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BIFURCATION DIAGRAMS FOR HAMILTONIAN LINEAR
TYPE CENTERS OF LINEAR PLUS CUBIC
HOMOGENEOUS POLYNOMIAL VECTOR FIELDS

ILKER E. COLAK, JAUME LLIBRE, AND CLAUDIA VALLS

ABSTRACT. As a natural continuation of the work done in [7] we provide
the bifurcation diagrams for the global phase portraits in the Poincaré
disk of all the Hamiltonian linear type centers of linear plus cubic ho-
mogeneous planar polynomial vector fields.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Limit cycles and, being closely related, the center—focus problem have
been among the main subjects that recently attracted a lot of attention in
the qualitative theory of real planar differential systems. The center—focus
problem refers to determining whether a singular point is a center of a focus.
The definition of center was first introduced by Poincaré in [18]. He defined
a center as a singular point of a vector field on the real plane which has a
neighborhood that consists solely of periodic orbits and the singular point
itself.

Analytic differential systems having a center at the origin are grouped in
three categories. If after an affine change of variables and a rescaling of the
time variable the differential system can be written in the form

-i':_y+P(x>y)7 yzm—l—Q(x,y),
then it is called a linear type center; if it can be written in the form

:t:y—I—P(:E,y), yzQ(x,y),
then it is called a nilpotent center; and finally if it can be written in the
form
:b:P(:E,y), y:Q(x,y),

then it is called a degenerate center. Here P(z,y) and Q(z,y) are real ana-
lytic functions without constant and linear terms, defined in a neighborhood
of the origin. For the characterization of linear type centers Poincaré [19]
and Lyapunov [15] provide an algorithm, we also refer to Chazy [5] and
Moussu [17]. On the other hand an algorithm for the characterization of

nilpotent and some class of degenerate centers are given by Chavarriga et
al. [4], Cima and Llibre [6], Giacomini et al. [11], and Giné and Llibre [12].

The classification of centers of quadratic polynomial differential systems
started with the works of Dulac [9], Kapteyn [13, 14] and Bautin [1]. In
[22] Vulpe provides all the global phase portraits of quadratic polynomial
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differential systems having a center. Schlomiuk [20] and Zotadek [25] pro-
vided the bifurcation diagrams of all quadratic differential systems having a
center.

Considering the classification of the centers of polynomial differential sys-
tems with degrees higher than two there are many but partial results. For
linear type centers of cubic polynomial differential systems having linear
terms with homogeneous nonlinearities of degree three were characterized
by Malkin [16], and by Vulpe and Sibirski [23]. We provide all the global
phase portraits of Hamiltonian linear type and nilpotent centers of linear
plus cubic homogeneous polynomial vector fields in [7] and [8], repectively.
In addition we refer to Rousseau and Schlomiuk [21], and Zotadek [26, 27]
for some interesting results in some subclasses of cubic systems. Systems
with higher degrees homogeneous nonlinearities the linear type centers are
not fully characterized, but see Chavarriga and Giné [2, 3] for some of the
main results. In any case there is still a long way to fully characterize and
classify the centers of all polynomial differential systems of degree three.

In this work we provide the bifurcation diagrams for the global phase
portraits in the Poincaré disk of all the Hamiltonian linear type centers
of linear plus cubic homogeneous planar polynomial vector fields. We say
that two vector fields on the Poincaré disk are topologically equivalent if
there exists a homeomorphism from one onto the other which sends orbits
to orbits preserving or reversing the direction of the flow. In [8] the global
phase portraits of all Hamiltonian planar polynomial vector fields with only
linear and cubic homogeneous terms having a linear center at the origin are
given by the following theorem:

Theorem 1. Any Hamiltonian linear type planar polynomial vector field
with linear plus cubic homogeneous terms has a linear type center at the
origin if and only if, after a linear change of variables and a rescaling of its
independent variable, it can be written as one of the following siz classes:

a’® + B2

(1) ¢ =ax+by, y=— r—ay+a°
2 2

(I1) j::ax+by—x3,y:—a ZB r — ay + 3x%y,
2, 2

(I11) izam+by—3x2y+y3,y=—a +5 r — ay + 3xy?,
2, 2

(IV) x':ax+by—3x2y—y3,y:—a +5 x — ay + 31>,
a? + (2

(V) & = ax + by — 3uz?y +y3, § = — x — ay + z3 + 3uzy?,

a? + 32
b
where a,b,8,u € R with b # 0 and § > 0. Moreover, the global phase
portraits of these six families of systems are topologically equivalent to the

following of Figure 1:
(a) 1.1 or 1.2 for systems (I);
(b) 1.3 for systems (II);
(c) 1.4, 1.5 or 1.6 for systems (I11);
(d) 1.1, 1.2, 1.7, 1.8 or 1.9 for systems (IV');

(VD) & = az + by — 3uz’y — 3, § = — z — ay + z° + 3uxy?,



(e)
(f)

HAMILTONIAN LINEAR TYPE CENTERS 3

1.3, 1.10, 1.11 or 1.12 for systems (V');
1.13-1.23 for systems (VI).

We remark that using the change of variables (u,v) = (z/v/B3,vy/v/B), the
time rescale dr = fdt, and redefining parameters a = a//3 and b= b/B, we
can assume = 1 in the families of systems (I)—(V'I). We also note that in
the families (111)—(VI) the cases with a < 0 are obtained from those with
a > 0 simply by making the change (¢,z) — (—t,—x). Therefore we will
assume a > 0 for these systems. We state our main result as follows:

Theorem 2. The global phase portraits of Hamiltonian planar polynomial
vector fields with linear plus cubic homogeneous terms having a linear type
center at the origin are topologically equivalent to the following ones of Fig-
ure 1 using the notation of Theorem 1:

(a)

(b)
(c)

For systems (I) the phase portrait is
1.1 when b < 0;
1.2 when b > 0.
For systems (II) the unique phase portrait is 1.3.
For systems (I11) the phase portrait is
1.4 when b < 0;
1.5 when b >0 and a = 0;
1.6 when b >0 and a > 0.
The corresponding bifurcation diagram is shown in Figure 2.
For systems (IV') the phase portrait is
1.1 when b < 0;
1.2 when b >0, D=0 and a =0, or when b >0 and D > 0;
1.7 when b >0, D <0 and a = 0;
1.8 when b >0, D <0 and a > 0;
1.9 when b >0, D=0 and a > 0.
See (6) for the definition of D. The corresponding bifurcation diagram
s shown in Figure 3.
For systems (V') we can assume b > 0, and the phase portrait is
1.3 when p <0, or when p >0 and Dy < 0, or when p >0, Dy =0
and a = 0;
1.10 when p >0, Dy > 0 and a = 0;
1.11 when p >0, Dy >0 and a > 0;
1.12 when >0, Dy =0 and a > 0.
See (16) for the definition of Dy. The corresponding bifurcation dia-
gram for the case pu > 0 is shown in Figure j.
For systems (VI) we can assume b > 0 whenever p < —1/3, and the
phase portrait is
1.13 when p < —1/3 and b # V1 + a?;
1.14 when p < —1/3 and b =1+ a?;
1.15 when p = —1/3 and b < 0;
1.16 when p=—1/3,b> 0 and b # V1 + a?;
1.17 when p=—1/3 and b = V1 + a?;
1.18 when p > —1/3 and b < 0;
1.19 when p > —1/3, b > 0, Dy < 0, or when pu > —1/3, b > 0,
Dy = D3 =0 and either a # 0 or p#1/3 or b # 1;
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1.20 when 1/3—2a/(3vV1+a2?) > pu > —1/3, Dy > 0 and b = /1 + a2,
or when pn>1/3,b>0, Dy >0 and a = 0;

1.21 when p > —1/3, b > 0, Dy > 0 and b # V1+ a2, or when
w>1/3+42a/(3V1+a?), b=+v1+a? Dy >0 and a #0;

1.22 when pn> —1/3, b >0, Dy =0 and D3 # 0;

1.23 when a =0, p=1/3 and b= 1.

See (30) and (43) for the definitions of Dy and Ds, respectively. The

corresponding bifurcation diagrams are shown in Figures 5-9.

14 1.6

1.4

\ (0,0) /1.5

FIGURE 2. Bifurcation diagram for systems (I117).

a
1.9
\ D=0
1.1 1.9
1.8
1.1 1.2 17
N e [N T

FIGURE 3. Bifurcation diagram for systems (IV).

1.3 /1'12 1.11
1.3
/00 ;Y

Dy

FIGURE 4. Bifurcation diagram for systems (V') with p > 0.

We note that the bifurcation diagrams for the centers of Theorem 2 in
the particular case when they are reversible were also given in [10].
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b=+14+a?

o, 0)3

FIGURE 5. Bifurcation diagram for systems (V' I) with p < —1/3
and b > 0.

b=+v1+a?

1.15

FIGURE 6. Bifurcation diagram for systems (VI) with = —1/3.

R pTETEY p="b/3
1.6 1.20 ‘\1.19
1.19 1.19
1/ 119~ < ~1.19
(0,0) 1.21 1.21 b
173 , :1 1.20

FIGURE 7. Bifurcation diagram for systems (V1) with u > —1/3
and a = 0.

Statement (a) of Theorem 2 follows directly from the result obtained in
[7]. Furthermore systems (II), up to topological equivalence, have a unique
global phase portrait. However [7] provides very little information to obtain
the full bifurcation diagrams for the families (/11)-(VI). Therefore in this
work we focus on these families.
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1.22
/

.19 1.19 1.21
1 (0,0)

—1.22

FIGURE 8. Bifurcation diagram for systems (V1) with p > —1/3,

a>0and b # V14 a2
1
1 1.21 w=1/3+42a/(3vV1+ a?)
'\
1/3 1.19 1.19
/
(0,0) a
1.20
-1/3 w=1/3—-2a/(3V1+ a?)

FIGURE 9. Bifurcation diagram for systems (V1) with p > —1/3,
a>0,b=+1+a?and Dy > 0.

2. BIFURCATION DIAGRAM FOR SYSTEMS (I11)
Systems (/1)
&= ax + by — 3%y + 1,

2
1
Y= - ;— x — ay + 3y,
have the Hamiltonian
4 2
3 1 b
Hs(z,y) = yz — §x2y2 + %aﬁ + 53/2 + axy.

(1a)
(1b)

In [7] it is shown that each phase portrait of systems (I17) is topologically
equivalent to the phase portrait 1.4 of Figure 1 when b < 0, and to either 1.5
or 1.6 when b > 0. Thus we only need to determine the bifurcation values
of parameter a in the case b > 0 leading to either the phase portrait 1.5 or

the phase portrait 1.6. So we assume b > 0.

We define the energy levels of a Hamiltonian differential system as the

level sets of its Hamiltonian. We make the following remark.
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Remark 3. There can be at most two finite saddles at a fixed energy level
in the phase portrait 1.6. Indeed if in the phase portrait 1.6 all four saddles
were at the same energy level, then a straight line through the origin passing
close enough to the saddles that are not on the boundary of the period
annulus of the center at the origin would intersect the separatrices of these
saddles six times. Since these separatrices are at the same energy level this
clearly cannot happen as Hs is quartic, and Hs(x, cx) — h can have at most
four roots for any h € R.

As a result of Remark 3 we see that the phase portraits 1.5 and 1.6 have
four and two finite saddles at a fixed energy level, respectively. We will use
this observation to distinguish the two phase portraits.

The number of singular points at the same energy level is equal to the
number of solutions A of the system of equations & = 1y = Hz — h = 0 for
some h € R. We note that A > 0 at any singular point besides the origin
because

yt —xy 22 + (ax + by)?

VR 1b ”
To find N we compute the Grobner basis of the three polynomials (1a), (1b)
and Hs — h, and obtain a set of 23 polynomials. Due to the size of these
polynomials we will only mention in this paper the ones which are enough
for our purpose. We remark that since b > 0 systems (V') don’t have any
finite singular points on the coordinate axes other than the origin, so we will
assume zy # 0 in our calculations.

Hs — 0.

There are two polynomials in the Grébner basis which do not contain the
variable z, and they are quadratic in y of the form my? + n, where m and
n are functions of the parameters a and b. The coefficient of y? in these
polynomials are 6hp; and 3hpo, where

p1 = 1 — 90h 4 1728h* + 5832b°h* + 1382473,
p2 = 11 + 3a® — 18b% — 336h — 972b%h — 2304h>.

We claim that these coefficients cannot vanish simultaneously. In fact if we
calculate the resultant of p; and po with respect to A we obtain

4a% + a*(12 — 45b%) + 3a%(4 — 3b% + 36b%) + 4(1 + 3b%)%, (2)
up to a positive constant. If we consider (2) as a polynomial in a? we see

that its the discriminant with respect to a? is

— (14 3b%)3(16 + 39v? + 72b*)? < 0.

Hence it has a unique real root. In addition it has at least one negative
root due to Descartes’ rule of signs because 4 — 3b% + 36b* > 0. Then the
only real root of (2), when considered as a polynomial in a?, is negative and
consequently it cannot be zero for real a. Therefore p; and ps cannot be
zero at the same time. Since h > 0, our claim is proved. Consequently the
singular points which are at the same energy level must be on two vertical
lines on the real plane.

There is another polynomial in the Grobner basis which is linear in the
variable x, and the coefficient of z is 27a(1+a?). So if a # 0 we have N = 2.
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If @ = 0 we can simply calculate the finite singular points besides the origin
of systems (III) which are

1 /1+3b2 1
(4/EE T)

Since the Hamiltonian Hj is even these four points are at the same energy
level, so we have N = 4.

In short we have shown that when b > 0 a global phase portrait of systems
(II1) is topologically equivalent to the phase portraits 1.5 and 1.6 of Figure 1
when a = 0 and a > 0, respectively. Consequently we obtain the bifurcation
diagram shown in Figure 2.

3. BIFURCATION DIAGRAM FOR SYSTEMS (V)

Systems (IV)

i = ax + by — 3%y — >, (3a)
2
1
y:—a ;— x — ay + 3xy?, (3b)

have the Hamiltonian

4 2
vt 3 a? +1 b
H4(£C,y) = —Z — §x2y2 + 71'2 + 53/2 + axry.

According to [7] a global phase portrait of systems (I'V) is topologically
equivalent to the phase portrait 1.1 of Figure 1 when b < 0. However there
are four possibilities when b > 0, namely the phase portraits 1.2, 1.7, 1.8
and 1.9 of Figure 1. So we will only focus on the case b > 0. Note that
besides the origin the phase portrait 1.2 has two finite singular points, 1.9
has four, and 1.7 and 1.8 both have six finite singular points. Moreover we
observe that there are four saddles at the same energy level in the phase
portrait, whereas an argument similar to the one used in Remark 3 proves
that there are at most two finite saddles at a fixed energy level in the phase
portrait 1.8. We are going to use these two basic properties to distinguish
them.

We will first study the case a = 0 because it appears as a critical value
in our calculations. In this case we can easily calculate the finite singular
points of systems (I'V) which are the origin, (0, £v/0), and whenever 3b% > 1
the additional four points

(325 n

Note that when 36> — 1 = 0 we get 1/3b = b, and there are only two distinct
singular points.

The linear part of systems (IV) with a =0 is
B —62y b— 322 — 3y?
My = ( —1/b + 3y? 6y ’

The eigenvalues of M, at the singular points (4) are the same, so they are
saddles because there are at most two centers or cusps. Furthermore, since
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H, is even these saddles are at the same energy level. Thus a global phase
portrait systems (IV) with @ = 0 and b > 0 is topologically equivalent to
the phase portrait 1.2 of Figure 1if b < 1/v/3, and to 1.7 if b > 1//3.

We now assume a > 0 for the rest of this section. To find the number of
finite singular points of systems (IV') we solve for z in the equation & = 0
and get

a+ /a2 +12by? — 124

6y )
Note that when y = 0 (3a) becomes az, so the only singular point on the
r—axis is the origin. Since we are looking for singularities other than the
origin we assume y # 0. We substitute z; and x2 into (3b) and obtain g
and 9, respectively:

T12 =

—a — a® — 3aby® F (1 + a® — 3by?)\/a2 + 12by% — 12y*
6by '
We claim that the number of distinct real roots N of the product 192
2+4+2a2+30 ,  (1+a®)(1+a?+6b%) 1+ a?
- b T 302 T (5)
is in one-to—one correspondence with the number of finite singular points
M of systems (V). We now prove our claim.

Y12 =

2
Y

3y6

Let yo be a real root of (5). The corresponding x-coordinate x( is unique
depending on whether g is a root of g or g9, unless yg is a common root
of 9, and 7 such that a® + 12by? — 12y* # 0. But if yq is a common root of
71 and 75, then we have

a(l+ a® + 3v%y3)
3byo

for any yg € R because a # 0. Therefore 3j; and 3o cannot have a common
root, and we have M < N.

On the other hand we have M < N only if a® + 12by3 — 12y3 < 0 so that
xq is complex. If we define

1+y2=— #0

51 =—a—a® — 3aby?,
59 =1+ a® — 3by2,
53 =a® + 12bys — 12y3,

then yg is root of (5) if and only if s%—33s% = 0. For zy to be complex we need
53 < 0, which implies s; = so = 0. But we see that s; —ass = 2a(14a?) # 0,
which is a contradiction. Thus s3 cannot be negative, and as a result we
obtain M = N, proving the claim. We note that since systems (IV') have
at least two finite singular points different from the origin, (5) must have at
least two distinct real roots.

We will study the root classification of (5) using [24], where the author
provides in particular the root classification of an arbitrary sextic polynomial
of the form

x6+pm4+qm3+raf;2+sm2+t
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We first need to compute the “discriminant sequence” {Dy, ..., Ds} where

Dy =1, Dy=—p, Ds=24rp—_8p>—27¢%

Dy = 32p™r — 12p3¢° 4+ 96p>t + 324prq® — 22412 p* — 288ptr — 120¢p*s
+ 300ps? — 81¢* + 324tq® — T20qsr + 384r3,

Ds = — 4p>¢®r? — 1344ptr® + 24p* ¢°t + 144pg®r3 + 1440ps®r? + 162¢  tp
— 5400rts® + 1512prtsq + 16p*r® — 192p*t? + 72p°s% — 128r4p?
+ 25610 4 1875s% — 64p°rt + 592p3tr? + 432rt2p? — 616rs2p>
+ 558¢2p?s? + 1080s%tp? — 2400ps>q — 324pt?¢® — 1134t sq>
+ 648¢°tr? + 1620¢%s%r — 1344qsr® + 3240qst? + 12p°¢>s — 1296pt>
— 27q4r2 + 81q53 + 172822 — 56p47"3q - 72p3t3q + 432r2p25q
— 648r¢®tp® — 486prg’s,

Dg = — 32400ps*t> — 3750pgs® + 16¢°p>s® — 8640¢°p3t> + 825¢°p2s*
+108¢*p3t2 + 16r3pts? — 64rtp*t — 43523 p3t% + 512r2p5t2
+ 9216rp*t> — 900rp3st — 1728063 p*r? — 192t%p*s? + 1500tp>s*
— 1287*p2s? + 512r°p?t 4 921614 pt? + 200012 s*p + 108s%p®
—1024p°¢3 — 4¢*p*r3s? — 13824t4p3 + 16¢%p>r3t + 8208¢*p*r?t?
— 72¢°p3str + 5832¢°p* st + 24q2p4t52 — 576q2p4t2r — 4536¢%p*s*tr
— 72’1“]94(]83 + 320r2p4q3t - L")7607"p?’qst2 - 5767“p51€52 + 48167"2p3s2t
— 120tp>qs® + 4665613 p>qs — 6480t2p° s%r + 560r2gp?s® — 249613 qp® st
— 345672 gpst® — 105601 s?pt + 768sp°t2q + 19800s>rgpt + 31255°
— 46656t° — 138241313 + 256175 — 10247%t + 62208prt* + 108¢° s
— 874¢t + 729¢54* + 34992¢*t* — 630prq®s® + 3888prq*t’
+ 2250r¢%s* — 4860prq*t? — 22500rts* + 144pr3¢®s® — 576pri¢®t
- 86407“3q2t2 + 2808p7"2q3st + 213847“q33t2 — 9720r2q252t
— TT760rt3gs + 43200r2t%s% — 160013 ¢s® 4 6912r1 gst — 27540pg*t2s?
— 27¢*r% 5% 4+ 108¢*r3t — 486¢° str + 162pg*ts® — 135043t s>
+ 2700053 gt

Then we will determine the “sign list” [sign(Dy),...,sign(Dg)] of the dis-
criminant sequence, where the sign function is

1 if x>0,

sign(z) =¢ 0 ifz =0,

-1 ifz <0.
And finally we need to construct the associated “revised sign list” [rq,...,rg]
which will give all the information about the number of real and complex
roots of our polynomial. Given any sign list [s1,..., sy, the revised sign list

[r1,...,7y] is obtained as follows:



12 ILKER E. COLAK, JAUME LLIBRE, AND CLAUDIA VALLS

If s # 0 we write ry = s.
If [si, 8it1,-- -, Si+j| is a section of the given sign list such that s;1; =
- = Siyj—1 = 0 with s;s;,4; # 0, then in place of [riy1,...,7i4j-1]
we write the (j — 1)-tuple
[_S’M — 84,84y Siy —Siy, —Si, Siy Siy —Siy .- ]
Note that in this way there are no zeros between nonzero elements of the
revised sign list.
The elements of the discriminant sequence of polynomial (5) are

A 8AB? 32(1 4+ a?)B%C
DQZ_, 3:—3’ 4:_—4’
3b 27b 243b

16a2(1 + a?)2CD 64a*(1 + a?)3D?
D5 = ) D6 = ’
656109 5314419

where
A=2+2d%>+3b%, B=1+ad®— 30,
C = —2(1 - 3v*)% + a*(2 + 21b*) + 4a*,
D = 4(1 — 3b*)® + 3a®(4 + 3b* + 36b*) + 3a*(4 + 15b%) +4a°.  (6)

We will determine the cases in which (5) has six or four distinct real roots,
and consequently the case with two distinct real roots will follow.

It is given in [24] that (5) has six distinct real roots if and only if the
revised sign list of its discriminant sequence is [1,1,1,1,1,1]. Since A > 0,
(5) has six distinct real roots if and only B # 0 and C, D < 0. We see that
D <0 only if 1 — 3b? < 0, in which case

D — (a® — 2+ 6b*)C = 9a*(2 + 2a* + 2b%) > 0.

This means that if D < 0 then C < 0 also. In addition when B = 0, that
is a = v1—3b2 and 1 — 3b*> > 0, we have D > 0. Consequently we have
B # 0 if D < 0. Therefore we deduce that (5) has six distinct real roots if
and only if D < 0.

We remind that systems (V) have two global phase portraits with six
finite singular points which are not topologically equivalent, namely the
phase portraits 1.7 and 1.8 of Figure 1. We will prove below that systems
(IV) with D < 0 and @ > 0 cannot have four finite saddles at the same
energy level, hence, as we mentioned in the beginning of this section, their
phase portraits cannot be topologically equivalent to 1.7.

To determine the number of finite singular points at an energy level we
look for the number of solutions of the system of three equations £ =y =0
and Hy = h for h € R. As we have shown for systems (I1I), we have
h > 0 at finite singular points of systems (IV). We calculate the Gréebner
basis of the polynomials &, ¢ and Hy — h and obtain 23 polynomials. The
polynomials and the calculations are almost the same as those for systems
(IIT). Among these 23 polynomials only three are enough for our study:
one that is linear in the variable = with the coefficient 27a(1 + a?) > 0, and
two that do not contain the variable z and they are of the form my? + n.
The coefficients of y? in these two polynomials are

6h(—1 + 90h — 1728h* + 5832b*h? — 13824h%),
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3h(11 4 3a® + 18b% — 336h + 972b%h — 23041h%).

We know that h > 0. Then we need to check if the remaining non—constant
factors can be zero simultaneously. The resultant of these two factors is

1253826625536 D < 0.

Therefore at least one of these polynomials is not identically zero. Taking
into account the third polynomial which is linear in x, we deduce that this
system of equations have at most two solutions. As a result all the global
phase portraits of systems (IV) when D < 0 and a > 0 are topologically
equivalent to 1.8 of Figure 1.

Now we study when (5) has four distinct real roots. According to [24] the
unique revised sing list of the discriminant sequence must be [1,1,1,1,0,0]
because we have Dg > 0. Hence we need B # 0, C' < 0 and D = 0. We have
already seen that B # 0 and C' < 0 whenever D = 0. Therefore (5) has four
distinct real roots if and only if D = 0.

As a result of the above analysis and the fact that (5) has at least two
distinct real roots, it follows easily that (5) has two distinct real roots if and
only if D > 0.

We observe that when a = 0 we have D = 4(1 — 3b%)3. Hence we can
summarize our results as follows: When b < 0 then the global phase portraits
of systems (V') are topologically equivalent to 1.1 of Figure 1. When b > 0
the systems (IV') have the global phase portrait 1.2 of Figure 1 when D > 0
or D=a=0,17if D<0and a =0, 1.8if D <0 and a > 0, and finally
1.9 if D =0 and a > 0. Therefore we obtain the bifurcation diagram shown
in Figure 3.

4. BIFURCATION DIAGRAM FOR SYSTEMS (V')

Systems (V)

i = ax + by — 3uz’y + 1>, (7a)
2
1
g'/:—a ;— x —ay + &> + 3uzy?, (7b)
have the Hamiltonian
4_ .4 2
— 3 1 b
H(w,y) = 2 I S #xng +2 2}: v+ oy* +azy.

Due to Theorem 1 the global phase portraits of systems (V') are topolog-
ically equivalent to the phase portraits 1.3, 1.10, 1.11 or 1.12 of Figure 1.
Note that besides the origin the phase portrait 1.3 has two finite singular
points, 1.12 has four, and 1.10 and 1.11 both have six finite singular points.
Moreover there are four finite saddles at the same energy level in 1.10, while
there can be at most two saddles at a fixed energy level in 1.11 (see Re-
mark 3). We will use these facts to determine the bifurcation points for
these phase portraits.

We first remark that without loss of generality we can assume b > 0.
To prove this we apply the linear transformation (¢,z,y) — (—t,y, —z) to
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systems (V') and get

— = ay — bz + 3uy’s — 2°,
2
. a+1
T =— b y+am+y3+3uyx2,
which can be rewritten as
a?+1

y + 3uz’y + y°,

T =axr — (8)

§ = bx —ay + x> — 3uxy’.
After defining i = —pu, and b = —(a® +1)/b, we see that systems (8) are
essentially systems (V') with bb < 0. So we assume b > 0.

As we did for systems (IV') we study the case a = 0 separately. In this case
the finite singular points besides the origin are (+1/v/b,0), and whenever
3u > b? the four points

1+ 3b? 3p — b?
Y ek Y . (9)
b(1 + 9u?) b(1 + 9p?)
Note that when 3u = b? the four singular points in (9) coincide with
(£1/5,0).
The linear part of systems (V) with a =0 is

M — —6uzy b — 3ux? + 3y°
>\ —1/b+ 322 + 3y 6Ty ’

The eigenvalues of Ms at the four singular points in (9) are the same. Since
there are at most two centers or cusps, these singular points are saddles, and
they are at the same energy level because Hj is even. Therefore a global
phase portrait of systems (V') with a = 0 is topologically equivalent to the
phase portrait 1.3 of Figure 1 if 3y < b2, and to 1.10 otherwise. This finishes
the study of the case @ = 0 and in the rest of this section we will assume
that a > 0.

We start by determining the number of finite singular points of systems
(V') as a function of the parameters a,b, u. If we equate (7a) to zero, solve
for z and substitute both roots into (7b) we obtain two functions of y. If
multiply them we get a polynomial of degree eight instead of six, which was
the case for systems (IV). Consequently it is more difficult to study the
number of distinct real roots of this polynomial as a guide to determine the
number of finite singular points of systems (V). Instead we use the fact that
systems (V') are symmetric with respect to the origin, and look for pairs
of finite singular points different from the origin which lie on straight lines
passing through the origin. Therefore we study systems (V') on the y—axis,
and on the lines y = cx for ¢ € R~ {0}. We can assume ¢ # 0 due to the
fact that when ¢ = 0 we have y = 0, and (7a) becomes az, which means
that the only singular point is the origin. We will identify the lines y = cx
by the parameter c.

On the y-axis (7b) becomes —ay, which means that the only singular
point is the origin. So we assume x # 0 and impose y = cx to rewrite
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systems (V') as

i = (a+be)x + c(c® — 3p)x3, (10a)
. 1+ad*+ab
Y= —%x + (1 + 3uc?)z3. (10b)

We equate (10a) to zero, solve for z and get

—a — be
=t - 11
v c(c? = 3p) (11)

We see that (11) are not defined if 4 > 0 and ¢ = ++/3u. So we will now
find out if there are singular points on these lines that are different from the
origin.

If ¢ = /3p then (10a) becomes (a + b\/3u)x # 0 because a, b, u > 0 and
x # 0. Thus the only singular point on this line is the origin. If ¢ = —/3u
then (10a) becomes (a — by/3u)x, which is zero if and only if a = by/3p, in
which case equating (10b) to zero and solving for x gives

1 b3/2
x == =+ ) (12)
V(1 + 9u2) Vat + bt
which are real and nonzero. Therefore when ¢ = —4/3u there are singular

points other than the origin if and only if a = by/3p. We will keep this in
mind and continue looking for singular points with ¢ # —+/3pu.

We substitute (11) into (10b) and obtain

LV—a- be(abet + (1 4+ a? + 3b%u)c + (b — 3(1 + a®)p)c + ab)
b(e(c? — 3p))3/2 '

This means that at a singular point we must have
Ps(c) = abc* + (1 4 a* + 36%u)c® + (b — 3(1 +a*)p)c+ab=0

because —a — bc = 0 yields 2z = 0. Moreover in order that x defined in (12)
are real and nonzero, the roots of P must satisfy

Qs5(c) = (—a = be)e(c? = 3p) > 0

so that (11) are real and nonzero. Then each real root of Ps will yield a
pair of finite singular points different from the origin. Here the index 5 is a
reminder that we are studying systems (V).

We will study the number of distinct real roots of Ps using [24], where the
elements of the discriminant sequence of an arbitrary quartic polynomial

a0m4 + alzrg + a2x2 +asx +ay
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are given as
Dy =1, Dy =3a?— 8aza,
D3 = 16a(2)a4a2 — 18a%a§ — 4a0a§’ + l4agaszaias — 6a0a4a% + a%a%
— 3aza3,
Dy = 256a3a3 — 27akai — 192a2aza’a, — 27a}a? — 6aga’aqal (13)
+ a%a%a% — 4a0a%a§ + 18agasalag + 144agazaia’
— 80a0a%a4a1a3 + 18a0a2a§a1 — 4a§a4a% — 4a‘i’a§ + 16a0a§a4
— 128a3a3aj + 144ajazaqaj.
By using them we will be able to determine the exact number of distinct

real roots of Ps.

Note that the number of real roots of Q5 are different when p < 0 and
w > 0. We will investigate these separately.

Case p < 0. In this case we have Q5 > 0 if and only if ¢ € (—a/b,0), see
Figure 10. On the other hand we have P5(0) = ab > 0 and Ps(—a/b) =
a(3b?u — a?)/b3 < 0, so Ps has at least one root in (—a/b,0). In fact we
observe that Ps; has either two or zero negative roots due to Descartes’
rule of sign. Additionally it has at least one root in (—oo,—a/b) because
lim., o P5 = oco. Therefore when p < 0 P5 has exactly one real root in
(—a/b,0), and systems (V) have only two finite singular points other than
the origin.

FIGURE 10. A rough graph of Qs(c) when p < 0.

Case 1 > 0. Now Q5 has the four roots ¢ = 0, ¢ = —a/b and ¢ = £+/3p.
Moreover

Py(—aft) = A1)
Pa(/30) = ba + by/3)(1-+ 92,

at these points. Since the roots ¢ = —a/b and ¢ = —/3u are independent
of each other we will investigate this case in three subcases comparing a/b

to /3.

P5(0) = ab, (14)
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When a/b < /3 we have ()5 > 0 if and only if ¢ € (—/3u, —a/b) U
(0,+/31), see Figure 11. Thus we will look for the number of real roots P
in these intervals.

TN 00

£\/3p —% \/@\ ‘

FIGURE 11. A rough graph of Q5(c) when x> 0 and a/b < /3p.

We have Ps(—/3u) < 0 and Ps(—a/b) > 0, see (14). Since P5 has at
most two negative roots and lim._, o, P5 = oo, P5 has exactly one simple
root in (v/3u, —a/b).

On the other hand we have P5(0) > 0 and P5(y/3u) > 0. We claim that
P5 cannot have a real root greater that y/3u. This is due to the fact that
the first derivative of P5 with respect to ¢,

Pi(c) = 4abc® + 3(1 + a* + 30 ) + b* — 3(1 + a?)p, (15)

has at most one positive root. If P had a real root greater than y/3u then it
would have at least two positive critical points because Ps(/3u) > P5(0) and
lim,_, P5 = co. Therefore if P5 has a positive root then it is in (0, /3u).

In short when a/b < \/3u, Ps has at least two real simple roots (the
negative ones), and exactly one of its real roots (the smallest) makes (11)
complex.

When a/b > /3u everything is the same as in the case a/b < /3u, ex-
cept that the roles of the roots ¢ = —a/b and ¢ = —/3u are exchanged, see
Figure 12. More precisely we have Q5 > 0 if and only if ¢ € (—a/b, —/3u) U
(0,+/3u). In addition Ps(—a/b) < 0 and Ps(—+/3u) > 0 so that Ps has one
negative root in (—a/b, —/3u), and a smaller one in (—oo, —a/b). Moreover
P5(y/31) > P5(0) > 0, and hence any positive root of Ps is in the interval
(0,+/3p) because it has at most one positive critical point, see (15). There-
fore P5 has at least two real simple roots, and exactly one of them leads to
a pair of complex singular points when a/b > /3.

Finally when a/b = /3 we see that Q5 > 0 only when ¢ € (0,a/b),
see Figure 13. Hence no negative root of P; satisfies Y5 > 0. We recall
that when a/b = /3u there are extra singular points on the line y = cx
with ¢ = —/3u = —a/b. Also Ps(—a/b) = 0, and thus ¢ = —a/b is a
root of P5. Moreover Pi(—+/31) = 6u + b*(1 + 9pu?) > 0 so that it is a
simple root. Then since P5; has either two or zero negative roots, it has
another negative root different from —a/b. By the same argument used in
the previous two subcases, all the positive roots of Ps are in (0,+/3u), and
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(0,0)

FIGURE 12. A rough graph of Q5(c) when x> 0 and a/b > /3u.

they satisfy Q5 > 0. Therefore P5 again has at least two simple roots with
the property that exactly one of them correspond to complex finite singular
points.

(0,0)

|
Sl ESE S
SRl S

N

FIGURE 13. A rough graph of Q5(c) when p > 0 and a/b = /3pu.

In short we have shown that in any case P; has at least two simple real
roots when y > 0. Then according to [24] Ps has two, three or four distinct
real roots if and only if Dy < 0, Dy =0 and D4 > 0, respectively, where

Dy = — b*(27a® + 108a* 4 162a°® + 108a® + 27a'® + 4b* + 184%p*

+216a"b? — 54a°b* + 27a%b®) + 36b% (30 — 1)*((1 + a®)?
— b*)pu — 547 (2 + 11a® + 24a” + 26a° + 14a® + 3a'® — 6b*
+ 32a°b* + 50a*b* + 12a°b* + 20% + 3a°0%)p* + 108((1 + a*)?
—bY) (1 +4a® + 6a* + 4a® + a® — 8b* + 8a®b* + 16a*0* + b°)
— 2430 (—4 — 11a® — 4a* + 14a% + 16a® + 5a'* + 12b* 4 384%b*
+ 40a*b* + 14a°b* — 46% + 5a%6%)u* + 2916b* (1 + a*)* — b?)
(1 + a®)?p® +29160°(1 + a?)?1®,

see (13). Since there are no additional finite singular points at exactly

one simple root of Ps, systems (V') have two, four and six additional finite

singular points besides the origin whenever Dy < 0, Dy = 0 and Dy > 0,
respectively.

(16)
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Note that the phase portraits 1.10 and 1.11 have the same number of
singular points. We observe that there are four finite singular points at a
fixed energy level in 1.10. So we will check if the Hamiltonian Hj can attain
the same value at four distinct finite singular points.

At a singular point of systems (V') Hs reduces to

. B 2 2
yi —xy x4 (ax + by)

If we substitute y = cz in (17) we get
(1+ (a+ bc)?)x?
4b ’

(17)

Gs(c,x) =

Then using (11) we can rewrite G5 as

(a+bc)(1+ (a+be)?)
4be(c? — 3p)
We recall that there are additional singular points on the line ¢ = —/3u
if and only if a/b = \/3u, and that (11) is not well defined at ¢ = —/3p.
Thus to calculate Hs at the additional singular points on the line ¢ = —/3u
we must use G5, while we can use Fj for all the other singular points.
Therefore Hy can attain the same value at four singular points only if one
of the following holds:
(1) If F5 attains the same value at two distinct real roots of Ps which are
different from —+/3p.
(i3) If a/b = +/3p and F3(c) = G5(—a/b, £b%2/\/a* + b%) for a real root
¢ # —a/bof Ps (see (12)).

We claim that none of these two cases holds. The proof is as follows.

Fs(c) = —

To show that (i) cannot hold we assume on the contrary that ¢; and ¢
are two distinct real roots of P5; which satisfy

(c1 — c2)Es(c1,c2)
F - F = = 0,
o) = F5(e) = G e @ — )& — 30

where
Es(cr,e) = a(l +a®)(c5 — 3p) + ciea(a(l + a® + 9b°p) + bea(1 + 3a?
+3b%1)) + i (a(l + a®) + bea(1 + 3a® + 3b*p + 3abes) )

Since ¢; # co we have F5(c;) = Fs(c2) if and only if Es(ci,c2) = 0.
To find a necessary condition on the parameters a,b, u so that we have
Ps(¢1) = Ps(c2) = Es(c1,c2) = 0 we compute the resultant R(c2) of Ps(c1)
and Es(cp,c2) with respect to ¢, and then compute the resultant of R(c2)
and Ps(c2) with respect to ¢. Doing so we obtain

—ar®p1%(1 4 2a% + a* + b1)?(a® — 30%1)"(1 + 94%)2 D3, (18)
which is equal to zero only if a? = 3b?1 because we have a,b > 0 and Dy > 0
when systems (V) have six finite singular points. But when a? = 3b%u we
have Es5(c1,c2) = 0 only if either ¢; = —/3u = —a/b or ¢ = —a/b, which
cannot be in case (i). More precisely if we set u = a?/3b% we get

(a + be)Ps(c) (a +bey)(a + bez)Es(cy, e2)

P5(C) = b2 3 E5(61762) = b2 )
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where
Ps(c) = —b% + a(1 4+ a®)c — b(1 + a®)? — ab®c,
Es(c1,c0) = —a(14 a®) + b(1 4 a®)(c1 + ¢2) + 3ab’cico.

If we impose c1,co # —a/b, then P5(c1) = P5(ca) = Es(c1,c2) = 0 if and
only if Ps(c1) = Ps(c2) = Es(c1,c2) = 0. But if we calculate the resultant

R(c) of Ps(cy) and Es(cy,c2) with respect to ¢1, and then the resultant of

R(cy) and Ps(cz) with respect to ¢ we get
B a®b'8Dy
(2a% 4 a* + b*)
Therefore (18) cannot be zero, and hence (i) cannot hold.
On the other hand if (ii) holds then substituting u = a?/3b? gives

5 #0.

b(1 be)? 3/2 2
Fye) = U@t be) (e b S A,
4c(a — be) b ek f A 4(a* + %)

Since a root ¢ of Ps which is different from —a/b must satisfy F5(c) = h, we
must have Ps(c) = 0. However, the resultant of P5 and F5 — h with respect
to ¢ is

b%(2a? + a* + b*)3(1 + 2a® + a* + b%) 0

64(a* + b*)3 7 0.

This disproves (ii). Hence when a, u > 0 at most two singular points can be
at the same energy level, and systems (V') cannot have the phase portrait
1.10 of Figure 1. This completes the case pu > 0.

We note that when a = 0 we have Dy = 4(1 + 3b%1)3(3u — b?)3, so the
sign of Dy is enough to determine the phase portraits. Therefore we can
summarize our results as follows: when p < 0 a global phase portrait of
systems (V) is topologically equivalent to 1.3 of Figure 1; when g > 0 then
it is equivalent to 1.3 if Dy < 0 or Dy =0 and a = 0, to 1.10 if D4 > 0 and
a=0,to 1.11if Dy > 0 and a # 0, and to 1.12 if Dy = 0 and a # 0. Hence
when g < 0 there is a unique phase portrait, and when p > 0 we obtain the
bifurcation diagram shown in Figure 4.

5. BIFURCATION DIAGRAM FOR SYSTEMS (V)

Systems (V1)

a’+1

b

& =ax+by — 3uzy —y>, y=— x — ay + = + 3uxy®.

have the Hamiltonian

4, 4 2
Y Zm - 3?#:523/2 + ¢ 2—2 1:1:2 + gyz + axy.

Due to [7] a global phase portrait of systems (V1) is topologically equiva-
lent to the phase portraits 1.13 and 1.14 of Figure 1 if u < —1/3, to 1.15-1.17
if u = —1/3, and to 1.18-1.23 if u > —1/3. Therefore we will determine
the bifurcation points of the global phase portraits of systems (VI) when
uw<—1/3, p=-1/3 and p > —1/3 separately.

Hg(z,y) = —
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Case pu < —1/3. First of all we note that without loss of generality we can
assume in this case that b > 0. Indeed, if we rotate the coordinate axes by
7/4 via the linear transformation (z,y) — ((z—y)/V2, (z+y)/V2) = (u,v)
then systems (V1) become
a?—b*+1 (a+b)2+1  31—-p) 5 1+3u 4

5 U+ 7 v — 5 ucv — 5 v°,
(a=b2+1  a®>-0+1  31—-p) o 1+3u 4

% U % v+ 5 uv- + 5 u”.
If we further rescale the independent variable by dr = (1 + 3u)/2 dt then
we get

a?—b+1  (a+b)?+1  3(1-p) , 3

YAty T s U s VT
AV 2 _ 12 _
@Z_(a b) +1u_a b —|—1U+3(1 'u)uvz—l—u?’.
b(1+ 3p) b(1+ 3p) 1+3u
An finally after defining the parameters
a2 =k 41 - (a+b)2+1 B 1—p
O = ———— bzia n= ’
b(1 + 3p) b(1 + 3p) 1+3u
we get the systems
o= au + bv — 3au’v — v*,
=2 1 (19)
o:—a; u — av + 3fuv? + ub.

We see that dji/dp = —4/(1 + 3p)* < 0 and lim,,_o i = —1/3, hence
f < —1/3 whenever p < —1/3. As a result systems (19) are basically
systems (V1) with b — —b, proving that we can assume b > 0.

We remind that according to [7] systems (VI) can have two different
global phase portraits when p < —1/3, namely 1.13 and 1.14 of Figure 1.
Both phase portraits have the same number of singular points. But the
difference between them is that there are four finite singular points at the
same energy level in 1.14, whereas there are only two in 1.13 because other-
wise using the same arguments used in Remark 3 we can find a straight line
through the origin that intersects the separatrices of the saddles six times.
So we will investigate when there can be four finite singular points at a fixed
energy level.

When a = 0 the finite singular points of systems (V1) besides the origin
are (+1/v/b,0) and (0,4+v/b). We also have

1 1 v?
Hs(+—,0)=—, H (O,i b):—. 20
o (£750) =g Ho(0.598) = (20)
Hence the four singular points are on the same energy level if and only if
b = 1. Therefore a global phase portrait of systems (VI) with u < —1/3
and a = 0 is topologically equivalent to 1.13 of Figure 1 if b # 1, and to 1.14
if b=1.

We now assume a > 0 and consider finite singular points of systems (V1)
which are different from the origin in pairs lying on the straight lines y = cx
with ¢ € R~ {0}. We note that there are no finite singular points on the
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coordinate axes because a > 0. We will again identify each line y = cx with
its parameter c.

We substitute y = cz in systems (V1) and we get

i = (a+bc)x — c(c + 3u)x®, (21a)
. 1+ad*+ab
g = —%x + (14 3uc®)a’. (21b)

Then we equate (21a) to zero and solve for z to obtain

x:iMagg%ﬁ. (22)

We see that (22) are not defined if ¢ = +v/—3pu. However, when ¢ = /—3p
we get from (21a) that & = (a + by/—3p)x # 0, and there are no additional
singular points on this line. When ¢ = —/=3u we have & = (a — b\/—3pu)z,
which is zero if and only if a = by/—3u. But if we substitute ¢ = —/=3u
and a = by/—3u in (21b) then the roots of y become

z=+1/y/b(1 — 9p?) (23)

which are complex because 1 < —1/3. Therefore (22) are well-defined at
the singular points.

We proceed as we did for systems (V). We can substitute (22) into (21b)
to get

jE\/a + be(abet + (1 + a? — 30%u) + (3(1 + a?)p — b?)c — ab)
b(c(c? + 3u))3/2
Therefore at a singular point different from the origin we must have

Ps(c) = abc* + (1 + a* — 3b%p) + (3(1 + a®)p — b*)e — ab = 0 (24)

and
Qs(c) = (a+ be)e(c® + 3p) > 0. (25)
Now that we know the necessary and sufficient conditions for a point to
be a finite singular point of systems (V1) with p < —1/3, we check if four

singular points can be at the same energy level. We follow the same way we
used for systems (V).

At a singular point Hg can be written exactly as (17). Then we substitute
= cx and obtain

(1+ (a+ bc)?)x?

GG(Ca J}) = 4p s (26)
If we further substitute (22) in Gg we get
a+be)(1+ (a+ be)?

4be(c? 4 3p)

Thus systems (VI) with o < —1/3 have four finite singular points at the
same energy level if and only if P has two distinct real roots ¢; and ¢y such
that Fg(c1) = Fs(c2) and Qg(c1,2) > 0. We now prove that this is possible
if and only if b = V1 + a?.
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Assume that Ps(c1) = Ps(c2) = 0 but ¢; # c2. We have
Fs(c1) — Felca) = 4bcfZ;(c%CJ2r)§/j)((céé Cj)?,'u) =
if and only if Eg(c1,c2) = 0 where
Eg(cr,e2) = a(l + a®)(c3 + 3p) + crea(a(l 4 a® — 9bp)
+beo(1 + 3a® — 36%1)) + ¢ (a(l + a?) (28)
+ bea(1 + 3a® — 3671 + 3abe3)).

If we calculate the resultant R(cy) of Ps(c1) and Fg(cy, c2) with respect to
c1, and then the resultant of Ps(c2) and R(c2) we obtain

a'®'0(1 — 9p%)* (a® + 36%1)" (b* — (1 + a2)2)2Di’, (29)

)

where
Dy = — b*(27a® +108a” + 162a° + 108a® + 27a'® — 4b*
— 18ab* — 216a*b* + 54a°b* + 27a20%) — 360" (32 — 1)?
(1 +a®)* + bY)p + 54b*(2 + 11a® + 24a” + 26a° + 14a®
+ 3a'% + 6" — 32a%b* — 50a*b? — 12a%0* + 20° + a?0%) 1
—108((1 + a®)* + b*)(1 + 4a® + 6a* + 4a°® + a® + 8b* (30)
— 8a?b* — 16a*b* + b%)p® — 2420*(—4 — 11a® — 4a* + 14a°
+16a® 4 5a'% — 12b* — 3842b* — 40a*p* — 14a5p* — 4b°
+ 50?68t — 29166 (1 + a*)?((1 + a®)* + b
+2916b°(1 + a?)3uS.
We remark that we denote (30) by D4 because it coincides with the fourth
element of the discriminant sequence of Pgs(c), see (13). Since a,b > 0 we see
that (29) is zero only if (i) Dy = 0, (ii) p = —a?/(3b%), or (iii) b = /1 + a2.
We now analyze these three cases.

We first prove that (i) cannot hold, that is Dy # 0. We observe that Dy
is equal to the “standard” discriminant of Ps(c). Hence we can prove that
(7) cannot hold by showing that all the roots of Py are simple. The roots of
Qg are 0, —a/b and ++/—3pu. If we evaluate Py at these points we get

Ps(0) = —ab,  Ps(—a/b) = —a(a® + 3b*p) /b7,
Ps(++/—3p) = b(a £ by/—3u)(9u® — 1).

If a/b < /=3 then Qg is positive if and only if ¢ € (—o0, —y/—3pu) U
(—a/b,0)U(y/—3u,0), see Figure 14. Since a,b > 0 we have Ps(—/—3u) <
0, Ps(—a/b) > 0, Ps(0) < 0 and Ps(y/—3u) > 0, see (31). Since Py is
a quartic polynomial in ¢ it has four simple roots, two of which satisfy
Qs > 0 as expected because the global phase portraits have four finite
singular points.

If a/b > \/=3u then we have Qg(c) > 0 if and only if ¢ € (—oc0, —a/b) U
(—v/=3p,0)U(v/—3p,0), see Figure 15. In this case we have Ps(—a/b) < 0,
Ps(—+v/—3p) > 0, Ps(0) < 0 and Ps(v/—3p) > 0. Hence Py has four simple
roots again, and exactly two of its roots are in the region where Qg > 0.

(31)
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\_ = (0,0) e .
\/

FIGURE 14. A rough graph of Qg(c) when p < 0 and a/b < /—3pu.

\‘5 (0.0) )

FIGURE 15. A rough graph of Qs(c) when p < 0 and a/b > /—3pu.

Finally if a/b = /=3, we have Qg(c) > 0 unless ¢ € {—a/b}U[0,/—3pu],
see Figure 16. We see that Ps has at least one positive root with Qg < 0.
In addition Ps(—a/b) = 0, and thus at least two distinct roots of Ps do not
satisfy Qg > 0. But since we know that Ps has exactly two distinct roots
with Q¢ > 0, we conclude that each root of Py is simple.

o 2
(SRl S

FIGURE 16. A rough graph of Qg(c) when p < 0 and a/b = /—3pu.

In any case Ps has four simple real roots, therefore Dy # 0 and (i) does
not hold.

We now consider (ii). Note that the conditions FPs(c1) = FPs(c2) = 0 and
FEg(c1,c2) = 0 donot imply Qg(c1.2) > 0. We claim that when p = —a?/(3b%)
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the resultant (29) vanishes only if Qg(c1)Qs(c2) = 0. We now prove this
claim by showing that if we do not allow Qg(c1)Q¢(c2) = 0 then (29) cannot
be zero. The proof is as follows.

If we substitute p = —a?/(3b?) in Ps and Eg we obtain

a + be)Ps(c + ber)(a + beg)Eg (e, ¢
Pofe) = ~CEEIE g0y ) = Lot IOt Sl Bl ca) - o)
where

Ps(c) = 0>+ a(1 + a*)ea — b(1 + a*)c3 — ab*c?, (33)

Es(c1,c0) = —a(1 4 a®) + b(1 4 a®)(c1 + ¢c2) + 3ab®cica.

Since we have Qg(—a/b) = 0 (see Figure 16), systems (V' I) have four finite
singular points at the same energy level if and only if Ps(c1) = Ps(cz) =
FEg(c1,c2) = 0. But if, as we did above, calculate first the resultant R(co)
of Ps(c1) and FEg(cy,ca) with respect to ¢, and then the resultant of Pg(co)
and R(cy) with respect to ¢ we get

—a®b"?(a® + 8a* +18a8 + 16a® + 5a'® + 4b* + 30a%b? + 48a"b?

34
+22a50* — 27a%0%)3, (34)
which is different from zero because when pu = —a?/(3b?) we have
22 + ot — b2
p, =2 2‘6 S (a2 + 8a* + 1865 + 160" + 5al® + 4b* + 300201 5)

+ 48a*p* + 22a°b* — 27a%%) #£ 0
This finishes the proof of our claim, and hence there cannot be four finite
singular points at the same energy level when (ii) holds.
Finally we consider (iii). We remark that in this case we have a?/b? =
1—1/b? < 1 whereas —3u > 1, and thus cases (ii) and (iii) are disjoint. If
we substitute b = V1 + a? in (24) we get

Po(c) = V1t a2(2 1) (a—|— V1t a2l - 3u)c+a02> . (36)

Since we have a/b < 1 < y/=3pu, the roots ¢ = +1 of (36) make Qg < 0, see
Figure 14. In addition we know that FPg has two distinct roots with Qg > 0,
so they must be the remaining two roots, which are

V1+a2(Bu—1) £ /(1+a?) (1 —3u)? — 4a?
2a '
Indeed, substituting (37) into (28) gives Eg = 0. Therefore we conclude that
systems (V1) with p < —1/3 have four singular points at the same energy
level if and only if 1 4 a® = b?.
We observe that when a = 0 the condition 1 + a?> = b? translates into
b = 1, which is the unique case in which systems (VI) have four finite
singular points at a fixed energy level. Consequently we have proved that
systems (V1) with u < —1/3 have the global phase portrait 1.14 of Figure 1
if b = v/1 + a2, and the phase portrait 1.13 otherwise. Therefore we obtain
the bifurcation diagram shown in Figure 5.

C1,2 = (37)

Case p = —1/3. In [7] it is shown that if b < 0 the unique phase portrait is
1.15 of Figure 1. So we study the case b > 0, in which a global phase portrait
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of systems (V'I) is topologically equivalent to either 1.16 or 1.7 of Figure 1.
As in the case u < —1/3, these two phase portraits differ in the sense that
in 1.17 there exists an energy level at which there are four finite singular
points, whereas 1.16 has at most two finite singular points at a fixed energy
level. This follows from applying the argument used in Remark 3. Therefore
we will study the number of finite singular points at a fixed energy level of
systems (V1) with u = —1/3.

When a = 0 the finite singular points of systems are the same as in the
case u < —1/3 and they are at the same energy level if and only if b = 1,
see (20). Thus a global phase portrait is topologically equivalent to 1.17 of
Figure 1 if b =1, and to 1.16 otherwise.

Assume now that a > 0. Following the same way we used in the case
p < —1/3, we rewrite systems (VI) by substituting 4 = —1/3 in (21) and
we get

i = (a+bc)x —c(c? — 1), (38a)
1+a® +ab
Y= fw:s —(* = 1)z, (38b)

In addition (22) becomes

z = i,/c(a%_bcl). (39)

It is easy to check that on the lines ¢ = £1 the only singular point is the
origin. Since we are looking for singular points other than the origin, we
suppose ¢ # +1 and substitute (39) into (38b) to obtain

Va+be(c? —1)(ab + (1 + a? + b*)c + abc?)
:F

. (40)
b(c(c? — 1))3/2
Since we want = # 0, the roots of (40) we are interested in are
1+a® 4 0%+ /(1 +a? + %)% — 4a2p?
Cl2 = — \/( ) . (41)

2ab

We notice that ¢; and ¢o in (41) are real and distinct. Due to the fact that
systems (38) have at least four finite singular points, (41) must make (39)
real and nonzero. Now we will check if these four singular points can be at
the same energy level.

When = —1/3 we see that (27) becomes

(a + bc)(l + (a+ bc)2))

Fo(e) = 4be(c? — 1)

Then we have

(1+a?—b%)\/(1 + a2 +b2)2 — 4ab?

4b2 ’
which is zero if and only if b = v/1 + a2. We remind that when a = 0 the
four singular points are at the same energy level if and only if b = 1, which

coincides with b = V1 + a2.

Fg(e1) — Fo(e2) = —
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In short we have the following result: When b < 0 systems (V1) with p =
—1/3 have the global phase portrait 1.15 of Figure 1, and when b > 0 their
global phase portraits are topologically equivalent to 1.17 if b = /1 + a2,
and to 1.16 otherwise. Thus the bifurcation diagram shown in Figure 6 is
obtained.

Case > —1/3. Due to [7] a global phase portrait of systems (V1) in this
case is topologically equivalent to one of the phase portraits 1.18-1.23 of
Figure 1. Due to the direction of the flow at infinity the unique global phase
portrait when b < 0 is clearly 1.18, so we only need to study systems (V1)
with b > 0. It is also shown in [7] that the global phase portrait 1.23 is
obtained if and only if a = 0, b = 1 and p = 1/3. Hence we will focus on
the phase portraits 1.19-1.22.

In order to distinguish these phase portraits, we will use the properties
that allowed us to distinguish the phase portraits of the previous families
of systems. More precisely, the phase portrait 1.19 has four finite singular
points, 1.22 has six, and 1.20 and 1.21 both have eight finite singular points
besides the origin. Moreover 1.20 has four finite saddles at some fixed energy
energy level, whereas 1.21 has at most two. This is again due to the same
argument used in Remark 3.

As we did for the previous systems we will study the cases a = 0 and a > 0
separately. We note that this time the case a = 0 is a little more complicated
so we will further divide the case p > —1/3 into the two corresponding
subcases.

Subcase a = 0. The finite singular points of systems (V' I) other than the
origin are (£1/v/0,0) and (0,4+/b), and the additional four points

1—3b%u b? —3u
(\/b(l —9u?)’ \/b(l - 9u2)> (42)

if 4 < 1/3,1—3b%u >0 and b> —3u > 0, or if p > 1/3, 1 —3b%u < 0
and b?> — 3u < 0. Note that when (1 — 3b%u)(b> — 3u) = 0 the singular
points in (42) coincide with (+1/v/b,0) or (0,4v/b). We also point out that
if 1 —3b% = b?> — 3 = 0 then we have b = 1 and pu = 1/3, and thus there
are infinitely many singular points (see the phase portrait 1.23).

We see that when a = 0 systems (V1) with g > —1/3 have either four
or eight finite singular points besides the origin. When it has four finite
singular points, clearly their phase portraits are topologically equivalent
to 1.19. When it has eight finite singular points, there are two possibilities,
namely the phase portraits 1.20 and 1.21. We now analyze these two possible
cases.

The eigenvalues of the linear part of systems (V1) with a = 0 at each of
the singular points (42) are

L[4 = 362) (b2 — 3p)
p?(9u?—1)

Hence they are centers if p < 1/3, and saddles if p > 1/3. Consequently
the remaining finite singular points (+1/v/b,0) and (0, +v/b) are saddles if
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p < 1/3, and centers if © > 1/3. Now we shall check if the Hamiltonian Hg
can attain the same value at all the saddles.

When p < 1/3 we have Hg(£1/v/b,0) = 1/4b* and Hg(0, £v/b) = b%/4 at
the saddles. Therefore we have the phase portrait 1.20 if and only if b = 1,
and 1.21 otherwise.

When p > 1/3, at each of the the singular points (42) the Hamiltonian
becomes
1+ b* — 60
40%(1 —9u?)’
hence we only have the phase portrait 1.20.

In short when a = 0 we obtain the bifurcation diagram shown in (7).

Subcase a > 0. The calculations in this case are very similar to the case
u < —1/3, so we will often refer to the ones in the case u < —1/3.

Since a > 0 there are no additional finite singular points on the y — axis,
so we substitute y = cx with ¢ # 0 as usual and obtain systems (21). We
solve for x by equating (21a) to zero and obtain (22). This time, however, we
see that there are additional singular points on the line ¢ = —/—3pu if and
only if a = by/=3u because (23) are real when —1/3. Therefore similar to
what we did for systems (V') we will keep this in mind and look for singular
points with ¢ # /=3u. Then (22) are well-defined, and we can substitute
them in (21b) to see that we must have Ps = 0 (see (24)) and Qg > 0 (see
(25)) at the finite singular points.

The roots of Qg in this case are 0, —a/b, and additionally ++/—3u when-
ever u < 0. At these points P becomes as in (31). Moreover the graph of
Q¢ is roughly the one shown in Figure 17 if p > 0, the one in Figure 14 if
u < 0 and a < by/—3u, the one in Figure 15 if 4 < 0 and a > by/—3u, and
the one in Figure 16 if 4 < 0 and a = by/—3pu. We will show now that any

root of Py that is different from ¢ = —/—3u satisfy Qg > 0. We recall that
¢ = —+/=3u is a root only when a = b\/—3pu. As a result we will conclude

that the number of additional finite singular points of systems (V1) in this
case is equal to the number of real distinct roots of FPj.

FIGURE 17. A rough graph of Qs(c) when p > 0.

We see that Ps(v/—3p) < 0, and that Ps has exactly one positive real
root. Since lim._,~, P5 = 0o, this positive root is greater than /—3u, and
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hence satisfies (g > 0. Therefore it remains to show that Ps does not have
a negative root
(7) in (—a/b,0) when p >0,
(71) in (—y/=3w, —a/b) when p < 0 and a < b\/—3pu,
(74i) in (—a/b, —/—3p) when p < 0 and a > by/—3p.
To determine if a polynomial has a root in some interval we will use the
following lemma.

Lemma 4. If a polynomial p(xz) of degree n has a real root in an interval
(v, B), then the polynomial (1 + x)"(p o h)(z) with h(x) = (a+ fz)/(1 4+ x)
has a positive root.

Proof. Clearly (1 4 x)"(p o h)(z) is a polynomial. We have h(0) = a and
lim, o0 R(z) = b. In addition h'(z) = (b — a)/(1 + 2?) > 0 so that h is
bijective. Therefore if p(x) = 0 for some point g € (o, §) then p(h(z1)) =0
for 21 = h=Y(z0) > 0. O

To study roots of type (i) we define h(c) = (—a/b)/(1 + ¢). Since the
degree of Py is four we have

a
B
+ 367 (b* + 3p + 3a®p)c® + 30 (V% + p + a’p)c® + biet),

(1+¢)*Ps(h(c)) = (a® + 36% 1 + (a® + a* + b* + 9% p + 6a”b?p)c

which does not have a positive root due to Descartes’ rule of signs. Hence
Py does not have a root of type (4).

We remark that in Lemma 4 although we chose h(x) = (a+ Sx)/(1 + z),
we could as well choose h(x) = (8 + ax)/(1 + x). Thus Ps has a root of
type (i7) if and only if it has a root of type (iii), so we only study (i7). To
simplify notation will write m = y/—3u. Hence we have 0 <m < 1, a > bm

and
a—bm

(1+0)'Po(h(e) = — 2=

S5(c),
where
S(c) =b*(1 —m*) + b?(3b” 4+ 2m? + 2a*m? — 4abm?® — b*m?)c
+ 3b(b® + am + a®*m + bm? — a*bm? — ab*m?)c?
+ (a® + a* + bt + dabm + b?m? — 2a26*m?)
+ a(a + bm)c*

We claim that S does not have a positive root, and we now prove this claim
by showing that the sign of the coefficients of the monomials in S are all
positive. The constant term and the coefficient of ¢* are clearly positive, so
we look at the coefficients of ¢, ¢? and ¢3.

The coefficient of ¢®, which we denote by ks, is
a® + a* + bt + dabm + b*m? — 26’0’ m? > a® + a* + b* — 24%0?
=a®+(a®*—bv")? >0

because 0 < m < 1.
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The coefficient of ¢, denoted by ks, has exactly one positive root due to
Descartes’ rule of signs when considered as a polynomial in m. Moreover
that root is greater than 1 due to the facts that when m = 1 we have

ko = 3b(b* + a+a® + b — a*b — ab?)
=3b((a+b)(a® —ab+b%) +a+b—abla+1))
=3b(a+b)(1+ (a—b)?) >0,

and that it is negative for large m > 0. Therefore ks is positive for 0 < m <
1.

Finally the coefficient k; of ¢ is also positive because of the same reasons:
it has a exactly one positive root when considered as a polynomial in m; it
is negative for large m > 0; and when m = 1 it becomes 2(1+ (a —b)?) > 0.
This proves that S does not have a positive root, which in turn implies that
Ps has no root of types (ii) or (iii).

In short the number of finite singular points other than the origin is
double the number of distinct real roots of Fs. Since we know that the phase
portraits 1.19-1.22 have at least four finite singular points additional to the
origin, P; must have at least two real distinct roots. Therefore, according
to [24], a global phase portrait of systems (V1) in this case is topologically
equivalent to 1.19 of Figure 1 if Dy <0 or Dy = D3 =0, to 1.22 if Dy =0
and D3 # 0, and to 1.20 or 1.21 if Dy > 0, where Dy is given in (30) and

D3 = 3b%(+1 + 5a% + 7a* + 3a° — 6a%b*) — 9(1 + a?)(1 + 3a® + 3a*

+ a8 + 36" — 5a%b)u + 270 (3 + 3a® — 3a* — 3a° + 3b* (43)
+ 5026 p? — 8164(3 + 642 + 3a* + b + 243(1 4 )b,
see (13).

Note that when D4 > 0 there are two phase portraits. We know that there
are four saddles at a fixed energy level in 1.20, but there are at most two in
1.21. Hence following the exact same steps that we used in distinguishing
the phase portraits 1.13 and 1.14 of systems (VI) with y < —1/3, we deduce

that the phase portrait 1.20 is achieved only if (29) is zero. So we should
investigate whether (29) can be zero.

We have Dy # 0. When = 1/3 we have
Ps(c) = (1 + c*)(—ab + ¢ + a*c — b%c + abc?),
and hence the phase portrait is topologically equivalent to 1.19. So it re-
mains to study the cases u = —a?/(3b%) and b = V1 + a2.

When p = —a?/(3b?), we have —1/3 < pu < 0. Moreover, due to the
results obtained in the case u < —1/3, if there are four finite singular points
at the same energy level then two of these singular points must be on the
line ¢ = —a/b (see (32), (33) and (34)). The Hamiltonian Hg at the singular

points when ¢ = —a/b is given by (26). The xz—coordinates of the singular
points when ¢ = —a/b are (23), and at these singular points the Hamiltonian
becomes
b2
Ge(c) = ——F = h.

4(b* — a?)
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Note that 0 < a?/b* = —3u < 1 so that b* — a* > 0. Now we should check
if there are other singular points at which Hg = h. For the singular points
that are not on the line ¢ = —a/b we have Hg = Fy (see (27)), and these
singular points satisfy Ps = 0 (see (33)). Hence we are looking for points
that satisfy Py = Fs — h = 0. If we calculate the resultant of Ps and Fs — h
we obtain
b2 (b — (1 +a?)?)(2a® + o’ — b?)
(64(b* — a*)?) ’

which is zero if and only if b = v/1 + a2, see (35). Note that this is the last
condition that makes (29) zero, so now we will study this final case.

If we substitute b = V1 + a? in (24) we get (36). We have seen that the
roots (37) are at the same energy level. What remains to be done is to
determine when these points are saddles and when they are centers. For
reasons of simplicity we study the local phase portraits of the singular point
on the lines ¢ = £1. If we evaluate (28) at (1, —1) we obtain

—4a(1+a*)(1+3u) #0 (44)

because a > 0. So the singular points on these lines cannot be at the same
energy level. Hence we will deduce that if these singular points are centers
then (37) are saddles and we have the phase portrait 1.20 of Figure 1, and
if they are saddles then we have 1.21.

The linear part of systems (21) when b = /1 4 a2 is
a — 6pucx? V1+a? - 3c22? — 3uax?
—V1+ a2 + 322 + 3uc?z? —a + 6pcx? '

When ¢ = +1 the z—coordinates of the singular points are obtained by (22).
Then we see that the determinant of (45) is

5 — 4(1—3a(a+ V1+a?)(1 — p) — 3p))
e 1+ 3u

(45)

when ¢ =1, and it is

41 =3ala—V1+a?)(1 - p) —3u))

do —
2 1+ 3up
when ¢ = —1. If we multiply them we get
16((1 — 3p)* — 3a(1 — p)(1 + 3p))
dydy = 5 .
(1+3p)

We observe that if we substitute b = v/1 + a? in D4 we obtain

A1+ a®)?((1 = 3p)? = 3a>(1 — p)(1 + 3p))°. (46)

Since we assume Dy > 0 we have d1ds > 0, so meaning that they are different
from zero and they have the same sign. Due to the fact that the eigenvalues
of the linear part M of a Hamiltonian system is of the form £./— det(M),
where det(M) denotes the determinant of M, we deduce that the singular
points that are on the lines ¢ = +1 are saddles if dy < 0, and are centers if
dy > 0.
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Since d; is linear in g we can solve d; = 0 and get

po =1/342a/(3v 1+ a?).

So we have d; > 0 and d; < 0 for u < pg and @ > pg, respectively. On the
other hand if we equate (46) to zero and solve for p we get

2 =1/3F2a/(3V1+ a?),

Note that g = p2 and —1/3 < p1 < po. Hence (46) is positive if and only
if p < py or p > po. Thus whenever Dy > 0 we have dy > 0 if pu < pg, and
dy < 0if p > pg. Therefore we get the global phase portrait 1.20 if u < pq,
and 1.21 if g > po. This finishes the analysis of the subcase a > 0.

Before summarizing our results for the case u > —1/3, we comment on
the relation between the subcases a = 0 and @ > 0. When a = 0 we have
po = w1 = 1/3, and the condition b = v/1+ a? becomes b = 1. So for
1 < pp the conditions to have the phase portrait 1.20 when a = 0 can be
obtained by substituting a = 0 in those when a > 0. However, for u > pg,
(44) becomes zero if a = 0, meaning that the saddles are at the same energy
level as well as the centers, and we get the phase portrait 1.20 again. On
the other hand, when a = 0 we have

Dy = 4(b* = 3p)*(1 = 36°p)?,
D3 = 3(b* — 3u)(1 — 3b% ).

So the conditions for the phase portrait 1.19 when a = 0 can also be obtained
by substituting a = 0 in those when a > 0. And finally the conditions for
the phase portrait 1.22 when a > 0 can also be extended to a = 0 due the
fact that when a = 0 we do not have Dy = 0 and D3 # 0, and also we do
not have the phase portrait 1.22.

In short we obtain that when b < 0 a global phase portrait is topologically
equivalent to 1.18 of Figure 1. When b > 0 a global phase portrait is
topologically equivalent to 1.19 if Dy < 0, or Dy = D3 = 0 but either
a#0,pu#1/3o0rb#1;to1.20if Dy >0,b=+1+a? and p < pq, or
Dy>0,a=0and g > 1/3; to 1.21 if Dy > 0 and b # V1 + a2, or Dy > 0,
b=+v1+a2 a+#0and p > po; to 1.22 if Dy = 0 but D3 # 0; and to 1.23
if a =0, p=1/3 and b = 1. Therefore we obtain the bifurcation diagrams
shown in Figures 5-9.
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