next step providing two new
terms that are not polynomial if n(n + 2)(3sn? + n(s —7) —7 —2) # 0 and (n —
1)(3sn?+n(s—r)—r) # 0, respectively. As there is no pair (r, s) € N? such that these
two expressions simultaneously vanish we must have w = 0, and so no term of the
form w(y — nx)"(z"2)® can be present in the analytic first integral. This argument,
applied to each step of the iterative process implies that there is no analytic first
integral for system (1) restricted to the conditions of case (i.2.2).

Case (ii): ab # 0 and b < —a?/4. First consider b = —a?/4. From Lemma 14
the linear part of system (1) has the first integral Fy = (z + a/2y)z~%? which is
polynomial when —3 € N, i.e. b= —k? with k = a/2. In this case the vector field
associated to system (1) has equilibria zg = (0,0,0) and x4+ = (0, +ik, —k?) € C3.
Moreover the eigenvalues associated to the equilibria at the origin are A\; = —1 and

1++/1 — 4k

a neighbourhood of the origin, because this equilibrium is hyperbolic and by the
Hartmann Theorem in a surface it has a focal behaviour.

Now, for b < —a?/4 we observe here that the same argument can be applied to this
—wE /I ¢ o\ R,

Ao g = € C\ R. So, system (1) cannot have analytic first integral in

case. Then the eigenvalues at the origin are: A\ = —1 and Ay 3 =

Case (iit)-(iv): a # 0 and b > 0. In this case system (1) has as equilibria z¢p =
(0,0,0) € R3 and z1 = (0,£vb,b) € R3. Also the linearisation at the origin has
eigenvalues A\ = —1 and Ay 3 = —advat44b V2“2+4l’. We know that a necessary condition in
order that system (1) has a analytic first integral is that its linear part Xo(z,y, z) =
(—ax + by, z,—z) admits a polynomial first integral.
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From Lemma 14 in this case the linear part of system (1) has two independent
first integrals given by Fi(x,y,2) = (x — \3y)2*? and Fy(z,y, 2) = (x — \ay)23.
This means that X has a polynomial first integral just if Ao € N or A3 € N.

Suppose for instance that Aa =m € N. So b = m(m + a).

In accordance with [7] another necessary condition in order that system (1) has

a analytic first integral is that there exist mq, mo, m3s € N not all zero such that
3

Z m;\; = 0. So, in order that system (1) can have an analytic first integral the set
i=1
{1, a, Va® + 4b} must be linearly dependent on Z.

Now under these hypotheses let p (\) be the characteristic polynomial associated
to the equilibrium z. Consider m € N fixed in b = m(m + a). We have py(\) =
A+ (a+ 1DA2 + aX + 2m(a +m).

Note that p; ()\) has discriminant g(a,m) = (8m — 1)a* + (8m? — 12m + 2)a® +
(96m? — 12m — 1)a® + (216m> — 12m? + 8m)a + m?(108m?* + 8). Moreover p(\)
has three real roots if and only if g(a,m) < 0 (see [4]). It is easy to see that this
polynomial has two real roots in aj(m) and as(m) with —(m+1) < a;(m) < —m <
az(m) < 0. So, if a € (—o0,a1(m)) U (az(m),c0) we have g(a,m) > 0 if follows
that for these values of a the characteristic polynomial p; (A) has two complex roots
and hence system (1) has no analytic first integral. This completes the proof of
statement (iv) of Theorem (13). O
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