(4 850

http://www.gsd.uab.cat

This is a preprint of: “Averaging theory for discontinuous piecewise differential systems”, Jaume
Llibre, Ana Cristina Mereu, Douglas D. Novaes, J. Differential FEquations, vol. 258, 4007-4032,

2015.

DOTI: [10.1016/j . jde.2015.01.022]

AVERAGING THEORY FOR DISCONTINUOUS PIECEWISE
DIFFERENTIAL SYSTEMS

JAUME LLIBRE!, ANA C. MEREU? AND DOUGLAS D. NOVAES?

ABSTRACT. We develop the averaging theory of first and second order for studying the
periodic solutions of discontinuous piecewise differential systems in arbitrary dimension and
with an arbitrary number of systems with the minimal conditions of differentiability. We do
two applications.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

1.1. Introduction. The discontinuous differential systems, i.e. differential equations with dis-
continuous right—hand sides, is a subject that has been developed very fast these last years.
It has become certainly one of the common frontiers between Mathematics, Physics and En-
gineering. Thus certain phenomena in control systems [2], impact and friction mechanics [7],
nonlinear oscillations [1, 18], economics [12, 13], and biology [3, 15], are the main sources of
motivation of their study, see for more details Teixeira [20]. A recent review appears in [22].

The knowledge of the existence or not of periodic solutions is very important for understand-
ing the dynamics of differential systems. One of good tools for study the periodic solutions is
the averaging theory, see for instance the books of Sanders and Verhulst [19] and Verhulst
[21]. We point out that the method of averaging is a classical and matured tool that provides
a useful means to study the behaviour of nonlinear smooth dynamical systems. The method
of averaging has a long history that starts with the classical works of Lagrange and Laplace
who provided an intuitive justification of the process. The first formalization of this procedure
was given by Fatou in 1928 [10]. Very important practical and theoretical contributions in the
averaging theory were made by Krylov and Bogoliubov [6] in the 1930s and Bogoliubov [5] in
1945. The principle of averaging has been extended in many directions for both finite- and
infinite-dimensional differentiable systems. The classical results for studying the periodic orbits
of differential systems need at least that those systems be of class C2. Nevertheless Buica and
Llibre [9] extended the averaging theory for studying periodic orbits to continuous differential
systems using mainly the Brouwer degree theory. Recently in [16] developed the averaging
theory for studying periodic orbits to discontinuous differential systems.

1.2. Preliminaries. In the following we define the necessary elements for the statement of our
main results.

Let D be an open subset of R? and I = [0,7) an interval of R. We consider a finite set of
ODEs

(1) 2(t) = f"(t,x), (t,o)elIxD for n=1,2,...,M,
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where f? : I x D — R? is a continuous function. Here the prime denotes derivative with
respect to the time ¢. Let (S,) be a set of open disjoints subset of I x D for n =1,2,..., M.
We suppose that the boundaries of each S, are C* embedded piecewise hypersurfaces with
k > 1. Furthermore the union of all boundaries, denoted by 3, and all S, together cover I x D.
So we define a M —Discontinuous Piecewise Differential System, or simply a M-DPDS as

fite),  (ta) €S,

f2t,x, t,x 572,
@) S0 = ftny = T D BTE

Mt,z), (tx) € Su,
where S}, denotes the closure of S, in D.

Remark 1. Later on in this work we shall assume that the functions f™ are Lipschitz, and the
boundaries are piecewise C* embedded hypersurfaces with either k > 1 or k > 2. However the
theory described in the following is developed without these assumptions.

Let A be a subset of I x D and let x (¢, z) be the characteristic function defined as

)1t (tx) € A,
X"‘(t’x){o it (t,2) ¢ A.

So system (2) can be written as

M
(3) Z'(t) = f(t,x) = ng(t,x)f"(t,m), (t,z) € I x D.

Remark 2. The Filippov convention for the flow of system (3) passing through a point p € ¥
does not depend on the value f(p). Therefore we can define f(p) for p € ¥ in any way, also mul-
tivalued as usual. Details on Filippov conventions for differential equations with discontinuous
righthand side can be found in the book of Filippov [11].

A point p € ¥ is called a generic point of discontinuity if there exists a neighborhood G, of
p such that S, = G, N X is a C¥ embedded hypersurface. In this case we can always assume
that the hypersurface S, splits G,\S, in two disconnected regions, namely G;‘ and G, .

Let p be a generic point of discontinuity. We denote f,” = f| cr and fr = f | G5 » Which are
continuous vector fields. So we define I(p) as the segment connecting the vectors f,f(p) and
[ (p), see Figures 1 and 2. The sets G, G;)r and G, are not uniquely defined. Nevertheless,
it is easy to see that f(p), f, (p), and I(p) do not depend of this choice.

An embedded hypersurface S C % can be decomposed as the union of the closure of its
crossing region X°(S) (see Figure 1), and its sliding region ¥°(S) (see Figure 2), which are
defined as

2US)={peS:llp)NT,S=0} and Z°(S)={peS:Ip)NT,S#0},

where as usual 7},S denotes the tangent space of S at the point p.

If S = h=1(0) for some C! function h : I x D — R which has 0 as a regular value, then the
above definitions can be written as

248) = {p € S: (Vh(p), [T (p)(Vh(p), f~(p)) >0} and
%5(S) = {p e S: (Vh), [T () {(Vh(p), f~(p)) <0}.
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FIGURE 1. Crossing region of S: X°S.
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FIGURE 2. Sliding region of S: ¥°S.

The crossing region ¥ is defined as the generic points of discontinuity p such that p € X°(S,).
Analogously, we define the sliding region ¥°.

Let @#n(t,q) be the solution of system (1) passing through the point ¢ € §,, at time ¢t = 0,
ie. ¢sn(0,q) = q. The local solution ¢s(t,q) of system (3) passing through a point p € X°¢
at time t = 0 is given by the Filippov convention, i.e. for p € ¥¢ such that I(p) C G} and
taking the origin of time at p, the trajectory through p is defined as ¢;(¢,p) = Q= (t,p) for
t € I,N{t <0}, and @s(t,p) = @f;r(t,p) for t € I, N {t > 0}. For the case I(p) C G, the
definition is the same reversing the time. Here I, is an open interval having the 0 in its interior.

The following proposition gives a condition for the existence and uniqueness of solutions of
system (3).

Proposition 1. For every point p € 3¢ there is a solution passing either from G, into G;r, or

from G’; into G, , and uniqueness in not violated.
For a proof of Proposition 1 see Corollary 1 of section 10 of chapter 2 of [11].

Remark 3. The Lipschitz condition together with Proposition 1 imply, for system (3), the
global uniqueness of solutions whose reach the set of discontinuity only at points of X€.

1.3. Statement of the main results. We consider the following DPDS.
(4) 2! (t) = ey (t,x) + e Fa(t,x) + 3 R(t, x, €),
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with

M
Fi(t,x) = szfj(t,x)Fij(t,m), for i = 1,2, and
j=1

M
R(t,z,e) = szj(t,x)Rj(t,x),
j=1

where FZJ RxD = R4 RI:Rx D x (—gg,60) = R fori=1,2and j =1,2,...,M are
continuous functions, T—periodic in the variable ¢ and D is an open subset of R<.

Remark 4. Here the family of sets P = {S; : i =1,2,..., M} provides a partition of [0,T)x D.
Clearly we can use the family P for producing a partition of the intervals [kT, (k+ 1)T) for
k € Z. Since the righthand side of system (4) is T—periodic, a partition of R x D can be
obtained naturally by considering R = Uyez [KT, (k + 1)T).

We denote for i = 1,2

M
D, F;(t,x) = foj(t,x)Dl«Fij (t,x).
j=1

In order to state our main result we define the averaged functions fi, fo : D — R? as

T
(5) fi(z) = /O Fi(t,2)dt, and

T
(6) f2(2):/0 (DzFl(t,Z)yl(t,Z)+F2(t,z))dt,
where

yl(t,z)Z/O Fi(s,2)ds.

Our main results on the periodic orbits of DPDS (4) are given in the next two theorems.
Their proofs use the Brouwer degree theory for finite dimensional spaces (see the appendix for
a definition of the Brouwer degree dp(f,V,0)).

Theorem A (First order averaging theorem for DPDS). Assume the following conditions.

(Hal) For i = 1,2 and j = 1,2,...,M, the continuous functions FZJ and Rf are locally
Lipschitz with respect to x, and T—periodic with respect to the time t. Furthermore,
forj=1,2,..., M, the boundaries of S; are piecewise Ck embedded hypersurfaces with
k>1.

(Ha2) There exists an open bounded set C C D such that, for |e| > 0 sufficiently small, every
orbit starting in C' reaches the set of discontinuity only at its crossing regions (crossing
hypothesis).

(Ha3) Fora € C with fi1(a) =0, there exist a neighbourhood U C C of a such that f1(z) # 0
for all z € U\{a} and dp(f1,U,0) # 0.

Then for |e| > 0 (ore > 0) sufficiently small, there exists a T —periodic solution z(t,e) of system

(4) such that ©(0,e) — a as e — 0.

Theorem A is proved in section 3.

Theorem B (Second order averaging theorem for DPDS). Suppose that f1(z) = 0. In addition
to the hypotheses of Theorem A assume the following conditions.
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(Hbl) For j=1,2,...,M, the functions Flj(t, -) are of class C* for allt € R; fori= 1,2 and
j=1,2,..., M, the functions D, F} are locally Lipschitz with respect to x. Furthermore,
forj=1,2,..., M, the boundaries of S; are piecewise C* embedded hypersurfaces with
k> 2.

(Hb2) For (t,2) €%, if (5,y1(t,2)) € T(s,.)2 then s = 0.

(Hb3) For a € C with fa(a) = 0, there exist a neighborhood U C C of a such that fa(z) # 0
for all z € U\{a} and dp(f2,U,0) # 0.

Then for |e| > 0 sufficiently small, there exists a T—periodic solution x(t,e) of system (4) such

that ©(0,e) — a as e — 0.

Theorem B is also proved in section 3.

1.4. Discontinuous perturbation of planar linear centers. In this subsection we show
how to use the Theorems A and B for studying the linear centers perturbed by DPDS systems
having the set of discontinuity composed by rays passing through the origin of coordinates.
In other words we shall show that the hypothesis of crossing (Ha2) of both theorems and the
hypothesis (Hb2) of Theorem B always hold for such systems after a change of variables and a
rescaling of the time.

Let M be a positive integer greater than 1, let a = (ay, 2, - ,apr) € TM (M-Torus) be
a M—tuple of angles such that 0 < a3 < ag < -+ < apy < 2w and let X = (X1, Xo, -+, Xur)
be a M-tuple of locally Lipschitz vector fields defined on an open neighborhood D C R? of the
origin.

We define the set of discontinuity > = Ui\il L;, where L; for i = 1,2,..., M, is the intersec-
tion between the ray starting at the origin and passing through the point (cos «;,sin ;) with
the set D. We note that the set ¥ splits the set D\X C R? in M disjoint open sectors. We
denote the sector delimited by L; and L;11 by C; for i =1,2,..., M.

Now let Zx o(z,y) be the DPDS defined in D as
Zxo(x,y) = Xi(z,y) i (z,y) € Cs.

Let a be a M—tuple of angles, and let X and ) be two M—tuples of vector fields. In this
section we shall study the following DPDS.

(7) (@,9) =y, —2) +eZxalz,y) + EQEZyya(:L‘,y).

Now the dot denotes derivative with respect to the time t.
Using the polar coordinates z = r cosf and y = rsin 6, system (7) becomes

8) (9, r) = (=1,0) + cA(0,r) + £2B(0, r),
where A and B are DPDS with the set of discontinuity 3 being the union of the rays {(a,7) :

r >0} for i =1,2,..., M. Moreover, for § € [0,27), A(0,r) = A;(0,r) and B(0,r) = B;(0,r)
ifa; <0< ay fori=1,2,..., M, where ap4+1 = a1, and

1
Ai(0,r) = ( (XZ (rcosf,rsinf) cos — X} (rcosf,rsin6)sin6),
r

X} (rcos6,rsinf)cosd + X2 (rcos,rsinf)sin 9) ,
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and

1
B;(0,7) = (r (Y? (rcos@,rsin6) cos§ — Y;' (rcos,rsinf)sinb),

Y;' (rcos @, rsin @) cos§ + Y2 (r cos 0, 7 sin §) sin 9) )

Here X; = (X}, X?) and Y; = (Y1, Y?) fori =1,2,..., M.

In the sector a; < 6 < ;41 system (8), taking the time 6 instead ¢ can be written as the
differential equation

dr 7 eA2(0,r) +e2B2(0,r)

a0~ 6 —1+cAl0,r)+e2B0,r)

Here A; = (A}, A?) and B; = (B}, B?) for i = 1,2,...,M. So system (8) and consequently
system (7) becomes

(9) r = R(0,r,¢),

where, fori =1,2,..., M, R(0,r,¢) = R;(0,r,¢) if a; <0 < 11, and

R;(0,r,e) = —e (X} (rcosf,rsind)cosf + X7 (rcosf,rsinf)sinf)
1
—e? (; (X7 (rcosf,rsinf) cosd — X} (rcos,rsind)sing)
(X} (rcosf,rsin®) cos + X7 (rcosf,rsinf) sin §)
+ (Y;' (rcos@,rsind) cosf + Y;? (rcos 0, rsin0) sin 6) ) + O(e%).

Now the prime denotes derivative with respect to the time 6.

Proposition 2. For system (9) the following statements hold.

(a) There exists an open bounded interval C' C (0,00) such that, for |e| > 0 sufficiently
small, every orbit starting in C reaches the set of discontinuity % only at its crossing
T€gLONS.

(b) If (s,y1(ci,m)) € T(a”)i then s =0 fori=1,2,..., M.

Proof. Let ¥; = {(ay,7) : 7 > 0} € %, and let hy(d,7) = 6 — a;. Clearly ¥ = UM, ¥, and
¥ = hi_l(O). In order to study the type of ¥;, according to the definitions of Section 1.2, we
compute

<Vhi(04i,7”)7 (17 Rifl(aivrv 6))> <Vhi(0£i77"), (LRi(aiﬂ", 5))> =
((1,0), (1, Ri—1(cy,7,€)) ) ((1,0), (1, Ri(cv, 7€) ) = 1 > 0.
So 3 has only crossing regions. Hence statement (a) is proved.

Now assume that (s,y1(a;,7)) € T(aw)f). It implies that

0= <Vh¢(0£i,7"), (Sayl(aiar))> - <(130)7 (Sayl(aiar))> =S.

So s = 0, and statement (b) is proved. 0



AVERAGING THEORY FOR DISCONTINUOUS DIFFERENTIAL SYSTEMS 7

1.5. Example 1. In the following example we solve a problem of type (7).

Consider a = (0,7/2,7,37/2,27) € T4, Thus Ly = {(2,0) : > 0}, Ly = {(0,y) : u > 0},
L3 = {(2,0) : 2 <0}, and Ly = {(0,y) : y < 0}. Then for i = 1,...,4 we have that C; is the
first, second, third and fourth quadrants, respectively.

In this example we study the maximum number of limit cycles given by the averaging theory
of first and second order, which can bifurcate from the periodic orbits of the linear center & = y,
1y = —x, perturbed inside the following class of linear DPDS:

(10) X =Yi(x,y) if (z,y)€Cyi=1,..4
where
y+ePl(z,y) +2P?(z,y)

Yi(z,y) =
(@9) —x +eQl(z,y) + 2Q3 (., y)

with P!z, y) = agi + a1z + azy, P*(z,y) = coi + crix + 25y, QF (2, y) = boi + bz + bay,
Q?(x,y) = doi + d1;x + do; and |g| > 0 is a small parameter.

Let A denote the two conditions

4ag; — 4(&02 + agz — ags — bo1 — boa + bos + b04) =0 and
2a91 — 2(a22 — ass + aga — bi1 + bz — big + bia)+
(@11 + a12 + a13 + a14 + b1 + bag + bog + bog)m = 0.

Our results on the limit cycles of system (10) are stated in the next two propositions.

Proposition 3. For |e| > 0 sufficiently small and using Theorem A system (10) has at most 1
limit cycle for any chosen of parameters for A does not hold. Moreover we can find parameters
aij, bij, ¢ij, and d;; fori=0,1,2 and j = 1,...,4 such that system (10) has exactly 0 or 1 limit
cycle.

Proposition 4. For |g| > 0 sufficiently small and using Theorem B system (10) has at most
4 limit cycles for any chosen of parameters for which the two conditions of A holds. Moreover
we can find parameters a;;, bij, ¢;j, and d;; fori=0,1,2 and j = 1,...,4 such that system (10)
has exactly 0, 1, 2, 3 or 4 limit cycles.

Proposition 3 and 4 are proved in Section 3.

1.6. Example 2. In the following example we solve a problem which is not of type (7).

Let h(z,y) =y — 2. The set ¥ = h~1(0) is a regular manifold which splits the set R?\Y in
two disjoint open regions. We consider the following system

x4+ Pz, y) + 2 P?(z,y),
(1 Y) 2 (2 Y) it (e y) >0,
i —y+eQ (z,y) +°Q°(z,y),
(11) =
y x4 eRY(z,y) + e2R?(x, y,
(z,y) (z,y,) it hey) <0,
—y +eS'(z,y) + 5% (x,y),
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where
P; = plo + plox + phyy + phor® + plyazy + phoy?,
Qi = qho + GhoT + ah1y + Ghox” + Gy + 4hey’,
Ri =rhy 4+ iz + i1y + rhox? + riizy + risy?,
S; = sho + StoT + Shyy + shor” + STy + shoy”,
fori=1,2.

Let B denote the set of conditions

1 .1 1 _ 1 _ 1 _ .1 _ .1 _
Poo = P10 = o0 = 901 = d02 = Soo = So2 = 0,
1 1 1 11 1
di0 = —Po1 — 2P20» G411 = —Po2 — 2P20;
1 1 1 1
Q20 = —P11s  So1 = —T10» and

1 _ .l 1
Sa0 = 3r1p — T11-

Our results on the limit cycles of system (11) are given in the next two propositions.

Proposition 5. For |e| > 0 sufficiently small and using Theorem A system (11) has at most 4
limit cycles for any chosen of parameters for which the conditions of B do not hold. Moreover
we can find parameters pllj, qilj, rilj, and s}j for ij = 00,10,01,20,11,02 such that system (11)
has exactly 0, 1, 2, 3 or 4 limit cycles.

Proposition 6. For |g| > 0 sufficiently small and using Theorem B system (11) has at most
6 limit cycles for any chosen of parameters for which the conditions of B hold. Moreover we
can find parameters pl;, Py, Pi1, Phas Sios rilj pfj, qizj, rfj, and sfj forij =00,10,01,20,11,02
such that system (11) has exactly 0, 1, 2, 3, 4, 5 or 6 limit cycles.

Proposition 5 and 6 are proved in Section 3.

2. PROOFS OF THEOREMS A AND B

In order to prove Theorems A and B we need some preliminary results. As usual y denotes
the Lebesque Measure.

Lemma 7. The averaged functions (5) and (6) are continuous in C.

Proof. Let zp € C and let V be a neighborhood of zg with a compact closure contained in C. For
z € V we define the sets AL(t) = {s € [0,T] : (s,z) € S'}, and A%(t) = {s € [0,T] : (s,2) € B}.
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From hypothesis (Ha2) we have that p (A%(t)) = 0 for every t € [0,7]. So

M M
ntz0) =t = |3 [ Filsaods =Y [R5
j=1 AL () j=1 AL(t)

M
< /Flj(s,zo)ds — [Fi(s,2)ds
i=1 A';o (t) Al (t)
< (s,20) — Fi (s, 2 ‘ds—i— F] (s,20) — /Fj(s z)ds
Z /AJ (t ﬂAJ (® Z ( )\AJ () JALO\AL, (1)
< MTL|z — 2| Jrz /FJ s zo)dsf/FJ(s z)ds
(t)\AJ (®) AL(D\AL, (8)

j=1

M
< MTLlzy— 2|+ 3 Loy (u (AL (D\AL() + 4 (AL(0N\AL (1)

j=1
where L is maximum of the Lipschitz constants of the functions Ff for j =1,2,..., M, and
Lyi; = max{F{(s,2z): (s,2) € [0,T]xV}forj=1,2,..., M. Weobserve that u (A7 (t)\A(t)) —
0 and p (AL(t)\AZ (t)) — 0, as z — zo for every ¢ € [0,T]. Thus |y1(t,20) — y1(t,2)| = 0, as
z — zp for every t € [0,T]. So the function y; (¢, z) is continuous in C for each ¢ € [0,T]. Since
fi(z) = y1 (T, ), we conclude that the averaged function f; is continuous in C.

Given zy € C and repeating the computations done for y;, now for fot F5(s, z)ds we get that

this function is continuous for z € C. So for proving the continuity of the function fs it is
sufficient to estimate the difference

T
D(z0,2) = /0 (DzFl(t,zo)yl(t,zo)—DzFl(Lz)yl(t,z))dt,

for z € V, being V the above neighborhood of zy with a compact closure. So
T

T
D(z0,2) < / \DZFl(t,zo)—DZFl(t,z)||y1(t,z0)\dt+/ IDLFy(t, 2)| [in (£ 20) — (1, 2)|dt
0 0

T T
< TY/ |DZF1(t,zo)szFl(t,z)|dt+TL’/ ly1(t, z0) — y1 (2, 2)|dt,
0 0

where Y = max{|y1(s,2)| : (s,2) € [0,T] x V} and L' = maxj]\/il{|DzFf(s,z)| D (s,2) €
[0,T] x V'}.

Now from the continuity of y; (¢, z) and doing similar computations as the ones done for the
discontinuous function D, F(t, z) we conclude that D(zp,z) — 0 when z — zg, which implies
the continuity of the averaged function fs in C. O

Let g : (—eo,60) — R4 be a function defined on a small interval (—0,0). We say that
1. g(e) = O(g%) for some positive integer ¢ if there exists constants 1 > 0 and k > 0 such
that ||g(e)|| < k|e®| for —e1 < e < &1.
2. g(g) = o(e*) for some positive integer £ if

gl _

5—)0 £
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The symbols O and o are called the Landau’s symbols (see for instance [19]).

Lemma 8 (Fundamental lemma). Let (-, z,¢) : [0,t,) — R™ be the solution of system (3) with
x(0,z,e) = z.
(a) Under the hypotheses of Theorem A, the function e — x(t, z,€) is differentiable at e = 0.
Moreover x(t, z,€) = z + ey1(t, 2) + O(e?).
(b) Under the hypotheses of Theorem B, the function € — x(t, z,€) is differentiable at € = 0.
Moreover the x(t, z,€) = z + eyy (t, 2) + &2 fOt(DZFl(s, 2)y1(s, 2) + Fa(s, 2))ds + O(e3).

Proof. From hypothesis (Ha2) for z € C the function t € [0,t,) — x(t, z,¢) is continuous and
piecewise differentiable. So for |¢] > 0 sufficiently small we can assume that

z1(t,z,e) if 0= t2<t<tl
zo(t, z,€) if th<t <t
z(t, z,€) = ' ) . .
( ) zi(t,z,e) if ot <t <t
re(t,z,e) if Tl <t <th=t,<T,

for which we have the following recurrence
(12) 21(0,2,6) =2z and @i (t, 2,6) = 24(tL, 2, €),
fori=1,2,...,k—1.

The functions x;(t,z,¢) for i = 1,2,...,k — 1 are of class C! and satisfy the DPDS (4), i.e.
there exists a subsequence (j;) for i = 1,..., s such that

(13) (t,2,6) = eFVi (t,2i(t, 2,€)) + €2FJ (£, x4(t, 2, €)) + €3RI (t, x4(t, 2, €), €).

0
o

The function z;(t,z, ) is the solution of the Cauchy Problem defined by the differential
system (13) together with the initial condition (12), i.e. z;(t{"1,z,6) = 2 for i = 1, and
it ze) =2t 2,e) for i = 2,3, ..k — 1.

On the other hand, for i = 1,2,...,x—1 and for each z € D, there exists ¢; > 0 such that if
€ € [—&;,&;] then the solution z;(¢, z, &) of (13) is defined in [0, 7]. Indeed, by the Ezistence and
Uniqueness Theorem of solutions (see, for example, Theorem 1.2.4 of [19]), for z € D, z;(t, z, &)
is defined for all 0 < ¢ < inf (T, d/M;(¢)), where

Mi(e) > |eF' (t,2i(t, z,€)) + € F5' (1, 2i(t, z,€)) + R (8, 24(t, 2, €), €)

for all ¢t € [0,T], for each z with |z — 2| < d and for every z € D. When ¢ is sufficiently small
we can take d/M;(g) sufficiently large in order that inf (T, d/M;(¢)) = T for all z € V. So for
any z € C' we have that the solution z(t, z,¢) of system (3) is also defined for every t € [0,T],
ie. t,="T.

From the continuity of the solution z(t,z,¢) and by compactness of the set [0,7] x C
[—¢1,€1], there exits a compact subset K of D such that x(t,z,e) € K for all t € [0,T], z €
and € € [—¢e1,e1]. Now, by the piecewise continuity of the function R, |R(s,z(s,z,¢€),¢)]
max{|R(t, z,¢e)l|, (t,z,e) € [0,T] x K x [—e1,¢1]} = N. Then

t T
/ R(s,x(s,2,¢€),e)ds| < / |R(s,x(s,2,¢€),e)|ds = TN,
0 0
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which implies that

t
(14) / R(s,z(s, z,€),e)ds = O(1).
0
Now for a given t € (0,T) there exists & € {1,2,...,x — 1} such that ¢ € [t*~1 ¢F) and
x(t,z,e) = xz(t,2,€)

t t
= zx 1 (tF71 z¢) +5/ Fi(s,2(s,2,¢€))ds + €2 Fy(s,2(s,2,€))ds + O(£%).
t

R—1 rR—1
€ te

Since
ti+1 ti+1

Tiaa (2,6 :xi(ti,z,«s)—i—a/ Fl(t,x(t,z,s))dt+52/€ Fo(t, a(t, 2, 2))dt + O(),
tt t

i
=

proceeding by induction on ¢ we obtain
t t
(15) x(t,z,e) =z + 5/ Fi(s,x(s,2,¢))ds + &2 / Fo(s,x(s,2,¢))ds + O(e%).
0 0
Thus let #* = lim._,otL for i =1,2,...,x — 1. We compute

t Rl t
/ Fl(S,il'(&Z,E))dS = (Z Ffi(svxi(s7z7€)>d8> +/ Fljk(su‘rl_i(&zug))ds
0 i—1 A1

i
i=1Yte

=

R—1 4t ) t ]
= (Z/ Ffi(s,xi(s,z,e))ds> —|—/ Fi®(s,xx(s,2,¢))ds + E(e),
i—1 ti—1 th—1
where

tit o
E(g) B Z </ Fjl S Z; S Z,E))dS _l Flji(svxi(s7zvs))d8>
th T 15 ’

+/ Fi%(s,25(s, 2, €))ds.

th-t

It is easy to see that there exists a constant E such that

(17) Be)| <E) [t~ ti].

3

I
—_

I
=)

Claim 1. Statement (a) of Lemma 8 holds.

Denoting ¢! = t(¢) we shall prove that t'(¢) is a C* function with k > 1.

From hypothesis (Ha2) the solution x(¢, z,0) = z reaches the discontinuity set only on X, i.e.
(t*,z) € X€ for every i = 1,2,..., k — 1. Particularly (¢*, z) is a generic point of 3. So from the
hypothesis (Hal) there exists a neighbourhood Gy . of (t',z) such that S ) = Gy NE
is a C* embedded hypersurface of R¥! with k& > 1. So it is well known that S 2y can be
locally described as the inverse image of a regular value of a Ck function. Thus we can find a
C* function h; G(tz ) — R such that G(ﬁ ) NSy = hy L(0) N . Here G(“ ») is an open
subset such that (¢',2) € G ti,2) C Gei,z)-
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For (t,z) € é(ﬁ-’z) system (4) can be written as the autonomous system

T’ ) X(r,x,6) if hy(r,x) >0,
Y(r,xz,e) if hi(r,z) <0,

x
where
1
X(T,x,é) = . . . 5
eF)" " (1, x) + 52F2]1+1 (r,z) + g3 R+ (1,2,¢€)
1
Y(r,z,€) =

5Ff (r,z) + £2F2ji (ryz) + g3 RIi (1,2,¢€)

Now we define H;(t,e) = h;(t,z;(t, z,€)). We have that H,(t*,0) = 0. Moreover, from hypothe-
sis (Ha2) we have that Xh;(t%, z, &)Y h(t, z,€) > 0. Since Xh;(t%, z,0)Y h;(t, z,0) > 0 is equal

’ (Gt o)) 0.0 ((Grm(e o o)) (.0)) >0

So we conclude that ((9/0t)h;(t},2))? > 0. Thus

0 ; 0
&Hi(t ,O) = ahi(t,dii(t,z,é‘)) o)
9 i i 9 i i 9
= ahi(t ,xi(th, 2,0)) + %hZ(t L x(t ,z,O))atxZ(t ,2,0)
9 i i
- ahz(t ;xi(t 7270)) 7& 07

because from (13) (8/0t)z;(t,2,0) = 0. Hence from the Implicit Function Theorem, t*(e
is a C* with H(t'(e),e) = 0 for every |e| > 0 sufficiently small and t'(0) = t'. So t'(e) =
i+ (1) (0)e + o(e) for every i = 1,2,...,k — 1, because k > 1. This implies that E(c) = O(e).

Since Ff’ is Lipschitz for ¢ = 1,2, ...,k in the variable =, we have that

t* ‘ ‘
§/ Fli(s,2i(s,2,€)) — F{'(s,2)| ds
t

i—1

o o
/ Ffi(swi(s,z,s))ds—/ Fi(s, z)ds
t

i—1 ti—1

ti
< Lj, / |zi(s, z,€) — z|ds < L;,T|x(s, z,€) — z| = O(e),

¢i—1
where L;, is the Lipschitz constant of the function FJ*. This implies that
(18) Fli(s,2i(s,2z,€))ds = / Fi(s,z)ds + O(e),
i—1 ti—1
for every i = 1,2,..., k. Going back to the inequality (16) we have

/0 Fi(s,z(s,z,8))ds = <; /ﬁ_1 Ff(s,z)ds) +/t*’~—1 Fi{*(s,z)ds + E(e) + O(e)

(19)
:/ Fi(s,z)ds + O(e).
0
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Hence from (15) and (19) we get that

(20) otz ) = z—l—s/t Fy(s, 2)ds + O(2).
0

Therefore the claim 1 is proved.
Claim 2. Statement (b) of Lemma 8 holds.

First we shall prove that E(e) = O(g?). From hypothesis (Ha2) and following the steps of
the proof of Claim 1 we can find a C* function h; : G(ti,2) — R, now with k& > 2, such that

é(ti7z)08(ti,z) = h;l(O)ﬂZ. Again, G(ti,z) is an open subset such that (t%, z) € é(ti,z) C Gy
Applying the Inverse Function Theorem we conclude that t*(g) is a C? function. So

(21) t'(e) =t + (t")(0)e + O(£%).
From statement (a) and (21) the function e — x(t(g),z2,¢)) is differentiable at ¢ = 0.

Moreover y; (¢, 2) = (9/9¢)z(t, 2,0). Since for |e| > 0 sufficiently small h;(t'(e), z(t! (), z,¢)) =
0, so

0= %h(t%e),x(ti(e),z,e))
0 0 o4 D
= &h(t,z)( )'(0) +—h ( 5% )(0)—&-%3:(75,2,8) 5=o>

<Vh(ti7z), ((t ) (0 )>

because (0/0t)x(t,z,0) is the vector field (4) for ¢ = 0. So ((t')'(0),y1(t',2)) € Ty 2.
From hypothesis (Hb2) we conclude that (¢/)’(0) = 0. From (17) and (21) it follows that
E(e) = O(?).

Now for ¢;_; <t < t* we prove that
(22) [ (tw(t 2.€) = B (t,2) = eDLF{' (1, 2)yn (¢, 2)| = O(E?).
For this goal we define
Gi(\) = FPi(t, Aai(t, z,e) + (1 — N)2).
Computing the derivative in A we get
G'(N) = D, FJV (t, Ai(t, z,6) + (1 — N)2)(i(t, z,€) — 2).

So from the Fundamental Theorem of Calculus and observing that for t;_; <t < t?, x;i(t, z,e) =
x(t, z,€) it follows that

G(1) - G(0) = /O1 DL FI (£, Aa(t, 2,€) + (1 — A=) (a(t, 2, €) — 2)dA.
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Thus
E% (Ff (t,2i(t, 2,€)) — FIi(t,2) — eD, F (t, 2)un (¢, z)) -
E% (G~ G(O) ~ eD.F (1, (1. 2)) =
1 (:C(t Z, 5) —z

1
i 1 i
7/ D, F{ (t, \x(t, z,e) + (1 — N\)z) )d)\ — =D, F}'(t,2)y1(t, 2) =
g Jo 3

é </01 D.F} (t, \x(t, z,¢) + (1 — )\)z)dA) /Ot Fi(s,x(s, z,¢))ds—

1 i
“DF (it 2) + O(1) =

: (/0 D (1 hw(t,z.0) + (1= X)z) = DoF{'(.2)] dA) /0 Fi(s,2(5,2,))dst

13
o [ Fy(s,a(5,2,)) - Fi(s.2)ds| + O(1),

Let B; = max{|FJ' (s, z;(s, z,¢))| : (t,z) € [0,T] x C}. Observing that F7* is locally Lipschitz
in the variable z, and (from (19)) that fot Fi(s,z(s,z,€)) — fot Fi(s,2z) = O(g), it follows that

1 i i i
- (Flh (t,zi(t,z,€)) — F]'(t,z) —eD,F}'(t,2)11 (t,z))‘ <

1t . . t
- / )DzFf’ (t, Ax(t, z,e) + (1 — N)z) — D, F}i(t, z)‘ d\ / Fi(s,z(s,z,€))ds| +
0 0

1 1 i
E‘DzFfl(uz)‘ / Fi(s,x(s,2,¢)) — Fi(s, z)ds
0

228 =2y oy = o),

+0(1) <

TL;B;
3

where L; is the Lipschitz constant of the function DZFlji. Hence for t:=1 < ¢t < ¢* and for
every i = 1,2,...,x the equality (22) holds which implies that F{*(t,2(t,z,¢)) = F{'(t,2) +
eD, F]'(t,2)y1(t, z) + O(e?). So

t t t A
/ Fli(s,24(s,2,€))ds = / Fli(s,z)ds — ¢ D, Fi(s,2)y1(s, 2)ds + O(£?).
pie1 ti—1 ti=1

Going back to the inequality (16) we have
(23)

/OtFl(s z(s,2,¢)) <Z/ Fli(s,z)d ) +/t:1 FI7 (s, 2)ds

¢ t
—e (Z D.FJi(s,z)y1(s,z)ds — DZFf“(s,z)yl(&z)ds)

i—1 ti—1 tR—1

+0(e) + E(e)

t t
= / Fl(s,z)ds—s/ D.Fy(s,2)y1(s,2)ds + O(£?).
0 0
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Analogously to the proof of statement (a) and using that E(g) = O(g2) C O(g) we can show
that

(24) /0 Fy(s,x(s,2,¢))ds :/0 Fs(s,2)ds + O(e).

So from (15), (23) and (24) we get

t t
x(t,z,e) =z + 5/ Fi(s,2)ds — &* / (D.Fy(s,2)y1(s,2) + Fa(s,2)) ds + O(?),
0 0
This completes the proof of the claim 2. O

Proof of Theorem A. Let f be the function such that € f(z,¢) = z(T, z,¢) — z. From statement
(a) of Lemma 8 we have that

fz,8) = fi(z) + O(e),

where the function f; is the one defined in (5). Clearly x(t, z,¢) is a T—periodic solution if and
only if f(z,e) =0, because x(t, z,¢) is defined for all ¢ € [0, T].

From the Brouwer degree theory (see Proposition 12 of the appendix) and hypothesis (Ha3)
we have for |¢| > 0 sufficiently small that

dp (f1(2),U,a) =dp (f(z,¢),U,a) #0.

Hence, by item (i) of Theorem 10 (see the Appendix), 0 € f(U,¢) for |¢| > 0 sufficiently small,
i.e, there exists a. € U such that f(a.,e) = 0. Therefore, for |¢| > 0 sufficiently small, (¢, a., €)
is a periodic solution of (3). We can choose a. such that a. — a when € — 0, because f(z,¢) # 0
in U\ {a}. This completes the proof of the theorem. O

Proof of Theorem B. Now let f be a function such that e2f(z,¢) = (T, z,¢) — z. From state-
ment (b) of Lemma 8 we have that

f(z,8) = f2(2) + O(e),

where the function fo is the one defined in (6). From here the proof follows in a similar way to
the proof of Theorem A. O

3. PROOFS OF PROPOSITIONS 3, 4, 5 AND 6

Proof of Proposition 3. The linear DPDS (10) in polar coordinates (r, ) becomes

r= ¢ (aOi cos0 + ay;r cos? 0 + by; sin 0 + asg;r cos 08in 6 + by;r cos O sin 0 + by sin? 9) +
e2 (co; cos 0 + c1;7 cos? 0 + co;r cos Osin @ + dy;r cos Osin 6 + do;r sin®  + do; sin 6)

. €
0= —-1-—- (—bm c0s 0 — by cos? 0 + ag; sin 0 + a1, cos 0sin O — bo;7 cos @sin O + ag;r sin’ 9) —
r
2
€
— (—do; cos § — dy;r cos® 0 + co; sin 0 + 157 cos O sin — do;r cos Osin 6 + co;rsin® 0)
r

withi =1if0<0<7n/2,i=2in/2<8<mi=3inr<6<3r/2andi=4if
3m/2 < 0 < 27, Taking the angle 6 as the new independent variable the DPDS (10) becomes

(25) i =eFy; + e2Fy + O(e%),
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where
Fii = —r(ag;cos® + ai;r cos? 0 + bo; sin 0 + ag;r cos @ sin @ + by;r cos @ sin O + bg;r sin? 0),
1
Fy; =  —(=by;rcos® 0 — by; cos O + ay;rsin 0 cos O — bg;r sin  cos O + ag;r sin? 6 + ag; sin )
r

a1, cos2 0 + ag; cos 0 + as;rsin 6 cos O + by;r sin 0 cos 6 + bo;r sin? 0 + by, sin )

—

—(c147 082 6 + co; cos O + cor sin 6 cos O + dy;r sin 0 cos 6 + do;r sin? 0 + dy,; sin 0).

By Proposition 3 the DPDS (25) is under the assumptions of Theorem A. Computing the
averaged function f; we obtain

1
fi(r) = 17"(—4(101 + 4(ao2 + aos — aps — bor — boz + bos + boa)
(26) —(2a21 — 2(age — a3 + aga — b1 + b1z — b1z + b14)
+(a11 + a1z + aiz + aig + bay + bag + bag + bay)m)7).

Clearly f; has at most 1 zero. Moreover we can choose the coefficients a;;,¢ = 0,1, =1,...,4
in such a way that f; will have a simple positive zero. Hence the proposition is proved. O

Proof of Proposition 4. We choose the coefficients a;;, ¢ = 0,1, j =1, ...,4 such that the condi-
tions A hold. Then f;(r) = 0. From Proposition 2 the DPDS (25) is under the assumptions of
Theorem B. Using some algebraic manipulator as Mathematica or Maple we obtain

(27) f2(’l") = ko + kir + k‘g?"2 + /4}37“3 + 141'4’1"47

where k;, i = 0, ..., 4 depends freely on the coefficients a;;, i = 0,1, j = 1,...,4. Function (27) is
a polynomial in the variable r of degree 4. Clearly function f> has at most 4 zeros. Moreover
we can choose coefficients a;5, i = 0,1, j = 1, ..., 4 such that (27) has 0, 1, 2, 3 or 4 simple zeros.
So Proposition 4 is proved. O

In order to prove the Propositions 5 and 6 we have to introduce the concept of ECT-systems
and prove one lemma.

Let I be a proper real interval of R. We say that an ordered set of complex—valued functions
F = (fo, f1,--., fn) defined on I is an Eztended Chebyshev system or ET—system on I if and
only if any nontrivial linear combination of the functions of F' has at most n zeros counting
multiplicities. We say that F' is an Extended Complete Chebyshev system or an ECT-system
on [ if and only if for any k, 0 < k < n, (fo, f1,-.., fr) is an ET—system. For more details, see
the book of Karlin and Studden [14].

In order to prove that F' is a ECT-system on [ is sufficient and necessary to show that
W (fo, f1,---5 f&)(t) Z0on I for 0 < K < n. Here W(fo, f1,---, fr)(t) denotes the Wronskians
of the functions (fo, f1,. .., fr) with respect to t. We recall the definition of the Wronskian.

W(fo, fr,--s fu)t) =

e Pey - 1P

We also recall the Descartes Theorem about the number of zeros of a real polynomial (for a
proof see for instance either the pages 82 and 83 of [4], or the appendix of [17]).
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Descartes Theorem Consider the real polynomial p(z) = a;,x™ + a;,x® + -+ + a; x' with
0 <iy <ip <--- <, and a;; # 0 real constants for j € {1,2,---,r}. When a;,a;,,, <0, we
say that a;; and a;;,, have a variation of sign. If the number of variations of signs is m, then
p(x) has at most m positive real roots.

Now consider the functions

g1(u) =1,

g2(u) = u?,

g3(u) = ut,

ga(u) = u (2 + u?) arccos (ﬁ) :
(28) gh(u) = u (24 u?),

G2 (u) = u (2 +u?) (« — arccos (\/217%» :
g6 () = V2ub — u (8 — du* — uP) (;T + arcsin (

and

u
V2t u? >> ’
3mu? (2 + u2)2 U
u) = —v2ub — ——— 71— 4 (8 — 4u* — u%) arccos <>
g7(u) 5 ( ) o
We define the sets of functions G* = {g1, g2, 93, 94, 95 } and G? = {g1, 92, 93, 94, 92, g6, 97 }-
Lemma 9. The sets of functions G' and G* are ECT-systems on the interval (0,00).

Proof. To prove the statement we compute the Wronskians

Wi(u) = g1(u), Wa(u) =W(g1,g2)(u), Ws(u) =Wi(g1,92,93)(u),
Wa(u) = W (g1, 92, 93, 94) (u), W3 (u) = W (g1, g2, g3, 94, 95) (u),
W (u) = W (g1, 92,93, 94, 93) (), We(u) = W (g1, 92, 93, 9a, 93, g6)(u), and
We(u) = W (g1, 92, 93, 91, 92, 96, 97) (1).
So

Wl(u): 1,

Wa(u) = 2u,

Ws(u) = 16u,

16w U
Wy(u) = m (Pl(u) + Py (u) arccos (m)> ,
U3
W () = _6144\/5

(2+u?)’
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6144+/2mu?
Wg(u): - (2+U2)3 ’
—12 2887w U
Ws(u) = ——+ u) + u) arcsin [ —— , and
) = s (@ + @ulwarsin (5 )
14495514 6247%u® (11 + u?)
W7(u) = - (2+U2)8 1)

where
Pi(u) = V2u (12 +4u* + 3u?),
Py(u) = 3(2—u2) (2—|—u2)27

Q1(u)

14421 — 288u — 336v2mu220u® + 1656v/2mu* 4+ 14 584u® + 5 760v/ 27’
+14700u” + 4 305v2mu® + 3780u° + 945v27u!®, and

Qa(u) = 6v2(2+u?)” (12 — 40u> + 175u* + 315u°) .

Clearly Wy (u) # 0, Wa(u) # 0, Wa(u) # 0, Wa(u) # 0, W2(u) # 0 and Wy (u) # 0 for u > 0.

To see that the function Wy(u) does not vanish for any u > 0 we shall prove that

P(u) = Py(u) + Py(u) arccos (\/217>

is an increasing function. Computing its derivative we have

P'(u) = 6u (ﬁu 24 3u?) + (3u* + 4u® — 4) arcsin (u)> .
It is easy to see that (3u®+ 4u? —4) is increasing. So P'(u) is also a increasing function for
u > 0, because it is sums and products of increasing functions. Since P’(0) = 0 it follows that
P'(u) > 0 for every u > 0. This implies that P(w) is an increasing function for u > 0. Again,
since P(0) = 0 it follows that P(u) > 0 for every u > 0. Thus W4(u) # 0 for u > 0.

To see that the function We(u) does not vanish for any u > 0 we shall prove that

- . u

Q(u) Ql(u) + QQ (u) arcsim <m)
is a positive function for u > 0. From Descartes Theorem the polynomials @; and Q2 have
at most 2 zeros, and 1 minimum or maximum. Numerically we find u; = 0.247 and uy =~
0.269 as the minimums for @, and Qs respectively. So Q(u) is an increasing function for
u > max{uj,up}. Finally it is easy to see that Q(u) > 0 for 0 < u < max{uj,ug}. Thus
Wes(u) # 0 for u > 0. Hence the lemma is proved. O

Proof of Proposition 5. Consider system (11). Proceeding with the change of variables x =
rcosf and y = rsinf, and taking 6 as the new time, system (11) becomes
A(0,7) if rsin®0 +sinf —r >0,

(29) r' =
B(0,r) if rsin®0+sind —r < 0.
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where
Al,r) = fp%0r2 cos® 0 — rcos? 6 (pio + (pi1 + q%o) rsin 9)
—cosf (p(l)o + rsinf (p(l)l + Q}o + (p(l)z + q%l) rsine))
—sinf (qéo + rsind (qél + qgor sin 9)),

B(0,r) = —rir?cos®f —rcos®f (r%o + (rh + s%o) rsin 9)
—cosf (réo + rsind (rél + 870 + (ré2 + s%l) rsin))
—sin (sgo + rsin 6 (sg; + spprsind)) .
Clearly hypothesis (Hal) holds for system (29).
Given

01 (r) = arcsi - d 6(r) = i -
1(r) = arcsin (\/m> an 2(r) = m — arcsin <m> )
we have that for 7 > 0, rsin®6 4+ sinf — r > 0 if and only 0 < 8 < 6;(r) and O2(r) < 0 < 2m;
and rsin? 0 4 sin@ — r < 0 if and only if 6;(r) < 6 < O(r).

Let h(0,7) = rsin?6 + sinf — 7, thus the set of discontinuity of system (29) is given by
¥ =h=10) = {(1(r),7) : >0} U{(fa(r),7) : 7> 0}. Since

<V71(91(7"), r), (1,A(91(r),7~))> <vﬁ(91 (r),7), (1, B0 (r), r)>> _ (144r?) (-1 + V1 +4r?)

272 ’
<Vi~z(92(r), r), (1,A(02(r),r))> <vﬁ(92(r)’7ﬁ), (1, 3(92(1"),7'))> _ (1+4r%) (—2124_ m)’

we conclude that 3 has only crossing regions. So hypothesis (H2a) holds for system (29).
Taking r = uv2 + u?/2 and computing the averaged function f; we obtain

fir(u) = k1g1(w) + kago(u) + ksgs(u) + kaga(u) + ksgi (u),

where
k= 24V/2 (qéo — 5(1)0) ,
k2 = 22 (=3pio + 2p1y + 3401 + 4q0s + 2050 + 3r1o — 2r1; — 350, — 4sgy — 2s59) ,
ks = 6V2 (a02 — 502) »
ka = =6 (p1o + do1 — 10 — S01) -
ks = =3 (P10 + do1 — 10 — S01) -
So from Lemma 9 and Theorem A the proof follows. O

Proof of Proposition 6. In order to apply Theorem B to system (29) we have to guarantee that
fi(u) = 0. By the linearity of the set of functions G, fi(u) = 0 if and only if k; = 0 for i =
1,2,...,5. Thus assuming that k; =0 for ¢ = 1,2,...,5, it is easy to see, using some algebraic
manipulator as Mathematica or Maple, that the statement (Vh(61(r),r), (s,y1(61(r),1))) =0
implies s = 0 holds if and only if the conditions B holds. So assuming conditions B the
hypothesis (Hb2) holds.

Taking r = uv/2 + u?/2 and computing the averaged function f; we obtain
fa(u) = kg1 () + kaga(u) + kags(u) + kaga(u) + ksgz (u) + kege(u) + kegs(u).

Hence from Lemma 9 and Theorem B the proof follows. O
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APPENDIX: BASIC RESULTS ON THE BROUWER DEGREE

In this appendix we present the existence and uniqueness result from the degree theory in
finite dimensional spaces. We follow the Browder’s paper [8], where are formalized the properties
of the classical Brouwer degree. We also present some results that we shall need for proving
the main results of this paper.

Theorem 10. Let X = R"™ =Y for a given positive integer n. For bounded open subsets V
of X, consider continuous mappings f : V. — Y, and points yo in Y such that yo does not lie
in f(OV) (as usual OV denotes the boundary of V). Then to each such triple (f,V,yo), there
corresponds an integer d(f,V,yo) having the following three properties.

(i) If d(f,V,yo) # 0, then yo € f(V). If fo is the identity map of X onto Y, then for every
bounded open set V and yg € V, we have

d(f0|vav7y0) = =£1

(i) (Additivity) If f : V — Y is a continuous map with V a bounded open set in X, and Vy
and Vy are a pair of disjoint open subsets of V' such that

yo & fF(V\(V1UV2)),
then,
d(fo,V,y0) = d (fo, V1,90) +d(fo, V1, %0) -
(iii) (Invariance under homotopy) Let V' be a bounded open set in X, and consider a con-
tinuous homotopy {ft : 0 < t < 1} of maps of V in to Y. Let {y: : 0 <t < 1} be

a continuous curve in'Y such that y; ¢ fi(OV) for any t € [0,1]. Then d(fi,V,y:) is
constant in t on [0, 1].

Theorem 11. The degree function d(f,V,yo) is uniquely determined by the conditions of The-
orem 10.

For the proofs of Theorems 10 and 11 see [8].

Proposition 12. We consider the continuous functions f; : V = R", fori=0,1,...,k, and
fyg,7:V X [eg,80] = R™, given by

9(€) = [il) +efol) + 2 f3() + -+ (),

fe) =g(-e) +ebr(e).
Assume that g(z,e) # 0 for all z € IV and € € [—eg,e0]. If for |e| > 0 sufficiently small
dp (f(-,€),V,yo) is well defined, then

dp (f(-€),Viyo) = dp (9(-€), V. 90) -

For a proof of Proposition 12 see Lemma 2.1 in [9].
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