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Abstract

We give an algebraic structure for a large family of binary quasi-
cyclic codes. We construct a family of commutative rings and a canon-
ical Gray map such that cyclic codes over this family of rings produce
quasi-cyclic codes of arbitrary index in the Hamming space via the
Gray map. We use the Gray map to produce optimal linear codes that
are quasi-cyclic.
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1 Introduction

Cyclic codes have been a primary area of study for coding theory since its
inception. In many ways, they were a natural object of study since they have
a natural algebraic description. Namely, cyclic codes can be described as
ideals in a corresponding polynomial ring. A canonical algebraic description
for quasi-cyclic codes has been more elusive. In this paper, we shall give an
algebraic description of a large family of quasi-cyclic codes by viewing them
as the image under a Gray map of cyclic codes over rings from a family which
we describe. This allows for a construction of binary quasi-cyclic codes of
arbitrary index.
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In [6], cyclic codes were studied over Fo + uFy + vFo + uvFy which give
rise to quasi-cyclic codes of index 2. In [1], [2] and [3], a family of rings,
Ry, = Faluy, ug, ..., ug)/{u? = 0), was introduced. Cyclic codes were studied
over this family of rings. These codes were used to produce quasi-cyclic
binary codes whose index was a power of 2. In this work, we shall describe
a new family of rings which contains the family of rings Ry. With this new
family, we can produce quasi-cyclic codes with arbitrary index as opposed
to simply indices that are a power of 2.

A code of length n over a ring R is a subset of R™. If the code is also a
submodule then we say that the code is linear. Let 7 act on the elements of
R™ by 7(co, 1y ..y Cn—1) = (Cn—1,C0,C1, ..., Cn—2). Then a code C' is said to
be cyclic if 7(C) = C. If #°(C') = C then the code is said to be quasi-cyclic
of index s.

2 A Family of Rings

In this section, we shall describe a family of rings which contains the family
of rings described in [1], [2] and [3].

Let p1,p2,...,p: be prime numbers with ¢ > 1 and p; # p; if ¢ # j, and
let A = plflpgz . -pf‘. Let {up, j}<j<k,) be a set of indeterminants. Define
the following ring

— — pi
RA =R k) by k= F2[Up1,1, e Upy Ky s Upo,l v vy Upy koy - - - ,upt’kt]/<up’_ = 0>7
Py Po” Py is]

where the indeterminants {Upi,j}(lgigt,lgjgki) commute. Note that for each
A there is a ring in this family.

Any indeterminant u,, ; may have an exponent in the set J; = {0,1,...,p;—
1}. For a; € Jik  denote ugj”ll i -ug;’:; by u;", and for a monomial u" - - - uy*
in Ra we write u®, where a = (ay,...,04) € Jfl X e X tht. Let J =

J{“ X oo x JR
Any element c in Ra can be written as

_ o _ ai,l a1,k at,l at,kt
e=) cau® =) cauplyuplptecupty o uph, (1)
aeJ aeJ

with ¢, € .
k1 k k
Lemma 2.1. The ring Ra is a commutative ring with |Ra| = oP1 Pa" Py

Proof. The fact that the ring is commutative follows from the fact that the
indeterminants commute.
There are plfl e pf* different values for a € J. Moreover, for each fixed

k1 k k
a, we have that ¢, € Fy and hence there are 2P1'P2* P elements in Ra. O



We define the ideal m = (uy, ;) 1<i<t,1<j<k;)- We can write every element
in Ra as Ra = {ap +a1m | ag,a1 € Fa,m € m}. We will prove that units
of Ra are elements ag + a;m, with m € m and ag # 0. First, the following
lemma is needed.

Lemma 2.2. Let m € m. There exists £ > 0 such that m& # 0 and m&+! =
0.

Proof. 1t is enough to prove that for m € m there exit € such that m¢ = 0;
for example, it is true if € = p1po - - - pr. Then it follows that there must be
a minimal such exponent. ]

Define the map o : Ra — Fa, as u(c) = co, where ¢ =) . ;cou® € Ra
and 0 is the all-zero vector.

Lemma 2.3. Let ¢ = ) . ;cqu® € Ra. Then c is a unit if and only if
wu(c) =1; that is, c =1+ m, for m € m.

Proof. Consider ¢ =) . ;cqu® € Ra, and A = {a € J|c, = 1}.

If cg = 0, then define, f;; = p;i — mazaca(j), fori =1,...,t, j =
1...,k;, and ¢ = uj" - uft We have that ¢ - ¢ = 0 and therefore c is not a
unit.

In the case when ¢y = 1, there exists m € m such that ¢ = 1 + m.
Consider the maximum ¢ such that m& # 0. We know such a ¢ exists by
Lemma 2.2. Then, (14 m)(1+m+ -+ +m¢) = 1 +m*t! = 1. Therefore
c=1+m is a unit. ]

As a natural consequence of the proof of the previous lemma, we have
the following proposition.

Proposition 2.4. For m € m,
LT+m) ' =14+m+---+mb,
where & is the mazimum value such that m& # 0.
Note that pu(m) =0 for m € m. In fact, m = Ker(u).

Lemma 2.5. The ring Ra is a local ring, where the maximal ideal is m.
Moreover [Ra : m] = 2 and hence Ra/m = Fy.

Proof. We have that Ra/Ker(u) = Im(u) = Fy. Therefore [Ra : m] = 2
and m is a maximal ideal.

If m’ # m is a maximal ideal, then there exits a unit v € m’ which gives
that m’ = Ra. Therefore m is the unique maximal ideal. ]



Now we will prove that Ra is in fact a Frobenious ring. To do that, first
we shall determine the Jacobson radical and the socle of Ra. Recall that
for a ring R, the Jacobson radical consists of all annihilators of simple left
R-submodules. It can be characterized as the intersection of all maximal
right ideals. Since Ra is a commutative local ring, we have that its Jacobson
radical is:

Rad(Ra) =m = (up,j) (1<i<t,1<j<k)-

The socle of a ring R is defined as the sum of all the minimal one sided ideals
of the ring. For the ring Ra there is a unique minimal ideal and hence the
socle of the ring Ra is:

— p—1  opi—1 ope—1 o pe—1
Soc(Ra) = {O,uph1 Up by Upgd upt,kt}.

Note that the socle of R is, in fact, the annihilator of m, Anng, (m).
Theorem 2.6. The local ring Ra ts a Frobenius ring.

Proof. With the definition of Rad(Ra) and Soc(Ra), we have that Ra/Rad(Ra) =
Ra/m 2 Fy = Soc(m) and hence Ra is a Frobenius ring. O

For a complete description of codes over Frobenius rings, see [7].

2.1 Codes over Ra and their Orthogonals

Recall that a linear code of length n over Ra is a submodule of R}. We
define the usual inner-product, namely

[w,v] = Zwivi where w,v € RX.
The orthogonal of a code C' is defined in the usual way as
Ct={weRL|[w,v]=0, VveC}

By Theorem 2.6, we have that Ra is a Frobenius ring and hence we have
that both MacWilliams relations hold, see [7] for a complete description.
This implies that we have at our disposal the main tools of coding theory to
study codes over this family of rings. In particular, we have that |C||Ct| =
|[RA"| = 24N,

2.2 Ideals of Rx

In this subsection, we shall study some ideals in the ring Ran. We will see
later in Theorem 5.5, the importance of understanding the ideal structure
of RA.

Let Aa be the set of all monomials of Ra and EA be the subset of Aa
of all monomials with one indeterminant. Clearly |Aa| = plfl p§2 e pft =A



and |EA| = p’fl —|—p]2€2 +-- -+pft. View each element a € Aa, a = u® for some
a € J, as the subset {u;?; \am/-\;é 0} 1<i<t,1<j<k;) © Aa. We will denote by
a the corresponding subset of Ax. For example, the element a = u2,1u§’ 4u§72
is identified with the set @ = {uz1,u3 4,u3 5} Note that 1 € Ax and 1=09,
the empty set.

Consider the vector of exponents & = (1,1, ..., Q1 -+, 1y, k) €
J and denote by & the vector (p1 — a1, - ,p1 — Q1 ks Pt — Q¢ k), DOtE
that & = a.

Let 1, be the ideal I, = (u®), for & € J. Note that Iy = (1) = Ra. We

also define I(y, ... p; po-- py, pr) = 10} Now we define the ideal

~

Lo = (u) = (u,"7 | @iy # 0)1<i<ti<i<hy)-

Example 1. Consider A = 325 and o = (2,1,2). Then with the previous
definitions, I, = <u§’1u;372u%71>, I, = <u§’1,u;372,u§’1>, and I5 = <U371u§,2u§’1>.
Note that (u3;,uzp,uf )" = (uz1u3ud ). The following proposition will
prove this fact in general.

Proposition 2.7. Let a € J be a vector of exponents. Then IAj = I5.

Proof. 1t is clear that Iz C fof Then we are going to see that fj; C Ia.
Suppose that it is not true, then there exist an element b = ZﬂEJ cpu’ € I+
that does not belong to I5. Then there exists a particular 8 such that cg # 0
and §; ; < @; ; for some i and j. Then, u;?; b # 0 for u;?; € I,,. Therefore,
bg_ifof andfofclo—é. O

Here, we have I§ = Rx = {0} = Lipy oo prpo o o) = Lo

i

Proposition 2.8. The number of elements of 1, is ollica’ and the number

of elements of fa is 28 Tlicat,

Proof. Consider the set of all monomials of I,. There are p1 — a1 dif-
ferent monomials fixing all the indeterminates except the first one, wu,, 1.
There are p; — a1 2 different monomials fixing all the indeterminates except
the second one, uy, 2. By induction and by the laws of counting, there are
[li<i<ta<j<k; (i — i) different monomials in I,. Since & is the vector

(p1 — i1, ,P1 — Qi Pt — Q) and all element in I, are a linear
combination of its monomials, we have that |I,| = 2Ilica’. By Proposi-
tion 2.7, clearly we have that |I,| = 22 Tlica?, O

Example 2. We continue Example 1 by counting the size of the ideals given
there. We note that A = 45. Here o = (2,1,2) and so @ = (1,2,3). Then
|Io| =20 =64 and |1,| = 2*°~* = 241 = 2,199,023, 255, 552.



3 Gray map to the Hamming Space

We will consider the elements in Ra as a binary vector of A coordinates
and consider the set Aa. Order the elements of Aa lexicographically and
use this ordering to label the coordinate positions of FQA. For a € Aa, define
the Gray map ¥ : RA — ]F2A as follows:

For all b € Aa

1 ifbC{aul}
v = = ’
(@) { 0 otherwise,

where W¥(a), indicates the coordinate of ¥(a) corresponding to the position
of the element b € Ax with the defined ordering. We have that ¥(a)p is 1 if
each indeterminant u,, ; in the monomial b with non-zero exponent is also
in the monomial a with the same exponent; that is, b is a subset of a. In
order to consider all the subsets of a, we also add the empty subset that is
given when b = 1; that is we compare b to @U 1. Then extend W linearly for
all elements of Ra.

Example 3. Let A =6 = 2 -3, then we have the following ordering of the
monomials [1,u271,u;lu&l,u;lu%’l,ug,l,ual]. As examples,

¥(1) =(1,0,0,0,0,0), W(u3,) = (1,0,0,0,0,1),
\IJ(U271U371) = (1’ 1’ 17 O’ ]" 0)7 \I’(’LLQJU%J) = (1’ ]-7 Oa 17 07 1)

Proposition 3.1. Let a € Aa such that a # 1. Then wty(¥(a)) is even.

Proof. Since @ is a non-empty set then @ has 2% subsets. Thus, ¥(a) has
an even number of non-zero coordinates. O

Notice that for a,b € Aa such that a,b # 1, we have
wtg(Y(a+b)) =wtyg(¥(a)) +wtyg(¥(b)) — 2wty (¥(a) x ¥(b))),

which is even, where % is the componentwise product. Therefore we have
the following result.

Theorem 3.2. Let m be an element of Ra. Then, m € m if and only if
wtg (¥(m)) is even.

Proof. We showed that if m € m then wtg(¥(m)) is even. Since |m| = %A‘
and there are precisely |m| = @ binary vectors in IFQA of even weight, then
the odd weight vectors correspond to the units in Ra. O

Each code C corresponds to a binary linear code, namely the code ¥(C)
of length An. It is natural now to ask if orthogonality is preserved over
the map W. In the following case, as proven in [1], it is preserved as in the
following proposition. Recall that the ring Ry was a special case of Ra when
A was a power of 2.



Proposition 3.3. Let A = 2 and let C a linear code over Ra of length n.
Then,
V(CH) = (¥(O)*

In general, orthogonality will not be preserved. In the next example we
will see that if C' is a code over Ra then, in general, ¥(C)* # ¥(Ct) and
the following diagram does not commute:

c 5 o)

1
ct L weh)

~

Example 4. Let A = 6 = 2-3 and consider the length one code 1 3) =

<U2’1,U§,1>. By Proposition 2.7, we have that the dual is T(Ji 9) = Ingy =

(ug1ug.1). Clearly, [u%l,uz,lum] =0 € Ra but, by Example 3, we have that
[W(u3 ), U(ug,1uz1)] # 0.

Computing W(T(LQ))L and \Il(fé 2)) one obtains binary linear codes with
parameters [6,2,2] and [6,2, 4], respectively. That is, not only are they differ-

ent codes but they have different minimum weights and hence not equivalent.

4 MacWilliams Relations

Let C be a linear code over Ra of length n. Define the complete weight
enumerator of C' in the usual way, namely:

cwec(X) = Z chi.

ceCi=1

We are using X to denote the set of variables (z.,) where the ¢; are the
elements of Ra in some order.

In order to relate the complete weight enumerator of C' with the complete
weight enumerator of its dual, we first shall define a generator character of
the ring. It is well known, see [7], that a finite ring is Frobenius if and only
if it admits a generating character. Hence, a generating character exits for
the ring RA. We shall find this character explicitly.

Define the character y : Ra — C* as

A o) = T (=)
acJ acJ

In other words, the character has a value of —1 if there are oddly many
monomials and 1 if there are evenly many monomials in a given element.
Consider the minimal ideal of the ring

_ pi—1 pi—1 pe—1 pi—1
SOC(RA) - {O’uphl Upy ky Upi 1 upf,,kt}'



Note that x(0) = 1 and X(Uzzjl . uﬁﬁi) = —1 since it is a single monomial.
Therefore, x is non-trivial on the minimal ideal. Note also that this minimal
ideal is contained in all ideals of the ring Ra since it is the unique minimal
ideal. This gives that ker () contains no non-trivial ideal. Hence, by Lemma
4.1 in [7], we have that the character y is a generating character of the ring
RA. This generating character allows us to give the MacWilliams relations
explicitly.

Use the elements of RA as coordinates for the rows and columns. Let
T be the |Ra| x |Ra| matrix given by T, = x(ab), for a,b € Ra. By the
results in [7], we have the following theorem.

Theorem 4.1. Let C be a linear code over Ra. Then

1
cwec(T - X),

cwec (X) = il

where T - X represents the action of T on the vector X given by matriz
multiplication TX', where Xt is the transpose of X.

5 Cyclic codes over Ra

In this section, we shall give an algebraic description of cyclic codes over
RA. These codes will, in turn, give quasi-cyclic codes of index A over Fs.

Recall that, for an element a in Ra, p(a) is the reduction modulo {u,, ;}
forall e € {1,...,t} and j € {1,...,k;}. Now, we can define a polynomial
reduction y from Ra[z] to Fa[z] where u(f) = u(X aiz?) = Y p(a;)xt.

A monic polynomial f over Rax] is said to be a basic irreducible poly-
nomial if u(f) is an irreducible polynomial over Fa[z]. Since Fq is a subring
of Ra then, any irreducible polynomial in Fo[z] is a basic irreducible poly-
nomial viewed as a polynomial of Ra [x].

Lemma 5.1. Let n be an odd integer. Then, x™ — 1 factors into a product
of finitely many pairwise coprime basic irreducible polynomials over R,
" —=1= fifo... fr. Moreover, fi, fo,..., fr are uniquely determined up to
a rearrangement.

Proof. The field o is a subring of Ra and z™ — 1 factors uniquely as a
product of pairwise coprime irreducible polynomials in Fa[z]|. Therefore, the
polynomial factors in Ra since Fs is a subring of Ra. Then Hensel’s Lemma
gives that regular polynomials (namely, polynomials that are not zero divi-
sors) over R have a unique factorization. O

The previous lemma is highly dependent upon the fact that Fs is a
subring of the ambient ring. Were this not the case, the lemma would not
hold.



As in any commutative ring we can identify cyclic codes with ideals in a
corresponding polynomial ring. We give the standard definitions to assign
notation. Let Ra , = Ra[z]/(z" —1).

Theorem 5.2. Clyclic codes over Ra of length n can be viewed as ideals in
RA .

Proof. We view each codeword (co, ¢y, ...,cp—1) as a polynomial ¢y + c1x +
x4+ ep_1z™ 1 in R, and multiplication by z as the cyclic shift and
the standard proof applies. O

The next theorem follows from the cannonical decomposition of rings,
noting that for odd n the factorization is unique.

Theorem 5.3. Let n be an odd integer and let x™ — 1 = fifo... fr. Then,
the ideals in Ra ., can be written as I = Iy @ Is @ --- ® I, where I; is an
ideal of the ring Ralz]/(fi), fori=1,...,r.

Let f be an irreducible polynomial in Fo[z], then f is a basic monic
irreducible polynomial over Ra. Our goal now is to show that there is a one
to one correspondence between ideals of Ra[z]/(f) and ideals of Ra. We
have that Fo[z]/(f) is a finite field of order 29°8()). Let Loy = Fa[z]/(f)
and Ly, 1 = Loo[up, 1]/ {up; ;). For 1 <i <t,1 < j <k, define

) - LPi—1,ki—1[upi,l]/<u£z,1> ifj=1,
P Lpivj_l[upiaj]/<u£::7j> otherwise.

Then we have that any element a € Ly, ; can be written as a = ag +

. 2
A1Up; ,j + a2upi,j

j#Llorto Ly,

4t api_lugz:;l where ag, ..., ap,—1 belong to Ly, j_; if
i = 1.

1—1

Proposition 5.4. Let a = Zi:_ol aduzhj be an element of Ly, j. Then, a is
a unit in Ly, ; if and only if ag is a unit in Ly, ;1 if j # 1 orin Ly, | 1

ifj=1.

Proof. Suppose ag a unit in L, j_1 if j # 1 orin L, |z, , if 7 = 1. Define
b=ay( Z;l adugiy ;)- Clearly, b is a zero divisor and 1 + b is a unit since
(1+b)(1+b+b>+ -+ 1) =1. So ag(1 + b) = a is also a unit.

If ap is not a unit then there exists bin Ly, j_1if j # 1 orin Ly, |

if j = 1, such that bag = 0. Therefore, buijgl

i—1

i—1

1—1

a=0. O

Denote by U(Ly, ;) the group of units of L,, ;. By the previous result we
can see that

A — |U(Lpi—1,ki—1)HLPi—l,ki—l| if j =1,
LIRS 7t AR e it



Since |U(Lgo)| = 29°81) — 1, we get that (L, 1)| = 24°8(H)(2dee(f) 7).
By induction, we obtain that

Lo o) = (298U and U(Ly, g, )| = (20505 — (20e8l)A1,

Moreover, the group U(L,, ;) is the direct product of a cyclic group G
of order 2%9(/)~1 and an abelian group H of order (2¢¢9(/))A-1,

Theorem 5.5. The ideals of Ly, x, are in bijective correspondence with the
ideals of RA.

Proof. From Proposition 5.4, it is straightforward that the zero-divisors of
Ly, i, are of the form >~ cqui™ - - - ug"* with ¢o € Lo and co = 0, furthermore
there are (29¢8(f))A=1 of them. This gives the result. O

Corollary 5.6. Let n be an odd integer. Let z™ — 1 = fifo... f. be the
factorization of ™ — 1 into basic irreducible polynomials over Ra and let Ia
be the number of ideals in Ra. Then, the number of linear cyclic codes of
length n over R is (Ia)".

6 One generator cyclic codes

We shall examine codes that have a single generator. We shall proceed in
a similar way as was done in [2] for the case when A was a power of 2. If
a polynomial s € R , generates an ideal, then the ideal is the entire space
if and only if s is a unit. Hence we need to consider codes generated by a
non-unit. For foundational results in this section, see [5].

Let €, denote the cyclic group of order n. Consider the group ring
RAC,,. This ring is canonically isomorphic to Ra ,. Any element in RAC,
corresponds to a circulant matrix in the following form:

ap a az ... Qp-1
9 i ap—1 Gy a1 ... Gp—2
olap + a1z + agx” + -+ ap_12" ) =
al as ag ... aq

Take the standard definition of the determinant function, det : M, (RaA) —
RA.

Proposition 6.1. An element a = ag+ a1z +ax®>+- -+ ap_12" 1 € Ran
is a non-unit if and only if det(o(a)) € m. Equivalently, we have an element
a=ay+ a1z +ax?+- - +ap_1z" € RA n is a non-unit if and only if
p(det(o(a))) = 0.

This proposition allows for a straightforward computational technique
to find generators for cyclic codes over Ra which give binary quasi-cyclic
codes of index A via the Gray map.

10



7 Binary Quasi-Cyclic Codes

In this section, we shall give an algebraic construction of binary quasi-cyclic
codes from codes over Ra.

Lemma 7.1. Let v be a vector in R%. Then ¥(n(v)) = 72 (¥(v)).
Proof. The result is a direct consequence from the definition of W. O

The following theorems gives a construction of linear binary quasi-cyclic
codes of arbitrary index from cyclic codes and quasi-cyclic codes over Ra.

Theorem 7.2. Let C be a linear cyclic code over Ra of length n. Then
U (C) is a linear binary quasi-cyclic code of length An and index A.

Proof. Since C'is a cyclic code, 7(C') = C. Then by Lemma 7.1, ¥(C) =
U(r(C)) = 72(T(C)). Hence ¥(C) is a quasi-cyclic code of index A. O

Theorem 7.3. Let C be a linear quasi-cyclic code over Ra of length n and
index k. Then, V(C) is a linear binary quasi-cyclic code of length An and
index Ak.

Proof. We can apply the same argument as in Theorem 7.2, taking into
account that U(C) = ¥(7F(C)) = 72F(¥(0)). O

8 Examples Ra

Examples of Ra-cyclic codes of length n for the case A = 2¥1 can be found
in [2].

Table 1 shows some examples of one generator Ra-cyclic codes, for
A # 2% whose binary image via the ¥ map give optimal codes ([4]) with
minimum distance at least 3. For each cyclic code C' € R%, in the table
there are the parameters [A, n], the generator polynomial, and the param-
eters [N, k,d] of ¥(C'), where N is the length, k is the dimension, and d is

the minimum distance.

References

[1] S.T. Dougherty, B. Yildiz, and S. Karadeniz, Codes over Ry, Gray maps
and their Binary Images, Finite Fields Appl., 17, no. 3, 205 - 219, 2011.

[2] S.T. Dougherty, B. Yildiz, and S. Karadeniz, Cyclic Codes over Ry, Des.
Codes Cryptog., 63, no. 1, 113 - 126, 2012.

[3] S.T. Dougherty, B. Yildiz, and S. Karadeniz, Self-dual Codes over Ry
and Binary Self-Dual Codes, Eur, J. of Pure and Appl. Math., 6, no. 1,
2013.

11



[4] M. Grassl, Table of bounds on linear codes. http://www.codestable.de

[5] T. Hurley, Group Rings and Rings of Matrices, Inter. J. Pure and Appl.
Math., 31, no.3, 319 - 335, 2006.

[6] B. Yildiz, S. Karadeniz, Cyclic codes over Fy + ulFg + vFg 4+ uvFy, Des.
Codes Crypt., 54, 61 - 81, 2011.

[7] Wood, Jay A. Duality for modules over finite rings and applications to
coding theory. Amer. J. Math. 121, no. 3, 555 - 575, 1999.

12



Table 1: Quasi-cyclic codes of index A

[A, n] | Generators Binary Image
[6,2] (u2,1u§’1 +u271U371+u§’1 +uz1)r+ugus g +ui+ [12, 6, 4]
us,1
[6,3] (ug,lug,l + ug1u31 + U3,1)$2 + (UQ’1U3’1 + u21 + [18, 11, 4]
u3,1)x
[6,3] | (uguu3; +u21+ug; +usy)z” + (ugiusy +uzi+ | [18, 10, 4]
U371){L‘
[6,3] (u271u§,1 +u2,1us,1 +u§71)x2+(u11u§71 +ug1u3 1+ [18, 4, 8]
U% )T
[6,3] (u2,1u§71 +u21u31 +u§71)x2—|—(u21u§’1 +ug1u31+ [18, 2, 12]
u%}l)x + uzlu%’l +ugqus 1 + U?’),l
[6,4] (u271u§,1 + ugu31 + uz21 + U3’1)x3 + (u271u§71 + [24, 8, 8]
ugu31)r? + (ug sy + ug g + us )T
6,4] | (ugauz; + 1)2° 4+ 2° + (ugauzy + ugy + 1)z + 24, 9, §]
u2,1u3,1 + u2,1 + 1
[6,6] | (ugiu3; + ugy + u3; + 1)2® + (uz; + Dzt + | [36, 17, 8]
(u2,1U§,1 —|—u271)x3 + (u2,1 —|—u§71 + 1)332 + (ugu3 1+
ugy + 1)z
[6,6] (u2,1u§71 + ug1u31 + us 1 + 1)335 + (u2’1u§71 + [36, 18, 8]
Ug,1u3,1 + u§71)x4 + (ugu31 + uz1 + U%J)x?’ +
(ugaus 1 +ugq + 1)z
[6,7] (u271u§’1+UQ71+U371+1)$6+(u2,1U371+UQ71+U371+ [42, 32, 4]
D)2+ (ug1uz 1 +ug 1+ 1)t + (ug 1us 1 +ug 1 +1)2?
[6,7] | (ugatusi+1)a®+(ug14u3 +1)a"+(ug  +1)z*+ | [42, 33, 4]
(ugusy +u3 | +us xd + (ugiusy + ugq + 1)2?
9,2] (ug,lu;g,g + ug,l +uzjuz2)r + U%J“?&,z + u%lu&g + [18, 4, §]
uj 1 + usus
9.2] | (u3 u3q+u3, +us1u3,+usy+ 1)x+u3 uzp + [18, 10, 4]
U3,1U§,2 +ugauzp +uz1 +1
93] | (u3 us2+u3; +usiuzy+usiuso+usi+ui,+ | [27, 18, 4]
’u,372)$2 + (u%}l + U371u§72 + U3, 1u3,2 + U3,1)IL' + u§72
94] | (u3 u39 + us1 + uzg)a® + (uz; +usy + Da* + | [36, 27, 4]
(U§ 1+ U3,1u§ o tugiuzo + ug}Q + 1)z
[12,3] (u2,1u§’1 + ug1 + u272u§,1 + wuoou31 + u22 + [36, 17, 8]
u%yl)xz—l—(uQ’lug’Qu%’l +U271u§71 +U272U371 +U272)$+
u2,1u2,2u;2:,71 +u21u22 +u21u31 +u21 + u2,2u§71 +
U2 2U3,1
[12,3] U371$2+(U271U272’U§’1 +u271u§71 +U2,2U3,1+U272)LE+ [36, 18, 8]

2 2
U2,1U2,2U3 1 +U2,1U22 + U21U3,1 + U1 + U22U3 1 +
U2 2U31
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