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Abstract

We prove that any planar birational integrable map, which preserves a fibration
given by genus 0 curves has a Lie symmetry and some associated invariant measures.
The obtained results allow to study in a systematic way the global dynamics of these
maps. Using this approach, the dynamics of several maps is described. In particular we
are able to give, for particular examples, the explicit expression of the rotation number

function, and the set of periods of the considered maps.
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1 Introduction

A planar rational map F : U — U, where U C K2 is an open set and where K can either
be R or C, is called birational if it has a rational inverse F~! defined in ¢. Such a map is

integrable if there exists a non-constant function V' : Y — K such that V(F(z,y)) = V(z,y),

*Acknowledgements. The second author is partially supported by Ministry of Economy and Compet-
itiveness of the Spanish Government through grant DP12011-25822 and grant 2014-SGR-859 from AGAUR,

Generalitat de Catalunya.

http://www.gsd.uab.cat
—_

d g5


http://dx.doi.org/10.1016/j.jmaa.2015.06.069

which is called a first integral of F'. If a map F possesses a first integral V', then the level
sets of V' are invariant under F. We say that a map F' preserves a fibration of curves {C},}
if each curve C}, is invariant under the iterates of F'.

In this paper, we consider integrable birational maps that have rational first integrals

_ Vi(z,y)
V(z,y) = m7

so that they preserve the fibration given by the algebraic curves
Vi(z,y) — hVa(z,y) =0, for h € Im(V).

The dynamics of planar birational maps on with rational first integrals can be classified
in terms of the genus of the curves in the fibration associated to the first integral. In
summary, it is known that any birational map F preserving a fibration of nonsingular
curves of generic genus greater or equal than 2 is globally periodic. This is a consequence
of Hurwitz automorphisms theorem and Montgomery periodic homeomorphisms theorem.
If the genus of the preserved fibration is generically 1, then either F or F? are conjugate to
a linear action. The reader is referred to [7, 8, 11] and references therein for more details.

We present a systematic way to study the case where {V = h}jcpmv) is a genus 0
fibration, that is, when each curve {V = h} have genus 0. As it is shown in the next section,
by using rational parameterizations of the curves of the invariant fibration one obtains that
on each curve any birational map is conjugate to a Mobius transformation. Using this fact,
we will prove that any of these maps possesses a Lie symmetry with an associated invariant
measure. The proofs are constructive, so we are able to give the explicit expression of the
symmetry and the density of the measure for particular examples. These results permits us
to give a global analysis of the dynamics of the maps under consideration. In particular, this
approach allows to obtain the explicit expression of the rotation number function associated
to the maps defined on an open set foliated by closed invariant curves. The explicitness
of the rotation number function is a special feature of these kind of maps, on the contrary
of what happens when the maps preserve genus 1 fibrations, and it facilitates the full
characterization of the set of periods of the maps.

The paper is structured in two sections. In Section 2 we present the main results of
the paper: the ones that ensures the existence of Lie symmetries and invariant measures,
Theorem 2 and Corollary 5 respectively, and the one that characterizes the existence of
conjugations of birational maps with conjugated associated Mobius maps, Proposition 6.
In Section 3, we apply our approach to study the global dynamics of some particular maps

and recurrences.



2 Main results

2.1 Dynamics via associated Mobius transformations

From now on we assume that F' is a birational map with a rational first integral V' = V; /Va,
where both F' and V are defined in an open set of the domain of definition of the dynamical
system, the good set G(F) C K2. We also assume that there exists a set H C Im(V) C K
such that the set U := {(x,y) € K?: V(x,y) € H} NG(F) is a non empty open set of K2,
and each curve Cj, := {Vi(z,y) — hVa(x,y) = 0} is irreducible in C and has genus 0.

A characteristics of genus 0 curves is that they are rationally parameterizable. Recall
that a rational curve C in C2, is an algebraic one such that there exists rational functions
Pi(t), Py(t) € C(t) such that for almost all of the values ¢t € K we have (P;(t), Px(t)) € C;
and reciprocally, for almost all point (x,y) € C, there exists ¢ € K such that (z,y) =
(Pi(t), Pa(t)). The map P(t) = (Pi(t), Px(t)) is called a rational parametrization of C.

The relationship between rational curves and genus 0 ones is given by the Cayley-
Riemann Theorem which states that an algebraic curve in C? is rational if and only if has
genus 0, see [14, Thm. 4.63] for instance.

Of course a rational curve has not a unique rational parametrization, however one can
always obtain a proper one, that is, a parametrization P such that P~! is also rational. In
other words, one can always find a birational parametrization of a genus 0 curve C', which
is unique modulus Mébius transformations, [14, Lemma 4.13].

Observe that given a birational map F preserving an algebraic curve C defined in K2,
by using homogeneous coordinates, one can always extend them to a polynomial map F

and an algebraic curve C in KP2. Our main tool, is the following known result:

Proposition 1. Let F' be a birational map defined on an open set U C K2, preserving the
fibration given by algebraic curves of genus 0, {éh}he’].[, where H is an open set of K. Then

for each h € H, F~

&, is conjugate to a Mobius transformation in K=KU {o0}.

Proof. Set K = C, since each curve éh has a genus 0, by the Cayley-Riemmann Theorem
there is a rational parametrization of (N;'h, P C — C, C CP2. This parametrization
can be chosen to be proper, so that P~! is also rational. In consequence, the map Mh =
P Lo ﬁh o Py, defined in (E, is a one-dimensional complex birational map, hence a M&bius
transformation.

Consider now the case K = R. Since every rational real curve can be properly parame-
terized over the reals [14, Thm. 7.6], then any real birational map preserving a fibration of

real algebraic curves of genus 0 can be represented by real Mdbius transformations. [ |

The dynamics of Mobius transformations is well understood, see Proposition 7 for in-



stace. As a consequence of the above result, a priori, for planar birational integrable maps
preserving a fibration given by genus 0 curves, there can only appear curves with periodic
orbits of arbitrary large period, curves filled with dense solutions, as well as curves with
one or two attractive and/or repulsive points, which could be located at the infinity line of

the projective space KP?, as in the case the case studied in Proposition 8.

2.2 Existence of Lie symmetries and invariant measures

Some objects that can be associated to integrable birational maps preserving a genus 0
fibration are Lie symmetries and invariant measures. Formally, a Lie symmetry of a map
F defined in an open set U is a vector field X, also defined in U, such that for any p € U it

is satisfied the compatibility equation

X(F(p)) = DF(p) X(p), (1)

see [4, 9]. From a dynamical viewpoint, if F' is an integrable map with first integral V', and
therefore preserving the associated fibration {C},} (see Section 2.1), a Lie symmetry of F
is a vector field X with the same first integral V', such that the map F' can be seen as the
flow ¢ of this vector field at certain time 7(h), which only depends on each invariant curve
Ch, that is: F(p) = ¢(7(h),p) for all p € Cr, NG(F).

We prove that for birational maps preserving genus 0 fibrations these vector fields exists,
and one of them can be explicitly constructed by using a family of parameterizations of the

invariant curves.

Theorem 2. Any birational map F with a rational first integral V', preserving the genus
0 fibration given by {V = h}pen, has a Lie symmetry. Furthermore, if {Pyn(t)}}hen is a
family of proper parameterizations of {V = h}pey, then there is a Lie symmetry of F in U

given by
X(z,y) = DPy (P, (2,y)) - Ya (P ' (2,9)) |h:V(m,y) (2)
where
Yilt) = (~b(8) + (d(h) — (W)t + c(h)?) o Q
and the functions a,b,c and d are defined by the coefficients of the map
My(t) =P, o FoPy(t) = m.

In the next section, by using the formula given in Equation (2), we will obtain the
explicit Lie symmetries of some particular examples of birational maps, see for instance
Proposition 10, Corollary 12, or Section 3.4.1. Prior to prove Theorem 2, we present the

following preliminary result:



Lemma 3. A Mdbius map M : K — K given by

at+b
ct+d’

M(t) =

. . . 9 0

admits the Lie symmetry given by the vector field Y (t) = (—b +(d—a)t+ct ) ETR

The proof of the above Lemma is straightforward. We obtained the vector field Y

constructively by searching a polynomial one, but to prove the result it is enough to check
that it satisfies the compatibility equation Y (M (t)) = M'(¢)Y ().

Proof of Theorem 2. From Proposition 1 we have that for each curve Cj, the map Fic, is

conjugate to the Mdbius transformation

a(h)t + b(h)
c(h)t+ d(h)’

By Lemma 3, the map M) has the Lie symmetry Y} given by (3). Now, by taking the

My(t) = P, " o Fig, o Py(t) = (4)

differential of each parametrization Py (t) we get that for each (z,y) € C, NG(F):

X(z,y) = DPu(O)Ya()) = DPy(P, ' (z,y))Ya(Py, '

Pyt (z,y) \ h=V(ry)

h=V(zy)
Observe that, by construction, X is a vector field tangent to each curve Cj, so V is a first
integral of X.

Now we check that X satisfies the compatibility equation (1). Indeed, set h € H
and take (z,y) € O, then by Equation (4) we have P, '(F(z,y)) = Mu(P; '(z,9)).
On the other hand, since Y} is a Lie symmetry of M} we have Y(Mh(Ph (z,y))) =
M(Py M (2.)) Y (P (. )), hence

X(F(z,y)) = DPy(P, ' (F(z,y))Y(P, ' (F(z,y)))
= DPy(My(P; Nz, y))) Y (M (P (2,9)))
= DPy(Mu(Py (0, y))) My(Py (2,9) Y (P (2, 9)))-

Notice that, again by Equation (4), we have
DF(x,y) = DPy(My(P, ' (x,9))) My (P, ! (x,y)) DP, (2, y),

hence
DF(z,y) DPy (P (x,y)) = DPy(My(Py (2, 9))) Mjy(Py (2, y)),

and therefore

X(F(z,y)) = DF(z,y) DPy(P; (x,y)) Y (P, (2,y)) = DF(z,y) X (z,y).



Notice that Theorem 2 is an step towards a positive answer of the following question:
Given a birational integrable map with rational first integrals, does always exists a rational
Lie symmetry? [5, Open problem, p.252].

Lie symmetries are interesting objects in the theory of discrete integrability, [9]. In
particular, their existence implies that the one-dimensional dynamics of real maps F' on an
invariant curve is essentially linear, [4]. Hence, as a consequence of the above result and

Theorem 1 in [4], we obtain the following result:

Corollary 4. Let F' be a real birational map with a rational first integral V', preserving the
associated genus 0 fibration given by {Ch}rep, and let X be a Lie symmetry of F with first
integral V. Let vy, be a connected component of Cp, NG(F), then:

(a) If v of Cy is homeomorphic to S, then F,, is conjugate to a rotation with rotation
number given by T(h)/T(h), where T(h) is the period of Cy as a periodic orbit of (2),
and 7(h) is defined by the equation F(x,y) = o(7(h),(x,y)), where ¢ denotes the flow
of X, and (x,y) € C},.

b) If vp is homeomorphic to R, then F), 1is conjugate to a translation.
I7h
(¢) If v is a point, then it is a fixved point of F.

Recall that a map F defined on an open set of R?, preserves a measure absolutely
continuous with respect the Lebesgue’s one with non-vanishing density v, if m(F~1(B)) =
m(B) for any Lebesgue measurable set B, where m(B) = [, v(z,y) dedy. The existence
of a Lie symmetry preserving the integral V' guarantees the existence of certain preserved

measures as a consequence of the results in [4]:

Corollary 5. Let F' be a real birational map F, with a rational first integral V, preserving
the genus 0 fibration given by {V = h}pey. Then there are some open disjoint sets Ut and
U™ CU (possibly some of them, but not both, empty) such that:

(a) If F preserves orientation on U, then on each set U™ and U™, it preserves an invariant

measure absolutely continuous with respect the Lebesque one.

(b) On each set Ut and U™, the map F? preserves an invariant measure absolutely contin-

uous with respect the Lebesgue one.

Proof. Observe that F' has the Lie symmetry given by Equation (2). By construction this
symmetry preserves the curves {V = h} for each h € H, hence it must be a multiple of the

hamiltonian vector field associated to V', that is
X(2y) = ule.) (V@) o + Vil y) o (5)
9 y - /’L I y Yy ) y 8x T ?y 8y .

6



In this case, the compatibility equation (1), is equivalent to

pw(F (z,y)) = det(DF(z,y)) p(z,y), (6)

see [4, Theorem 12 (ii)]. Set U := {(x,y) € U: +u(x,y) > 0}. Observe that some of them,
but not both, can be empty.

Suppose now that F' preserves orientation in U, then Equation (6) implies that both
sets U™ and U~ are invariant by F. Taking

1
pla,y)’

we get some invariant measures on each set U* given by m (B) = [ g V+ (7, y)dxdy for any

ve(z,y) ==+

Lebesgue measurable set B C U*. Indeed, take B € U a Lebesgue measurable set, then

by using the change of variables formula and Equation (6) we get:
mi(F®) = [ gy = [ (P det(DF(a.)dedy -

det(DF(x,y))dxdy = /

1
-/ s H(F@.9) g,y oty = m+(B)

In an analogous way we can prove that m_ is an invariant measure on I ~, thus proving (a),

and that m(B) = [ 1/u(x, y)dzdy is an invariant measure of F? in Y~ UU™, thus proving
(b). i

2.3 Detection of conjugations via conjugations of M6bius maps

Another consequence of Proposition 1 is that it is possible to easily verify if two birational
integrable maps preserving a genus 0 fibration are conjugate, by checking if their associated
Mobius transformations are conjugate. This is summarized in the result below which,
additionally, allows to construct the explicit conjugations. In Section 3.4.2 we use this result
to detect the conjugations between the maps associated to the six recurrences presented by
F. Palladino in [12].

Prior to state the result we introduce the main assumptions and notation. In the
following we assume that F' and G are integrable birational maps in K with first integrals
V and W respectively, and that there exists some nonempty open sets H C Im(V) and
K C Im(W) such that the sets U = {(z,y): V(z,y) =h € H} and V = {(z,y): W(z,y) =
k € K} are nonempty, and each curve C, = {V = h} for h € H and Dy = {W = k} for
k € K are irreducible in C and rational.

Let { Pp} ey and {Qy e be families of proper parameterizations of the family of curves
{Ch}rex and {Dy}rex respectively, and let M) = P}jl oFo P, and N, = Q,;l oG o Qg
denote the Mébius transformations associated to Fc, and G|p,, respectively. Let G(M})
denote the good set of M}, in K.



Proposition 6. Under the previous assumptions, F' is conjugate with G via a conjugation
F=U"10GoW, where ¥ is a correspondence between the curves Cy in U and the curves
Dy in V, if and only if there exists a correspondence f between H and KC, such that for all
h € H there exists an invertible map my, defined in G(Mjy) such that My, = mgl o N omy,
for k= f(h). Furthermore, the conjugation is given by:

\IJ(JZ, y) — Qf(h) omp 0 Ph_l(xa y) |h:V($,y) (7)

and

U (u,0) = Py om0 Qp (u,) ’k:W(u,v) )

Proof. Suppose that there exists a bijection k = f(h) between H and K, such that for all
h € H there exists an invertible map my, defined in G(Mp) such that M, = mgl o Npomy
for k = f(h). Consider the map ¥ given by Equation (7), it is easy to check that, by
construction, it maps any curve Cj, to the curve Dy ). Hence W (¥(x,y)) = f(h) for each
(z,y) € Ch.

Set ®(u,v) = Pp1gy om;_ll(k) 0 Q. (u,v) B . Now we prove that ® o ¥ = Id.
Indeed, take (z,y) € Cy, set k := f(h) = W(¥(z,y)), then

®oW(x,y) = Py om0 Q0 Qpmy om0 Py Hay) =

=Pyom, o QptoQromyo Byt (z,y) = (2,y),

and analogously W o ® = Id, hence U~ = &.

Now we prove that ¥ is a conjugation. Indeed,
p! oGoV¥(r,y) = Phomgl oQ];1 oGoQkomhoPJI(zL‘,y) =

= Phom,;1 o N, omhoPh_l(a:,y) = PhthoPh_l(:B,y) = F(z,vy).

Conversely, suppose that F is conjugate with G in U, via a conjugation F = U 1oGoW
such that for all h € H, there exists k € K such that ¥(C}) = Dy and reciprocally, for
all k£ € K, there exists h € H such that W=1(D;) = Cj,. This fact allows to introduce a
correspondence f between H and K via k =W oW g, and h =V o \I’|_le.

Take (z,y) € Ch, set k := f(h) = W(¥(x,y)), then

F(z,y) :PhOMhOP}Zl(ZC,y) =0 loGoU,
and therefore for all ¢t = Ph_l(x,y) € G(Mpy):
Mh(t) = Ph—l oU ! oGo\I/oPh(t) — Ph_l opL OQkONkOQIZl O\I’OPh(t).

So there exists a conjugation my = Q;(lh) oW o Py(t) between M, and Ny for k = f(h). I
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Observe that if the dependence on the parameters h and & in the terms of the expression
(7) and (8) is rational, and f is a birational function, then the conjugation ¥ is a birational
map, and therefore global. This is the case of the conjugations constructed in the proof
of Proposition 15. However, notice that, this is not the general situation since not every
proper parametrization of a curve of the form {V = h} has a rational dependence on
the parameter h. This is the case of the ones obtained when we use the parametrization

algorithms implemented in some computer algebra software, [10].

3 Applications

In this section we show how the results in Section 2 can be used to analyze the global
dynamics of birational maps preserving genus 0 fibrations in a unified way. The considered
examples include a one-parameter family of maps previously studied by G. Bastien and
M. Rogalski in [1], a map introduced by S. Saito and N. Saitoh in [13], and the maps
associated to some difference equations considered by F. Palladino in [12]. The method can
also be applied to study some other maps appearing in the literature, for instance the ones
in [2] and [15].

As we will need to recall it in every example, and although it is well-known, for conve-
nience of the reader we summarize the dynamics of M6bius maps in the following well-know

result, see [3, Section 2.2] for instance.

Proposition 7. Consider the map M(t) = (at+0b)/(ct+d), where a,b,c,d € K, with ¢ # 0,
defined for t € K. Set A = (d—a)? + 4be, and € = (a+d+ VA)/(a+ d — VD).
(a) If A # 0, then there are two fized points ty and ty in K, furthermore
(a1) When [§| # 1, one of the fized points, say t;, is an attractor of M in HA{\
{tj+1 (mod2) }-
(az) When |¢| = 1, then M is conjugated to a rotation in K with rotation number
0 := arg(§) (mod 2w). In particular, M is periodic with minimal period p if and
only if € is a primitive root of the unity. Furthermore, W (t) = |(t — to)/(t — t1)]
s a first integral of M.

(b) If A =0, then there is a unique fixed point ty which is a global attractor in K of M.

3.1 The Bastien and Rogalski map revisited

We consider the planar birational map defined in R*™, given by

Fo(z,y) = (y a_zny) (9)

9



with a > 1/4. The periodic structure of this map was characterized by G. Bastien and
M. Rogalski as a part of the study of the difference equation u,19 = (@ — up41 + u%H)/un,

see [1]. The map F, possess the rational first integral
?+y’—z—y+a

Va(z,y) = o ,

and it preserves the fibration of R*T given by the algebraic curves of genus 0 (conics):

Ch={2*+y* -z —y+a— hay =0}, (10)
where h € (2 —1/a,oc0). The map has a unique fixed point in R?*, given by (a,a) with
energy level h. := V(a,a) = 2 — 1/a. This point is an elliptic one since a > 1/4. Let 6’h =
{lw:y:z2), 22492 —hoy—xz—yz+az2 =0} and Fy([z:y: 2]) = [wy : az® —yz + 92 : 22],
denote the extensions of C}, and F, to RP%2. We prove:

Proposition 8. Set a > 1/4 and h. = 2 — 1/a, then the following statement hold:

(a) For h > 2, Cy, is a hyperbola, Fyc, is conjugated to a translation, and there are two
fized points of ﬁa\éh at infinity given by [2 : h+£+v/h? — 4 : 0], an attractor and a repeller.

(b) For h =2, Cy is a parabola, Fuc, s conjugated to a translation, and the point at the
infinity [1:1:0] is a global attractor of ﬁa@ )

(¢) For h. < h <2, C} is an ellipse, Fyc,, is conjugated to a rotation with rotation number

o(h) = are (’H V;_hQ> (mod 21). (11)

Using the rotation number function (11) we reobtain the results of Bastien and Rogalski

in [1], concerning the set of periods of each particular map Fy, and of the family of maps.

Proposition 9 ([1]). Seta > 1/4, ho =2 —1/a, and 0, = 5- arg (2“_1_2’7(1 V4“_1) . Then:

(a) For any fivzed a > 1/4 and any natural number p > E(1/(1 —80,)) + 1 there exists
hy € (he,2) such that Cy,, is filled of p-periodic orbits.

(b) For all p € N, p > 3 there exists a > 1/4 and hy € (he,2) such that Cy,, is filled of

p-periodic orbits.

Prior to prove the above results we find a real proper parametrization the curves (10).
In our case, we will use the method of parametrization by lines [14, Section 4.6], to obtain

the proper parametrization. First, for each curve in (10), we consider the point

h+14+9
($07y0> = <a7 a—'—2—|—> € Ch?

10



where § = /(ah+1)?2 —4a? € R. Taking the new variables * = u + xo,y = v + Yo
we bring this point to the origin, so that, each curve in the new variables is defined by

fi(u,v) + fa(u,v) = 0 where f; stands for the homogeneous part of degree k. In our case:

fi(u,v) = (—ah®/2 — (14 8) h/2 — 1 + 2a) u + 6v,
fo(u,v) = u? + v — huv.

We compute the intersection points of these curves with the the lines v = t u,

v =tu
fQ(U,,U) + fl(uvv) = 07
obtaining an affine parametrization (u(t),v(t)), so that the parametrization of the corre-

sponding curve Cj, is the real one given by Py (t) = (P1n(t), Pon(t)) = (u(t) + xo, v(t) + yo)

where 20t — ah? — (14 8)h — 2 + 4
—ah®—(1+ —2+4+4a
Pi(t) =
1.0 (¢) 2(—12+ ht — 1) @
(—ah+8§—1)t*+ (4a—2)t —ah — 6—1
P =
2 (t) 2(—t2 + ht — 1)

It is straightforward to check (see Theorem 18 in the Appendix) that for each h > h,,
the above parameterizations of C}, is a proper one. Furthermore, by using the method
described in Theorem 19 and Equation (20), one gets that its inverse is given by
—26z+ (ah®> + (6+1)h—4a+2)y—ah+2a+5—1

p-1 _ )
h (%?J) (ah2+(1_5)h_4a+2)x+25y+ah—2a—5+1

The parametrization Py (t) is defined in R if h, < h < 2, and in R\ {to,;} where
h+ (—=1)vVh2? — 4

2 )
if h > 2. Observe that this values of the parameters do not correspond to affine points of

Cp. Indeed, each curve extends to RP2 as Cj, = {[z : y : 1], 22+y% —hay—at—yt+at®> = 0},

t]’ = (12)

which is properly parameterized for ¢ € R by
Pu(t) = [~2at® + (2ah +20)t — ah® —hd +2a —h — 2 :
(—ah+6—1)t* 4+ (4a—2)t —ah — 6 — 1 : 2(—t? + ht — 1)] .

The values of the parameters ¢; correspond with the infinite points

Qjn=12:h+(~1)Vhz—4:0]

which are fixed points of the extension of F to RP? given by ﬁa([x sy oz]) =[xy e
22 —yz+y?: xz]. Of course, if h =2, then t; =ty =1 and Q1 = Qo =[1:1:0].
As an immediate consequence of the above arguments, Theorem 2 and Corollary 5, we

have the following result:
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Proposition 10. Each map (9) possesses the Lie symmetry

x2—y2+a—xi+x2—y2—a+y2

(13)

and preserves a measure absolutely continuous with respect the Lebesgue one in R*T given
by
1
m(B)= [ —dxdy
B

for any Lebesgue measurable set B of R*+.

Proof. From the above arguments, we have that {Pj,(t)}rey, where H := {h > h.}, is a

family of proper affine parameterizations of {C}, },ec7. Now a computation shows that

(h+1)t—1

My(t) = Pl o Fyo Py(t) = 0

, (14)

so Fig, is conjugate to MhlA if he < h <2, and M, BB\ {t0.1} otherwise. By Lemma 3,

0
each map M}, has the Lie symmetry Y, (t) = (1 — ht+t2) e Observe that, by setting
Pn(t) = (Piu(t), Pp(t)), then Equation (2) in Theorem 2 gives the vector field X =
X10/0x + X20/0y where :

Xi(e,y) = PLu(By (@, y))Yh<P ]h vy = @ YA D)y

Xo(w,y) = Py (B @)V (B @y)| = @2y —aty)/a

Hence, we get that F, has the Lie symmetry (13), also defined in R%*.

Observe that using the notation in Section 2.2, this vector is exactly the multiple of
the hamiltonian vector field (5) associated to V,, with u(x,y) = zy. So by Corollary 5 it
defines a measure absolutely continuous with respect the Lebesgue one in R*% given by

m(B) = [5(1/p) dz dy, for any Lebesgue measurable set B of R2. [ ]

Proof of Proposition 8. It is straightforward to check that for any fixed a > 1/4, the curves
C}, are ellipses for h. < h < 2, a parabola when h = 2, and a branch of a hyperbola when
2 < h < oo, see [1]. By using Corollary 4 and the existence of the Lie symmetry (13), we
get that the affine dynamics of each map Fy ¢, is conjugate to a translation when h > 2,
and conjugate to a rotation when h, < h < 2.

As shown above, each map ﬁa‘ch is conjugate to the Mdbius one M), given in (14).
Observe that for each h > 2, the map M}(t) has the fixed points t; given in (12) which
correspond with the infinite points @; 5, which are fixed points of F,.

Following the notation of Proposition 7, for the map M) one gets A = h? — 4 and

E=(h+2—-vh2—-4)/(h+2+ Vh?—4). Now,

12



e If h > 2 then A >0 and £ < 1. In this case tjy is an attractor of M} in R \ ¢t1 and t;

is a repeller, so Qo is an attractor of ﬁa@h in éh \ Q1,n, and Q1 a repeller.

e If h =2, then A =0, so the the point ty = h/2 =1 is a global attractor of My in ]l/é,
thus Qo2 = [1: 1: 0] is a global attractor of ﬁa|52 in Cy.
e If hy < h <2, then A < 0, hence M}, is conjugated to a rotation in ]@, with rotation

number

O(h) = arg (

h+2—iv4—h? h —iv4 — h?
(mod 27) = arg | ————— | (mod 27),
h+ 2+ iv4 — h? 2

and therefore Iy, ¢, is a conjugate to a rotation with the same rotation number (recall

that, in this case, the curves C}, are affine ellipses with no points at the infinity line).

Proof of Proposition 9. (a) In the proof of Proposition 8 we have seen that if h, < h < 2,
then each map F ¢, is conjugate to a rotation with rotation number given by Equation (11).
It is straightforward to check that for a fixed a > 1/4 this function 6(h) grows monotonically
from 6, to 1 for h € (hc,2), where

A n2 o
6. = lim e(h):;rarg<m> 1arg(2a 1 Nm)

h—hd 2 2a

2T

Therefore, for all § € (0,,1) there exists h € (he,2) such that (k) = 6, so to characterize
the set of periods of any map F, in R**, we need to know which are the irreducible fractions
q/p € (0a,1).

Observe that if an irreducible fraction ¢/p € (04,1), then 1 < g < p — 1 and therefore
(p—1)/p € (6a,1), because

-1
9a<g§p—<1.
P p

Hence we only need to characterize which are integer numbers p such that 6, < (p —1)/p.

For such a number, one easily obtains p > 1/(1 —6,), hence

1
>F 1.
b= <1_0a)+

(b) A computation shows that when 1/4 < a < 1/2, h. varies monotonically from —2,

to 0, and therefore 276, is an angle in the third quadrant that varies from = to 3w /4. If

a > 1/2 then h. > 0 and 276, is an angle of the fourth quadrant. Hence

Ii= | (6a,1) = (;1)

a>1/4

Observe that 1/p € I for all p > 3, and therefore the result follows. ]
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3.2 The Saito and Saitoh map

In [13], S. Saito and N. Saitoh considered the map

02)),

15
1+ 2y (15)

F(z,y) = (xy

defined in the open set G(F) = C%\ {U, >0 F"(z,—1/2)}, and they found a continuum
of 3-periodic orbits. Here we describe the _global dynamics of F', and we notice that there
are continua of periodic orbits of minimal period p for all p > 2, which have the simple
expression y(1 4+ x) = hyp, being h, any primitive p-root of the unity.

As already noticed in [13], this map has the first integral V(z,y) = y(1 + x), hence
the affine sets 7y, := {y(1 + ) = h, h € C} N G(F) are invariant. The extension to CP?
of all these sets contains the affine points of 7, plus the infinity points [1 : 0 : 0] and
[0 :1:0]. But these infinity points belong to the so called indeterminacy locus of the
extension of F to CP2, F([z : y : 2]) = [zy(zy + 22) : y22(x + 2) : (wy + 22)22]. That is:
F(1:0:0)=F(0:1:0])=1[0:0:0], see [6, 7] for further details. This is the reason
why we will describe the dynamics of F only in the affine space C2. The global dynamics

is given by next result.
Proposition 11. Consider the map (15), then:

(a) Any solution with initial condition on -y reaches the point (0,0), which is a global

attractor of F,, in finite time.

(b) For h # 1, on any invariant set yy, there are two fixed points of F', given by Qo = (0, h)
and Q1 = (h—1,1). Furthermore,

(i) If |h| < 1, then the point Qo is the attractor of Fj,, in vy \ Q1, and Q1 is a
repeller. Conversely if |h| > 1, then the point Qo is the repeller and Q1 an
attractor of Fi,, in v \ Qo-

(ii) If |h| =1, then either any initial condition (xg,yo) in vy, gives rise to a periodic
orbit with minimal period p > 2, when h is a primitive p-root of the unity, or
it gives rise to an orbit which densely fills the set v, N {W (z,y) = W(xo,v0)},
where W(z,y) = |x/(x — h + 1)|, otherwise.

(¢) For h =1, the point p = (0,h) is the unique fixed point of F in 1, which is a global

attractor of Fly, .

Proof. The set 7 is given by the lines x = —1 and y = 0. Observe that (0,0) € v is a
fixed point of F. A simple computation shows that F2(—1,y) = (0,0) and F(x,0) = (0,0)

for all z,y € C, which proves statement (a).
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To prove statements (b) and (c) we fix h # 0. Observe that the set ~y, is given by the
intersection of the curve Cj, = {y(1 + =) = h} with G. Any curve C}, admits the trivial

proper affine parametrization

Py(t) = <t, t—l—h1> for t # —1.

Observe that parameter ¢ = —1 correspond with the excluded infinity point [0 : 1 : 0].
Observe that Ph_l(x, y) = x. A computation gives.
ht
My(t) =P, ' oFoPy(t) = —.
n(t) n °40 n(t) 11

It is easy to check that v, = Cp \ {U,50 F"(~=1/(h + 1),h + 1)} for h # —1; that
7-1 = C_1; and that for any h € C, the map Fj,, is conjugate to the My g(nr,), where
G(My) = C\{Up>0M, " (—1)} is the good set of M}, in C. In particular G(M_1) = C\{—1}.

FEach map M}, has two fixed points tg = 0 and t; = h—1 corresponding to the parameters
of the points Qp, Q1 € C? respectively. Now, the result follows directly from Proposition 7.
In particular, for |h| = 1 with h # 1, and since A = (1 — h)? and & = 1/h, one easily gets
that the map M), is conjugate to a rotation in C with rotation number

O(h) = arg <f1L) (mod 27) = arg (h) (mod 27).

Hence the map Fj,, has continua of periodic orbits of all minimal periods p > 2, located
at the hyperbolae y(1 + x) = hy, being h, a primitive p-root of the unity. Furthermore, in

this case
x

x—h+1
is a first integral of F}, . Otherwise, if & is not a p-root of the unity, then for each initial

W(mvy) =

)

condition on v, the associated orbit of F},, fills densely the set v, N {W = W(zo,%0)}- N

Notice that, as a consequence of the above result, the only periodic orbits that can be
observed in R? are the 2-periodic orbits that are located in the real hyperbola y(1+x) = —1.

Finally, as a direct consequence of Theorem 2, we have:

Corollary 12. The map (15) possesses the Lie symmetry

X(o) = o (L) = 1) 5 +ay(y=1) 5
Proof. By Lemma 3, the Mobius map My, (t) = ht/(t + 1) has the Lie symmetry Y, (t) =
(1= h)t+1?) % Now the Lie symmetry of F' is obtained from Equation (2), by using the

parametrization Py (t) = (¢,h/(t + 1)) and taking h = y(1 + z). [

Notice that the above vector field is a multiple of the hamiltonian one (5) with pu(x,y) =
z(y —1).
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3.3 A difference equation with the Saito and Saitoh invariant
We consider the real difference equation

Un+1 (1 + Un)

16
14 Un+1 ( )

Un42 =

This equation possesses the invariant given by I(un, tnt1) = tpt1(1 + uy). We found this
difference equation when looking for a recurrence with the same invariant as the Saito and
Saitoh map. Latter, we knew that this equation is a particular case of the six equations
introduced in [12], and also considered in Section 3.4.
For each initial condition wug, u; in G C R, the good set of the equation (16), set
I := I(up,u1) = u1(1 4 up) and
—1+ (=11 +4T

14+21+4iv—-1-41
tj = tj(uo, u1) := 5 , and £ = — :

21

Proposition 13. Let {u,} be a solution of Equation (16) with initial condition ug,u; in
G, then:

(a) If uy = ug and ug # —1, then the solution is constant.
(b) If ui(1+wup) > —1/4 with uy # t1 and uy # t1, then the solution converges to u = ty.

(¢) If u1(1 + ug) < —1/4 then the solution is either p-periodic, if £ is a p-root of unity,
or such that the set of accumulation points of {un tnen is R, otherwise. Furthermore,

the Equation (16) has p-periodic solutions for all period p > 3.

The proof of the above proposition follows directly from the study of the planar real

dynamical system given by the map

F(z,y) = (y W) : (17)

by noticing that (uy, un+1) = F™(ug, u1). This map is defined in G(F') = Rz\{UnZO F~(z,—-1)}.

As the case of the map (15), the map F has the first integral V(z,y) = y(1 + x), hence the
sets v, :={y(1 4+ ) = h, h € R} N G(F) are invariant. Observe that the fixed points of F’

have the form (z,z), with z # —1. For this map we have the following result:
Proposition 14. Consider the map (17), then
(a) Any solution with initial condition on ~yy reaches the point (0,0) in finite time.

(b) For h # 0, the dynamics in the invariant set -y, is the following:

16



(i) If h > —1/4, then there exists two fived points of F' in vy, Qjn = (xj,2;), with
j=0,1, where x; = (=1+(—1)7\/1+ 4h) /2. Furthermore Qq is a global attractor
of Fiy,\q.» and Q1 is a repeller.

(ii) If h = —1/4, then there exists a unique fixed points of F in gAY Q=(-1/2,-1/2)
which is a global attractor of Fj, | .

1
(iii) If h < —1/4, then either any initial condition in -y, gives rise to a periodic orbit
with minimal period p > 3 or it gives rise to an orbits which densely fills this set,
depending on whether (—1 — 2h — in/—1 — 4h)/(2h) is a primitive p-root of the

unity or not.

Proof. First observe that after one or two iterations any orbit with initial condition in
70 = {{zr = -1} U{y = 0}} N G(F) reaches the point (0,0). Consider h # 0, and recall that
any hyperbola Cj, = {y(1+z) = h} admits the proper parametrization Py (t) = (t,h/(t+1))
for t # —1. Some computations give that v, = Cp \ {U,>o £ "(—=h — 1, =1)}; that

h
~1
Mh(t) = Ph oFo Ph(t) = m7
and that F|,, is conjugate to Myg(as,), where G(My) := R\ {Up>0M, " (1)}

Using Proposition 7, and setting A = 1+4h and £ = (—1—2h—+/1+ 4h)/(2h), we have
that if h > —1/4, the map M}, has two fixed points ¢, (an attractor) and ¢y, (a repeller)
given by

; —1+4 (=1)/V1+4h
j7h’ = :
2

So on each set -, there are two fixed points Qo5 = (to.n,ton) and Q1 p = (t1n.t1h) € R?,

which are an attractor and a repeller of F|,, , respectively. If h = —1 /4, then M_1 has a
4
unique fixed point ¢t = —1/2 which is a global attractor in G(M_ 1 ), hence the map Fj, |

has a global attractor in the point (—1/2,—1/2). If h < —1/4, then the map Mj, defined

on R is conjugate to a rotation with rotation number

142 —-1—-4
9(h)zarg<— i h—i - h) (mod 2r).

2h 2

An straightforward computation shows that

I= {Image(@(h)), h < —i} = (; 1) .

So there are irreducible fractions with denominator p € I if and only if p > 3 and therefore
the map F possesses periodic orbits for all period p > 3, and they are located in the region

{y(1 +z) < —1/4}. Furthermore the sets vj,, where are located the periodic orbits with
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minimal period p, are those such that §j—p,, = (—1—2h,—i\/—1 —4hy,)/(2h,) is a primitive
p-root of the unity. Observe that F' has not 2-periodic orbits. If £ is not a root of unity
then any orbit in v, densely fills this set. ]

Observe that the proof of Proposition 13 also follows straightforwardly from the analysis
of the Moebius maps M) by noticing that due to the particular form of the family of
parameterizations P, we have that wu, = M]'(ug).

Also notice that the Lie symmetry of the map (17) is given in Section 3.4.1.

3.4 The Palladino’s recurrences

In [12], F. Palladino presented the analysis of the forbidden set of a list of six difference
equations in C with rational invariants. These invariants allow the author to make an order
reduction, so that the dynamics of the equation can be described via a family of Riccati
equations. In fact all the Palladino’s equations have an associated integrable birational map
preserving a genus 0 fibration. Hence, the order reduction observed by Palladino in these
equations are a consequence of the general fact observed in Proposition 1.

In the next subsections we will compute the associated Lie symmetries of the maps
associated to the Palladino’s recurrences, we study the conjugations between these maps
and, as a last example, we study the dynamics of a representative of each set of non-

conjugate recurrences.

3.4.1 Lie symmetries for the maps associated to the Palladino’s recurrences.

In this section we consider the maps F}j, j = 1,..., 6, associated to each Palladino recurrence.
For these maps we give families of proper parametrizations associated to each fibration
Cjn = {Vj1 — hVj2 = 0} where V; = Vj1/Vj2 is the first integral corresponding with the
invariants given in [12], we give the Mobius transformations associated to the map, the

parametrization, and the associated Lie symmetries as well.

1. The equation wu,19 = #ﬂunﬂ) with b € C\ {0}, has the following associated objects,

which characterize its dynamics:

Associated map: First integral: Parametrization of C j:
y 1+ bz + by + b?zy —bt—1
F = _ % = P,t)=t,——
@) = (0 =) | Tl . O e
Mobius map: Lie symmetry of My j: Lie symmetry of Fy:
(x —y)(bx + 1)
—bt —1 0 Xfj=——-"7"7"—"
Mip(t) = —i—— Yin=(1+(2b—h)t+b*?) —
) = o= (14 ( Jt+ >8t Y

Xy = —b(x —y)(by + 1)
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. Objects associated with the recurrence wu,4+2 =

Un
1+b (un+1 —

with b € C\ {0}:

Up)
Associated map: First integral: Parametrization of Cy j:
T 14+ by +zy 1
By =y, ————— ) | Vaar,y) = —2 2 Pop(t) = (t, 7
o) = (0t ) | Ve = L 200 = (1 =53
Mobius map: Lie symmetry of Ms j: Lie symmetry of Fy:
r—y
X; =

Mgh(t):; Yo i :(—1—bt+(h—1)t2) 9

= (h—1)t—b " o | x, - (x )by + 1)

x

Un

. . . b (g1 —n ) +u2 .
. Objects associated with the recurrence wu,+2 = blunsatn) Fup with b € C:

Associated map:

Fy(w,y) = (y,

X

—bx + by + 3>

First integral:

+b
Vi(z,y) = 2

)

Parametrization of Cs p:

Pya(t) = (t,ht — b)

Mobius map:

o
Lie symmetry of Ms j:

Lie symmetry of F3:

9 Xi=z—y
M5 (t) = ht —b Yon=0+1A=Nt) 5 v, = @=b+y)
2= Wi
. . . bun+1+u2+1 .
4. Objects associated with the recurrence upy2 = — —3*= withb € C \ {0}:

Associated map:

First integral:

Parametrization of Cy p:

by + 2 T+b t+b
Fy(z,y) = (v, Va(z,y) = Pon(t) = (¢, 22
1(7,y) (y b (2, y) y a,n (t) W
Mobius map: Lie symmetry of My p: Lie symmetry of Fy:
t+b b 1 o | Xi=r-y
M ) t) = —— Y , = —_— 1— =1t — _
) == b ( h+< h) >8t X2:79($ v)
r4+b
5. Objects associated with the recurrence w49 = bu”ﬂ# with b € C\ {0}:

Associated map: First integral: Parametrization of Cs j:
by + zy h
F5 ) = ) ‘/5 ’ = b P5 t) = t? P
@) = (1 50) | Vatos) =sta -+ 0= (1)
Mobius map: Lie symmetry of Ms j: Lie symmetry of Fx:
h 0 Xi=(@—-y)(b+x)
Msp(t) = — Ysp = (—h+bt+t?) =
sl =35 = ) a1 Xy = —y(z — )

Observe that the recurrence (16) studied in Section 3.3, corresponds with this recurrence

when b = 1.

19




6. Objects associated with the recurrence uy o = 2n=tuntituntnel with e C\ {0}:

Unt1
Associated map: First integral: Parametrization of Cg j:
Fy(a,y) = <y W) Ve(z,y) = z(y +b) Pon(t) = (1% _bt;rh>
Mobius map: ' Lie symmetry of Mg j: Lie symmetry of Fg:
Men(t) = —bt+ h Yon = (—h+bt—|—t2) g X1 =z(z—vy)

t Ot | Xo=—(z-y)y+b)

3.4.2 Conjugations in the set of Palladino’s maps

In this Section we apply Proposition 6 to detect the conjugations between the set of Pal-

ladino’s maps, obtaining;:
Proposition 15. (a) The maps F1, F», F5 and Fg are birationally conjugate.
(b) The maps F3 and Fy are birationally conjugate.

(¢) Any map in the set {Fy, Fa, F5, Fg} is not conjugate with any map in the set {Fs, Fy}
via a conjugation which is a correspondence between the respective invariant fibrations

{Cjn}.

Proof. (a) A computation shows that the maps M; j, and Ms j, defined in the above section

are conjugate via

B h
b2t +b—h)

with the correspondence between the level sets given by

mp(t)

b —h
T
Hence, by using Equation (7) in Proposition 6, we obtain that Fy = U~ F, W, where

Cby+1 b +1 )

k= f(h) =

U(z,y) = U(z,y) = Py gy © ma © Pry (2,9)h=vi (2) = ( bbbz —by+1)

and

CDay +2by +1 _bx+1>

U, y) = Ppp100) © Mp-10) © Py (4, 9) k=i (ay) = < byt 1) 7

Analogously, the maps M, and Msj are conjugate via the map my(t) = —1/(t +b),
with the correspondence given by k = f(h) := h—1. Hence F» = W~ F5¥, where ¥(z,y) =
(=(bx +1)/z, —(by + 1) /y) , and ¥~} (z,y) = (=1/(z +b),—1/(y + b))

The maps Mg j, and Ms j are conjugate via the map my(t) = —h/t with the correspon-
dence k = f(h) = h. Again we get Fs = V1[50 with U(z,y) = (—y — b, —2(y +b)/y),
and V~(z,y) = (—~y (z +b) /z,—x — b).
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(b) The maps Msj, and My, are conjugate via the map my(t) = bt/((h — 1)t — b) with
the correspondence k = f(h) = h, so F3 = U~ F;¥ with

bx —bxy )

— —1 =
V(z,y) = Pa gy 0 ma © Lol (€, 9)in=vs () = (y —z’ (z—y)(y +b)

and W~L(z, ) = (boy/((z — y) (@ + b)), by/ (@ — ).

(c) The statement follows from Proposition 6, by taking into account the fact that when
we look for a conjugation between any of the Mobius maps M; with ¢ = 1,2,5,6, and any
M; with j = 3,4, we obtain that there exists such conjugations, but there is not a bijection
between the level sets of V3 and Vj, so it is not possible to construct conjugations between
the maps in the set {F}, Fy, F5, Fs} and the maps in the set {F3, Fy}, via a conjugation

which is a correspondence between the respective associated invariant fibrations. ]

3.4.3 Analysis of the Palladino’s recurrences number 3 and 5

From Proposition 15, the Palladino recurrences number 1,2,5 and 6 on one hand, and
number 3 and 4 on the other, have the same dynamics from a qualitative viewpoint. We
characterize the dynamics of a representative of each set of recurrences, by studying the
maps M3 and Ms. First, we consider the difference equation

b (un+1 - Un) + U?L+1

Unyo = , with b € C. (18)
Un,

For each initial condition ug, u; in its good set G C C, set I = V3(ug,u1) = (u1 + b)/up.
Then:

Proposition 16. Let {u,} be a solution of Equation (18) with initial condition ug,uy in
G, then:

(a) If |I| < 1, then the solution converges to uw =b/(I —1).
(b) If |I| > 1 or I =1 and b # 0, then the solution is unbounded.
(¢) If I is a p-root of the unity with I # 1, then the solution is p-periodic.

(d) If |I| = 1 and I is not a p-root of the unity, then {u,} is conjugate to a sequence
generated by an irrational rotation of angle arg(l), and the set of accumulation points
of {un} is a the circle in C with center z =b/(I — 1) and radius |uy — b/(I — 1)|.

(e) If I =1 and b =0, then the solution is constant .
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Proof. The proof follows straightforwardly by noticing that due to the particular form of
the family of parameterizations {Ps,}, we have that w, = M3, (uo), for h = V3(ug,u1).
Now, if h = 1, then Ms), is the identity if b = 0 and each orbit of M3 is unbounded if
b# 0. If h # 1, then Mj, has a unique fixed point ¢;, := b/(h — 1). This point is a global
attractor if |h| < 1, and a repeller (and the orbits are unbounded) if |h| > 1. If |h| = 1 with
h # 1 then Ms ), is conjugate to the rotation given by z — h z, with z € C. [}

Now, we consider the difference equation

bun+1 + UpUnt1

Unpa = , with b e C\ {0} (19)

For each initial condition ug, u; in its good set G C C, set

(b + /02 + 4uy (ug + b))2
4U1(UQ +b)

—b+ (=1)7/b2 + 4 uy (ug + b)
2

tj = tj(uo,ul) = and f = —

Proposition 17. Let {u,} be a solution of Equation (19) with initial condition ug,u; in
G, then:

(a) When ui(ug + b) = —b%/4, the solution converges to u = —b/2.
(b) When ui(ug + b) # —b*/4, then:

(1) If u1 = ug =t;, for any j = 1,2, then the solution is constant.
(i) If |€] < 1, ugp # t1 and uy # t1, then the solution converges to u = to; and if
€] > 1, up # to and uy # to, then the solution converges to u = ti.
(iii) If || = 1, then the solution is either p-periodic if € is a p-root of unity, or such
that is conjugate to a sequence generated by an irrational rotation of angle arg(§),

and the set of accumulation points of {u,} is a set homeomorphic to S' in C.

Proof. The proof is a direct application of Proposition 7 since, from the particular form of

the parameterizations Ps j, we have that u, = M}, (ug). [}
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Appendix: Proper parameterizations and its inversion

Suppose that C' is a rational curve. Observe that K(C)[t], the polynomials with coefficients
in the field of rational functions in C, is a Euclidean domain, so the Euclidean algorithm
can be applied to compute the greatest common divisor. Let P(t) be a rational affine

parametrization of C' over K defined as

P(t) _ (Pu(t) P21(t>) ’

Pis (t) ’ Pyo (t)

where P;;(t) € K[t] and ged(Pi;, Po;) = 1, that is P(t) is in reduced form. The next results

give a quick way to check whether a parametrization is proper or not:

Theorem 18. ([14, Thm. 4.21]) Let C be an affine rational curve defined over K with
defining polynomial f(x,y) € Klz,y], and let P(t) be a parametrization of C. Then P(t) is
proper if and only if

deg(P(t)) = maz{deg,(1), degy ()}

where the degree of P(t) is the mazimum of the degrees of its rational components.
The next result allow us to compute the inverse of P(t).

Theorem 19. ([14, Thm. 4.37]) Let P(t) be a proper parametrization in reduced form with
nonconstant components of a rational curve C'. Let

H1 (t, .%‘) = Z'Plg(t) — P11<t)7

Hy(t,y) ==y Paa(t) — Pa(t),

be considered as polynomials in K(C)[t]. Set M (x,y,t) := gedg (o) (Hi, H2), then, deg, (M (z,y,1))

1. Moreover, its single root in t, is the inverse of P.

As a consequence of the above result M (z,y,t) is a linear polynomial in ¢, so setting

M(x,y,t) = Di(z,y)t — Do(z,y) the inverse of the parametrization P is given by

P7l(t) = === (20)
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