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LIOUVILLIAN FIRST INTEGRALS FOR GENERALIZED
RICCATI POLYNOMIAL DIFFERENTIAL SYSTEMS

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We characterize the generalized Riccati polynomial differential systems
of the form 2’ = y, v’ = a(z)y?+b(x)y+c(z), where a(z), b(z) and ¢(z) are arbitrary
polynomials that have a Liouvillian first integrals.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A classical problem in the qualitative theory of planar differential equations de-
pending on parameters is to characterize the existence or non—existence of first inte-
grals in function of these parameters.

Let x and y be complex variables. We consider the system

(1) =y, Y =al@)y’ +b(x)y + c(x),

where a(z), b(x) and ¢(x) are C! functions on x and the prime denotes derivative with
respect to the time ¢ that can be either real or complex. In fact, if a(x)c(x) # 0 these
systems are called generalized Riccati differential systems, if a(x) #Z 0 and c¢(z) =0
they are linear differential systems, and if a(z) = 0 they are generalized Lienard
differential systems.

Our interest is on the generalized Riccati polynomial differential systems , i.e. when
the functions a(x), b(z) and ¢(x) are polynomials and we want to study its Liouvillian
integrability.

The vector field associated to system (1) is

0 0
X = Yoo + (a(z)y® + b(z)y + c(x))a—y
The main objectives of this paper is to characterize the Liouvillian first integrals
of the generalized Ricatti polynomial differential systems.

Let U C C? be an open set. We say that the non-constant function H: U — C is
a first integral of the polynomial vector field X on U if H(x(t),y(t)) is constant for
all values of ¢ for which the solution (x(t),y(t)) of X is defined on U. Clearly H is a
first integral of X on U if and only if XH =0 on U.

We recall that a Liouvillian first integral is a first integral H which is a Liouvillian
function, that is, roughly speaking which can be obtained “by quadratures” of ele-
mentary functions. For a precise definition see [4]. The study of the Liouvillian first
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integrals is a classical problem of the integrability theory of the differential equations
which goes back to Liouville, see for details again [4].

For studyng of the existence of Liouvillian first integrals we need to study the
so-called Darboux polynomials and exponential factors of the Riccati polynomial
differential systems of the second kind.

Let h = h(x,y) € Clz,y] \ C. As usual C[z,y] denotes the ring of all complex
polynomials in the variables x and y. We say that h = 0 is an invariant algebraic
curve of the vector field X associated to the Riccati polynomial differential system
(1) if it satisfies

5o+ (ala)y? + daly + ) g = K
the polynomial K = K(x,y) € Clz,y] is called the cofactor of h = 0 and has degree
at most

(2) n = max{2 + dega(x),1 + degb(z),degc(x)} — 1.

When h = 0 is an invariant algebraic curve we also say that h is a Darbouz polynomial
of the Riccati polynomial differential system. Note that a polynomaial first integral is
a Darboux polynomial with zero cofactor.

An ezponential factor E of system (1) is a function of the form E = exp(g/h) ¢ C
with g, h € Clz, y] satisfying (¢, h) = 1 and
o8 | OF
ox oy
for some polynomial L = L(z,y) of degree at most n given in (2), called the cofactor
of E.

The existence of exponential factors exp(g/h) is due to the fact that the multiplicity
of the invariant algebraic curve h = 0 is larger than 1, for more details see [1, 3] .

(a(@)y® + b(z)y + c(x)) = LE,

Proposition 1. The following statements hold.
(i) If E = exp(g/h) is an exponential factor for the polynomial system (1) and h
s not a constant polynomial, then h = 0 is an invariant algebraic curve.
(ii) Eventually €9 can be exponential factors, coming from the multiplicity of the
infinite tnvariant straight line.

For a geometrical meaning of the exponential factors and a proof of Proposition 1
see [3].

A non-constant function R: U — C is an integrating factor of the polynomial
vector field X on U, if one of the following three equivalent conditions holds

d(RP)  A(RQ)

Ox oy

on U where P = y and Q = a(z)y* + b(z)y + c(z). As usual the divergence of the
vector field X is given by

div(RP,RQ) =0, XR=—Rdiv(P,Q),

. oP 0
div(P.Q) = 5 + 5



LIOUVILLIAN INTEGRABILITY OF GENERALIZED RICCATI EQUATIONS 3

In [1] the next result is proved.

Theorem 2. Suppose that the polynomial vector field X of degree m defined in C?
admits p invariant algebraic curves f; = 0 with cofactors K;, fori=1,...,p and q
exponential factors E; = exp(gj/h;) with cofactors L;, for j =1,...,q. Then there
exist N\, pi; € C not all zero such that

p q
S ONKi+ > Ly = —div(P,Q),
i=1 j=1

iof and only if the function of Darboux type
1’\1--~f};\1’E{“~~E54
15 an integrating factor of the vector field X .
The proof of the following result is given in [2, 4].

Theorem 3. The polynomial differential system (1) has a Liouvillian first integral
if and only if it has an integrating factor of Darbouz type.

The following is the first main result of this paper. Its proof follows by direct
computations.

Theorem 4. The following holds for the generalized Riccati polynomial differential
systems (1) :
(a) Assume b(x) =0 then
2

%exp(—Q/a(:v)dx) —/c(x)exp<—2/a(u)du> dz

15 a Liouvillian first integral.
(b) Assume b(z) #Z 0, ¢(z) = ka(x) and b(x) = Kia(x) with k, Kk, € C, then
(b.1) if k = K2/4 we have that

K1
dz — —1 2
[ ato)de o o+ 20)

1s a Liouvillian first integral;

(b.2) if k # K1/4 we have that

/a(m) dr — 1log(y2 + K1y + k) + M arctan (M>
2 Ak — K3 Ak — K2

is a Liouvillian first integral.

From now on we consider the case in which b(z) # 0 and ¢(z)/a(z) ¢ C, or b(x) # 0
and b(z)/a(z) & C.

Theorem 5. The generalized Riccati polynomial differential systems (1) with either
b(x) #£ 0 and c(z)/a(z) € C, or b(x) # 0 and b(x)/a(x) ¢ C have no Liouvillian first
integrals.

The proof of Theorem 5 is given in Section 2.
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2. PROOF OF THEOREM 5

For proving Theorem 5 we first characterize the Darboux polynomials (either with
zero or with nonzero cofactor) of the generalized Ricatti polynomial differential sys-
tems.

Theorem 6. The generalized Riccati polynomial differential systems (1) with either
b(x) Z 0 and c(z)/a(x) & C, or b(z) # 0 and b(x)/a(x) ¢ C, have no Darboux
polynomials.

We separate the proof of Theorem 6 in several steps.

Lemma 7. The generalized Riccati polynomial differential systems (1) have no poly-
nomaal first integrals.

Proof. We proceed by contradiction. Let H be a polynomial first integral of system
(1), that is

) ¥y + (@l + oy + o) G = 0.

We write H as a polynomial in the variable y, i.e.
x,y) = Z hj(z)y’, where h;(z) is a polynomial in the variable z.

Without loss of generality we can assume that h,,(z) # 0.
Computing the coefficient of degree m + 1 in the variable y in (3) we get that

hl (z) + ma(x)hy,(x) =0, thatis h,(z) = C’exp m/

Since hy,(x) is a polynomial, we must have m = 0 because a(z) #Z 0. Then H = hy(z).
In view of (3) we get that H satisfies
H'(z) =0, thatis H(x) e C,
a contradiction with the fact that H is a polynomial first integral. U
Lemma 7 states that the generalized Riccati polynomial differential systems (1)
have no Darboux polynomials with zero cofactor.

The proof of the following proposition is well-known and can be found in [1].

Proposition 8. We suppose that h € Clx,y| and let h = hY* - - - hl'" be its factoriza-
tion in irreducible factors over Clz,y|. Then for a polynomial system (1) h =0 is an
invariant algebraic curve with cofactor Ky, if and only if h; = 0 is an invariant alge-
braic curve for eacht = 1,...,r with cofactor K,,. Moreover K = nyKp,+- - -+n, K},

In view of Proposition 8 to study the Darboux polynomials with non-zero cofactor
it is enough to study the irreducible ones.

Lemma 9. Let h = h(z,y) be an irreducible Darbouz polynomial of the generalized
Riccati polynomial differential system (1) with cofactor K # 0. Then K = mb(x) +
n'(x) — n(z)a(z) + ma(x)y with m a non-negative integer and n € Clx].
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Proof. The cofactor K of any irreducible Darboux polynomial of the generalized
Riccati polynomial differential system (1), has degree at most n (see (2)). We write
it as K(z,y) = Z;L:O K;(z)y’, where K; = K;(z) is a polynomial in the variable x
and has at most degree n — j. Since h is a Darboux polynomial of system (1) with
cofactor K it satisfies

) VIRt (al)y? + by + cfa) (ZK )

m

We write / as a polynomial in the variable y, i.e. h(z,y) = 3> 7" h;(x)y’, where each
hj(x) is a polynomial in the variable x. Without loss of generality we can assume

that h,,(x) # 0.
Assume n > 2. Computing the coefficient of y™*™ in (4) we get

0= K,(x)h,(x) thatis K,(z)=0.
So n € {0,1} and consequently K = Ky(z) + yK(z).

™1 in (4) we get

Now computing the coefficient of y
h! (z) +ma(x)hy,(z) = hp(2) K (2),

that is b/, (z) + (ma(z) — K1(z))hm(x) = 0. Hence, h,,(z) = Cexp ( — [(ma(z) —

K;(x)) dx) with C' € C\{0}. Using that h,,(z) # 0 and that it must be a polynomial,

we have Kj(z) = ma(z) with m a non-negative integer and h,,(x) = C. Now,
computing the coefficient of y™ in (4) we get

hy 1 (x) + (m = Da(z)hp—1(z) + mb(z)hp,(2) = ma(x)hpm-1(z) + Ko(2)hp(2).
Then since h,,(z) = C,
Rop1(x) = a(2)hm 1 (z) = C(Ko(x) — mb(x)).

Therefore we have a linear system. Solving it we get
hm—1(x) = Ciel @ de o el alz)de /(Ko(x) — mb(x))e_fa(u) du .

Since h,,_1(x) € C[z], we deduce that C; = 0 and

Ko(z) =mb(x) = n'(z) — n(z)a(z),
with n € C[z] and hy,—1(x) = Cn(z). This completes the proof. O
Proposition 10. The generalized Riccati polynomial differential systems (1) with
either b(z) £ 0 and c(x)/a(z) & C, orb(x) # 0 and b(x)/a(x) ¢ C have no irreducible

Darbouz polynomials with non-zero cofactor K.

Proof. We write the generalized Riccati polynomial differential system (1) as the
differential equation

dy

(5) yo = a(z)y® +b(x)y + c(x), y=ylz).
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Then, using Lemma 9 the Darboux polynomial h = h(zx,y) = h(z,y(x)) satisfies

dh Oh  Oh
Yir = Vor T oy
where m is a non-negative integer, or equivalently

logh = K + / mblz) + ') = T;(:L‘)a(x) +malz)y dx, where K € C.

(a(@)y” + b(x)y + c(z)) = (mb(z) + n'(z) — n(x)a(z) + ma(z)y)h,

Hence
(6)

h = hiz.y(x)) = Cexp (/ mb(z) +n'(x) — 7’;(:5)@(.75) +ma(x)y dm), C e c\{o}.

Now we write

(7) a(z)y® +b(z)y+c(w) = (y+T1(2))(a(x)y+T2(2)) = (a(@)y+Ti(2))(y +Ta(2)),

where

b(r)  /b(x)? — da(x)c(x) Cb(z)  /b(a)? —da(z)c(z)
2a(z) 2a(x) o Dale) ===+ 2 ’

and Ty (z) = a(x)T(z), To(z) = Dy(z)/a(x). We consider different cases.
Case 1: T'y(z) = k € C. In this case, from (8) we have that
b(x)? —4
bz) _ Vi) a(@)e(z) =k, ie. bx)—/b(z)? —da(z)c(z) = 2ka(z),
2a(x) 2a(x)
which yields

(8) Ti(z) =

Then, again from (8) we get
Fo(x) = b(z) — ka(z).
Hence, it follows from (5) and (7) that
a(x)y +Ta(z) dy/de d

dy :
Voo = (y + K)(a(z)y +T2(z)), thatis , =i @bg(y + k),

which implies that (6) becomes

h = Cexp (/ mb(z) +n'(x) — n(z)a(x) —ymFQ(x) + m(a(z)y + Ty(z)) dm)
= Cexp (/ <mb($> tole) - Z(x)a(x) —ml’s(z) + m% log(y + K)) da:)

— Cly+ o™ exp ( / n(z) — n(x)ay(ac) + mra(z) dx>,

with C' € C\ {0}. Since h must be a polynomial in the variables = and y, we must
have
n'(z) — n(x)a(x) + mra(z) = 0.
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Solving it we get

n(z) = Crel 9@)de 4y el al@)de / a(z)e o du gy

Since n(x) is a polynomial we must have C = 0 and mx = 0 and thus n(z) = 0. If
m = 0 then we have that Ky = K; = 0 and thus K = 0 a contradiction with the fact
that h is a Darboux polynomial with non-zero cofactor. If k = 0 then ¢(z) = 0 in
contradiction with the fact that c¢(z)/a(z) ¢ C. Therefore, this case is not possible.

Case 2: Ty(x) ¢ C and Ty = I'y(z)/a(x) = k € C. In this case, from (8) we have
that

blz) \/b(x)2—4a(x)c(ac) =k, l.e x )2 — 4a(z)c(z) = 2ka(x
2a(x)+ 2a(z) =, ie. b(x)+ /b(x)? — da(x)c(z) = 2ra(),

which yields
c(x) = k(b(x) — ka(z)) and b(z) = 2ka(x),
which is not possible because then we have I'y(z) = k € C.
Case 3: T'y(z) & C and Ty = I'y(z) /a(x) € C. In this case, from (8) we can write

a(x)y +Ts(z)  dy/dx d dl’y /dz

PR oo Bl R U v o

and analogously,

+T dy/d d . [
a(x)y 1(7) = y{ vt 4 log(y +1T'2)) — —=—.
Y y+To(z) dov y+ ()
In the first case, from (6), we have that
/ mb(x) +n'(x) — n(z)a(r) — mly(x) dw)

Y

h=0w+rmmmmp(

which to be a polynomial in the variables x and y we must have
mb(x) +n'(x) — n(z)a(x) — mly(x) dl'y /dx
=m

Y y+Ti(x)

or equivalently,

mb(z) +n'(x) —n(z)a(x) — mly(x) = m%,

[i(z)(mb(x) +n'(z) — n(z)a(z) — mly(z)) = 0.

By hypothesis we have that I'y(x) # 0 and thus m b(x) +n'(z) —n(z)a(x) —mIy(z) =
0, but then from the first relation we have dI'y/dx = 0, which again is not possible
because I';(z) ¢ C. Hence this case is not possible.
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In the second case we have

/ mb(x) +n'(x) — n(x)a(r) — mly(x) d:v)

h = Cly + Fafe))™ exp ( -

which again is never a polynomial in the variables x and y. Hence this case is never

possible. This completes the proof of the proposition. O
Proof of Theorem 6. The proof of Theorem 6 is an immediate consequence of Lemma
7 and Proposition 10. O
Lemma 11. Assume that exp(g1/h1),...,exp(g./h.) are exponential factors of some
polynomial differential system

(9) i’ =P(r,y), ¥ =0Q(y), P.QEeC[zy]

with cofactors L; for j = 1,....r. Then exp(G) = exp(g1/h1 + --- + g, /h.) is also
an exponential factor of system (9) with cofactor L = Z;Zl L;.

Proof. Using that for j = 1,...,r, B3 = exp(g1/h1),..., E. = exp(g./h.) are expo-
nential factors of system (9) with cofactors L; we have

a(gj—/hj)P(a:, y)Ej + MQ(% y>Ej = L;Ej,

ox dy
or equivalently,
9(g;/h;) 9(g;/h;) _
5 Ly + o Q(z,y) = L;.
Therefore if we set G = 25:1 gj/h; we get that
oG oG .
el o - = L,=1L
3z P @9) + 5-Q@.y) ; i=1L

and thus if £ = exp(G) we obtain

oG oG
%P(x, y)E + a—y@(m, y)E = LE.

This concludes the proof of the lemma. O

Proof of Theorem 5. It follows from Theorem 6 that the generalized Riccati poly-
nomial differential system (1) has no Darboux polynomials. Hence, it follows from
Proposition 1 and Theorems 2 and 3 that to have a Liouvillian first integral we must
have ¢ exponential factors E; = exp(g;) with cofactors L; such that

Z piL; = —2a(x)r — b(x).
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Let G =37 | njg; € Clz,y]. Then E = exp(G) = exp(d_7_, ;9;), is an exponential
factor of system (1) with the cofactor L =3 7_, y1;L; (see Lemma 11) and E satisfies

Vg + o (@l + Ha)y + ee)) = LE,
that is
(10) Vo 2(;( (@) + by + c(x)) = L = ~2a(z)y — b(z).

We write G as a polynomial in the variable y as follows
G =Y Gj(z)y
§=0

Computing the coefficient of y™*! with m > 1 in (10) we get
G () + ma(x)G,(x) =0,
that is
Gm(z) = Cexp m/ dx Cnm € C.

Since G, must be a polymoimal we must have G, (z ) = 0 and thus G = Gy(z). Then
introducing it in (10) we obtain

yGo(z) = —2a(x)y — b(x),
and since b(x) # 0 we get that this case is not possible. This concludes the proof. [
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