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THE GENERALIZED LIENARD POLYNOMIAL DIFFERENTIAL
SYSTEMS o' =y, v = —g(z) — f(x)y WITH degg =degf+1 ARE NOT
LIOUVILLIAN INTEGRABLE

JAUME LLIBRE! AND CLAUDIA VALLS2

ABSTRACT. We prove the nonexistence of Liouvillian first integrals for the generalized
Liénard polynomial differential systems of the form z’ =y, ¥’ = —g(z) — f(x)y, where
g(z) and f(x) are arbitrary polynomials such that degg = deg f + 1.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

One of the more classical problems in the qualitative theory of planar differential systems
depending on parameters is to characterize the existence or not of first integrals.

We consider the system

(1) o=y, Y =—g(x) - fl2)y,

called the generalized Liénard differential system, where x and y are complex variables
and the prime denotes derivative with respect to the time ¢, which can be either real or
complex. Such differential systems appear in several branches of the sciences, such as biology,
chemistry, mechanics, electronics, etc. For g(z) = x the Liénard differential systems (1) are
called the classical Liénard systems. In MathScinet now it appears more than 450 articles
published such that in their title appears the words “Liénard system”.

Let U C C? be an open set. We say that the non-locally constant function H: C?> — C
is a first integral of the polynomial vector field X on U, if H(z(t),y(t)) = constant for all
values of ¢ for which the solution (z(t),y(t)) of X is defined on U. Clearly H is a first
integral of X on U if and only if XH =0 on U.

A Liowvillian first integral is a first integral H which is a Liouvillian function, that is,
roughly speaking which can be obtained “by quadratures” of elementary functions. For a
precise definition see [15]. The study of the Liouvillian first integrals is a classical problem
of the integrability theory of the differential equations which goes back to Liouville, see for
details again [15].

As far as we know all the Liouvillian first integrals of some multi-parameter family of
planar polynomial differential systems has only been classified for the Lotka-Volterra system,
see [1, 7, 11, 12, 13, 14].

The main objective of this paper is to study the Liouvillian first integrals of systems (1)
depending on the polynomial functions f(x) and g(x). We denote by m and n the degrees of
g and f, respectively. The Liouvillian integrability for the generalized Liénard polynomial
differential systems has been studied when

(i) m =1 and n is arbitrary (see Theorem 1 done in [9]), and
(ii) 2 < m < n with m and n arbitrary (see Theorem 2 done in [10]).
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Theorem 1 ([9]). The unique Liouvillian first integrals H = H(x,y) of the Liénard poly-
nomial differential system
o' =y, Y =—cx—flx)y.
are:
(a) H =cx?+y? if f(x) =0;
(b) H=y+ [ f(z)dz if c=0;

() H = H= (%(17\/1+4a)m+y

a= —cl/f(20)22 zf/f(x) = f(0) #0; and
(@) H = el @425 Ou(e 4 1(0)y) > if [(x) = F/(0) 0.
Theorem 2 ([10]). The unique Liouvillian first integrals H = H(x,y) of the generalized
Liénard polynomial differential system (1) with 2 < m < n are H = (a + y)e~WtF@)/a jf
g(x) = af(x) where a € C\ {0}.
Clearly, for completing the study of the Liouvillian integrability for the generalized
Liénard polynomial differential systems it remains to study the case

with

)—1+\/1+4DA< >1+\/1+4a

1

(i) m + 1 < m with m and n arbitrary.

We recall the notion of invariant algebraic curve. Let h(z,y) € Clz,y] \ C. As usual
Clxz,y] denotes the ring of all complex polynomials in the variables 2 and y. We say that
v = 0 is an invariant algebraic curve of the vector field X associated to system (1) if it
satisfies

oh oh
— - — =Kh
g, ~ @)+ f(2)y) 3y ;
the polynomial K = K(z,y) € C[z,y] is called the cofactor of h = 0 and has degree at most
n.

When m > n+ 1 and n is arbitrary, it is unknown the characterization of the invariant
algebraic curves of the generalized Liénard polynomial differential systems. This character-
ization is necessary for studying the existence of Liouvillian first integrals for this class of
polynomial differential systems.

For m = n+ 1 and n arbitrary Hayashi in [6] has characterized the invariant algebraic
curves for the generalized Liénard polynomial differential systems as follows.
Proposition 3 ([6]). System (1) with degg = deg f + 1 has an invariant algebraic curve
h = h(z,y) if and only if h = y — P(z) and P satisfies g(x) = —(f(z) + P'(x))P(z) where:
(a) either P(x) has degree one,
(b) or P(x) is such that P(x) + / f(z)dx is a polynomial of degree one.
In both cases the cofactor K of h is K = —f(x) — P'(z).

Proposition 3 allows to classify in this paper the existence or non—existence of Liouvillian
first integrals for the generalized Liénard polynomial differential systems satisfying m = n+1
and n arbitrary. Thus our main result is.

Theorem 4. There are no Liowvillian first integrals for the generalized Liénard polynomial
differential system (1) with 2 < degg = deg f + 1.

The proof of Theorem 4 is given in section 2.

2. PROOF OF THEOREM 4

For proving Theorem 4 we need some preliminary results.

If h(xz,y) = 0 with h(z,y) € Clz,y] \ C is an invariant algebraic curve, then h is called
a Darbouzx polynomial of system (1). Note that a polynomial first integral is a Darboux
polynomial with zero cofactor.
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The Darboux polynomials are important because a sufficient number of them forces the
existence of a first integral. This result is the basis of the Darboux theory of integrability,
see for instance [4, 8].

An exponential factor E of system (1) is a function of the form E = e“/¥ ¢ C with
u,v € Clz,y] satisfying that

) Ve ~ (ala) + f@h) G = LE.

for some polynomial L = L(x,y) of degree at most n, called the cofactor of E.

Proposition 5. The following statements hold.

(a) If E = exp(u/v) is an exponential factor for the polynomial differential system (1)
and v is not a constant polynomial, then v =0 is an invariant algebraic curve.

(b) Eventually E = exp(u) can be exponential factors coming from the multiplicity of
the infinite invariant straight line.

The following result given in [3] characterizes the algebraic multiplicity of an invariant
algebraic curve using the number of exponential factors of system (1) associated with the
invariant algebraic curve.

Proposition 6. Given an irreducible invariant algebraic curve v =0 of degree k of system
(1), it has algebraic multiplicity d if and only if the vector field associated to system (1)
has d — 1 exponential factors exp(u;/v®) where u; is a polynomial of degree at most ik and
(uj,v) =1 fori=1,...,d—1.

In view of Proposition 6 if we prove that €*/? is not an exponential factor with degu <
degv, there are no exponential factors associated to the invariant algebraic curve v = 0.
The existence of exponential factors exp(u/v) is due to the fact that the multiplicity of the

invariant algebraic curve v = 0 is larger than 1, for more details see [3].

In 1992 Singer [15] proved that a polynomial differential system has a Liouvillian first
integral, if and only if it has an inverse integrating factor of the form

(3) X/“@WW+/%@M@)

where Uy and Uj are rational functions which verify 0U; /0y = 90U, /0x. In 1999 Christopher
[2] improved the results of Singer showing that the inverse integrating factor (3) can be
written in the form

k
@ e [
=1

where u, v and h; are polynomials and A; € C.

From (4) and the Darboux theory of integrability (see [5, 8]) we have the following result.
Theorem 7. The polynomial differential system (1) has a Liouvillian first integral if and
only if system (1) has an integrating factor of the form (4), or equivalently there exist p

invariant algebraic curves h; = 0 with cofactors K; for i =1,...,p, q exponential factors
E; = e/ with cofactors L; forj=1,...,q and A\, u; € C not all zero such that

D q
DA+ Dyl = ~divergence of (1) = f(2)

i=1 j=1
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In short, for proving Theorem 4 we need to characterize the Darboux polynomials and
the exponential factors of system (1). We start with some preliminaries. We write

n n+1

(5) f(z) = iajxj and hence F(z)= Z &wj“, glx) = Z bz
=0

= = Jj+1
with n > 1.
The first result that we will prove is the following.

Proposition 8. Systems (1) with 2 < m = n + 1 has the exponential factors e with
cofactors kx*~ty fork=1,...,n.

Proof. In view of Proposition 3 system (1) has an irreducible Darboux polynomial h =
y — P(z) if and only if g(x) = —(f(z) + P'(x))P(x) with P(z) either of degree one or
P(z) + / f(x)dz of degree one. Hence, from Proposition 6 if we prove that there are
no exponential factors of the form e*/" with u and h coprime, then the unique possible
exponential factors would be of the form e* with v € C[z,y] \ C.

Let E = exp(u/h) with u = u(x,y) of degree at most one and coprime with h. We write
P(z) = ap + iz with ag, a1 € C and g(z) = —(f(2) + a1)(ap + aqx). If u =y +1z+ 12y
with v; € C, ¢ =0, 1,2, then equation (2) becomes
Yo(oa+f (@) +71(az+y+af(z)+72 (aor +oiz+ary+(ao+onz) f(x)) = Lly—ao—o2),
where L = L(z,y) is a polynomial of degree n. Evaluating it on y = ag + a;x we get
(6) Yo(ar + f(@)) +72(0 + a12) (2001 + f(2)) + 11(a0 + 2002 + 2 f(2)) = 0.

The coefficient of degree n + 1 in equation (6) becomes
an(y1 +a172) =0, thatis, 71 = —a17.
Then (6) becomes

(f(z) + a1)(yo + y20) thatis 79 = —ape.
Hence,

u=—agy2 — 172% + 2y = 2(y — @ — 1),
which is not possible since u and y — P(z) = y — ap — ayx are coprime.

Let E = exp(u/(y — P(z)) with u = u(z,y) of degree at most n+ 1 and g(x) = —(f(x) +
P'(x))P(x) with P(z) = — [ f(z)dz + Bo + f1z with By, 81 € C. We also assume that u
and y — P(z) are coprime. In this case equation (2) becomes

o (f(z)y — f(z)P(x) — P’(w)P(m))%Z + fru = L(y — By — Bz + /f(x) dm),

where L = L(x,y) is a polynomial of degree n. Let @ = @(x) be the restriction of u to
y = Bo+ Bz — [ f(x)dx. By hypothesis u and y — By — f12 + [ f(x)dz are coprime and
thus @ # 0. Furthermore, since y — 8y — S12+ [ f(x) dz = 0 is an invariant algebraic curve,
we get that u satisfies

du

% (50 + 5117 — /f(l‘) da:) + 51’& =0.

Solving this linear differential equation we get

ﬂKeXp</50+ﬂlxﬂl/f(x)dx>, K eC\ {o}.
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Since

n
a; .
/f(x)dx;iﬁlzlﬂ, an #0,m>1
has degree n + 1, we get that u cannot be a polynomial, which is not possible.

In short, the unique exponential factors are of the form e* with u = u(z, y) a polynomial.

Let E = ¢* be an exponential factor of system (1) and

n k
L=L(z,y)= Z Zﬁkfl,lxkilyla Br—11€C

k=0 1=0
be its cofactor. We have
ou ou n &k
(7) Yas (9(z) + f(m)y)@ =33 Beat Ty

k=0 1=0

We write u as a polynomial in the variable y as u = Z;ZO u; (x)y?. Without loss of generality
we can assume that u,(z) # 0. We rewrite (7) as

D u(a)y —g(x) > jui(@)y’ T = f@) Y jus(a)y’ =
= j=1 3=0

<
)

k n n
D Brradt Y =N Bty =

01=0 1=0 k=l

n n n
Bror® + 4 Broraa® T+ > Bt
k=1 !

=2 k=

—~
oo
~—
bl
[

s

b
Il

0

Now we assume that r > n and we shall arrive to a contradiction. Computing in (8) the
coefficient of y"*! we get that ul.(z) = 0, that is, u,(z) = 7, € C\ {0}. Now we will show
by induction on j that if we write

T
u = ’YTyT + Z Up—j (x)yr—j’

j=1
then
al - =
9) up—j(x) = 77“W$J<n+l) H(r —i)+lot., forj=1,...,r,
J: i=0

where [.0.t means lower order terms in x.

For j = 1 computing the coefficient of " in (8), we get that
u._q(x) = f(z)ru.(x) =0, ifr >n,
and
uy_y () — f(@)ru(x) = o, ifr=n.
Integrating it we obtain

QAnp

n lrx”+1 +lot., ifr>n,

Ur—1(x) = yrF(x) + constant = ,
n

and
an

+1

ur—1(z) = v,rF(z) + Bo,rx + constant = , ra™ ™t + lLot., ifr=n.
n

These last two expressions coincide with (9) for j = 1.
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Now we assume that (9) is true for 7 = 0,...,J with J < r and we will prove it for
j = J+ 1. Computing the coefficient of y"~7 in (8) we get

wy_y_1(x) = g(z)(r = J + Dup— g (2) + f(2)(r — Ny (2 Z Brrpd gt
k=r—J

Now using the induction hypothesis and since z(/~D(+D+n+1 helongs to the lower terms
in comparison with z7/("*D+" e obtain that

J-1

ey 1) = @) = ) [+ 1o
_ e e . .
= Jin+ l)Jx Z1})(7“ i) +l.o.t.
Now integrating the previous equation we obtain
_ vrantt D) T — g
wr=s-1(®) = T T D" H)(’"_Z)”'O't'
a1
T Jr 1’;T(n 1)1 gD 211) )+ Lo.t.,

which is equation (9) with j = J + 1. This completes the proof of (9).
From (9) with j =7 — 1 we obtain

r—2

r—l
_ Tra (r—1)(n+1) oz
@) = i T [Ltr=n=tor

Then computing the coefficient of y° in (8) we get

n
SU) = Z ﬁk,oxkv
k=0

or equivalently

bn1vray ! ~1)(n+1 1 = . - k
(10)  —g(@)ui(z) = ——= v g(r= D)4t I | (r—i)+lot. = E Brox".
(r=DYn+1) Pl prd

Since r > n > 1 we have that (r—1)(n+1)+n+1 > n, from (10) we have a contradiction.
Hence r <n — 1.

We first assume that » > 2 and again we will reach a contradiction. We claim that (8)
becomes

Soui@)y’ ™ = g(x) > ju(x)y’ T = (@)Y dus(a)y’ =
j=0 j=1 j=0
r+1 n

Zﬂkoﬂﬁ +y25k Lzt ) Ty Zﬂk Lt
=2 k=l

Indeed, since all the coefficients with y! for [ = r +2,...,n in (8) only appears in the

right-hand we have that
>y Z Br-raat ™! =
l=r+2 k=l

(11)

This implies that (11) holds, and consequently the claim is proved.
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Computing the coefficient of y"*! in (11) we get that

n
k—r—1 Bk Pk—r—1,r+1 k- 2 :
E /kaTflﬂ‘Jrlx " Le, Up =c¢r + § "= ka T7

k=r+1 k=r+1

where 3, = ¢, € C and 3, = Br—r—1r41/(k — 1) for k = r+1,...,n. Without loss of
generality and since u,(x) # 0 we denote by k* the greatest integer of {r,...,n} such that
B+ # 0. Then it is clear that

up(x) = Bea® 7" + Lot
We claim that

B~ ai, ; - ‘
12 Up_i(x) = gI () +ET = I | r—i)+lo.t.,
() 1) T Gi(n+1) +k*—7) Z-:o( )

forj=1,...,7r—1.
Computing the coefficient of y" in (11) we get

u;”—l(x)* x)ru,(z Zﬁk Tr:c -,

Since k* > r > 2, the terms 2z~ belongs to the lower terms in comparison with TR
Then we obtain that
ul_(2) = apr BT £ Lot

Integrating this last expression we get

Bk*an 1k —
r— =—— " "r+l.o.t.,
Up—1(x) TR BTy F— r+1l.o
which coincides with (12) with j = 1.
Now we assume that (12) is true for j =1,...,J with 1 < J < r —1 and we will prove it

r—J

for j = J + 1. Computing the coefficient of y in (11) we get

g1 (@) = g(@)(r = J + Dur—gia (2) = f(@)(r = Tur—y (2 Z Brrp gt
k=r—J

Now using the induction hypothesis and since z(/=D(+)+n+1+k"=r 5nq gn—r+J helong
to the lower terms in comparison with z/(*+D+k =7+ (note that J > 1), from the last
equation we obtain that

> J—1
/Bk*aJ k*— .
u._ ;4 (x) = apz™(r—J) n 2/ FDFR = TT (0 ) + Lot
o [T Gi(n+ 1) + &+ —7) 1l
Bl 1 . J
=— .”Bk n gl (DR —rtn H(r — 1)+ lo.t.
[[((in+1)+Ek*—1) o
Now integrating the previous equation we obtain
a1 (JHD) (n 1) +k" —r J
U g1 () = Br-ay 'z — [ =) +to.t.
(J+ D)+ 1) +k* =) [T (i(n + 1) + k= =) i
3, oJ+1 J
= — Bi-ay, pJHD (A1) +E —r H(r — i)+ lot.,
L2 ((n—f—l)—i—k*—r) i=0

which is equation (12) with j = J + 1. This proves the claim done in (12).
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From (12) with j = r — 1 we obtain

r—2

Br-a”! (r=1)(n+1)+k"~ ;
u1(2) = ——— AN "1 (r—1i)+ Lot
[ (i(n+1) + k=) 1})
Then we have that the coefficient of y° in (11) satisfies
—g(x)ur(z) = Brox,
k=0
or equivalently
b B ar71 r—2 n

_ 1PEk* Uy, (r—=1)(n+1)+k* —r4+n+1 . _ k

—g(@)ur(r) = — = nt x (r—i)+lot. = Brox".
[Tz (i(n+ 1) + k= 7) IJO kzzo

Since r > 2 we have that (r—1)(n+1)+k*—r = (r—1)n+k*—1 > n+k*—1 > n+r—1 > n+1,
we have a contradiction. Hence r < 2, that is » < 1.

We write u(z,y) = uo(x) + yu1(x). From (8) we have
(13)

yup(x) + y7u (z) = (9(2) + f@)y)ur(x) = Bror +4 Y Be112" +47 > Brooah 2
k=0 k=1 k=2
Computing the coefficient of 2 in (13) we get
n n IB
(14) u(z) = Zﬁk_ggxkfz, ie. wi(z)=p"+ Z %x’“l with g* € C.
k=2 k=2
Furthermore the coefficient of y in (13) gives
n
uh(@) — f@yur () = 3 Buoraat .
k=1

Integrating we have

(15) k=2 k=1
= B*F(x) Zn: Pr—2.2 /f(x)xkil dx + Zn: ﬂk_l’lzk.
k—1 k
k=2 k=1
Finally the coefficient of y° in (13) gives
(16) o) (54 30 B2 ) 25
k=2 k=0
Since g(z) = Z;L:Ol bjz? and b,41 # 0 with n > 1 we have that
(17) B*=0 and fBr_22=0 fork>2.

Thus from (16) we get that 8,0 =0 for k =0,...,n. From (14), (15) and (17) we get
up =0, wug= Z %xk,
k=1
and thus

— Br-11
k

u(z,y) = z*.

k=1
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and
(18) L :yZkal,lmk_l-
k=1
This completes the proof of the proposition. O

Proof of Theorem 1. The exponential factors are e*(®¥) = e with cofactor kxF=1ly, see
Proposition 8. We consider two cases.

Case 1: Assume that the polynomial g does not satisfy the assumptions of Proposition 3.
Then in order that system (1) has a Liouvillian first integral, by Theorem 7 and Propositions
3 and 8, we have

(19) Sty = f(@),
=1

which is not possible since the right-hand side of (19) is independent of y. This ends the
proof of Theorem 1 in this case.

Case 2: Assume that the polynomial g satisfies the assumptions of Proposition 3. Therefore
in order that system (1) has a Liouvillian first integral, by Theorem 7 and Propositions 3
and 8, we have

“Af(@) + P'(@) +y ) ma' = f(x),
=1
which implies gy =0 for [ =1,...,n and
(20) (1+A)f(z) + AP'(z) = 0.
Assume that statement (a) of Proposition 3 holds. Then P(x) has degree one. Using that
f has degree n > 1, we get from (20) that a,(1+ A) =0, i.e. A = —1, and then P'(z) =0
which is not possible.

Assume that statement (b) of Proposition 3 holds. Therefore P(x)+ / f(z) dx has degree

one. Consequently P’'(z) = —f(z) + b where b is a non-zero constant. In this case, (20)
becomes
f(@)+ b =0,
which is again not possible. This ends the proof of Theorem 1. O
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