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ABSTRACT. We introduce the notion of Galois holomorphic foliation on
the complex projective space as that of foliations whose Gauss map is a
Galois covering when restricted to an appropriate Zariski open subset.
First, we establish general criteria assuring that a rational map between
projective manifolds of the same dimension defines a Galois covering.
Then, these criteria are used to give a geometric characterization of
Galois foliations in terms of their inflection divisor and their singulari-
ties. We also characterize Galois foliations on P? admitting continuous
symmetries, obtaining a complete classification of Galois homogeneous
foliations.

1. INTRODUCTION

In this article we introduce the notion of Galois holomorphic foliation on
the complex projective space. Our main objective is to establish general
criteria characterizing those foliations that are Galois.

Let F be a holomorphic foliation in the complex projective plane P2,
The degree deg F of the foliation is the number of tangencies of F with
a generic line of P? and the Gauss map Gr : P2 --» P2 of the foliation,
sending = € P? into the tangent line of F at z, is a well defined rational map
whose indeterminacy points are just the singularities of the foliation. If the
foliation is non degenerated then the restriction of Gr to a suitable Zariski
open subset W of P? is a covering map of order deg F > 0.

The determination of finite subgroups of the Cremona group Bir(P?) of
birational transformations of P? is a classical topic, nevertheless it continues
to be an active field of current research (cf. [1, 10]). In [7], Cerveau and
Deserti addressed the problem of finding non-trivial birational deck trans-
formations of the covering associated to a foliation F, that is, birational
maps T : P2 -5 P2 fulfilling Gr o 7 = Gr. Their aim was to construct
periodic elements of Bir(IP2) in an effective way. In particular they associ-
ated a birational involution to each quadratic foliation and trivolutions to
certain classes of cubic foliations. In all these cases the restriction of Gr
to the Zariski open set W is necessarily a Galois covering. It is therefore
a natural question to determine the Galois foliations of P?, that is those
foliations in P? whose Gauss map defines a Galois covering. And this is the
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original purpose of this article. We will see that for every Galois foliation
the deck transformations of its Gauss map are birational. This fact provides
non-trivial explicit realizations of the symmetry groups of regular polyhedra
into the Cremona group (cf. Example 7.22).

We are specially concerned with the problem of characterizing Galois
foliations on P? in terms of its geometric elements. In this direction, our main
results are Theorems D and E and Corollary F stated below. In order to
prove them, we first consider the more general setting of arbitrary dominant
rational maps f: X --» Y between complex connected projective manifolds
of the same dimension.

Such a rational map is called Galois if the field extension f*: C(Y) —
C(X) is Galois or equivalently if the group Deck(f) := {¢ € Bir(X) | fo¢p =
f} acts transitively on the fibers of f. It is also equivalent to say that f
induces a topological Galois covering by restriction to suitable Zariski open
subsets. On the other hand such a rational map f: X --+» Y admits a
canonical birational model p: N — Y, which is a finite branched covering,
obtained by applying Stein factorization to a desingularization of f. Thus,
f is Galois if and only if p is a Galois branched covering and in this case the
deck transformation group of p, which is birationally conjugated to Deck(f),
consists in automorphisms of N.

There is a natural notion of branched covering of regular type by asking
that the ramification indices are constant along the fibers. This notion,
which translates naturally to rational maps, is of semi-local nature and it
is implied by the global property of being Galois. One of our main results
states that these two notions are equivalent when the source is the projective
space.

Theorem A. A dominant rational map [ : P" --» Y is Galois if and only
if it is of regular type.

The proof of this theorem is based on the dimensional reduction provided
by Theorem 4.10 which implies that the character Galois can be tested by
restriction to appropriated hyperplane curves.

We address the natural question of describing the space of Galois maps
in a given family of dominant rational maps. In this direction we have the
following result that is a particular case of Theorem 5.6.

Theorem B. Consider a family f : X xT --+ P" xT of dominant rational
maps of constant topological degree parametrized by T'. Then

Gal(T) :={t € T| f; is Galois}

is a Zariski closed subset of T and the Galois group is constant along each
connected component of Gal(T).

We introduce two new combinatorial invariants of such dominant rational
maps: the weighted branching type (Definitions 4.1 and 4.9) and the genus
(Definition 4.16). In Proposition 5.4 and Theorem 5.6 it is shown that they
are generically constant along the irreducible components of Gal(7"). These
invariants and the corresponding Galois groups are used to distinguish the
different components of Gal(T').
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In Section 6 we turn back to our original motivation of studying the
Gauss map Gr : P"* —-» P of a foliation F on P". We say that F is Galois
if its Gauss map Gr is a Galois rational map. By duality, a foliation F on
P" induces a d-web Leg F (called Legendre transform of F) on P" where
d = deg Gr. This web can be thought as the direct image of the foliation
F by its Gauss map. This motivates to consider the direct image of a
foliation F by a rational map f: X --+ Y which is a well defined web f,F
on Y whenever F is in general position with respect to f, see Definition 6.3
and Proposition 6.5. It turns out that the monodromy of the web f,F is
naturally identified to the monodromy of the map f. This allows us to
formulate the following characterization of Galois rational maps in terms of
decomposability of webs.

Theorem C. Let f: X --» Y be a dominant rational map between complex
projective manifolds of the same dimension and let F be a foliation on X in
general position with respect to f. Then f is Galois if and only if the web
¥ f«F is totally decomposable.

In the case of a foliation F on P™ this result states that F is Galois
if and only if the web G%Leg F is totally decomposable. By means of this
criterion and a dimensional reduction we are able to decide if certain families
of foliations are Galois or not. In particular, we exhibit Galois foliations in
every dimension and with degree arbitrarily large (cf. Corollary 6.20).

In section 7 we focus on the study of Galois foliations in P?. One of our
main goals is to give a characterization of Galois foliations F in terms of
geometric elements, more concretely in terms of the inflection divisor Zx
(whose definition is recalled in subsection 7.3) and the singular locus X r.
We decompose Zr = I}—fw +I%, where Ii]f-w is given by the invariant lines of
F, and we set

7 = 3 (o - 1)Z2,
o>1

where I% are reduced curves. We have that p € l']gC \ Xr if and only if the
tangency order at p between the leaf of F passing through p and its tangent
line is p. It turns out that Gr has ramification index p along IJQE and this
is a local property. We consider the set X" of singularities giving rise to
ramification components of the exceptional divisor after desingularizing Gr
and we denote by EQF the subset of ¥%™ consisting in those singularities
whose corresponding ramification divisors are all of order g. The sets X2™
and Eé’r are characterized geometrically in Lemma 7.10 by means of local
arithmetic invariants. With these notations and using Theorem A we can
state the following semi-local characterization of Galois foliations:

Theorem D. A degree d foliation F on P? is Galois if and only if, for each
¢ € P? such that the tangency locus Tang(F, ) between F and { has less
than d points, there is o|d, o > 1, such that Tang(F, () C (I3 \ Xr) U X%.

Since being Galois is a global property, in general one can not expect to
obtain a fully characterization of Galois foliations only in purely local terms.
However, we are able to state two natural conditions, one sufficient and the
other necessary, using only local data of F:
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Theorem E. Let F be a degree d foliation on P? and consider the following
assertions:
(1) I% = 0 unless for o = d and L3™ = £%;
(2) F is Galois;
(3) I% = 0 unless for o|d and S = |J X%.
1<old
Then the implications (1) = (2) = (3) hold.

Condition (1) characterizes foliations such that its Gauss map is extremal
in the sense that all its ramification indices are maximal, i.e. equal to d.
The above theorem has the following corollary which implies that the Galois
character of a foliation of prime degree can be checked by means of purely
local data.

Corollary F. Let F be a foliation on P? of prime degree. Then Gr is Galois
if and only if Gr is extremal.

The set of degree d foliations on P? is a Zariski open subset of a projec-
tive space and we can consider the family of their Gauss maps. By applying
Theorem B we deduce that the space G4 of degree d Galois foliations is a
quasi-projective variety. This raises the question of describing its irreducible
components in geometric terms. This problem is of similar nature to the
study of the irreducible components of the space of codimension one folia-
tions on P™ for n > 3 (cf. [8]) and the study of the irreducible components
of the space of flat webs (cf. [19]).

For each degree d we present a continuous family of Galois foliations,
that include all the examples considered in [7], and that we expect to be
components of G4. We also exhibit a degree 3 Galois foliation that does not
belong to the previous family. Looking at its genus we show that Gs has at
least two irreducible components (cf. Proposition 7.5).

In subsection 7.4 we treat the case of homogeneous foliations in P?, i.e. in-
variant by the flow associated to a radial vector field. Using Proposition 6.19
we can perform a dimensional reduction @: : P! — P! of Gr : P2 -—5 P2
Then we can use the Klein classification of the Galois ramified coverings of
P! by itself (cf. Theorem 4.18) in terms of their Galois groups. The left-
right equivalence between rational functions on P! preserve Galois property
and translates into a natural action of PSLy(C) x PSLy(C) on the space of
homogeneous foliations. We obtain the following result.

Theorem G. The homogeneous Galois foliations of degree d consists of the
orbits by the left-right action of PSLa(C) x PSLa(C) of the following ones:
(1) 240, + yday for every d,

(2) (" + y™)?0, + (x™ — y")?0y if d = 2n is even,

(3) (z* + 2iv/32%y? + y*)30, + (z* — 2iv322%y? + y*)30, if d = 12,

(4) (a* + 14a'y! + )30, + (ay(at — y)19, if d = 24,

(5) (220 —22821595+494210410 422825y 15 4+420)39, + (zy(210+1125y5 —y10))59, Zf d = 60.

As a consequence of this classification and Theorem B we deduce that Gy
has at least 2 irreducible components if d is even and it has at least 3
irreducible components for d = 12,24, 60, as they are distinguished by their
Galois groups: cyclic, dihedral, tetrahedral, octahedral and icosahedral.
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We finish the article by considering foliations admitting other continuous
groups of symmetries. We show that in all cases there is a dimensional
reduction, analogous to the homogeneous one, which gives a characterization
of Galois foliations in this setting (cf. Proposition 7.25).

Acknowledgements. The authors wish to thank J.V. Pereira and T. Fas-
sarella for fruitful conversations. The first and second authors thank the
Departament de Matematiques de la Universitat Autonoma de Barcelona
for their hospitality and support.

2. BRANCHED COVERINGS

Along this article we will deal with morphisms between projective mani-
folds of the same dimension. Such maps turn out to be a branched coverings
when restricted to appropriate Zariski open subsets. In this section we col-
lect the results about branched coverings that will be used in the article.
We begin by recalling some well-known facts about unbranched topological
coverings.

2.1. Topological coverings. Let w : £ — B be a d-sheeted covering over
a connected and locally path connected topological space B. Fix a base
point pg € B and its fibre F = w (py) = {p1,...,pa}. We consider the
deck transformation group of the covering

D =Deck(w)={r:FE -5 E|wor=w}

acting on F', on the left, by restriction. In fact, the restriction map is a
monomorphism D — &(F), where G(F') is the permutation group of F.
We also consider the monodromy anti-representation f : w1 (B, po) — S(F)
of w defined by f([y])(p) = Yp(1) for each p € F, where 7,(t) is a path in
E starting at 7,(0) = p and projecting onto v = @w(7;). The anti-morphism
it defines a right action of the fundamental group of B on F. We define
the monodromy representation p : m(B,pp) — &(F) as the morphism
v+ u(y) = fi(y~1). Tts image subgroup, denoted by M = Mon(w), is called
the monodromy group of w. It is clear that if F is connected, then the action
of D is free and the action of M is transitive. Consequently, if F is connected
then |D| < d and |M| > d. Identifying F' ~ {1,...,d} we can consider both
D and M as subgroups of the symmetric group &; ~ &(F). The image
of D inside &(F') can be characterized as the group of permutations of F
commuting with all the elements of the monodromy group (cf. [9] or [11]),
that is

(1) D=2ZM) in &(F).

Remark 2.1. In general, there is no inclusion between the subgroups D and
M. In fact, it follows from (1) that their intersection DNM = Z(M)NM =
C(M) is the centre of M. Thus, M C D if and only if M is abelian. In
addition, if the covering w is finite and E is connected then M is abelian if
and only if M = D because |D| < degw < |M]|.

Given a connected and locally path connected space B’ and a continuous
map f : B’ — B, the pull-back covering of @w : E — B by the map f is
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defined as w’: ' = E xg B’ — B’, where
Exp B ={(p,b) € Ex B"|w(p) = f(V)},

and w’ is the restriction of the natural projection £ x B’ — B’. Notice
that I is also the fibre of E' and that E’ in not necessarily connected. We
shall denote by F x g E — E the pull-back covering obtained from w when

f=mw.

Definition 2.2. A connected covering w : E — B with fibre F, deck trans-
formation group D and monodromy group M 1is said to be Galois if one of
the following equivalent conditions hold:

(1) D acts transitively on F,
(2) M acts freely on F,
(3) the covering E xp E — E is trivial.

In that case M ~ D and E/D ~ B.
From Remark 2.1 we get the following:

Remark 2.3. If w : E — B is a connected d-sheeted covering with abelian
monodromy group M C &4, then w is Galois. In particular, if M is cyclic
then M ~ Z,. Moreover, when deg w is prime, w is Galois if and only if M
is cyclic.

The following statement describes the relation between the monodromy
groups M and M’, as well as the deck transformation groups D and D', of
a given covering I/ — B and of its pull-back £’ — B’ by a continuous map.

Proposition 2.4. Let w : E — B be a covering with E connected and let
w': B = E xg B' — B’ be the pull-back covering of @ by a continuous map
f: B — B. Let M, M’ and D, D' denote the monodromy groups and the
deck transformation groups of w and w’ respectively. Then we have

(a) There are natural inclusions M' < M and D < D’'.

(b) If w is Galois and E) is a connected component of E', then the restricted
covering wy, : E), — B’ is also Galois. Moreover, the deck transforma-
tion group Djy of wy is naturally included in D.

(c) Assume that fi: m1(B') — m(B) is surjective. Then E' is connected,
M ~ M', D ~ D' and, consequently, @ is Galois if and only if @' is
Galois.

Proof. The map E' = E xg B' — FE induced by the natural projection
E x B’ — E identifies the fibre @'~!(pf)) with @ 1(py) = F. Then the
monodromy representation of @’ : £ — B’ is the composition

no f* : 7T1(B/,p6) — 7T1(B,p0) — 6(F)
This implies assertions (a) and (c) using the characterization of D given by
identity (1).

Let E{, be a connected component of E’ and denote by Fp the intersection
of E} with the fibre F = @'~ 1(p})) = w!(po); that is, Fy is the fibre of wj.
We notice that the components of E’ induce a partition of the fibre I’ and
F} is one of these components. Because of the inclusion D <+ D', the action
of D on the fibre F' preserves that partition. In particular, for a given 7 € D
one has 7(Fy) = Fy or 7(Fy) N Fy = (. Assume now that w is Galois and
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therefore that D acts transitively on Fp. Given two points p;, p; € Fp there
is a unique 7 € D such that 7(p;) = p;. It follows that 7(Fp) = Fp, and
therefore that 7 is an element of Dy. We deduce that D acts transitively
on Fy and that Dj is naturally identified to Dy C D, ending the proof. [

2.2. Analytic branched coverings. We consider now surjective morphisms
f: X — Y between complex analytic spaces of the same dimension. Under
some conditions, the restriction of such a map f to appropriate dense open
subsets of X and Y is a topological covering.

Definition 2.5. Let f: X — Y be a morphism between complex analytic
spaces of the same dimension. Then V; will stand for the analytic subset of
X defined by

Vii={x € X|f is not a local biholomorphism at x}.

Along the article we make use of the following conventions. If f: X — Y
is a morphism between complex analytic spaces and K is an arbitrary subset
of Y, then we denote
o Xy = f71(K) and fx the restriction of f to Xg; in the case K = {p}

then we will denote Xy, and fy,) simply by X, and fy;

e fV: XY —Y the composition of the normalization X¥ — X of X and f.

We recall the following definition.

Definition 2.6. A finite branched covering f : X — Y is a proper finite
holomorphic map from a complex normal space X onto a connected complex
manifold Y whose restriction to each connected component of X is surjective.

Remark 2.7. (a) Since the analytic space X in the above definition is
assumed to be normal, its connected components are irreducible.

(b) A more general definition of branched covering, not requiring the
map f to be finite, can also be considered (cf. [20]). Nevertheless, in this
article we will only deal with branched coverings whose fibres are finite, even
without mention.

The ramification locus of a finite branched covering f : X — Y is the
analytic subset V; of X and the branching locus (also called discriminant)
of f is the analytic subset of Y given by

Ap:=f(Vy).
Notice that V contains Sing(X) because Y is smooth. The ramification
and branching loci V; and Ay are hypersurfaces of X and Y respectively.
This follows from the purity of branch theorem (cf. [13]) and the finiteness
of the map f.

Given a non-singular point g of A ¢, each p € f~1(g) is a non-singular point
of X (cf. [20, Corollary 1.1.10]) and there are local coordinates (z1,. .., %)

in a neighborhood V of p and (y1, ..., y,) in a neighborhood W of ¢ fulfilling
WnNAp={y, =0} and f(V) C W, and such that in these coordinates

(2) f(wl,...,xn):(xl,...,l’n_l,l’ﬁ),
for some positive integer o = op > 1 which is constant along the irreducible
component D of f~!(Ay) containing p and which is called the ramification
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indez of f along D C f~(Ay), cf. [20, Theorem 1.1.8]. Notice that op = 1
if and only if p € f~1(Af)\ Vy.

The set U := Y \ Ay is the maximal open subset of ¥ such that the
restriction

3) fo:Xo=X\f1Ay) —U=Y\2A;

is an unbranched covering. The monodromy of that covering will be denoted
by
ppim(Y \Ap) — &,

where d = deg fy. We say that d is the degree of the branched covering f.

Two finite branched coverings f: X — Y and f': X’ — Y are said to be
isomorphic if there is a biholomorphism ¢ : X — X’ such that f' o ¢ = f.
The group Deck(f) = {¢ € Aut(X) | fo¢ = f} of all automorphisms of the
branched covering f : X — Y is called the deck transformation group of f.
The restrictions to Xy of the elements of Deck(f) are deck transformations
of the topological covering fr; defined in (3).

Definition 2.8. A finite branched covering f : X — 'Y is said to be Galois
if Deck(f) acts transitively on each fiber of f. In that case, the quotient
complex space X /Deck(f) is biholomorphic to Y.

The following result states that Deck(f) and Deck(fyy) are naturally iso-
morphic. Its proof, which is based on Riemann’s extension theorem, can be
found in [20, Theorem 1.1.7].

Theorem 2.9. Let f : X — Y be a finite branched covering. The restriction
map Deck(f) — Deck(frr) is an isomorphism. In particular, f is Galois if
and only if fu is Galois.

We also recall the following theorem due to Grauert and Remmert [14]
(cf. [22, Theorem 1]).

Theorem 2.10. Let A be a hypersurface of a connected complex manifold
Y and let f': X' = Y \ A be a finite unbranched covering. Then there are
a unique (up to isomorphism) finite branched covering f : X — Y and an
inclusion X' C X with the the property that f branches at most at A, i.e.
Ay C A, and that f is an extension of f'.

Two finite branched coverings f : X — Y and f': X’ — Y of the same
degree are said to be topologically (resp. analytically) equivalent if there
are homeomorphisms (resp. biholomorphisms) ¢ : X — X' and ¢ : Y —» Y’
such that the following diagram is commutative

XLX’

Y
Y v, Y’
From Theorem 2.10 one deduces the following criterion for deciding when

two finite branched coverings are equivalent in terms of the base spaces and
the corresponding monodromies (cf. [22, Theorem 2]).
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Theorem 2.11. Two finite branched coverings f : X — Y and f' : X' =Y’
of degree d are topologically (resp. analytically) equivalent if and only if there
is a homeomorphism (resp. biholomorphism) ¢ : (Y,Ay) = (Y',Ay) such
that the representations jug, pipr oy : m (Y \ Ay) = &4 are conjugated.

It is worth to recall also the following two results of M. Namba, proved
in [21].

Theorem 2.12. For every finite group G and every connected complex pro-
jective manifold Y there exists a Galois branched covering p : X — Y whose
deck transformation group is isomorphic to G.

Theorem 2.13. For every Galois branched covering f : X — Y over a
projective manifold Y there is an isomorphism Deck(f) = G C Aut(P?)
for some n € N and a rational map g : Y --» P"/G such that f : X — Y
is birationally equivalent to the fibred product Yo Xpn,qg P" — Yo, where
go : Yo = P"/G is a resolution of the indeterminacy of g.

This last theorem states that, in the setting of birational mappings that
we will consider in Section 3, each Galois finite branched covering is the
pull-back of a branched covering whose source space is a projective space.
This motivates our interest in characterizing Galois branched coverings of
the type P* — Y. In this direction our main result is Theorem 4.12.

3. DOMINANT RATIONAL MAPS

In this section we describe some properties of dominant rational maps
f: X --» Y between projective or quasi-projective manifolds. We see that
in the case that X and Y have the same dimension there is a finite branched
covering p: N — Y, naturally associated to f, which is unique up to isomor-
phism and birationally equivalent to f. We define Galois rational maps as
those whose associated branched covering p is Galois. This definition coin-
cides with the classical one that requires the field extension C(Y') — C(X)
induced by f to be Galois.

All the analytic or algebraic objects considered in this section and all
along the article are defined over the field C of the complex numbers.

3.1. Equisingularity theorem. We begin by recalling a general and pow-
erful theorem due to A.N. Varcenko, which implies the topological local
triviality of rational maps on appropriate Zariski open subsets. It plays
a key role in the article. To state it properly we give first the following
definition:

Definition 3.1. Let f : E — B be a continuous map and let E',... E4
be subsets of the topological space E. The family (f, E,E',... E%) is called
equisingular over V' C B if for every p € V there is a neighborhood W of p
in'V and a homeomorphism h : Eywy — Ep x W such that h(Ej,) = E, x W,

where EIZ/V =EwNE" and E; =E,N E".

With this notation we can state Varcenko’s theorem as follows, cf. [27,
Theorems 5.2 and 5.3].
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Theorem 3.2. Let f : E — B be a morphism from a constructible set E
onto an irreducible constructible set B, and let E', ..., E9 be constructible
subsets of E. Then there is a non empty Zariski open subset V of B such
that the family (f,E,E',..., E9) is equisingular over V.

We recall that a constructible set is a finite union of quasi-projective
varieties. Over the complex numbers, a constructible set is just a semi-
algebraic set; that is, a set given locally by a finite number of algebraic
equations f; = 0 and a finite number of algebraic inequalities g; # 0. In
particular, an irreducible constructible set is a quasi-projective variety.

Using Theorem 3.2 we prove the following proposition that describes the
properties of the composition of dominant morphisms. It will be used all
along the article.

Proposition 3.3. Let f: X = Y and g: Y — Z be dominant morphisms

between quasi-projective varieties. Assume that Y and Z are irreducible.

Then there exist Zariski open subsets X' C X, Y' CY and Z' C Z fulfilling

the following properties:

(a) The restrictions f': X' = Y', ¢ :Y' = Z' and g’ o f' : X' = Z' are
topological (locally trivial) fibre bundles.

(b) If dim X = dimY then [’ and f. : X, — Y] are finite coverings of
the same topological degree as f, for all z € Z'. In addition, if the
generic fibre of g is irreducible then f. and f., are topologically equivalent

coverings for all z,2' € Z' by homeomorphisms Y] — Y], that extend to
Y, — Yz/.

Proof. (a) By applying Theorem 3.2 to f, we see that there is a Zariski open
subset U of Y contained in f(X) such that fy : Xy — U is a topological
fiber bundle. By applying again Theorem 3.2 to g : U — ¢(U), it follows
that there is a Zariski open subset V' of Z contained in g(U) such that
gv: Uy — V and fy,: f~1(Uy) — Uy are also topological fiber bundles.
Applying one more time Theorem 3.2 to the composition gy o fr,, we obtain
an open Zariski subset Z’ of Z contained in V such that the restrictions of
gtoY':=g 1(Z") and of f to X' := f~1(Y”) satisfy the desired properties.
(b) That the map f’ is a finite covering follows from (a) because the generic
fibre of f has dimension dim X —dimY = 0. Moreover, the restriction f is
a pull-back of the covering f” by the inclusion Y] < Y”. It remains to prove
that the coverings f, and f/, are topologically equivalent for every z,2’ € Z’
by homeomorphisms extending to Y, — Y./. By Theorem 3.2, we can assume
that the family (Y,Y’) — Z is equisingular over V. Each point z € Z’ has a
contractible neighborhood W C Z’ such that (Y, Yy;,) >~ (Y. x W, Y] x W).

Then the monodromy representations pyw : m1(Yy,) ~ m1(Y7) B &4 of the
restricted coverings fi;,: X{, — Y}, and f.: X, — Y/ can be canonically
identified. Consequently, f;, : X, = Y};, is topologically equivalent to f. x
idw : X, x W — Y] x W. This implies that f, and f., are topologically
equivalent by homeomorphisms that extend to Y, — Y, if 2/ e W. If 2/ € Z’
is arbitrary then we can join it with z by a path v in Z’ and choose a finite
set of open sets W covering v in order to conclude. O
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3.2. Galois rational maps. Let X,Y be connected complex projective
manifolds of the same dimension and let f : X --» Y be a dominant ra-
tional map, i.e. a rational map with dense image. Let Xy C X be the
indeterminacy locus of f. We consider the closed graph of f

Ip={(z,f(z))|[ze X\E} CX xY

and we denote by px and py the restrictions to I'y of the natural projections
from X X Y onto X and Y respectively.

Let § : X — I’y be a desingularization of I'y, i.e a proper surjective
birational morphism from a smooth projective manifold X. Without loss of
generality we can assume that the exceptional divisor Vg of the birational
map S :=py o9 : X — X satisfies

(4) Vg =571y

The map ]7:: py 090 : X 5Yisa proper surjective morphism because f
is dominant and X is projective. We will say that fis a desingularization of
the rational map f. Thus we can apply the Stein factorization theorem to f
in order to write it as the composition X 5 N5y with ~ having connected
fibres and p being finite. In fact, «y is birational because dim X = dim Y, N
is normal because X is smooth (cf. [15, p. 213]) and p: N — Y is a finite
branched covering. Then the following diagram is commutative:

(5) X—>N

(N

The following proposition follows from Theorem 2.10. It states that the
finite branched covering p: N — Y does not depend on the chosen desingu-
larization ¢ of I'y.

Proposition 3.4. Let f : X --+ Y be a dominant rational map between
projective manifolds of the same dimension. The morphism p : N — Y
constructed above is unique up to isomorphism. We say that p is the finite
branched covering associated to f.

Although the finite branched covering p: N — Y is a morphism univocally
associated to f, it has the disadvantage that N can be singular. By that
reason, we will look sometimes at the rational morphism f: X — Y rather
than p itself. The hypersurface V H decomposes as

(6) VJ;ZRJ?UCJ';

where R 7 is the union of all irreducible components C' C V 5 such that f (C)
is a hypersurface of ¥ and Cf =V J’{\RJ’; is the union of all irreducible

components of V 7 that are contracted by f Notice that 7(7?,];) coincides

with the subset V, of N and that VMR R}v — V, is a birational map.
This means that the components of the ramification locus of p and their
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ramification indices can be seen in X. We also deduce that the Zariski
closed subset Ay := f (Rf) fulfills

(7) A=A,

and that it does not depend on the desingularization. We also consider the
Zariski closed subset

Af = f(VJ?U Vﬁ) cY

which, under the asumption (4), is independent on the chosen desingular-
ization because it coincides with py(p}l(vf‘x\zf Uy)).

Definition 3.5. A dominant rational map f : X --» Y between projective
manifolds of the same dimension is said to be Galois if the associated finite
branched covering p: N =Y is Galois.

Next theorem collects some known facts relating the Galois property of
f: X --» Y with that of its restriction fy: Xy = f~1(V) — V to any
Zariski open subset V of Y\ Ay.

Since the manifolds X and Y are assumed to be connected the rational
map f induces a finite field extension f*: C(Y) < C(X) whose degree is
the topological degree deg f of f. Hence, one could also say that f is Galois
if the the field extension C(X)|C(Y") is Galois.

Theorem 3.6. Let f: X --»Y be a given dominant rational map between
projective manifolds of the same dimension and let p: N — Y be the finite
branched covering associated to f. If V is a Zariski open subset of Y con-
tained in Y \ Ay then fy : Xy — V is a covering whose monodromy group
does not depend on V. Moreover, the groups

Deck(p) = {¢ € Aut(N)[po ¢ = p},

Deck(fy) = {¢ € Homeo(Xv)| fv o ¢ = fv},

Deck(f) = {¢ € Bir(X) [ fo¢ = [},

Aut(C(X)|C(Y)) = {p € Aut(C(X)) | ¢c(v) = idey) }-

are naturally isomorphic.

Proof. If V' is a Zariski open subset of Y contained in Y \ A; then the

restrictions Sy and ~yy of 5 and «y to f_l(V) are biholomorphisms onto Xy =
f~1(V) and Ny, = p~ (V) respectively. Hence we can identify the restriction
fv : Xy — V and the covering py : Ny — V via the biholomorphism
% oﬁ;l : Xy — Ny. On the other hand, since VC Y\ Ay CY\Ay=U,
the covering py is a restriction of the maximal unbranched covering py
considered in (3). The monodromy representation of py is the composition of
the monodromy representation of pyy with the morphism , : w1 (V) — m1(U)
induced by the inclusion ¢+ : U — V. Using the Lefschetz type theorem
proved by Hamm and Lé in [17], we deduce that ¢, is an epimorphism, so
that the monodromy groups Mon(py) and Mon(py) ~ Mon(fy) of py and
py coincide.
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It is easy to see that the following diagram is commutative:

Deck( f)~—— Deck( fv)

]

Deck(p)——= Deck(py)

where v* is defined by 7*(¢) = yo ¢ oy~ ! if $ € Aut(V), the horizontal
arrows are injective because they are given by restriction, and the right
vertical arrow is the composition of the isomorphisms

Deck(py) ~ Z(Mon(py)) = Z(Mon(py)) = Z(Mon(fv)) ~ Deck(fv),

where we are using (1). Moreover, r is surjective thanks to Theorem 2.9.
Hence all the arrows considered are isomorphisms. Finally, the groups
Deck(f) and Aut(C(X)|C(Y)) are naturally identified. O

Remark 3.7. Since the above natural isomorphisms are given by restric-
tions the previous proof shows that every ¢ € Bir(N) such that po¢ = p
is actually in Aut(N) and that every ¢ € Homeo(Xy) such that fo¢ = f
extends to a birational map X --+ X.

The characterization of Galois rational maps f : X --» Y via the induced
field extension C(X)|C(Y') show that being Galois is a birational property.
More precisely, two rational maps f: X --» Y and f': X' --» Y’ are called
birationally left-right-equivalent (birationally equivalent for short) if there
are birational maps Bx: X’ --» X and By : Y --» Y’ such that f' = By o fo
Bx. It follows that if f and f’ are birationally equivalent then f is Galois if
and only if f’ is Galois.

From the above discussion, we conclude that every dominant rational map
f': X' -5 Y’ between irreducible projective varieties of the same dimension
is birationally equivalent to a branched covering f : X — Y. In that case
Deck(f) C Aut(X), and if f" is Galois then Y = X/G with G = Deck(f).

4. RATIONAL MAPS OF REGULAR TYPE

Let f: X — Y be a finite branched covering of degree d. According to
Theorem 2.11, a complete systems of topological invariants of f is given by
the embedded topological type of Ay C Y jointly with the conjugacy class
of the monodromy representation ps : 71 (Y \ Ay) = &,4. Now, we introduce
a weaker topological invariant of combinatorial nature.

4.1. Branching type. Let C be an irreducible component of A;. Each
irreducible component D of f~(C) has a ramification index op defined
by the normal form (2). The monodromy of a local generator of 71 (W \
C) ~ 7 (C" ! x C*) ~ Z is a product of disjoint gp-cycles, where W is a
neighborhood on the target where the normal form (2) holds. Therefore the
sum of the ramification indices of the irreducible components of f~1(C) is
equal to the degree d of f. We consider the set of degree d branching types
d—1

k
By = U{(91""’Qk)eNk‘mZ&Z'“ZQk, E :Qj:d}
k=1 =
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and the subsets B = {(d)1} € B,® = U{(d/k)r} C B, where k varies
k
in the set of divisors of d with k < d and (0)x = (o, ...,0) € N*,

Definition 4.1. The branching type of a branching covering f : X — Y of
degree d is the map by : € — By obtained by taking in increasing order the
ramification indices along the irreducible components of f~(C), where C
varies in the set € of irreducible components of Ay. The branched covering
[ is called of reqular type (resp. extremal type) if the image of by is contained
in BYE (resp. BE).

Notice that a branched covering is of regular type if the ramification
indices are constant on the fibres over Ay \ Sing(Ay). A finite branched
covering is of extremal type if all its ramification indices are equal to the
degree of f.

Remark 4.2. For a finite branched covering, being Galois is a global prop-
erty, being of regular type is a semi-local one and being of extremal type
is purely local. For arithmetical reasons, if the degree d is prime, then reg-
ular type is equivalent to extremal type. Galois implies regular type and
extremal type implies regular type but the converses do not hold in general
as the following example shows.

Example 4.3. Let Yy = P!\ L?)J D; be the complement of four disjoint open
i=0
disks in P! with boundaries +; and let p : 71 (Yp) ~ Z[v1] * Z[y2] * Z[y3] — G4
be the morphism given by u(v1) = (1234), u(y2) = (12)(34) and p(y3) =
(14)(23). Define fo : Xo = Y xu {1,2,3,4} — Y to be the suspension
covering associated to p which is not Galois because the monodromy group
M = Imp has order 8 > 4. Notice that [v9]™! = [y1727y3] > (1432). Tt is
clear that f&l(%) = ¢; is a circle and fys, is a 4 : 1 map for i = 0,1; on
the other hand, if i = 2,3 then fy*(y;) = ;" UJ; are two disjoint circles
and fo\ 5+ is a 2 : 1 map. Consequently, we can glue disks A;, i = 0,1,

and A;t, i = 2,3, to Xy in order to obtain a compact Riemann surface
X and a branched covering f : X — P! extending fp with four branched
points qo, g1, ¢2, g3 € P! and six ramification points po,pl,pét, p?jf € X with
ramification indices 4,4, 2,2, 2,2 respectively. Hence Imb; = {(2)2,(4)1} C
B,® and consequently f is a degree 4 branched covering of regular type.
Riemann-Hurwitz formula implies that X has genus 2. O

In [16, Lemma 1] L. Greenberg shows that if the source space X is a
connected and simply connected Riemann surface (for instance if X = P!),
then a regular type branched covering is Galois. This property follows, as
a particular case, from the following result in which the difference between
Galois coverings and regular type branched coverings is enlightened.

Let f: X — Y be a finite branched covering a let f' : X’ — Y’ be the
restriction of f to X’ = f~1(Y’) with Y’ = Y \ Sing(Ay). Since X \ X’
and Y \ Y’ are Zariski closed subsets of codimension > 2 the branching
type of f and f’ coincide and f is of regular type if and only if f’ is of
regular type. By Riemann’s extension theorem, Deck(f) ~ Deck(f’) and
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f is Galois if and only f" is Galois. We have that Ay = Ay N X’ and
Sing(X) C f~'(Sing(Ay)), cf. [20, Corollary 1.1.10]. Thus, in order to
characterize the Galois or regular type property, we can assume without
loss of generality that Ay and X are smooth.

Proposition 4.4. Let f : X — Y be a finite branched covering. Assume
that Ay is smooth and consider the branched covering

F:(Xxy X)) > Xxy XX

given by the composition of the normalization of the fibered product X xy X
and the projection onto the first factor. Then

(a) f is of reqular type if and only if F' is unbranched;
(b) f is Galois if and only if F is trivial.

Proof. Since the normal form (2) holds in every point of X we can proceed
as follows. Let X¢ := | |;_; D < X be the preimage by f of a polydisk
Yy := D" < Y such that {0} x D"~ = Ay MYy and the restriction f; of f
to the polydisk D! writes as f;(z;, u) = (z;",u). Then

.
Xo Xy Xo = |_| {(@s,u,y;,v) € D" |zl :y;Lj, u=v} =X xy X
ij=1
is the preimage in X xy X of Xy — X by the projection X xy X — X.
The preimage Zy of Xy by F' is nothing more than the normalization of
Xo Xy Xo. If n; = nj for all 4,5 = 1,...,r then Zj is a disjoint union
of polydisks {z; = Ckyj} x DL over which F(z;,y;,u) = (z;,u) is an
isomorphism, where ( is a primitive n;-root of the unity. This shows that if
f is of regular type then F' is unbranched. To prove the converse, assume
n

that n; # nj. Then {(z;,y;) € D? |2} = y;'} % D"~! decomposes as k

(2

branches of type x?; = C’y?j, and where n; = nik, nj = n'k, ged(nj,n}) =1
and ¢’ is a primitive k-root of the unity. The normalization morphism of each
branch takes the form D" > (z,w) — (2"3 , 2" w). Hence the restriction of
F to the normalization of this branch writes as F(z,w) = (2", w) which
ramifies if n} > 1. Finally, if n; # n; there is always a connected component
of the preimage of {0} x D"~ with n} > 1.

Assertion (b) follows easily from Theorem 3.6 using characterization (3)
in Definition 2.2. O

4.2. Dimensional reduction. In this subsection we translate the problem
of deciding if a given rational map is Galois to a lower dimensional situation.
This is done in two different ways: the first one by considering the restriction
to appropriate curves and the second one by taking suitable quotients of the
manifolds.

Definition 4.5. Let f : X — Y be a finite branched covering and let Z C'Y
be a connected submanifold. We will denote by f, : X, — Z the branched

covering given by the composition of the normalization map of f~1(Z) and
the restriction of f to f~1(Z).

Clearly, deg fz = deg f if and only if Z & Ay.
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Proposition 4.6. Let f : X — Y be a finite branched covering and let
Z CY be a connected submanifold. If Z meets transversely Ay then

(a) Xz = f~Y(Z) is smooth and f% = fz,

(b) AfZ :AfﬁZ,

(c) there is a map 17 : €5, — & such that by, =bpoiy.

Proof. (a) Transversality implies that Z N Ay C Ay \ SingAy. By [20,
Theorem 1.1.8] every point q of f~'(ZNAy) is non-singular for both X and
71 (Ay) and there are local coordinates (1, . .., z,) and (y1, . .., y,) around
g € X and f(¢) € Y in which f writes in the normal form (2). Moreover we
can assume that Z = {y; = --- = y;, = 0} with k = n —dim Z < n. Hence
fYZ) ={x1 =--- =2, = 0} is smooth at q. Assertion (b) is obvious from
the local writting fz(zgi1,.--,2n) = (Tka1,---,Tn-1,75). (c) Since Z is
disjoint from the pairwise intersections of the irreducible components of Ay,
there is a well defined map 17 : €y, — € sending an irreducible component
C C Ay, C Z to the unique irreducible component of Ay C Y containing
C. Then by, = byouy. O

Remark 4.7. If Z meets transversely all the irreducible components of A
(e.g. if Y and Z are projective) then f is of regular type if and only if fz is
of regular type. On the other hand, if the inclusion Z\ Ay C Y\ Ay induces
an epimorphism 71(Z \ Ay) — 71 (Y \ Ay) then f is Galois if and only if fz
is Galois after Proposition 2.4.

These considerations motivate the following definition.

Definition 4.8. Let A be a proper Zariski closed subset of Y. A curve
¢ C Y is called A-admisible if ¢ meets transversely A and the inclusion

¢\ A CY\ A induces an epimorphism w1 (¢ \ A) - m (Y \ A).

The main result of this section is Theorem 4.10 below which provides a
reduction to dimension one to the problem of deciding if a given branched
covering is Galois of or regular type. In order to state it properly we intro-
duce the following notion.

Definition 4.9. The weighted branching type of a finite branched covering
f: X =Y of degree d with respect to a fized embedding Y C PN is the
element of the Z-module Z[B4] given by

b := > (deg C)bs(C).
Cees

We also define the integer [b%] := 3 (deg C)(d—kc) € Z*, where by(C) =
CECf

(o1,---,0k.) € NFkc,

Theorem 4.10. Let f: X — Y be a finite branched covering of a projective
manifold Y of dimension n, let A CY be a Zariski closed subset containing
Ay and fix an embedding Y C PN. Then there is a Zariski open subset V of
the Grassmannian G of (N —n + 1)-planes in PV such that

(a) for all L € V' the hyperplane curve £ = LNY is connected, smooth and
A-admisible;



FOLIATIONS AND WEBS INDUCING GALOIS COVERINGS 17

(b) all the one-dimensional branched coverings fo: Xy — £ = LNY, varying
L €V, are topologically equivalent and b”}”z = b}”.

In particular, f is Galois (resp. of regular type) if and only if f; is Galois
(resp. of regqular type) and the genera of X, and £ and the degree d of f are
related by the Riemann-Hurwitz formula

(8) 2 —2gx, = d(2 — 2g,) — [bF].

Proof. Let us consider the projective varieties £L = {(y,L) € Y x G|y € L}
and M = {(z,L) € X x G| f(x) € L} jointly with the natural morphisms
LG M — Gand A = f xidg: M — L. By Theorem 3.2 there is a
Zariski open subset V' C G such that the family (Y x G,A x G,L) — G is
equisingular over V. For every L € V there is a neighborhood W of L in V'
and a homeomorphism h : Y x W — Y x W such that h((A x W) =Ax W
and h(Lw) =€ x W, where £ = L NY is (by definition) a hyperplane curve
of Y, which is smooth (Bertini) and connected (Lefschetz). By restricting the
Zariski open subset V' if necessary we can assume that LNY is transverse to A
for every L € V. Moreover, by successive application of [17, Theorem 1.1.3]
there is a dense real semi-algebraic open subset U of G such that if L € U
then ¢ = LNY is A-admisible. If Lo € UNV and L; € V then the following
diagram is commutative

m (Y \A) ===m (Y \A)

T T

(o \ A) === m1(¢1 \ A)

and consequently the hyperplane curve £ = L1NY C Y is also A-admissible.
By Proposition 4.6, for each L € V we have a finite branched covering
fo:Xe—4=LNV.

By Proposition 3.3, there exist Zariski open subsets £’ C £ and M’ ¢ M
such that A': M" — £ and X : M} — L}, L € V, are finite coverings
and the projections M’ — V and £’ — V are topological fibre bundles.
Moreover, for every Lo, L1 € V there are homeomorphisms v : L1, = L,
and ¢' : M} — M7 making commutative the following diagram:

/
/ ¢ /
Lo ML1

A'Lol lle
!

!/ /
£LO —_— ELl

where ¢ is the restriction of ¢). Notice that for i = 0,1 we have that £} and

7, are naturally included in ¢; \ Ay and f ~1(6; \ Ay) respectively. More-
over we can identify XLi with the restriction of fy, : X,, — ¢;, 7 =0, 1. Since
1 maps £\ A isomorphically onto 1\ Ay and the monodromy groups of fy,
and )\/Li coincide by Theorem 3.6 we deduce that the monodromy representa-
tions of the maximal unbranched coverings of f,, are conjugated. We deduce

that fy, and fy, are topologically equivalent by applying Theorem 2.11.
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Let C be an irreducible component of Ay. Then C N/ = {qlc7 .. ,q(;cc}
where d¢c = deg C. By Proposition 4.6 we have by, (¢¢) = b;(C). Therefore

dc
F= 3 D obnlal) = Y dcb(C) = by

Cee; i=1 Ceey
Finally,
b= D (degO)d—ke)= > > > (e-1)= > (e-1)
CEQtf CEQtf qEEﬂCpefgl(q) pEVfZ

is the ramification summand in the Riemann-Hurwitz formula, proving the
last assertion of the theorem. O

We finish this section with another useful dimensional reduction in the
context of rational maps.

Proposition 4.11. Consider a commutative square of dominant rational
maps

X oy
u: v
vy
X =Y

with dim X = dimY and dim X = dimY. Assume that )?/,\ }A/, Y and the
generic fibre of v:Y --+ Y are irreducible and deg f = degi =d. Then the

monodromy and the deck transformation groups of f and f are conjugated
m Sy.

Proof. By Proposition 3.3 there are Zariski open subsets X’ C X\ (X;UX,),
Y CY\%, X' CX)\ L7 and Y’ C Y such that the restricted diagram

(9) Xl # Y/

7

gL
is commutative, the horizontal arrows are coverings and the vertical arrows

are fibre bundles. The exact sequence associated to the F’-fiber bundle v’
ends as

(10) m(Y") = m(Y') = 0 = mo(F).

By the universal property of the fibered product there is a map w’ : X' —
7' = X' x¢, Y making commutative the following diagram:
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The long exact sequence of the pull-back bundle p’ : Z' — X’ ends as
To(F') =0 — 70(Z") = 0 = mo(X")
and consequently Z’ is connected. Hence
dog f = deg f' = (deg w/)(deg ¢') = (degw')(deg ) = (deg')(deg ).

Since deg f = degf, we deduce that w’ is birational and restricting the
Zariski open set if necessary we can assume that w’ is a biholomorphism,
i.e. the square (9) is cartesian, or equivalently, the covering f’ is the pull-
back by v’ of the covering ]?’ We conclude by applying Proposition 2.4 to
the epimorphism (10). O

4.3. Rational maps in the projective space. By definition, the branch-
ing type of a dominant rational map f : X --» Y between projective
manifolds of the same dimension is the branching type of its associated
branched covering, see Proposition 3.4. The notions of regular and extremal
type rational map are the obvious ones. In particular, if f: X --» Y and
'+ X' = Y are birationally left-equivalent, i.e. there is a birational map
B: X' --» X such that f' = f o8 then f is of regular type if and only if f’
is of regular type because they have the same associated branched covering
p:N—=Y.

Theorem 2.13 states that every Galois branched covering over a projec-
tive manifold with Galois group G is birationally equivalent to a certain
pull-back of P* — P"/G, for some monomorphism G < Aut(P"). There-
fore, it is of particular interest to study rational maps with source space
the projective space P". Combining all the previous results we obtain the
following semi-local characterization of Galois rational maps f : P --» Y
that generalizes the one-dimensional Greenberg criterion [16, Lemma 1] to
arbitrary dimension:

Theorem 4.12. Let Y be a connected complex projective manifold and let
f:P" --5Y be a dominant rational map. Then, f is of reqular type if and
only if f is Galois.

Proof. It suffices to prove that if f is of regular type then f is Galois. Put
X =P" let §: X — X be a birational map such that f = fo5: X =Y
is a desingularization of f and let p : N — Y be the associated finite
branched covering obtained by the Stein factorization of f: XLNDL Y,
see Proposition 3.4. Recall that for a rational map f, being of regular
type means that p is a branched covering of regular type. Set Y/ =Y \
Sing(A,) and p': N’ — Y the restriction of p to N’ = p~*(Y’). Let o be
the composition of the normalization Z of N’ xy: N’ and the projection on
the first factor. Since Y\ Y" and N\ N’ have codimension > 2 we have that
P is also of regular type and by Proposition 4.4 the map o : Z — N’ is an
unbranched covering. Consider the Zariski open subset V' =Y \ A which is
contained in Y’ because A, = Ay C Ay. Let £ C X =P" be a straight line
avoiding the codimension > 2 subsets ¥y and (f|x\x f)*l(Sing(Ap)) which is
also C-admisible, where C' is the Zariski closed set X \ Xy . Notice that the
birational map yo3~! : X --» N restricts to a well-defined morphism ¢ — N’
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and also restricts to a biholomorphism ¢ : Xy — Ny . Consider the covering
W — ¢ pull-back of 0 : Z — N’ by (706*1)|g, which is trivial because ¢ ~ P*.
Since Xy xy Xy is smooth we can identify it with a Zariski open subset
of Z using the biholomorphism ¢ : Xy — Ny. The restricted covering
W' — ¢ := £n Xy is the pull-back of the covering Xy xy Xy — Xy by the
inclusion ¢ C Xy . Since ¢ is C-admissible, the morphism 7 (¢') — 71 (Xy)
is surjective. By Proposition 2.4, the covering Xy xy Xy — V is also trivial.
By the characterization (3) of Definition 2.2 we have that fy is Galois. We
conclude that f is Galois by applying Theorem 3.6. O

It follows from the description of the local generators of the monodromy
group given in subsection 4.1 that if the rational map f is extremal of degree
d, then its monodromy group contains a d-cycle and we obtain the following
result.

Corollary 4.13. Every dominant rational map f : P --» Y of extremal
type is Galois with cyclic monodromy group. Moreover, every Galois rational
map of prime degree is of extremal type.

However, there are examples of cyclic Galois rational maps that not are
of extremal type.

Example 4.14. If f; : X; --» Y; are rational Galois maps of degree d; > 1
with cyclic monodromy group, ¢ = 1,2, and gecd(dy,d2) = 1 then f =
fix fa: X1 x X --» Y1 xYs is Galois and Deck(f) ~ Deck(f1)®Deck(fs) =
ZLq, ® Lq, ~ Zq with d = di1ds = deg f but the ramification indices of f are
all of them < max(dy,ds) < d. O

A natural class of rational maps to be considered is that of dominant
rational maps f: P" --» P". In that case, the straight lines ¢/ € G} are the
hyperplane curves of P™.

Although a branched covering of regular type is not necessarily Galois,
as it is shown in Example 4.3, and despite that in general f~!(¢) is not a
rational curve, using Theorem 4.10, we have:

Corollary 4.15. Let f: P® --» P" be a dominant rational map and let
p: N — P™ be its associated branched covering. If £ C P™ is a generic line
then the one-dimensional reduction py: Ny — £ of p can be identified to the
map f¥: fH)Y — L. It satisfies the following property:

fi regular type < f regular type < f Galois < f; Galois.

Definition 4.16. The genus gy of a dominant rational map f: X --» P" is
the geometric genus of the curve f~1(¢) for a generic straight line £ C P™.

Example 4.17. If a dominant rational map f: P" --s» P" has extremal
weighted branching type b = c(d); then g; = % by (8). g

In this context, the simplest case is that of rational maps f: P" --»
P™ of genus zero. By Theorem 4.10 the study of the Galois property in
this case reduces to the one-dimensional situation f : P! — P!, which is
completely understood. If we regard P! as the unit sphere S?, then the
deck transformation group of f is conjugate to a finite subgroup of the
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group SO3 = PSUj, which is the maximal compact subgroup of PSLg(C)
and whose finite subgroups are well-known: cyclic, dihedral, tetrahedral,
octahedral and icosahedral. In fact, for each finite subgroup G of PSLy(C)
there is a Galois branched covering f : P! — P! whose deck transformation
group (also called Galois group) is just G. More precisely, the following
classification goes back to Klein [18, Chapter IV], see also [26, Theorem 3.6.2,
pp. 43-44 and 65-66] for a modern exposition:

Theorem 4.18. Let f : P! — P! be a degree d Galois rational map with
deck transformation group G. Then f (resp. G) is left-right-equivalent (resp.
conjugated) to one of the rational functions (resp. triangular subgroups of
SO3 C PSLy(C)) appearing in Table 1, where

‘ d ‘ f ‘ by ‘ G ‘ o(z) ‘ 7(2)
Cyclic n | fe, 2(n)y Cp,=T1,n,n)| =z Cnz
Dihedral | 2n | fp, 2(2), + (n)2 D,=T(2,2,n)| 1 %ﬂ
Tetrahedral | 12 | fr (2)6 +2(3)4 Ay =T(2,3,3) | —=z 2
Octahedral | 24 | fo | (2)12+ (3)s+ (4)s | Sa=7T(2,3,4) % i;_rz
Icosahedral | 60 | f1 | (2)30 + (3)20 + (5)12 | A5 = T(2,3,5) fzjrzl (i;i)fs,

TaBLE 1. Klein’s classification of Galois rational functions on P!,

T(p,q,r):<077’gp:7q:(07)’":1>7 ane’.b7

(2" + 1) () <z4+2i\/§z2+1>3
7) TZ - M

5 and

z)=2", =
fe.(2) fp 40 24— 21322 +1

(220 — 22821% + 494210 4 22825 + 1)3
—172825(210 + 1125 — 1)°

(2% + 1421 +1)3
10824(24 — 1)* 7

fo(z) = f1(z) =

5. FAMILIES OF RATIONAL MAPS

In this section we consider families of rational maps with the aim of
determine the structure of the set of Galois maps in the family. We show
that this set is always constructible and Zariski closed when the target family
is a P™bundle over the parameter space. In that case the genus of each
element of the family is well defined and we prove that it is Zariski lower
semi continuous.

We begin by recalling the notion of family of compact complex manifolds.

Definition 5.1. A family of manifolds over T is a surjective proper submer-
sion w: Y — T with connected fibres between connected complex manifolds.

Notice that by Ehreshman’s lemma, 7 is a locally trivial C'** fibre bundle.
We can thought the family = : Y — T as the collection {Y;};er of fibres
Y =n1(t).

From now on X, Y and T will be quasi-projective manifolds and the maps
occurring between them will be algebraic maps.
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Definition 5.2. A family of dominant rational maps of constant topological
degree over T is a dominant rational map f : X --+ Y and two families of
manifolds nx : X — T and wy : Y — T such that mx = my o f, Xy ¢ Xy
and the restricted rational map f; : Xt --+ Yy has topological degree deg f
forallt eT.

Remark 5.3. Let f: X --» Y be a family of rational maps over T. Given
a morphism §: T — T the pull-back of the family f by ¢ is well defined and
it is given by f: Jfxidz - X=X XTT S Y =Y XTf. Notice also
that there is natural identification between the maps f5() and fs forseT
preserving in particular the Galois character.

Proposition 5.4. For every family of dominant rational maps of constant
topological degree f : X --+»Y over T there is a Zariski open subset T' C T
such that the finite branched coverings p: : Ny — Y; associated to f; are
pairwise topologically equivalent for t € T'. In particular, for t € T’ the
weighted branching type b”}‘i s constant and the monodromy groups of f: are
all conjugated. Moreover the subset

Gal(T) :={t € T'| f; is Galois} C T

18 constructible.

Proof. By applying Proposition 3.3 to the morphisms X \ ¥y = Y — T
we obtain Zariski open subsets X’ C X, Y/ C Y and 7" C T such that
the restrictions f/: X; — Y/ of f': X’ — Y’ for t € T’ are pairwise topo-
logically equivalent coverings by homeomorphisms Y/ — Y}, extending to
Y; — Yy. We deduce the first assertion by applying Theorem 2.11. Since
the monodromy groups of p; for t € T” are all conjugated, we obtain the
following dichotomy: either 77 C Gal(T') or Gal(T) C T'\ T". Considering
the pull-back families (cf. Remark 5.3) of f : X --» Y by desingularizations
0; ¢ IN’Z — T; C T of the irreducible components T; of the closed Zariski
subset 7'\ 7" and reasoning by induction on dim 7" (the 0-dimensional case
being trivial) we deduce that Gal(T)\T" = |J, 6;(Gal(T})) is constructible by
Chevalley theorem. We conclude that Gal(T) = (Gal(T)NT")U(Gal(T)\1")
is also constructible thanks to the above dichothomy. O

Example 5.5. Let Ry ~ P24*! be the projectivisation of the complex vector
space of pairs of homogeneous degree d > 0 polynomials in z,y. Consider
the Zariski open subset T' = {[A, B] € Ry, gcd(A,B) = 1} whose com-
plementary is given by the vanishing of the resultant of the homogeneous
polynomials A(x,y) and B(x,y). The rational map f : P! xT — P! xT given
by f([z,y],[A, B]) = ([A(z,y), B(z,v)], [A, B]) can be thought as a family of
rational maps of constant topological degree d between the trivial families
P! x T — T. In this situation the subset Gal(T') of T' consists in the orbits of
the elements described in Theorem 4.18 by the action of PSLg(C) x PSLo(C)
on T given by the left-right equivalence. In that case Gal(T') is more than
just a constructible subset, it is a quasi-projective manifold. O
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An interesting situation to be considered is when the target family Y is a
P™-bundle over T'. In that case we have an arithmetic well defined invariant,
namely the genus gy, of f;, i.e. the geometric genus of the curve ft_1 (4r) C Xy
for a generic line ¢; C Y; ~ P™.

Theorem 5.6. Consider a family of dominant rational maps of constant
topological degree f : X --»Y over T, where Y — T is a P"-bundle. Then
Gal(T) is a Zariski closed subset of T', the (abstract) Galois group is constant
along each connected component of Gal(T) and the genus map g : T — Z*
sending t to the genus of f; is (Zariski) lower semi-continuous.

Before proving Theorem 5.6 let us make some previous considerations.

Remark 5.7. Let W be a Zariski constructible subset of a quasi-projective
manifold T" which is closed in the euclidian topology. Then W is Zariski
closed in T'. In particular, if f: X — Y is a proper morphism between quasi-
projective manifolds then f is Zariski closed thanks to Chevalley theorem.

Lemma 5.8. Let T be a quasi-projective, irreducible variety and ¢ : T — Z+
a map with the following property: for every irreducible closed set S C T,
there exist a non empty open set Ug C S such that ¢|yy, = sup p|s. Then ¢
is lower-semicontinous.

Proof. By hypothesis there is a non empty open set Ur such that ¢|y, =
sup@ = dg. We consider Ur maximal open with this property and write
o(T) = {dy > di > ... > d,}. Now, decompose the closed set T'\ Up =
S1U...US, as union of irreducible components; by maximality it is easy
to see T'\ Ur = {¢ < do}. Applying the same argument to each S; it is
straightforward to conclude that {¢ < k} is closed for every k € ZT. O

If Y — T is a P"-bundle we can consider its associated grassmannian
bundle 77: GY — T with fibre G = G7, the space of lines in P".

Lemma 5.9. Let Y — T be a P"-bundle and let V . C T and A C Y be
Zariski closed subsets such that Ay := ANY; is a proper subset of Y; for
all t € T. For each point tg € V there is an analytic curve v : D — GV,
v(2) = (ts,£;), such that the line £, C Yy, is a Ay -admisible curve for all
z € D, transverse to A if z € D* and the curve I' = Im(wpoy) C T is smooth
and T'NV = {tp}.

Proof. Consider the subset Wy of pairs (¢,£) € G such that £ is not trans-
verse to A or m (¢ \ Ay) — m1(Y: \ A¢) is not an epimorphism. By applying
Theorem 3.2 to the family

(Y xp GY A xp GY {(y,t,0) |y el C Y;}) = GY

as in the proof of Theorem 4.10, we deduce that the Zariski closure Wy of W
is a proper subset of GY. We decompose W = W(? U Wy, where Wy is the
maximal mp-saturated subset of Wg. Consider the Zariski closed subset T} =
m7(WY) C T and the subset W, of pairs (¢,¢) € m;'(T1) such that ¢ is not
transverse to A Nm'(T1) or i (£\ Ar) = 71(Y; \ A¢) is not an epimorphism.

Again by Theorem 3.2 the Zariski closure W is a proper subset of W;l(Tl)
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that we can decompose as WJ* U W for a maximal mp-saturated subset

WP, We continue to define W; inductively until W, . = 0 thanks to
dim T

Theorem 4.10. Consider the Zariski closed subset W := |J W} c GY.
i=0

By construction the restriction of 77 to GY \ W is surjective. Let U be a

neighborhood of ¢y in T such that Yy ~ U x P" and G}j ~ U x G. Take

a regular parametrization z — ¢, of a smooth analytic curve ' C U C T

such that I'N (V UT1) = {to}. Choose a point ¢y € G such that (o, %) €

(U x G)\ W. Then y(z) := (t.,4y) ¢ W, for |z| small enough, satisfies the

desired properties. O

Proof of Theorem 5.6. By Proposition 5.4, Gal(T) = |J;_, T; where T; C T
is quasi-projective and irreducible. Take a desingularization J; : ﬁ —-T; C
T of the closure T; of T; in T and consider the correspondmg pull-back family
over T, whose generic element is Galois (more precisely 571 (Ty) € Gal(Ty)).

On the other hand, for every irreducible Zariski closed subset S of T we
fix a desingularization dg: S — S C T of S and we consider the pull-back
family f of f by dg. Consider the Zariski open subset S of S given by
Proposition 5.4 along which the genus of fs is constant. Then the genus of
fs 1s constant along a Zariski open subset Ug C 55(5’) cS.

In both situations, taking T = ﬁ or T' = §, we are in the case that
T" C Gal(T) and the genus g of f; is constant along a Zariski open subset
T’ of T. It is sufficient to prove that if o € T\ T” then fi, is Galois with
the same abstract monodromy group than f; and that g, < g: thanks to
Lemma 5.8.

We fix a desingularization f X = Y of [ where j : X = X is a
composition of blow-ups centered in ¥y C X and f = fof. Then f is
proper (because § and 7wy are proper) and A := ]?(Vfu V) is a Zariski

closed subset of Y thanks to Remark 5.7. Notice that the restriction of fto
F~HY \ A) is a covering onto its image. Moreover, thanks to the constancy
of the topological degree of f; we have that A; := ANY; is a proper subset
of Yy containing Ay,.

By applying Lemma 5.9 to the Zariski closed sets V. =T\ T” and A, for
each to € V we obtain a curve I passing through to and a P'-bundle

over D ~ T C T. Since D is Stein £ ~ P! x . _

Let g : M — L be the composition of the normalization v of f~!(£) and
the restriction of f Then g is a degree d = deg f branched covering because
it is surjective proper and finite (£ can be chosen to avoid the codimension
> 2 subvariety f ( ) of A) and A, C ANL. Moreover g satisfies the following
properties:

(1) £, ¢ Ay because L, contains generic points of Y3, and f;, has topological
degree d;

(2) L, meets transversely A, for every z € D* because £, is transverse to
AD Ay
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(3) for every z € D* the fibre M, is a smooth curve and the restriction
g : M, — L, ~ Pl is a degree d branched covering with Ay, =AgNL,
thanks to Proposition 4.6.

Hence g : M — P! x D is a degenerating family of finite branched coverings
of P! in the sense of [22, §5]. Let us denote Y/ = Y \ A, X' = f~1(Y"),
L =L£nY" and M’ = g~(£’). We can identify the d-sheeted coverings
g: M — £ and f: f~Y(L") — L' via the isomorphism £ o Viap- Since
Xi. — Y/ is a connected d-sheeted covering and £, is a A;,-admisible curve
we deduce that M/, is connected for every z € D. Furthermore M, is
a connected smooth curve for z € D* and M, determines an irreducible
component of My and the remaining irreducible components of My, if they
exist, must be 0-dimensional because M{, — L{) is a d-sheeted covering and
degg = d. A topological argument implies that My must be connected
because M is connected, the map M — D is proper and M, is connected
for z € D*. Hence My is an irreducible curve.

From [22, Theorem 5] and Theorem 4.10 we deduce that the monodromy
group Mon(gg) = Mon(fy,) of g§ : M§ — Lo injects canonically into the
monodromy group Mon(g,) = Mon(f;,) of g, for z € D*. Since f;, is Galois
for z € D* the monodromy group Mon(f;,) has d elements. Since My
is irreducible, the monodromy group Mon(gy) C &4 acts transitively on
{1,...,d}. Hence Mon(f;,) = Mon(f:,) and consequently f;, is Galois with
the same monodromy group as f;.

On the other hand, from [22, Theorem 4] it follows that x(M.) < x(My)
for z € D*. Then

2-2g;. = x(M:) < X(Mo) = X(MF) = > (B —1) < x(Mp) = 2 - 24,
TEMo

where [, is the number of branches of the irreducible curve Mg at x. O

6. FOLIATIONS AND WEBS

Given a codimension one holomorphic foliation F on the projective space
P", its associated Gauss map Gr induces a well defined web Leg F on the
dual space P" which is called the Legendre transform of F, provided that Gz
is dominant. In this section we study the direct image of foliations and webs
by more general rational maps. In particular we deduce that the foliation
F is Galois, which means that the Gauss map Gr is Galois, if and only the
web G Leg F is totally decomposable. This criterion will be the starting
point of the discussion of Galois foliations on the projective plane carried
out in Section 7.

We begin by recalling the notion of web given for instance in [25, §1.3.1
and §1.3.3].

Definition 6.1. For a positive integer k, a codimension one k-web W on a

complex manifold Y is given by an open cover {V;} of Y and k-symmetric

forms w; € Syka%,(Vi) subject to the conditions

(a) for each non-empty intersection V; N'V; there exists a non-vanishing
function g;; € O3 (ViN'V;) such that w; = gijw;;

(b) the zero set Sing(w;) of w; has codimension at least two;
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(c) the germ of w; at every generic point of V; is a product of k germs of

integrable 1-forms wiq, a =1,...,k that are not collinear two by two.
The subset of Y where the non-collinearity condition fails is called the dis-
criminant of W and it is denoted by A(W). The singular set ¥y, of W is
defined by Xyy N'V; = Sing(w;) and it is contained in A(W).

Notice that for £ = 1 we recover the usual definition of (singular) codi-
mension one foliation F (see [2, 4]). In that case A(F) = X is just the
singular set of F. For arbitrary k > 2, a k-web always looks like locally as
the superposition of k foliations, but not necessarily globally. If this is the
case we say that the web is totally decomposable. In fact, there is a mon-
odromy representation pyy : (Y \ A(W)) — & of W which determines
the irreducible subwebs of W and whose triviality is equivalent to the total
decomposability of W (see [25, §1.3.3 and §1.3.4]). Condition (c) allows us
to define the tangent set T,V of W at a point y € U; \ A(W) as the union
of the k different kernels at y of the linear factors of w;(y).

Remark 6.2. Let L — Y be the line bundle associated to the cocycle {gi;}.
The collection {w;} defines an element in H°(Y,Sym*Q}, ® L) which gives
rise to a meromorphic k-symmetric form w on Y once we fix a meromorphic
section of L. Condition (c) implies that the prime decomposition of w =
[1,, wa is reduced. Each prime factor w, defines an irreducible web W, on
Y such that W is the superposition of the webs W,.

6.1. Developing a web. If f : X --» Y is a dominant rational map and
W is a k-web on Y then the inverse image (or pull-back) f*W of W by f
is a well-defined k-web on X. Outside the indeterminacy locus Xz, f*W
is determined by the pull-back of the symmetric forms n; defining W. It
extends to Xy by means of Levi’s extension theorem.

The direct image (or push-forward) of a web W by a rational map f is
not defined in general. It is only defined for dominant rational maps and
webs fulfilling some generic conditions. Let us consider first the case W is
just a foliation. To this end we introduce the following notion.

Definition 6.3. We say that a holomorphic foliation F on X is in general
position with respect to a dominant rational map f : X --+ Y, or that F
is f-general, if for generic y € Y the set of tangent spaces {df,(TyF) |z €
()} has exactly deg f elements.

Clearly, the set of f-general foliations is open. The following result shows
that it is non-empty.

Proposition 6.4. For every dominant rational map f : X --+ Y between
projective manifolds of the same dimension n > 2 there exists a codimension
one f-general foliation on X.

Proof. Fix yo € Y \ Ay and consider the fibre f~*(yo) = {z1,..., 24} C X.
Let us fix an embedding X C PV and let us consider an affine chart
AN < PN containing the points x;, i = 1,...,d. There exists a linear
projection g : AN — A? such that p; = g(x;) are pairwise different points
and kerdg,, + Ty, X = Ty, AN. Let g : X --» P? be the restriction of g
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to X. Consider the codimension two subspaces ¢; := df;; (kerdg,,) C T,,Y.
For each j = 1,...,d, we fix pairwise different codimension one subspaces
hj of T,,Y containing ¢;. Consider the one-dimensional subspaces r; =
dng(df;jl(hj)) C T,,P2. We fix affine coordinates (u,v) on A? C P? such
that p; = (uj,v;) with u; # u; if ¢ # j and r; has equation v = aju + b;
with a;,b; € C. Let p(u) be a polynomial such that p(u;) = a;. The vector
field 9, + p(u)d, defines a foliation Fy on P? such that Ty, Fo = 7. Then
F = g*Fois a f-general foliation on X because df;, (1%, F) = h; C T;,Y are
pairwise different subspaces. U

Proposition 6.5. Let f : X --» Y be a dominant rational map of de-

gree d between projective manifolds of the same dimension and let F be a

codimension one holomorphic f-general foliation on X. There is a unique

d-web f.F on'Y, called the direct image of F by f, such that Ty fuF =
U  dfe(TeF) CT,Y for genericy € Y.

zef~1(y)

Proof. We follow the ideas sketched in [25, §1.3.2]. Let f:X > Ybea
desingularization of f. Using the notations introduced in Subsection 3.2,
we fix an open set V C Y\ f(VJ-;) such that f~1(V) = L]glzl Un, fiu,, 18
bijective onto V' and there are holomorphic 1-forms w,, on U, defining F.
Then wy := HZ@:1( f \l_];)*wm is an element of Sym?QY,. These d-symmetric
forms differ by a non-vanishing multiplicative function in each non-empty

intersection. Since F is f-general they define a d-web Wy on Y \ f(V ]7).

In order to extend Wy to the generic point of Ay C f(V f) we will use the
local normal form (2) of the branched covering p : N — Y given by the Stein
factorization of f. According to formula (7), let y € A, = Ay be a generic
point and let V' C Y be a neighborhood of y such that f~%(V) = |_|§?:1 Uj,
flu;(z,w) = (2%,w) and F|y, is defined by the holomorphic 1-form w; =
a;j(z,w)dz + bj(z,w)dw. Then

k@ 1 14 1
wy = H H (aj(zgj Cjyw)z 2 Ldz+bj(z% Cjz-,w)dw>,
il Qj
j=1i=1
is a univalued meromorphic d-symmetric form on V', where (; is a primitive
oj-root of unity. Multiplying w{, by a suitable meromophic function on V" we
obtain a holomorphic d-symmetric form wy on V with codim(Sing(wy)) > 2.

These symmetric forms define an extension of Wy to Y\ f(C f)'

Finally as f (Cf) has codimension > 2, we can extend Wy to the whole
Y by using the standard argument based on Levi’s extension theorem for
meromorphic functions (see for instance [4, Remarque 2.17)). O

Definition 6.6. Let W be a web on a complex projective manifold Y. As-
sume that there is a dominant rational map f : X --+ Y and a f-general
foliation F on X such that W = f.F. We then say that (X, F, f) is a devel-

oping triple of the web W. Two developing triples (X, F, f) and ()?,]?, ]/”\)
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of W are said to be birationally equivalent if there exists a birational map
g: X --» X such that g*F =F and fog=f.

The following theorem reformulates several results stated in [23, 5, 6, 25].
For the sake of completeness we give a sketch of proof.

Theorem 6.7. For every web W on a complex projective manifold Y there is
a developing triple (Zyw,Cy, mw) of W unique up to birational equivalence.
Moreover, there is a natural bijection between the irreducible factors of W
and the connected components of Zyy.

Proof. The closure I'yy of
{(y,[n]) e PT"Y [y & A(W), kern C TV}

in PT*Y is a projective (possibly singular) subvariety of dimension n =
dimY. Fix a desingularization &y, : Zyy — 'y C PT*Y of I'yy which is
biholomorphism outside Sing(I'yy) and set my = 7 o dyy. The pull-back by
oy of the contact distribution C on PT*Y is an integrable distribution on
Zyy giving rise to a codimension one holomorphic foliation Cyy on Zyy that
is in general position with respect to my and that satisfies (my).Cyy = W,
showing the existence of a developing triple of W.

In order to show the uniqueness let us consider a dominant rational map
f:X --»Y with dim X = dimY and F a f-general foliation on X such that
f«F = W. The rational map PT*f : PT*X --» PT*Y defined by (z, [n]) —
(f(x),[nodf;]) is dominant and preserves the contact distributions. Since
F is f-general and f,F = W the restriction gr of PT* f to I'r C PT* X has
image contained in I'yy and it is generically injective. Then the composition
g = (5;\} ogro 7r]_:1 is birational and fulfills g..F = Cyy.

The discriminant A(W) of W contains the set of critical values A,
of my and the monodromy representation uyy of W is the composition of
the epimorphism induced by the inclusion Y \A(W) C Y\ Ay,, and the mon-
odromy representation i, of my, cf. for instance [25, §1.3.3 and §1.3.4].
In particular, the monodromy groups of W and m coincide and the ir-
reducible components of a web W on Y considered in Remark 6.2 are in
one to one correspondence with the connected (necessarily irreducible) com-
ponents of the manifold Zyy of its developing triple. Since the connected
components of the total spaces of any two developing triples are in one to
one correspondence, the above considerations complete the proof. O

Let W be a k-web on X and let f: X --» Y be dominant rational map.
We say that W is in general position with respect to f if there is a developing
triple (Zyy, Cyy, mw) of W such that the foliation Cyy is in general position
with respect to the composition f o my. In that case we define the direct
image of W by f as the kd-web (fompy).Cyy. The above theorem guarantees
that this definition does not depends on the choice of the developing triple
of W.

Lemma 6.8. Let f : X --» Y be a dominant rational map with dim X =
dimY and let F be a f-general foliation on X. Let § : Z — X xy X be
a desingularization of the fibered product X xy X C X x X and let p and
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q denote the compositions of § with the canonical projections onto the two
factors X. Then (Z,q*F,p) is a developing triple of the web f* f.F.

Proof. Since the projections f and p are locally equivalent on suitable Zariski
open subsets we have that F is f-general if and only if ¢*F is p-general. The
commutativity of the diagram

N i P
\ f \
X rrrrrrrrrrrr >Y

implies that p.q*F = f* f.F provided that F is f-general. O

From Theorem 6.7 and the above Lemma we obtain the following char-
acterization.

Theorem 6.9. Let f: X --» Y be a dominant rational map between com-
plex projective manifolds of the same dimension and let F be a f-general
foliation on X. Then f is Galois if and only if the web f*f.F is totally
decomposable. In that case f*f.F is the superposition of the foliations ¢*F
varying ¢ € Deck(f) C Bir(X).

Remark 6.10. This result says that the decomposability of the subvariety
X Xy X C X x X of codimension n into d = deg f irreducible components
is equivalent to the total decomposability of a rational d-symmetric form
defining the web f*f.F according to Remark 6.2, or equivalently to the
total decomposability of a single degree d polynomial in n — 1 variables over
C(X). From the computational point of view, this simplifies the problem
of deciding if the rational map f is Galois. From this interpretation it is
clear that the case n = 2 is very special as the question is reduced to the
decomposibility of a single polynomial in one variable (cf. Proposition 7.2).

Definition 6.11. A web W on Y with developing triple (Zyy,Cw, ) is
called Galois if the rational map ™y : Zy --+ Y is Galois.

From Theorem 2.12 and Proposition 6.4 we obtain the following result.

Theorem 6.12. For every finite group G and every connected complex pro-
jective manifold Y there is a Galois |G|-web on Y with monodromy group
isomorphic to G.

6.2. Foliations and webs on the projective space. The rest of this
section is devoted to treat the case X = P". In that case PT*X can be
canonically identified with the incidence variety

V={(p,h) €P" xP" : pe h} C P" x P,

where h (resp. p) is the hyperplane in P™ (resp. Ip’") corresponding to
the point h € P™ (resp. p € P"). By symmetry, V is also canonically
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isomorphic to PT*P™. Moreover, the contact distributions C of PT*P" and
PT*P"™ coincide under the identification with 1V and

(11) Cpny = drn (T, h) = dix™ (T}, p) C Ty Vs

where m and 7 are the restrictions to V of the natural projections onto P"
and P".

For each web W on P" we consider the developing triple (Zyy,Cyy, mw)
of W given by the composition my : Zyy — P" of a desingularization dyy :
Zyw — 'y of the possibly singular subvariety I'yy C PT*P™ ~ V considered
in the proof of Theorem 6.7. Let 7y, be the composition of dyy : Zyy — 'y
and the restriction of 7 to I')y C V. Thanks to formula (11) we see that Cyy
is in general position with respect to the projections my and 7y, whenever
they are dominant maps.

Definition 6.13. We say that a web W on P" is non-degenerate if the
map 7w : Zyw — P" is dominant. In that case we can consider the web
LegW = (7w)«Cyy on P™ which is called the Legendre transform of W.

To every web W on P™ we can associate its characteristic numbers d;(WV),
i = 0,...,n — 1, which can be defined as the number of tangency points
between the leaves of VW and a generic linear i-plane ¢; C P™. More precisely
(see [25, §1.4.1]) d;(W) is the number of pairs (p,h) € P* x P such that
p € ¢; C h CP"and T,h C T,W, for a given generic linear i-plane P! ~ ¢; C
P™. Notice that dy(WW) counts the number of leaves of W through a generic
point of P", that is W is a do(W)-web.

From now on we focus on the case of foliations.

Definition 6.14. Let F be a codimension one foliation on P™. The Gauss
map of F is the rational map Gr : P* --» P defined by Gr(p) = T,F,
where the tangent space T, F of F at a regular point p of F is thought as a
hyperplane of P™.

Notice that Gr = 7Tr o 77;1. This implies that the topological degree of
Gr is just dp—1(F) and Leg F = (Gr)«F. In the case n = 2 the topological
degree of Gr coincides with its usual degree d;(F), i.e. the number of
tangency points of the leaves of F with a generic line.

Remark 6.15. The classification of degenerate foliations, i.e. foliations
whose Gauss map is not dominant, is known in dimension n < 4: for n = 2
they are of degree zero, i.e. pencils of lines, for n = 3 see [8], and [12] for
n = 4.

Although by Definition 6.11 every foliation is a Galois 1-web, in the sequel
we will understand this notion, when applied to foliations on P, according
the following definition.

Definition 6.16. A non-degenerate codimension one foliation F on P™ is
said to be Galois if the web Leg F is Galois or equivalently if the Gauss map
Gr is Galois.

From Theorem 6.9 we obtain:

Corollary 6.17. A non-degenerate codimension one foliation F on P™ is
Galois if and only if the web GrLegF is totally decomposable. In that case,
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GrLegF is the superposition of the foliations ¢*F with ¢ € Deck(Gr) C
Bir(P").

Example 6.18. Every foliation F on P" with d,_1(F) € {1,2} is Galois
because its Gauss map Gr induces a covering of degree d,,_1(F) < 2. Notice
that, if n > 3, there are examples of such foliations with d;(F) > 2. For
instance, for each v > 2 consider the exceptional foliation &, on P? (cf. [3])
given in the affine chart (x,y, z) by the integrable 1-form 15, 1x, (dzAdyAdz),
where

S, = 20y + vydy + (1 — v + v*)20,
X, =0, + m”*lay +(1—-v+ VZ)yl’*lﬁz.

We have that d1(€,) = v and d2(€)) = v — 1. Then, foliations & and
&3 are Galois but & is not Galois. To see the last assertion, take affine
charts (2,9, z) and (p, g,7) of P3 and P3 such that the incidence variety has
equation z = px 4+ qy + r. The foliation &, is given by the 1-form

w =52 (—9332 + y4) dx + 13 (—a:y3 + z) dy +4 (x4 - y) dz
and the 3-web Leg (&,) is given by the symmetric ternary form
Q = (729 pg® + 28561 %) dp® — 2916 dp®dq p*q* — 79092 dp*dr pr*
+ 3888 dp dg’pq + 73008 dp dr’p*r + (—1728 p* + 8788 ¢r?) d¢®
— 18252 dg*dr ¢°r® + 12636 dg dr’q*r + (—2916 ¢* — 22464 p*) dr®.

With the help of an algebraic manipulator we can check that Gz @ = w -7
with 1 a quadratic form that do not factorize over C(x,y, z) because the
discriminant 27z% 4 1024 of the restriction

(4563 2" + 302848) dz® — 26 (27 2" — 7424) dz dz + (272" + 93952) dz*
of n to (z,y,dy) = (0,1,0) is not a square in C(z). O

The following result provides a new dimensional reduction that allow us
to exhibit examples of Galois foliations in any dimension. It will be also
used in the last section.

Proposition 6.19. Let F be a non-degenerate codimension one foliation
on P admitting a transverse infinitesimal symmetry R € X(P™) with a
dominant rational first integral f : P™ --» P"~1 whose generic fibre is irre-
ducible. Then there is a dominant rational map QA]: Pl Pl gy
that Deck(Gr) and Deck(@;) are canonically isomorphic.

Proof. Let ¢; the flow of homographic transformations of P" associated to
the vector field R and let ¢; be the dual flow on P" associated to the dual
vector field R. Let ¢ : V — V be the flow induced by PT*¢ : PT*P" —
PT*P" via the identification V = {(p, h) € P" x P"|p € h} ~ PT*P". The
fact that ¢; € Aut(F) implies that ¢} preserves the graph I'> C V C P? x P
of the Gauss map Gr of the foliation F. The commutativity of the lateral
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faces of the diagram

I'r
oY
1—\]__ TF TF
TF

. Gr .
F o P S > pn

N T
—

implies that
(12) ¢10Gr =Grody.

Since the one-dimensional foliation defined by the vector field R admits
a dominant rational first integral f : P® --» P"~! whose generic fibre is
irreducible, we deduce the existence of f : P" --» P*~! fulfilling the same
properties for the dual vector field R. Relation (12) implies the existence
of a rational map @; : PP~1 ——5 P*~1 such that the following diagram
commutes:

(13) e
v oo& v
]P)n—l gf) Pn—l

We will finish by applying Proposition 4.11 once we check that degGr =
deg éy:, or equivalently, that the restriction of Gr to a generic fibre of f
is injective. To see that, fix a generic point p € P" and assume that
Gr(oe(p)) = Gr(p). By (12) we deduce that ¢¢(Gr(p)) = Gr(p). Since
Gr(p) is generic then ¢, = Idp, and consequently ¢y = Idpn. O

Corollary 6.20. For each n > 2 and k > 1, the codimension one foliation
F onP™ given in an affine chart (x1,...,x,) by the polynomial first integral

n
F(zy,...,2p) = fo“
i=1

is Galois with Deck(Gr) ~ Z} .

n
Proof. The foliation F admits R = > x;05, € X(P") as transverse infin-
i=1
itesimal symmetry with rational first integral f : P --» P"~! given by
f(z1,...,2pn) = [x1,...,2,) that satisfies the hypothesis of Proposition 6.19.

. n

Moreover, taking (y1,...,yn) the affine chart of P" such that >  x;y; = 1
i=1

is an affine equation of the incidence variety V C P™ x P” we have that

k k . .
Gr(z1,...,xn) = <%,...,%>, fi,...,yn) = [y1,-..,yn] is a rational
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first integral of the dual vector field R = 3 ;0y, and the rational map
i=1

Gr : P s PP given by Gr([z1,...,an]) = [z}, ..., 2%], which is clearly
Galois with Deck(Gr) ~ Z}!, makes commutative the diagram (13). O

Remark 6.21. We can write down all the elements of the group Deck(Gr) C
Bir(P") as follows:

xlg‘]l Z I§+1 $nC]" Z x?-ﬁ-l
¢j($1,...,l’n): P ERERRR p ) R jEZz, jnZO.
IDEANSL > ag g
/=1 /=1

7. (GALOIS FOLIATIONS ON THE PROJECTIVE PLANE

The aim of this section is to study the space of Galois foliations of de-
gree d on the complex projective plane. We begin by giving an algebraic
characterization of Galois foliations based on the total decomposability of
their dual webs. We use this criterion to exhibit some explicit examples in
any degree. Using results of Section 5 we show that the space of degree 3
Galois foliations has at least two irreducible components. We also provide a
characterization of Galois foliations in terms of geometric elements naturally
associated to them by using the main result of Subsection 4.3. We give one
necessary and one sufficient local conditions for the Galois character of a
foliation that become equivalent in the prime degree case. Finally we ob-
tain a full characterization of homogeneous Galois foliations which implies in
particular that the space of Galois foliations of even degree has at least two
irreducible components. More generally we characterize Galois foliations
with all possible continuous symmetries and we exhibit some examples.

7.1. The space of Galois degree d foliations on P2?. Recall that a de-
gree d foliation F on P? is given by a 1-form on C?,

w=a(x,y,z)dx + b(x,y, z)dy + c(z,y, 2)dz,
with a, b, c homogeneous polynomials of degree d+1 without common factors
and fulfilling w(R) = az + by + cz = 0, where R = 20, + y0, + 20, is the
radial vector field (see for instance [4, §9.1]). Thus, the space Fy of degree d

foliations on P? is a Zariski open subset of the projective space Fy := P(Uy),
where

(14) Ug = {(CL, b, C) € Cd—i—l[xa Y, 2]693 | axr + by +cz = 0}

and Cy[x,y, 2] is the vector space of degree d homogeneous polynomials in
x,y, z. For practical purposes it will be convenient to define foliation F in
an affine chart (z,y) of P? by a polynomial vector field

(15) X = A(z,y)0,+ B(z,y)0y = a(z, y)ax+5(x,y)8y+é(x, y)(20z +y0y)

with a,b,¢ € Clx,y], dega,degb < d and ¢ homogeneous of degree d. The
vector field X is said saturated if gcd(A,B) = 1. This condition jointly
with max(deg A, deg B) > d is equivalent to the condition ged(a,b,c) = 1
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defining F;. We consider the Gauss map Gr : P2 --» P2 of F which is
written as

Gr(lz,y,2]) = lalz, y, 2), b(2,y, 2), (@, y, )]
in homogeneous coordinates.

We can consider the family of dominant rational maps of constant topo-
logical degree d

G:P?xF, --»P? x Fy, G(p, F) :=(Gr(p), F),

over the Zariski open subset Fy of the projective space Fy. By applying
Theorem 5.6 we deduce that the subset G4 := Gal(F,;) of Fy consisting of
degree d Galois foliations on P? is Zariski closed.

Question 7.1. What are the number and type of the irreducible components
of the Zariski closed subset Gy C Fyq of degree d Galois foliations on P??

Notice that according to Theorems 5.4 and 5.6 the weighted branching
type b and the genus gz of Gr are generically constant and the Galois
group Deck(Gr) is constant along each irreducible component of Gy.

7.2. Examples of Galois foliations on P2. We begin this section by
noticing that Corollary 6.17 on P? implies the following computational cri-
terion already considered in [7] for the degree 3 case (cf. Proposition 5.2
loc. cit.):

Proposition 7.2. A foliation F on P? given by the polynomial vector field
X = A(z,y)0, + B(x,y)0y is Galois if and only if the polynomial
(16)
A(z,y) Az +tA(z,y),y +1B(z,y))
P — ) ) )
(9:7) det( Blz,y) Blx+tA(z,y),y+tB(z,y) ) Cle.v. 1

decomposes totally over the field C(x,y). In fact, each one of its rational
rootst = t(z,y) € C(z,y) determines a birational deck transformation of Gr:

(z,y) = (z + t(z,y)A(z,y),y + t(z,y)B(z,y)).

In particular, if deg F = 3 then F is Galois if and only if the t-discriminant
of the polynomial P(x,y,t)/t of degree 2 in t is a square in Clz,y].

Before going further with Question 7.1 let us present some explicit exam-
ples. The following result provides continuous families Fy of Galois folia-
tions in each degree d, and all of them have cyclic monodromy group after
Corollary 4.13. It would be interesting to decide if Fy4 forms an irreducible
component of G,4. It is worth to notice that E3 contains as particular cases
all the examples considered in [7].

Proposition 7.3. For all linearly independent vectors (c,7y, ), (8,0, ) €
C? and every C-linearly independent u,v € Clx,y] with degu,degv < 1, the
degree d foliation F defined by the saturated vector field

(au? + 8010, + (yu + 5073y + M + o) (20, + y,)

is Galois with extremal weighted branching type b'% = 2(d)1 and genus gr = 0.
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Proof. The slope of F takes the form p(z,y) = oWty

. p p 7y - a+ﬁwd+x(>\+uwd)

The roots of polynomial (16) for the vector field X = 0, + p(x,y)0d, are the

solutions of the equation p(z + ¢,y + tp(x,y)) = p(x,y), which reduces to

w(z + t,y + tp(z,y))? = w(z,y)?. Using that degu,degv < 1, the last
equation factorizes as the following d linear equations in the variable ¢:

3 0
, with w = 2.

(17) w(z +t,y + tp(z,y)) = Fw(x,y) with ¢ = e’d and k€ {1,...,d}.

Let p = (a,b) € C% C P? be a generic point so that its dual line £ = p C P?
belongs to the Zariski open subset V' considered in Theorem 4.10. Then the
curve P = 9}1(6) C P? has affine equation

r—a (aA+BB)(u,v)+ x(AA+ uB)(u,v)

F@u) =1y b (y4+B)(u,v) + yOA + uB)(u,v)

=0,

where A(z,y) = 2% and B(x,y) = y%. Since u and v are C-linearly in-
dependent polynomials of degree < 1, from the equation ; = w € P!
we can express either y = yo(w) + y1(w)z or x = xo(w) + z1(w)y, with
zi(w),y;(w) € C(w). Without loss of generality we can assume that we are
in the first situation. From equation F(z,yo(w)+yi(w)x) = 0 we obtain an

explicit rational parametrization 7 : P — P given by

w(w) = (M+pB)a+a A+ BB)yo+ (vA+0B)a+ (—aA—BB)b

— (M +pB)a+aA+BB)y1 + (AA+uB)b+ (YA+0B) |,
y(w) = yo(w) + y1 (w)z(w).
On the other hand, the pencil p = ¢ of lines through p can be parametrized
by t € P! by means of g—:z = t. By composing Gp : P — { to the left
by m : P! — P and to the right with the inverse of P* = ¢ we obtain the
rational map P! — P! given by w (S’isigﬁg:ggiggiﬁ’g)%((ll’ﬁ), which is right

equivalent to the Galois rational map w ﬁg“ﬂjg = w? because

a vooA
(v+bA) (B+ap) — (0 +bu)(a+aX)=| B 6 pn |#0
a b -1
if (a,b) € C? is generic. Hence 6% = 2(d); and gr = g(P) = 0. O

Example 7.4. The degree 3 foliation F given by the vector field

1443

5
is Galois with extremal weighted branching type b% = 3(3); and genus
g7 = 1. Indeed, the t-discriminant —Cz%y?(y? — 23)2((¢ — 1)y? + 23)? of the
polynomial P(z,y,t)/t considered in Proposition 7.2 is a square in C[z, y].
Hence F is Galois of extremal type b = ¢(3); because deg F = 3 is prime.
On the other hand, if p = (a,b) € C2 C P? and ¢ = p C P? are generic then
the curve Q}l(ﬁ) is irreducible, has affine equation (z — a)(Cy? 4+ 23) — (y —
b)xy = 0 and its geometric genus is gr = 1. We conclude that ¢ = 3 by
using Example 4.17. O

xydy + (Cy? +2%)9,, with ¢ =
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Proposition 7.5. The Zariski closed set Gs of degree 3 Galois foliations
is reducible. More precisely, let Cy be an irreducible component of Gs con-
taining the family F3 C Gs of genus zero Galois foliations given in Proposi-
tion 7.8 for d = 3 and let Cy be an irreducible component of Gs containing
the degree 3 and genus one Galois foliation Fi considered in Example 7.4.
Then C() 7'5 01.

Before proving it let us make some previous considerations. Recall that
the vector space Us defined in (14) is isomorphic to the space of vector
fields (15). If X is such a vector field we will denote [X] € F3 the foliation
defined by X. In order to estimate the dimension of G3 we can compute an
upper bound of the dimension of the tangent space of G3 at a point [X] € Gs.
To do that, we note that Gg coincides with the set of foliations [X] € Fs3
such that the ¢-discriminant Ax = a3 — 4ajaz € C[z,y] of the polynomial
Px(z,y,t)/t € Clz,y,t] considered in (16), is a square, i.e. Ax = 6% with
0x € C[SE, y].

Lemma 7.6. If [X] € Gs3 then T[X}Fg = U3/<X> and

. d
T[X]Gg C {Y < U3 ’(5)( divides CT{;‘ s:O(AX+aY) (S C[x,y}}/(X)

Proof. Let V,, denote the space of polynomials in C|xz,y] of degree < m.
Writing Px = a1t + ast? + a3t3, it is easy to check that a; € Vg, as € Vio
and a3 € Vis5, so that Ax € Vay. The map s : Vig — Voy given by § — §2
induces a morphism 5 : P(Vig) — P(Va4) whose image S is Zariski closed.
Then the preimage S of S in Va4 is also Zariski closed. Let fi,..., fi be
generators of the ideal I(S). Then fioA, ..., froA is a system of equations
defining the preimage G3 of Gs in Us. Although we do not know whether
fi o A generate the ideal I(G3), we have

k k
d
TxGy C (kerd(f; 0 A)x = {Y € Us ‘ dfgL_OAXﬁy eN ker(dfi)AX}
i=1 - i=1

:{YeUg

d
— A Tr,Sp.
‘ de le=0 Xtey € Ax }

Consider A = 62 € S\ {0} C Voy with § € V1o \ {0} and I € TaVoy = Vay.
Since, for v € TsVis = Via, dss(y) = 20y # 0 if v # 0, it follows that S\ {0}
is smooth and consequently TAoS = Imdss. Hence I' € TAS if and only
if § divides I'. We conclude by taking the quotient by the 1-dimensional
subspace (X) of TxGs. O

Proof of Proposition 7.5. By means of Lemma 7.6 and an explicit computa-
tion carried out with maple we deduce that dim 7' G3 < 9 and consequently
dimC7; < 9. On the other hand, the family £ C Fj3 given in Proposi-
tion 7.3 for d = 3 is the image of an explicit morphism ¢ : W c P! — Fs.
It can be checked that the rank of dy at the point [a, 8,7, 9, A, u, u,v] =
[1,0,0,1,0,0,z,y] is 9 and consequently dim £ > 9. Theorem 5.6 implies
that Fy := {F € Cy|gr = 0} is a proper Zariski closed subset of C;. If
Cy = Cy then 9 < dimFE < dimCy = dim C; < 9 contradicting that F is
contained in the proper Zariski closed set Fj. O
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7.3. Geometric characterization. We address now the question of char-
acterizing Galois foliations on P? in terms of geometric elements naturally
associated to the foliation. Thanks to Theorem 4.12 we know that a folia-
tion F on P? is Galois if and only if its associated Gauss map G: P? --» P?
is of regular type. We proceed as in subsection 3.2 and we consider a desin-
gularization G:P2 5 P2of G by blowing up S : P2 — P2 the singular locus
Y. 7 of the foliation which coincides with the indeterminacy locus of G. Ac-
cording to formulae (6) and (7), the birational type of the ramification locus

ng~ c P? and the curve
Ar = g(’Ré) C P2

do not depend on the choice of the desingularization G. For each o>1we
consider the union R4 of the components of Rg having ramification index p.

In order to describe geometrically the components of Rg that are not
included in the exceptional divisor £ = Vg of 3 we proceed as follows. Let
Zr be the inflection locus of the foliation F introduced in [24]. It is the
closure of the set of points in P? \ ¥z where the leaves of F have a contact

of order greater than one with its tangent line. If F is defined by a vector
field X = A(x,y)0, + B(x,y)0y in an affine chart (z,y) then

A(x, B(x,
(18) f(@y) = Xu(x(x,yz)/)) X(fgmiyz)/)) =0

is an affine equation for Zx. This local description gives Zx a natural struc-
ture of divisor (cf. [24]). We can decompose Iy = T + I%, where the
support of Ii%“’ consists in the union of the invariant lines of F (which are
collapsed by G) and the support of Z% is the closure of the inflection points
that are isolated along the leaves of F. For each o > 1 we consider the
reduced (maybe empty) curves Z% C P? defined by the equality of divisors

TE =) (0 1)T%.
o>1
The number g in I]gr is the tangency order between the leaf of F through a
generic point p of Ig_- and its tangent line ¢ = T, F, that is the number of
simple tangencies bifurcating from p when one perturbs /.

Lemma 7.7. For each o > 1 we have B(Ré\é’) =74

Proof. Since  is an isomorphism outside £, the ramification index ¢ of G
at a generic point p of Ré is just the number of local preimages G~1(¢') by

G collapsing to B(p) € G71(q) as ¢ — q = g(p), that is, the number of
tangency points of order one collapsing to 5(p). O

Now we deal with the ramification components contained in the excep-
tional divisor £. For each s € Yz we set & = B !(s) and we note that
G(E,) = 5 C P2 is the dual line of s € P2. We denote £3°™ (resp. ™) the
union of irreducible components D of £ such that dp := deg(§7| p) > 0 (resp.
with ramification index pop > 1). We also set 2™ := {s € X5 | E*™ # (}.
We notice that £3°™ £ () and that %™ C £9°™. For each ¢ > 1 let us
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consider the subset ng C X" of those singularities s of F such that each
irreducible component of £9°™ have the same ramification index .

The geometric characterization of Galois foliations is given by the follow-
ing statement.

Theorem 7.8. A degree d > 0 foliation F on P? is Galois if for each
p € Ar\Sing(Ax) there is o|d, 0 > 1 such that Tang(F,p) C (ZF\Xr)UX%.

The proof will show that it suffices to test the above condition for one
generic point p of each irreducible component of Ax C P2,

Proof. Let p: N — P? be the branched covering associated to G by Propo-

sition 3.4 and recall that Ar = G(Rz) = A, C P2, see formula (6). Thanks

to Theorem 4.10 we can choose a Az-admisible line ¢ C P2 and consider
the one-dimensional branched covering py : Ny = p~1(¢) — £. From Corol-
lary 4.15 we deduce that F is Galois if and only if py is of regular type.
Moreover, the restriction Gy of G to G~1(¢) C P? is a branched covering
isomorphic to py. Since A(jé = Ar N¥{, by Proposition 4.6 we deduce that

G is of regular type if and only if for each p € Az N ¢ the ramification
indices of all the preimages of p by G are equal, say to ¢ > 1, but this is

equivalent to the fact that Tang(F, p) = (G~ (p)) C (I%\Xr)UX% thanks
to Lemma 7.7. U

Finally we want to give a geometric characterization of the sets Egt. To
this purpose, we introduce a last geometric ingredient: the polar curve of F
with respect to a point p € P2, which is defined as G~1(p) = Tang(F, R,),
where R, is the radial vector field centered at p. We consider the following
definition.

Definition 7.9. Let F be a foliation on P? and let s € Y5 be a singular
point. We define
(a) the vanishing order of F at s as
ve :=min{k > 1 : J*X #0}
and the tangency order of F at s as
7 == min{k > v, : det(JXX, R,) # 0},

where X is a saturated vector field defining F, JFX is its k-jet at s and
R is the radial vector field centered at s;
(b) the characteristic order of F at s as

Xs ‘= Ts/ﬁs € Q>o,
where B is the number of branches at s of a generic polar curve of F.
Notice that for each s € ¥ we have 1 < 8; < vy < 75 < d = deg F so
that xs > 1. This arithmetical invariant of the singularities is related with
the subsets X% by the following result.
Lemma 7.10. Let F be a degree d foliation on P? and fix s € Xr. Then

DCEdom

(i) s€XF = xs =0 and seXl &y, =d,
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(iii) L2 =34 & x, € {1,d} for all s € SF,
(w) X3 = |J X% = xs € N and x,|d for all s € XF.
1<pld

Proof. (i) If ¢ € 5 C P? is generic then & N Gv*l(q) ={p1,...,pp. } and each
point p; has a ramification index g; > 1 satisfying the relation Zfil 0i = Ts.
Hence f; = 7 if and only if s ¢ Y%2™. Moreover, for each irreducible
component D of £3°™ all the points of g~|51(q) = {piy,.-- ’piéu} share the

same ramification index gp. (ii) If s € X% then g; = o for i = 1,..., 5,
and consequently o8s = 75. The converse is also true for ¢ = d because
necessarily s = 1 in that case. Assertions (iii) and (iv) follow by (i) and (ii).

O

We can not expect to obtain a fully characterization of Galois foliations
only in local terms as it is explained in Remark 4.2. Nevertheless from
Theorem 7.8 and Lemma 7.10 we can deduce different conditions that are
necessary or sufficient, using only purely local arithmetic invariants, and
which become equivalent in the case of prime degree:

Theorem 7.11. Let F be a degree d > 0 foliation on P? and consider the
following assertions:

(1) GF has extremal type, or equivalently, T% = (d — 1)I% and L™ = 24
(2) F is Galois;

() T¢ = (0~ DIE and 5™ = | 24

old 1<p|d
(4) T% = Zﬁ(g — 1)I% and x5 € N divides d for each s € Xr.
old

Then (1) = (2) = (3) = (4). Moreover, (4) = (1) when d is prime.
The following example is an application of the above theorem.

Example 7.12. Let F be the degree 3 foliation given by the vector field
3
x
(y + 230, — ?83/.

Using formula (18), it can be easily checked that Z% = {2?(3y +22%)? = 0}.
On the other hand, we have that ¥ = {s; = [0,0,1],s2 = [0,1,0]} and
it can be checked that x5, = 1 for i = 1,2. By applying Theorem 7.11 we
deduce that F is Galois of extremal type. Since G maps z = 0 into p = 0
and 3y+22% = 0 into 3¢ —p* = 0, its weighted branching type is b% = 3(3)1,
so that the genus of its generic polar is gr = 1. O

Remark 7.13. Let F be a Galois foliation of degree 3 and genus gr = 1.
For each generic £ € P? the dimensional reduction branched covering Gy :
Xp:= G710 = G71 () — ¢ ~ P! is Galois with source an elliptic curve.
Then Deck(Gy) does not contain any element of Autg(Xy) ~ X, acting on X,
by translations because the ramification locus must remain fixed. Hence for
all £ the elliptic curve X/ is hexagonal and its j-invariant is constant equal to
zero. In particular, we obtain the isotriviality of the polars in Examples 7.4
and 7.12.
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Remark 7.14. If F is a degree d > 3 Galois foliation on P? whose Gauss
map is of extremal type then 72V # () when d # 4. Indeed, if T2V = ) then
Ir = (d — 1)I%, which implies that 3d = (d — 1)k and (k,3) = ¢(d,d — 1)
for some ¢ € Z, because ged(d,d —1) = 1. Hence { =1 and d = 4.

The Galois character of a foliation is encoded in the sets I}_’f and XM,
The following example shows that the two elements are relevant.

Example 7.15. The degree 4 foliation F given by the vector field
(y? + 2%)20, + (%y2 + 4x3)§y8y, C=2+iV2,

is not Galois because it has 7% = 3T%, 5= (0,0) € XF and 2 = B < vs =
TS:3s0thatXS:%¢N. O

A natural class of foliations to study is that of convex foliations, that is
those for which I}_’f = (). In that case we have:

Lemma 7.16. If F is a degree d convex Galois foliation then 75 = d for
each s € XE™.

Proof. We can choose a line ¢ C P? such that ¢ N X%™ = {s}. By Theo-
rem 7.8, Tang(F,¢) C ¥2™ N{ = {s} and consequently 7, = d. O

Example 7.17. A class of convex foliations are those for which Zr = I}n"
is reduced. In [19] the authors study some of them that we list here:

(i) The infinite family of Fermat foliations defined by the vector fields
(24 — ex)0y + (y¢ — ey)9y, with € # 0 and d > 3.
(ii) The degree 4 Hessian pencil of cubics H4 given by the rational first

. 3..3..,3
integral Lty +2"
TYZz

(iii) The degree 5 Hilbert modular foliation Hs given by the vector field
(2% = 1)(2? = (V5= 2)*) (2 + V5y)0: + (v* — 1)(y* — (V5 —2)*)(y + V52)9y .

(iv) The degree 7 foliation H7 invariant by the Hessian group given by the
vector field

(2% — 1) (2® + 7y + D)wdy + (v° — 1) (v + 72% + 1)y0, .

All these foliations have (radial) singularities s € Xr with vy < 75 < deg F.
Hence xs > 1 and s € X", By Lemma 7.17, none of these foliations
is Galois. However, the degenerations z%0, + yday of Fermat foliations,
obtained by taking € = 0, are convex and Galois, as we have seen in Propo-
sition 7.3. (]

7.4. Homogeneous Galois foliations and their deformations. In [7]
the authors are interested in describing the algebraic set Gz of degree three
Galois foliations. Due to the difficulty of problem in its full generality, they
focus on the homogeneous case, for which they dispose of a particularly
simple generic normal form depending only on 4 complex parameters:

d d dy —d dy — ad
(19) ]:a;)\,u,y : £+>\7y+,u J x—{—l/ y— aar =0,
T Y y—T Y — ax
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with Auv(1+ A+ p+v)a(a—1) # 0. They prove some partial results about
the subset of (a; A, i, ) € C* such that the foliation Faapuw is Galois. This
subsection is devoted to describe completely the set of homogeneous Galois
foliations of arbitrary degree as well as its geometry.

Let Hy be the set of degree d homogeneous foliations given by satu-
rated vector fields A(x,y)0, + B(z,y)0,. It is the Zariski open subset of
P(Cg4lz,y]®?) ~ P2¥+! considered in Example 5.5. The left-right actions
of PSL2(C) on the set of rational functions induce a natural action ¢ of
PSL2(C) x PSL2(C) on Hy by means of

o([eviz), [Bijl, [A1, A2]) = [B11AT + B12A43, P21 AT + B2 AT,
where
AX(z,y) = Ai(an1z + a1y, a21 + ag2y).

Theorem 7.18. The irreducible components of the Zariski closed subset
Gal(Hy) = Hy N Gy of Hy are smooth unirational varieties which consist of
the orbits by ¢ : PSLy(C) x PSLe(C) x Hy — Hy of the foliations

(1) 220, + y20, for every d,

(2) (2™ + y™)?0y + (2™ — y™)20, if d = 2n is even,

(8) (z* + 2iv/32?y? + y)30, + (21 — 2iv322y? +y*)30, if d = 12,

(4) («® + 1a'y* +y°)°0p + (ay(a? — y*))*0y if d = 24,

(5) (220 —22821595+494210410 422825y 15 4+420)39, + (zy(210+1125y5 —y19))50, Zfd = 60.
The first one is b-dimensional and the rest are 6-dimensional. Fach irre-
ducible component corresponds to a different Galois group: cyclic, dihedral,
tetrahedral, octahedral and icosahedral.

Proof. Since every homogeneous foliation F <+ [A, B] € Hy on P? is in-
variant by homotheties we can apply Proposition 6.19 to deduce that F is
Galois if and only if Gr = [A, B] : P! — P! is Galois. By Theorem 4.18
[A, B] is Galois if and only if it is LR-equivalent to one of the five stated
models. Finally, the LR-equivalence in Q\]-‘ translates to the action ¢ on Hy.
Since the group G = PSLy(C) x PSLy(C) is an irreducible rational quasi-
projective variety, we deduce that its orbits on H, which are isomorphic
to G/H, where H is the corresponding isotropy subgroup of G, are smooth
unirational varieties. The assertion about the dimension in (1) follows from
an explicit computation of the differential of the map ¢ ([vj, Bi], [z¢, y?]) at
the identity, which is

[(B11 + annd)z® + 2% yared + Bray?, Bara?® + y*rragid + (B + azed)y?).

Its kernel is a 1-dimensional subspace of sla(C) x sly(C). Analogous compu-
tations can be made in the cases (2)-(5). O

From Theorems 7.18 and 5.6 we deduce the following result:

Corollary 7.19. The Zariski closed subset Ga, of Fon has at least two
disjoint irreducible components and Gio, Gog and Ggy have at least three
disjoint irreducible components.
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Notice that, for each degree d, the first component of Hy NGy considered
in the above Theorem consists of the homogeneous foliations appearing in
Proposition 7.3. In addition, we can write the deck transformations of G in
terms of 7(z) € Deck(B(1,2)/A(1,z)) C PSL2(C) in the following way

The classification of homogeneous Galois foliations given by Theorem 7.18
can be used to obtain a negative test for proving that a given foliation on P?
is not Galois. It also provides (see Proposition 7.20 below) restrictions to
either the type of the singularities of Galois foliations or the finite subgroups
of Bir(P?) that can occur as Galois groups of foliations on P2. For a general
account on the finite subgroups of Bir(P?) we refer to [10]. Notice that
Theorem 2.12 asserts that every finite group G occurs as the Galois group
of a Galois branched covering f : X — Y but it does not give any indication
about those that can be realized with rational total space X.

Let F be a foliation on P2, for each singularity s € Y7 and each F-
invariant line ¢ C I}?V we consider the homogeneous foliations Fs and Fy
defined respectively by:

(20) r(@y) = 5

e F, is the saturation of the first non-zero jet of a vector field defining F
at s,

e F, is the saturation of the top degree homogeneous part of a vector field
defining F in the affine chart P2 \ /.

Notice F, and F, are homogeneous foliations on P2. Therefore, if they are
Galois their deck transformation group are of Klein type, that is, appearing
in the list given in Theorem 4.18. The relation between the foliations F, F;
and JF; is given by the following statement.

Proposition 7.20. Let F be a Galois foliation on P2. For each s € ¥ and

lC I}?V we have that

(1) if deg Fs > 0 the homogeneous foliation Fs is Galois; moreover if the
exceptional divisor Ds obtained blowing up once the point s is not a
ramification component, then the Klein type deck transformation group
of Fs injects into the deck transformation group of F;

(2) if deg Fy = deg F then the homogeneous foliation Fy is also Galois.

Proof. We obtain assertion (1) by applying Proposition 2.4 to the irreducible
component Dy C G1(5) C P? and noting that the restrictions of G = G
and 'g}s to Dy C P? coincide. Assertion (2) follows from the fact that Gy
is closed by noting that F, = algglo hiF, where he € PSL3(C) is given by

he(z,y) = (ex,cy) in the affine chart P2\ 4. O

Motivated by Theorem 7.18 and Proposition 7.3 we consider the following
family of deformations of a homogeneous foliation.

Definition 7.21. Let F € Hy be a homogeneous foliation given by a sat-
urated homogeneous vector field X = A(z,y)0, + B(z,y)0,. For every C-
linearly independent polynomials u,v € Clz,y| of degrees < 1, and every lin-
early independent vectors (a7, ), (8,9, ) € C* we consider the extended
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left-right deformation (ELR in short) of F as the family of foliations given
by the vector fields

(A + BB)(u,v)0; + (YA + 6B)(u,v)0y + (AA + uB)(u, v)(x0y + y0y).

The proof of Proposition 7.3 shows that if F is a Galois homogeneous
foliation then every element of its ELR-deformation is Galois with the same
weighted branching type as F. The family of vector fields considered in
Proposition 7.3 consists in the ELR-deformation of the homogeneous Galois
foliation defined by x99, + ydﬁy. One can also made explicit the ELR-
deformation of each homogeneous Galois foliation given in Theorem 7.18,
obtaining, by using formula (20), explicit continuous deformations of faithful
representations of the triangular groups C,, D,, A4, S4 and As into the
Cremona group Bir(IP?), whose images are not contained in PSL3(C).

Example 7.22. The above considerations applied to the homogeneous fo-
liation given by the vector field A(z,y)0, + B(z,y)0, with

Alz,y) = (o' +2iV32%" + ) and  B(z,y) = (¢* - 2iV32%* + )

allows to embed its Galois group Ay = (0,7 |0? = 73 = (07)3 = 1) into the
Cremona group Bir(P?) by means of o(z,y) = (—z,y) and

(0¢A+ BB)y — (YyA+ dB)x

m(@,y) = (0A+ BB)(y +ix) — (yA+ dB)(y — ix) (y —iz,y +iz),

o'
where { N g } € PSLy(C). O

Remark 7.23. Every homogeneous foliations admits the infinitesimal sym-
metry R = x0, + y0, but the general element of its ELR-deformation does
not admit R as infinitesimal symmetry any more. However, it can be checked
that the set of all ELR-~deformations of every homogeneous foliation contains
the special subsets:

(a) {P(y)0y+Q(y)(x0y+y0y) | P,Q € Cly|}, obtained by taking u,v € C[y]
and a = 8 = 0 and admitting the infinitesimal symmetry x0,,

(b) {P(y)0z + Q(y)(x0; +y0y) | P,Q € C[y], obtained by taking u,v € Cly]
and 7 = 6 = 0 and admitting the infinitesimal symmetry y0,.

7.5. Foliations with continuous automorphism group. A natural class
of foliations on P? including homogeneous foliations is that of foliations F
with a continuous group of automorphisms Aut(F) C PSL3(C). After giving
a classification of foliations in that class we establish a general criterion to
decide whether they are Galois in terms of a suitable rational map P* — P!,

Taking into account that every foliation of degree 1 or 2 is Galois, we can
assume that F has degree > 3. Let R € Lie(Aut(F)) C X(P?) ~ sl3(C) be a
non-trivial infinitesimal automorphism of F. There are four possible Jordan
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form types for the traceless matrix associated to R:

a 0 0 010
(a) 0 3 0 (b) 000
00 —(a+p) 00 0
010 11 0
(c) 00 1 (d) 01 0
00 0 00 —2

In a suitable affine chart (x,y) the corresponding vector field R takes one of
the following normal forms:
(a) R = axdy + Pyd, with o € C* and § € C and Re(8/a) > 0,
(b) R =y0y,
(C) R= yaa: + ayy
(d) R=(z+y)0y + y0y.
Let X = A(z,y)0, + B(x,y)0y be a saturated polynomial vector field
defining F. The fact that R € Lie(Aut(F)) translates into the relation

(21) LrX =X,

for some rational function e € C(x,y). Since the poles of € are contained in
the zeroes of the coefficients of X and that vector field is saturated we see
that ¢ € C[z,y|. Finally, using that deg R = 1 we deduce that € must be
constant. The following result describes the foliations of degree > 2 having
a continuous automorphism group.

Proposition 7.24. Let X = A(z,y)0,+B(x,y)0, be a saturated polynomial
vector field of degree > 2 satisfying LrX = eX for some R € X(P?) in the
precedent list (a)-(d) of normal forms and for € € C.

(a) If R = axdy+Byd, then f/a € Q, so that we can assume that o, € ZT
are coprime, € € Za + 73 and

A(z,y) = Z aijz'y’  and B(z,y) = Z bijr'y’
ait+Bi=e+a ai+Bj=e+p
are quasi-homogenous polynomials of weights (a, 3).
(b) If R = yOy, then € = 0 and X = P(y)0y + Q(y)(x0r + y0y) for some
coprime polynomials P,Q € Cly].

(¢c) If R =y0,+0, thene =0 and X = P(y*—2z)(yds+9y) + Q(y* —22)0,
for some coprime polynomials P,Q € Clz].

In addition,

(d) if R = (x + y)0, + y0y, relation LrX = X does not hold for any
saturated polynomial vector field X of degree > 2.

Proof. (a) Writing A =Y a;;2'y’ and B =Y b;ja'y’, if LpX = X then
(D aitai+ i — a—e)ay’) o+ (D biglai + 8j — 8- e)a'y’) 8, =0,

leading to the claimed form of A and B. It is not difficult to see that if
B/a ¢ Q and deg X > 2 then X cannot be saturated.
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(b) If R = y0, then LpX —eX = (y0,A— B —cA)0, + (y0, B —eB)d, =0
implies that B = e%Q(y) € Clz,y]. Hence e =0 and B = Q € Cly].
From the d,-component of LrX — X = 0 we obtain that A = )z

_ )
P(y) € Clz,y]. Thus, Q(y) = yQ(y) for some Q € C[y].
(c) If R =y0, + 0y then

LrX —eX = (yd, A+ 0,A — B — eA)d, + (y0, B + 0,8 — eB)d, = 0

implies that B = €Y P(y? — 22) and necessarily ¢ = 0. From the 0,-
component of LgX — X = 0 we obtain that A(z,y) = yP(y — 2°) +
Q(y* — z) for some polynomials P, Q € C[z].

(d) If R = (x + y)0p + y0, and X = > ., X, with X,, = A,,0, + B0,
homogeneous of degree n, then the degree n homogeneous part of LpX —
eX is

0 = LgX,—eX,=((x+y)0:An +y0yA, — (e +1)A, — Bp)0, +
((z 4+ y)0,Bp, + yoy By, — (¢ + 1)By,)0y
= (y0:An — (e+1—n)A, — By)0y + (Y0x By — (e + 1 —n)By)0y.
As before, looking at the J,-component we deduce that if B, # 0 then

(e+1—n)z

B,=e¢ v Q(y) € Clz,y]. Hence e =n — 1 and B(y) = Q(y) = qy"
for some g € C. Substituting B in the dy-component of LrX,, —eX,, we
easily deduce that A(z,y) = qzy™ ' + py" for some p € C. Since there
is at most one n € Z4 such that ¢ = n — 1, we deduce that X = X, =
y" " ((py + qx)0z + qyd,) is not saturated because deg X = n > 2.

O

Proposition 7.25. To every foliation F onP? admitting a continuous group
of automorphisms we can associate a non-constant morphism G : P! — P!
so that Deck(G) ~ Deck(G). In particular, F is Galois <= G is Galois.

Proof. In cases (a), (b) and (c) the foliations defined by the vector fields R
and its dual R admit explicit primitive rational first integrals

p:P? 5 P! and P2 o> P!

¢

respectively, and rational sections
o: P -5 P? and §:Pl-—5 P?

such that poo = pod = Idp1. It can be easily checked that, in the affine

charts considered above, these maps are given by

(8) p(z,9) = y*/2%, o(2) = (27,29), pla,b) = b%/a® and () = (27, 2%),
where v, € Z satisfy Bézout’s relation ad — v =1,

(b) p(z,y) =y, o(2) = (0,2), p(a,b) = a and 5(z) = (2,0),

() plz,y) =y* =2z, 0(2) = (=2/2,0), pla,b) = 2% and 5(2) = (2/2,0).

Moreover, the Gauss map of the foliation given by the vector field A(x, y)0,+

B(z,y)0, is written as

_ _B(:Evy) A(a:,y)
Glz.v) = ( Cley) " Clay)

> ,  with C(z,y) = yA(z,y) — xB(x,y).
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Thus we obtain explicit expressions for the map Q\ =poGoo: P = Pl

(@) G(=) = A2 (=B(27,20) P07, ),
o B(0,2) Q(z)
(22) (b) G(2) = -G =~ ,
G(») — Q1P—zP(2)* Q(z)
(©  G) = FIEr — (33—,

where A, B take the form given by Proposition 7.24 in each case. Conse-
quently, we can apply Proposition 6.19 in order to conclude. U

Notice that all Galois foliations of this type have Galois group appearing in
Klein’s classification given by Theorem 4.18. This fact and Proposition 7.20
motivate the following natural question:

Question 7.26. Are there Galois foliations on P? whose Galois group is
not of Klein type?

Remark 7.27. If we set « = = 1 in case (a), we obtain the class of homo-
geneous foliations studied in Subsection 7.4. For every coprime homogeneous
polynomials A, B in two variables of the same degree, the homogeneous and
type (b) foliations on P? given respectively by the vector fields

A(z,y)0r + B(z,y)0y and A(1,y)0; — B(1,y)(20, + ydy)

satisfy that the map G induced by their Gauss map is G = [A,B] : P! — P
Moreover, in the homogeneous case we have G = [A, B] = §| Do» Where Do
is the exceptional divisor obtained after blowing up once the origin, and we
recover Theorem 7.18 in an alternative way. As we have already pointed out
in Remark 7.23, cases (a) with # = 0 and (b) can be thought as degenerations
of homogeneous foliations.

Despite the criterion provided by Proposition 7.25 for deciding whether
a foliation with an infinitesimal symmetry is Galois and the explicit form
of the rational map G given in (22), it is not easy to find new examples of
Galois foliations admitting such a symmetry. This is due to the difficulty
of recovering the coefficients A and B based only on the map G. Explicit
Galois examples of the quasi-homogeneous case (a) with 0 < o < 3 are the
following:

e The degree d foliation F given by the vector field
xd-‘rlaz + (yd + xdy)ay

belongs to the Galois family of Proposition 7.3 and that it is quasi-
homogeneous with weights o = d — 1 and = d, b% = 2(d); and g = 0.
Moreover, it can be checked that the foliation F is convex, i.e. I}_f = 0,
and Y™ = 37 = {[0,0,1],[0,1,0]}.

e The degree 3 foliation F considered in Example 7.4 is quasi-homogeneous
with weights a = 2 and 3 = 3, b'% = 3(3); and gr = 1.

e The degree 3 foliation F considered in Example 7.12 is quasi-homogeneous
with weights a =1 and 3 = 2, b'% = 3(3); and gr = 1.
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