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Abstract. For eachm > 1, Roulleau andUrzlUa give an implicit con-
structionof a configuration of 4@®? - 1) complex plane cubicurves.
This constructionwas crucial for their work on surfaces of gendrgbe.
We make thisconstructionexplicit by proving thatthe Roulleau-Urzia
configuration consists precisely of the Halpherbics of orderm, and we
determine specific equations of the cubicsrfoe= 1 (which wereknown)
and form =2 (which arenew).

Introduction

For eachn = 3m, we study certainatrrangementef\;—‘(n2 -3) plane cubic curvesath
curve is isomorphic to thEermatcubic x® +y3+2z8 (i.e., toT = C/Z[0], O = e*>*V/6),
For n = 3, the eight curves in thearrangemenwere known frominvariart theory
[2] and give the “inscribed andircumscribed”cubics [1,Proposition5.2] for the
four singular cubics in the Hesse peroiff + y3 + z3 xyzi, but form > 1 the
arrangementare described explicitly here for the fitine.
Thesearrangementsome fromarrangementsf 4n? elliptic curves on theabelian
surfaceT x T, studied by Hirzebruch in [13]. Using quotiert by a finite group
action followed by a blow up to resol@ngularities,Roulleau andUrzla obtain in
[16, section 3] correspondingrrangementsf #(n2 - 3) elliptic curves on aatioral
surface they calH, whose images (see [15, Section 1]) unddgirational morphism
to P give the arrangement®f plane cubics we study here. TR®ulleau-Uriia
arrangementsn H were crucial for theirconstructionof surfaces of generdype in
[16]. In [15], Roulleau showshatthe correspondingarrangementsf plane cubics
are interestingfor another reason: thelarbourneindex of the unionC, of the
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g(n2 - 3) cubics has limit-4 asn — o. We notethatno reduced plane curve is
yet known withHarbourneindex less than or even equal @l

The arrangement®f cubics as given in [15] are not given expljci they are
described only as images undbirational maps. In this paper weonstruct the
same arrangement®f cubics byelementarymethods directly on % which allows

us to give explicit equations for theseterestingcubics. In the case = 3, the
correspondingeight cubics coincide with the classical Halphen cuHits, 1, 2, 10].
For n = 3m with m > 1, they are members of four pencils, where gaehcil is
spanned bytwo of the eight Halphen cubics. We call these pencils Hesisgular
point cubic pencils. (The reason for this epams thatthese pencils can aldue
obtained from the singular points of the faimngular cubics in the Hesgncil.
Each of these singular cubics has three singutémtga Thus each choice of three of
the four singular cubics in the Hesse pencil ég=fi® points, and these 9 poirdse
the base points of a cubic pencil. The four pend#éfined this way are preciselge
four pencils obtained from theight Halphen cubics.) The specific memberssen
from each Hesse singulgoint cubic pencil depend on them3torsion points ofl,

so we refer to the specific cubics chosen as thiphda cubics of ordem.

Our constructionrelies on classical facts known for the atletd dual Hesse
configuration of 9 lines in the plane meetiby threes on 1doints, and onthe
geometry of the curvd@ . The Weierstrasgunction ' is a morphism to Pof degree
3, which in the case df is triply ramified at 3 points. For each positiveeger m, we
denote byP![n] the images of then-torsion points off . As noted above, the Hesse
singular point cubic pencils are defined by taking as base posutissets of oints
among the 12 vertices of the dual Hesse cordigpn; each pencil has réducible
members which are composed of lines of dmnfiguration. We parameterize the
pencils sothatthe reducible members correspond pirameers u € Pt belonging
to the branch locus qf. Then the Halphen cubics of order are defined ashe
cubics in the Hesse singul@oint cubic pencils withparameterén P'[3m]. Our first
result is the following:

Theoreml For eachn € 3N, letH (n) be the union of all Halphen cubics afder
n/3. The singularitiesof H (n) are: 12 points of multiplicityn? — 3 at thevertices
of the dual Hesseonfiguration,with n?/3 - 1 triple points infinitely near tdhem,
and (2 - 3)(n?/3 - 3) quadruplepoints.

As a corollary theHarbourneindex ofH (n) tends to -4 a® grows. Thecon-
figuration of Halphen cubics therefore behavike the Roulleau-Uriia configura-
tion over which it is modeled. Our second gmald understandhe rational map
T x T 99K P? used by Roulleau antrzlia to constructtheir configuration. InThe-
orem 2.1 we determine the linear series associttethe map, and using trection
of the thetagroup, we provethatboth configurationsagree:

Theorem2 The curves that form thRoulleau-UrZwa configuration corresmpnding
to the n-torsion points fom = 3m are the Halphen cubics of-th order.

It is worth notingthatthe degree 3ationalmap T x T 99K P> had beenstuded
classically byComessatt[8]; see [6] for a moderraccourt.

The paper is organized as follows. In section Yeeall the classicatonstruction
of Hesse line configurations and Halphen cubicg] we prove Theorem 1 alomgith
additionalinformation on the position of the singulariti€sheorem 1.5). Section 2 is



devoted to the study of thRoulleau-Urfia configuration and the map x T 99K P?,
and culminates in the proof of Theorei

1 The Hesse configurations and Halphen cubics

Recall theconstructionof the so-called Hesse configurations (a modaceoun of
this classical subject can be found in theok [9, Section 3.1], see also dpd
references therein for their history aattributions).

Given a smooth plane cub{€ and a line" joining two flexes ofC, the third
intersectionof = and C is another flexAltogether,there are 12 such lines of flexes,
and at each of the 9 flexes©fexactly 4 of the 12 lines meet. This configuratioh
lines and points is classically called the Hesse déirrangement (%29,); it doesnot
depend on the choice of a cubic, i.e., the sét8 flex points of any smootiplare
cubic are projectivelyequivalent.

A triangle containing all 9 flexes is called @ahgle offlexes; there are dud
triangles which together form the Hesm®angement. They can be obtaineds
follows. Fix one of the flexepg as the zero for the group law @n then the 9 flexes
of C form the 3-torsion subgroug[3] = (Z/3Z)°. Each line of flexes through po
cuts onC one of its 4 cyclic subgroups of order 3. Ttw@ cosets of this subgroum
C[3] correspond to théwo lines of flexes which do not meeton C, which together
with ~ form one of thetriangles.

The polar curve o€ with respect to a flep is the degenerate con@onsisting
of the tangentT,C and another line, called the harmonic polarp.off ~ is a line of
flexes, the harmonic polars of the three flexes are concurrentand their point of
intersectionis the vertex opposite toin the triangle of flexes to which thelongs.
Thus, each of the 9 harmonic polars goes throdglertices, one on each triangle of
flexes, and at each of the 12 vertices exa8tlgf the 9 lines meet. They forthe
dual Hessearrangemen({9,, 123), which again does not depend on thebic.

The given curveC and each triangle of flexes are cubics througé 9tlexpoints.
It follows thatthe 9 points of the Hesse configuration are thsehaoints of gencil
of cubics, called the Hesse pencil ; all cubicgha pencil have the same flprints,
and every plane cubic is projectiveBguivalert to one of the curves in thpencil.
The Hesse pencil has 4 singular members, namely tneangles of flexes. Wdenote
them Ty, Ty, T5, T, . For convenience we also fix the followingtationsfor the whole
paper: T = {v, h, 0,0} will be the set of indices for the triangle¥; = {vo, V1, Voo }
will be the vertices offy; and similarly forVy, = {ho, h1, he}, Vs = {00, 01, 0o}
and V, = {Oo, Oy, O} (the symbolsv, h, 0, 0, and O, 1, oo, are chosen to match
with s
constructiongo appear later on). Moreover we take= _V; to denotethe
whole set of vertices of the dual Hessmfiguration,and for eacht € T, At =V \ V¢
to be thecomplemenin V of the set of vertices df;.

The group of projectiveransformationsf the plane which preserve the Hesse
arrangemeh (or equivalentlythe Hesse pencil) is a finite grou,is called the
Hesse group. It obviously acts on the €8 T,,Ts, Ty}, and the image dhe
correspondingrepresentatiorGais — S4 is the alternatinggroup A4. Since it is
not the fullS4 group, the order of the indicash, [0, O is not entirely innocuous; we
now introduce coordinates in order to be pesciand for later use in thexplicit
determinatiorof the Halphen cubics.

Take C to be theFermatcubic x® +y3+z3, and letd denote a primitive thirdoot



of unity. The 9 flex points of are the points(-1, 1,0), (-1, 0, 0) and (-1, O?,
0) and the 6 other points obtained from thesepbymutation;it is customaryto
take as generators for the Hesse pencil Fermatcubic C and the triangleT, =
xyz. Thus the three coordinatgoints

vo=(1:0:0), vi=(0:1:0), ve =(0:0:1)
are three of the vertices of the dual Hesse cordigpn; the remaining pointare
hp=(:1:1), hy=(Q:0:0%, h =(:0%:0)
Op=(@:21:1), 00=(1:0:1), D=(1:1:0)
Op=(0%:1:1), O,=(1:0%:1), O=(@1:1:0%
The equations of the harmonic polar lines formihg dual Hesse configuratiooan
be obtained using the coordinates of the poirfler example the line througthe
points vo and hy has equationz - y and also goes througBy and Op. We denote

by Lk, the line throughvy,, huj, Ou, and Oy,, so the line just considered ligooo.
Evaluatingall collinearities weobtain

Loooo=1z -y, Loio1 =z - Oy, Lowico =0z -y

Lio11=2 - X, Litow =0z - X%  Liww1=2z- (1)
Ox

Looooooo =Y = X Leo110=y - OX, Leowoor =0y -

X

For eacht € T, the linear system of cubics through the O9ngoiin A; is a
pencil C;, which we call a Hesse singulgooint cubic pencil. It has thresingular
members, namely, for each vertéx of Tt, u € {0, 1, o}, the union of thethree
harmonic polarsconcurrem at t, is a member of the pencil, which we cél,. All
nonsingular members of each pencil hjvavariart equal to zero. Halpheshaved
thatthe locus of 9-torsion points of all curves tire Hesse pencil consists o
members of these pencily, Cy, G5, C,; (so-called Halphen cubics); tteonfigurations
of plane cubics described by Roulleau ddodzlia consist of members of theame
pencils (which we call higher order Halphenbics).

Later on we shall give explicit equations of tHalphen cubics; for thigpurpose
we fix a coordinateu in each pencil;, suchthat{0, 1, o} correspond to theingular
members. Since the harmonic polaencurrem at t,, in the notationabove, are
the Ly, up u; u, With ux = u, the three singular members &, are

Coo =  Low =Pz -y)z -0Oy)(0z -y) =% -

Cy, = ZYle =F@z-x(0z -x)(z -0x) =2 - %
O

2Y 2 3 3
Cv, =0 Loosss =09y = X)(y = D)@y - x) =y° - X

where the factoil? serves only a simplification purpose. Similarlge tthreesingular
members of;, are

Cho =  Liow =@-y)z-X0 -x =
- X%y +xy? +x°7 - y?z - xz° +yz?
Ch, = — L =-(z - 0Oy)(0z - X)(y - Ox) =
v 02(x%y - O%xy? - O0%%%z +y?z +xz% - 0%yz?)
Ch, = L.w.. =0z -y)(z - Ox)(Qy - x) =

- O(X%y - Oxy? - Ox?z +y?z +xz? - Oyz?)



where the signs are chosentb@atCy, + Cy, = Cp,. Finally, the singulamenbers
of G and C, are

Gy = Lo =(z-y)(@z -x){@y -x) =

- X%y + Oxy? +x%°z - 0%y%z - Oxz? + 0%z

Y
G, = — Lo =-@E-0y)z -0 -x =

v 02(x%y - xy? — 0%z + 0%y?z + Oxz? - Oyz?)
Cs,, = Lerw.=(0z - y)z - x)(y - Ox) =

- O(x*y - O%xy? - Ox%z + 0%?z + Oxz? - yz?)

Y
Co = Lo =(0z - y)([0z - x)(y - x) =

v - X%y +xy? + Ox%z - Oy?z - 0°xz? + 0%z?
Ci = - Laa =--09 -0)z -y) =

v 02(x?y - O%xy? - x%z + Oy?z + 0%xz? - Oyz?)
Cy 0= Livioo =(z = Oy)(z = x)(Qy - x) =

- O(X?y - Oxy? - 0%%%z + Oy?z + 0%xz? - yz?)

With these choices, the member of the pe€gitorresponding to thgparamete
u € C will be C¢, = G, +uCy_ for everyt e T.

Halphen’s Theorem. Fixing any of the flex points of a plane culmarve C as
the zeropoint in the group law, the set aftorsion points fom = 3m coincides
with the set of pointgp suchthatthere exists a (possibly reducible) curvedegree
m meeting C only at p; thus the set ofr8-torsion points of a cubic is wellefined
and independenof the choice of a flex. Halphen [11] studiece tlocus of points of
3m-torsion of all cubics in the Hesse pencil. For= 1 it consists on the Base
points, as already said. Fom = 2, it is the union of the 9 harmonic polarBor
m = 3 it is the union of 8 cubicstwo in each pencilC,, which we shalldescrike
next. Form > 3, it is the union of 8 or 9 curves of higher degredepending othe
divisibility of m by 3.

Lemmal.l LetT be an elliptic curve andf : T — P! a morphism of degree \Bith
triple ramificationat 3 points. Then thg-invariantof T is 0, andf is unique up
to translationand inversion o, and up toautomorphismf P!,

Proof. By the Riemann-Hurwitzformula, there is no more ramification thdhe
three triple points, s& is a 3 sheeted cover of Bway from these pointsPermuting
the sheds of the cover induces automorphisnof E of order 3.Butthe onlyelliptic
curves with an order automorphismare those of-invariart 0, and thesesupport
a single order Zautomorphism(up to translationand inversion), namelgomplex
multiplication by a cube root of 1 [17, Theorem10.1].

The automorphism®f Pt which appear in lemma 1.1 must obviouglsesere
the branch locus df. To take care of these we call marked line a E’%A'r: (P, M)
whereM = {p,q, r} is a set of 3 distinct points ®. A morphism of markedines
is an algebraic morphism which preserves iterkings (and so anywo marked



lines are isomorphic). The group afitomorphism®f the marked line iginite,

isomorphic toSz, and by choosing a coordinate on P such thatthe marking is
M = {0, 1, «}, it is generated by the morphisms7— u™! and u7- 1- u.

Then,

given anequianharmonicelliptic curve T and a marked liné%,, there existsa

morphism f : T — P! of degree 3, with triple ramification ové, unique upto

translationand inversion o, and up to the action 8% on FiM.

In classical terminology, elliptic curves witprinvariart equal to zero arealled
equianharmonic.In the setting of lemma 1.1, consider theugrdaw onT with
the zero at one of the ramification pointSuch a curvel is obtained asl =
C/zZ[0], where O = V6, a degree 3 map is given by thé/eierstrass
derivative function ' : T — P%; and the corresponding order thraatomorphism
is inducedby multiplication by 0 = 02 Its 3 fixed points, which are the
ramification points
of ¢, arepx = & + X0 for 0 6 k 6 2. Their images form the branch lodus =
brand(f) = {i, —i, ©} c PL

For every choice of the zero at one of the rantifice points off, the othertwo
ramification points are of 3-torsion (fiact they form a cyclic subgroup of ordé&r
as can be seen in the description via phéunction) hence for every positivieteger
m the setT [3m] of 3m-torsion points ol independenon which ramification point
is chosen agero.

Remarkl.2 Since thepermutingof the 3 sheets is aautomorphismijf a (non-
ramification) point in T is of 3n-torsion, then the remainingwo points in itsfiber
are 3n-torsion as well. So by lemma 1.1 the seinohges

Py [3m] = (T [3m])\ M

(where M = brand(f) is the branch locus) is a well defined §etdependenof ary
choices andinvariart under isomorphisms of marked lines) consistofg((3m)? —
3)/3 = 3m? - 1 distinct points. We calP},[3m] the set ofequianharmonicSm-

torsion parameterselative to the marking$, or simply the set cdquianharmonic
3m-torsion parameterg¢denoted H3m]) if M = {0, 1, co}.

Corollary 1.3 LetT be an elliptic curve and : T — P' a morphism ofdegree
3 with triple ramification at 3 points, and leM = brandi(f). The setf~}(M u
PlM [Bm]) is a translateof the subgroup oBm-torsion.

We will be interestedn the explicit determinatiorof PY[3m]. The first caseor-
responds to 3-torsion pointsy) = 1, for which there ar8-12-1 = 2 equanharmonic
torsion parametersinvariance under the action $f is enough to determin@},[3]
as the Hessian pair of the markiiy, which can also beharacterizedis thetwo
points which together wittM form an equianharmonicet (i.e., with cross ratia
cube root of 1). FoM = {0, 1, ©} one getsP'[3] = {—& - €} (this is the only
setof 2 points invariart for both t 7- t* andt 7—- 1-t). P6], although more
involved, can be computed using tBe-action as well, but this is not the cdse
higher m. Below we compute 6] from the definition, a method that does
generalizeo all m.

Theoreml.4 (Halphen,[11, 83]) Consider each pendi, t € T as amarkel
line, where the marking consists of the three dargmembersC;, with u € {0, 1, co}.
Denote C¢[3] the set of two cubics in the pencil that cepend toeguianharmonic
3-torsion parameters. Then

Ch[3] v Gy[3] v G[3] v G, [3]



Is the locus of 9-torsion points of curves in tHessepencil.

Using the factthat P'[3] = {— & - €°}, the 8 Halphen cubics can be
explicitly written as follows.

C. =X+ &3+ &8 =X+ g+ g7
Ch, ©v o =Xy? +X°z +yz?
_ 2 2 2 ‘
Cs, =Xy+yz+xz Ch_g2 =xy? + €%z + gyz2
_ 2 2 2
C,, =Xy + &yz+oa o=y’ + oz + 7P
G
=Xy + g%z + xz?
CY

This same list also arises in a somewhéferert way in [2, 10] and [1Proposition
5.2], where a moderraccoun of Halphen's theorem is given. In addition ¢om-
puting the 9-torsion of members of the Hesse ihetie Halphen cubics argpecial
in their Hesse singulapoint cubic pencils, in the following ways. Firsthetbase
points of the pencil are manslate(with respect to the group law of thdalphen
cubic) of its set of 3-torsion points; and setothey intersectone another onlyn
base points,tangentiallyin sets of three (from distinct pencils). i# theselatter
properties thatwe seek to generalize in higher order Halphen asubDenoteCi[3m)]
the union of the B2 - 1 cubics in the pencil; corresponding teequianharmonic
3m-torsion parametersand call them the Halphen cubics of ordar In orderto
better describe theimtersectionsve consider the blow uX — P? at the 12points
of V, and denote_,[3m] the strict transforms.Denote L the pullback toX of the
class of a lineEy, the exceptional divisor above thmint t,, E the sum of all 12

exceptionals, > > and
Et = Et?,l = Et(L
€A =t
ue{0,1,00}

the divisor above the Point set A¢; thus each Hesse singulpoint cubic pencilcan
be written C; = |3H - E¢|. Each exceptional divisdEy, carries anatural marking

My, = Eq, n G, 2

consisting of the directions of the three dirie the dual Hesse configuratiogoing

through thepoint t, (these are theomponenlines ofCy,). In the sequel, unlessx-

plicitly specified, theequianharmonitorsion points orky, will always beconsidered

with respect to thenaturalmarking, and we denote theth,[3m] = (E¢,)m,,[3M].
Note that, for eacht! =t we have

Et, n Cy uCp,uCn, =Eg, nCy, = My, 3)
Theorem1.5 The reducible curvel = Ci3m]u Cy3m] u Cf3m]u C,[3m] belongs
to the linear systerf12(3m? —1)L-9(3m?-1)E|, and has the followingingularities:

1. 32 - 1 ordinary triple points on eadB,, for a total of 12(f? - 1) triple
points;

2. 9(3n? - 1)(m? - 1) ordinary quadruple points Of.

Moreover, each component of the curve pasbesugh 9 of the triple pointand
9(m? - 1) of the quadruple points, which together domst atranslateof its 3m-
torsion sugroup.



Proof. The linear equivalence class is cl]am the factthat C¢[3m] ~ (3m? —
1)(BL-Ey). _

Each pencile; induces an elliptic fibratiord; : X - P! for which the 9ex-
ceptional components abovg are sections. For every exceptiormponert E, ,
three of the fibrations have it as a sectighose Op with t* = t), and forthe
remaining fibrationOy, it is acomponeh of a fiber, with multiplicity 3. Indeed,

O X(0u(Ce,)) = Cr, + 3Ex, (4)

becauseC;, has multiplicity 3 at ty.

Any two pencils among the 4 share 6 base points, r@mte haventersection
number 3 - 6 = 3. Therestrictionof 0Oy, Oz and 0, to any smooth curve&, , s €
C\{0, 1} in the penciICV gives therefore a morphism of degreéﬂt:{;évS :Cv,s = Ey,.
Sincety is a basepoint of C, for eacht = v and u € {0, 1, oo} (fvs meets Ey, at a
point p = py, and by(4),

-1 - ~
Dtlé\,s (Ctu nEy) =Cpg 0 Gy, +3E, >3p,

but sincethedegree of the map is 3, the inequality must in fae an equality (s&hs

meets ngpoint on (~itu and theintersectiorwith Ey, is transversal).This holds forall
u € {0, 1, o}, sth|5h has triple ramification abowvi;,. As the action of the Hesse

group onT is 2-transitive for everyt = t’ the restrictionof Oy to a fiberfso hastriple
ramification aboveMy. Sinceli|c, has noadditionalramification (by Riemann-

Hurwitz) all intersectionsbetween(~itoS and nonsingular fibers @ are transersal.
Therefore, intersectionsbetween components b&fy, (which are nonsingulafibers
of the pencils) ardransversalthis meansthatall multiple points oHp,, which are
generated by sucimtersectionsare ordinary. Moreover, by corollard.3,

Co n (GI3M] UE U Ey UEL,) = Odc  Egl3m] uMg

consists of the @-torsion points ofCy up to translation for eacht! =t.

By construction for eacht = t!, the intersectionC{3m] n Ee consists ofthe
equianharmoni@m-torsion parameter€y [3m], i.e., through eaclpoint of Eq[3m]
there are three components Hof,, one in each pencil, t = tl. These pointsare
therefore triple points dfl,, and there aren3? - 1 such points on each of the 12
exceptionalcomponets.

Taking into accourt the linear equivalence class of theand theintersection
product onX, we sed¢hatbesides the triple points, each paif3m], ¢[3m]intersect

Ce Ce
at 9(3n? - 1)(m? - 1) additionalpoints. The proof will be complete tshaving
thatthese belong to théwo remaining.t«[3m]'s. We accomplish this byproving
that, for every componen C,_ of «,[3m], the sets

An = Cyo n (CH[BM] U Epy U Ep, UER,)
As = Cy. n (C[3m] U Es, U Eg, UEs)
are equalithen B B B B
C,[3m] N CR[3M] \ E = C,[Bm] n C3[3m] \ E

and by symmetry all pair§[3m], Qo[3m] intersect at the same set of Af3-
1)(m? - 1) points, which finishes thproof.



Indeed, by corollary 1.3 botiA, and A; are obtained from the set &fn-torsion
points ofC\,S by suitable translationsaccording to the group law ﬁvs, therefore
An = tp(A;s) for somepoint p € C\,S SlnceC\,S meetsE,, at one of the triplepoints,
which must also belong t&n[3m] and C{3m], it foIIows thatAh N A; is nonempy.
Thereforep is of 3m-torsion,and A, = A; asclaimed.

Explicit computationof the equianharmonic torsion parameters. Our
method to compute the higher order Halphenicsugeometrically is based dhe
following remark.

Remark1.6 The plane cubic cuné = x® +y2 - z3 is aj-invariart 0 curve,and
each of the three linds;... in the dual Hesse configuration going through poent
vi =(0,1,0) is a flex line forC (i.e., tangentto C at a flex point). For brevityjn
this section we denote these liremply

L1 = -0%z -x), Lo=0z-x L,=z-0Ox

(With respect to the equationis;... above, a product wittadequateconstam co-
efficients was done sthatlo + Lo = Lj). Thus the linear series dn given by
the pencil of lines throughv; defines a morphisnC — E,, with triple ramification
above the points corresponding to the directiofithe L, which form exactlythe
set My, ; and theequianharmonidorsion parametergwith respect toM,,) can be
computed as the projections kg, of the torsion points oR.

Once then-torsion points orC are known, their projections t6,, (which means
their &, z) coordinateshre theequianharmonia-torsion parametersThe torsion
points can be found in principle solving algebraquations involving so-calledi-
vision polynomials [14], so the method works farnly for all n. In this section
we will determine theequianharmoni®&-torsion parameterswhere we can findhe
required 6-torsion points using a more geometnigthod. We then produce the 44
Halphen cubics of order 2. These include the & cubics, so we have 36 stit
find.

Lemmal.7 The 6-torsion points & are obtained by adding (using the group law
on C) each of the ningoints

(1,0,1), (1,0,0), (1,0,0%), (1, -1, 0), (1, -0, 0), (14, -O2,0), (0, 1, 1), (0, 1, O0), (O, 1,
02)
to each of the foupoints
(1,0,1), (1, -b, -1), (1, -0Ob, -1), (1, -0°%b, —1)
whereb® - 2=0.

Proof. The 6-torsion points can be obtained hyiragl 3-torsion points an@-torsion
points. The 3-torsion points are the flex pgintghich as noted above, are thme
points given. As for the 2-torsion points, nobestfthat (10,1) is a flex. Regarding
it as theidentity for the group law orC, the 2-torsion points o are thelines
tangentto C which go through thddentity (i.e., through (1, 0, 1)). One cancheck
thatthe required points are the four points givdssing the group law oQ one
can now find all 36 of the 6-torsion points.
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Proections from 6-torsion points.Three of the 6-torsion points are them-
ification points of the projection, and 6 of thecorrespond to the = 3 case.The
other 27 come from taking a line through a &itln point and one of thenine
3-torsion points. One then finds the line tlgle each of these 27 points atite
point vi. This gives 9 lines througlhv;:

x - (1/2)b%z, x - (1/2)0b%z, x - (1/2)0°%b?
zx - bz, x-0Obz, x- 0%z

x+z, x+0z x+0%

The ramification points map to the linkg, and the lines above (up to produeith
a constam, in the same order) can be writters:

(b0 - 1)Lo - O(bO? - 1)L, (b - 1)Lo - O(bO - , (b0?- 1)Lo- O(b - 1)Le
1)Leo
(b0?- 1)Lo - O%(b0 - D)L, (b- 1)Lo - O%bO?- 1)L, (b0 - 1)Lo- O?(b - 1)L
Lo - Leo, 2Lo+ Loo, w Lo + 2L

Now the equianharmonicorsion parameters'[6] \ P'[3] can be obtained athe
ratios between the coefficients lof, and Lg in the previous list. In the sanmrder

again:
02-1 bO-1 —
o=-2 =1 q-mp=p®=t g o bl
b -1 bO2-"1
-1 _
b-1
bO-1 B0 -1 b-1
-1 —_2 _n-1y-1— _2 = _r2 2==
o~ = Dsz_l, @1-079) Db—l’ 1-0 Dbl:l—l’
1
-1, =, 2
2

As an aside we notéhat3 of them are defined over Q; they form one otlnitder

the action ofS3 generated byt 7- 1 -t and t 7- tX. The remaining 6
form another orbit, which consists of the ®obf the irreducible invariart

polynomial P (x) = x® - 3x® +53 - 3x +1 = (x¥* - x - 1)® + 2, with the

property thatQ[O] = Q[0O, b] is the splitting field ok® + 2 (see [7, page 59]).

The 36 new Halphen cubics. Now here are the 36 cubics we get, normalized
obtain a simple expression (i.e., the polynon@g| as given on the list iactually
a scalar multiple o€,, +0C,_).
Cy, = (b - O)x& + 0%(b - 1)y®+ (b0 - 1)2°
Ch, = x%y - O?%xy % O Bx 2+ Pz + xz? - 0%by?Z
Cs, =x?y —bxy>=0bxZ2+0 %+ 2 Oby?Z
y Oxz

C,. = x% - O%xy Zli bx?z + 2z + 0%z > Oby?Z
y

=0(b0 - 1)x3 +0( - O)y2 + (b - 1)z3

Via—r)—1
Ch(l—-,;)—l = X2y - IIbey2 - Obx?z +yzz + xz2 - Elby22
CS(l—-:)—l = X2y - Dszyz - DbXZZ + Dzyzz + DXZZ _ by22

= x%y - Obxy? - O%bx?z + Oy?z + 0°xz® - byz?
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Cy,_ _, =0(b- 1)x% + (b - 0?)y® + (bD? - 1)z°
Ch, .4 = X%y — bxy? - bx?z +y?z +xz% - byz?
Cs,__, =x°y — Obxy? - bx’z + 0%y’z + Oxz* - O°byz”
Cy,__, =x% - bxy? - Obx’z + Oy’z + O°xz® - O%byz?

Cv_, = (- 0% +0(b - 1)y® + (b0* - 1)z°

Ch, = 2x2y — O%b?xy? — 0%b?x?%z + 2y%z + 2xz? - O%b%yz?
Cs._, = 2y - b?xy? - 0%?x°z +20°%%z + 20xz* - Ob%yz?
Cy _, = 2% - D%Pxy? - b**z + 20y*z + 20°z® - Ob?yz?

Crpm1yr = O(b - O)x® +0(bd - 1)y + (b - 1)23
Chy_ 1,1 = 2y = Ob%xy? - Db*Pz +2y%z + 2xz2° - ObPyz?
Cg(l_r_l)_l = 2x2y - |:|2b2xy2 — Ob%%z + 2|:|2y22 4 o0xs? — b2y22
Cryrmnys = 2y = Ob?xy? - 0%z +20y%z + 20°xz® - b?yz?
Cupp s =020 = 13 + (b - D)y + (b0 - 1)2°
Chyy1 = 2%y - bPxy? - b2XPz + 2y%z + 2xz? - bPyz?
Co_—1 = 2¢°y = Obxy? - b’z +20%y%z + 20xz° - O%b%yz?
Cranr = 2%y - b?xy? — Ob?x?z + 20y?z + 20°xz% - O2h?yz?

Coy =3 - 243+ 73
Ch_, =Xy +0%y? +0%%z +y?z +xz? + 0%yz?
Cs_, =x%y +xy? + 0%z + 0%%z + Oxz? + Oyz?
C,_, =x%y +Oxy? +x%z + Oy?z + 0°xz? + Oyz?

Cv, =x>+y3-273
2

Ch, =X+ 2+0Ox%Z+yZ+xz +0yZ

2 Oxy

Cs, =X’y +Oxy+O¢z+F Z+ +y7
z y Oxz

Cy, =X+ +0%z+ 2z+0%z%y7
2 Oxy Oy

C, =23-y3-27°

Ch,=X2Z2+XxZ2+x 3 +z §+xy #1zy?

Cs, = X%y + 2+x 2+0yVz+  2+0%2

Oxy Oxz

Cy, = X%y + xy? +Ox%z + z+0%z2+ 0%z
Oy?

2
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As explained in the proof of Theorem 1.5, the siagypoints of theconfiguration
Hm are exactly the B-torsion points on each of its componentsanslatedby one
(arbitrary) base point of the pencil to which it belongs. In thase ofH,, these
6-torsion points can be computed for e&gh by the same method above; leae
the details to thenterested reader.

2 The linear seriesf the Roulleau-Urzia map

Recall now theconstructionby Roulleau andJrzUa of their planar configuration of
cubics (which we will eventually show to be elqia the Halphen cubics afrder

m). Let as beforeT = C/z[0], where O = %6, be the equianharmonic
elliptic curve, and letpj = ' + '0 for 0 6 i 6 2 be the 3 fixed points of

multiplication by
3 3

02. Let A be the abelian surfack =T x T, and denoted : A —» A the induced
automorphisidefined by ¥, y) 7— (0%« O02%y), which has 9 fixed pointsnamely

oy =('+ o, i+ig)  (06i,j6
3 3 3 '

sothatpij = (pi, pj)-

Divisors ofparticular importancen A areV =0x T, H =T x 0, the diagonal
A and the grapH" of the complexmultiplication by O. In fact, these curvespan
the Néron-Severigroup ofA. TranslatingV, H, A, T’ by the fixed pointspi; gives
twelve curves: each of the fixed points is on four @& thanslatesand eachranslate
contains 3 of the fixed points, as suggestadFigure 1. Of the diagondines,
only A andI' can be shown properly as going through thre¢hefpointspjj, but
the line through pointgo1 and pio also goes throughpoint p22, and in general if
(i1,J1) *+ (i2,j2) + (i3, j3) add up as vectors in232to (0,0), then the point®ij 4, pi j»
and pj,j,, are collinear. Moreover, the points infersectionactually occur onlyat
the pointspij, contraryto how it might look in the drawing.

P21 Po1
P11
I
A
20
H Poc Pic
Y

Figure 1: The curve¥,H, A,T C A and their translatesy the fixed pointspi;

Now let B — A be the blow up at the nine pointg. Since these aréxed
points fors, the automorphisniifts to B. By a slight abuse onhotation,we denote
the lift ofo to B again bys (and we denote the total transformsVpH, A, T to
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B with the samdetters). Thus we have theuotiet B — X = B/hOi. Moreover,
becausel acts diagonally o\, O fixes tangentdirections atpgo (and hence alsat
each fixedpoint pjj), so the fixed points foll acting onB are exactly the points of
the exceptional curves for the nine poimig. Thus the ramification locus fdhe
quotiert map B — X is the union of these nine exceptioralres.

Roulleau andUrzUa show in [16]thatX is smooth andrational,and that un-
der the quotiert B —» X the images of the 12 curves obtained fréniH, A, T by
translationare disjoint (-1)-curves whose&ontractiongives abirational morphism
X — P?, representingX as the blow-up of Pat the twelve points of the dual Hesse
configuration. So we have diagram

B=BlgA) — A=TxT
" ¢
y &l

X =Blp(PP) — P2

where the vertical map is of degree 3 and en¢h locus is the union of th@ne
exceptional curves for the upper horizontal meymose images are the @&rmonic
polar lines of the dual Hessenfiguration

In this section we describe the induced niap B - P? in terms oflinear
series. Then, using the action of ttieetagroup, we determine the coordinates of
the images of the 1&anslatef V, H, A, T', which will justify the choice ofndices
v, h, 0,0 in the previoussection.

Theorem 2.1

a) The morphisn : B —» P? is the mapl_ defined by the complete lineaeries
|L| associated with the linbunde

L=V+H+A+T-E
where E is the sum of the nine exceptional divisdtg of the blow-upB — A.

b) Consider thdranslatesV; = V + (p;,0) = V + pjo. Then there arelliptic
curves No1, Ng2, N12 € A such that thealivisors

Do := V1 +V2+ Nq2
D1 := Vg + V2 + Ng2
Do := Vg +V1+ Np1

belong to the linear seridd|. If we define the madl,. : B —» P? by suitably
scaled sections corresponding to the dividdgsDj, D2, then the images dfie
12 translatesof V, H, A, T are the 12 Hesse dual pointg, hy, Oy, Ou.

The proof of Theorem 2.1 is split into sevenatermediatesteps filling therest
of the presert section. Westartby shawing:

Proposition2.2 The morphismd : B — P? is the map defined by theomplete
linear seres
V+H +A+T - E|

where E is asabove.
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Proof. With respect to the blow Up — A, the proper transforms of thaurves
V,H,A T areV! =V - Egz - Ego - Eg1, H" = H - Eog - Ego — E1g, A" =
A-Ezs-Ego- Eq1and I’ =T'- E»1 - Ego- E12, wherekEj; is the exceptionaturve
for the blow up objj. These curves amautually disjoint and meetEqp trans\ersely
SinceV!, H, A" and T are preserved curvewise Byand Eqq is fixed pointwise, the
imagesVY, HY A" and T? of V!, H!, A" and I under thequotiert B - X are
disjoint and meet the imagE), of Egg transversely.SinceV", HY, A” and I'" are
exceptional curves which map to points under— P?, E%; maps to a smootplane
rational curve C, hence of self-intersectiol€? = (E{; + VY + HY + A" + T%)2 =
(E30)? +4(2) +4(-1). But B - X is a triple cover, s¢0*(E%))? = 3(E))?, and

00) = 3Ego. Thus —9 = (3Eo0)? = 3(E¢)?,
so (E})? = -3 andC? =1, henceC is aline.

The pullback off to BisV!+H'+A'+T'+3EL=V +H + A+T - E, which
we denote byL. l.e., the magl is defined by a 3 dimensional subspaced 8¢B, L),
and theargumet so far showghatL =V +H +A+T - E. We will now provethat
hO(B, L) = 3, which then implieshatO is defined by the complete linear serjes.

First, we have\( + H + A +T)2 = 12, and therefore bRiemann-Rocton A
we geth®(A, V +H + A +T) = 6. It is therefore enough to find three fixedints
g1, g2, g3 of O thatimposeindepenént conditions onV +H + A +T, i.e, suh
thatthere is a divisor in the linear serips +H + A +T| passing throughg; and
g2, but not throughgs (this suffices since the divisof +H + A +T is very ample
by [4, Theorem 2.3]). Consider to this end tpeint x = (3%,0) onA. Lemma2.3
implies thatthere is gooint z € A suchthatthe divisortyV +H +t3(A+T) belongs
to the linear serief/ +H + A +T|. Let q; and g, be anytwo of the three fixed
points lying onH. Clearly none of the nine fixed points lies g, and therecan
be atmodg five of them ont;(A +T). Therefore there exists a fixgoint gz that
lies neither orH nor ont;(A +T). The triple of pointsgs, g2, g3 thus satisfieghe
requiredcondition.

Lemma2.3 For every pair of pointg, y € A there exists a unique poiat € A
suchthat

tV +t)H +t,(A+T) = V+H +A+T
The analogoustatemenholds for anypermutationof the curvesV, H, A, T.

Proof. Consider thdhomomorphisnof groups

®:AxAxA - PidA)
(X y,z2) 7=V +{yH +(A+T) - (V+H +A+T)

For every pair X, y) € A x A, the map®(x, y,-) is a translateof the canonical
homomorphismA - Pic® (A), z 7-, /(A +T) - (A +1T), associated withthe
line bundle A +T. Since this line bundle is of self-intersentio2, it givesa
principal polarization and therefore its canonicahomomorphismis in fact an
isomorphism (see [5, Prop. 2.4.9]) and thus theersectionker® n ({(x,y)} x
A) consists of exactly ongoint.

Proposition2.4 The mapd that assigns to given points y € A the pointz asin
the preceding lemma is given by

O:AxA - A
(X1, x2), (1. ¥2)) 7= —2x1 - (1+D0)yz, —(A+0)x1 -2y
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Remark2.5 For the special case whereand y are among the nine fixgobints
of O, we get with acalculation

O(pij, Px1) = Pil
In other words, wdave

to, V + T

J pgH +15, (A+T) =jin V+H +A+T

Proof of theproposition.For a line bundleM on A denote as usual by the
canonical homomorphismA - Pic® (A), x 7-,t'M = M. The point z = 0O(x, y)
is characterizedy the condition¥ +t H+t (A#+T) =, V +H +A+T, which
is

* * *

equivalen to Oy (x) + 0Oy (y) +Oa+r(z) =0. This in turn implieghat

O(x y) =0x%r
= Ov (x) = On(y) ®)

The issue therefore is to explicitly determirtee tcanonical maps. A +H givesa
principal polarization,Oy +H is an isomorphism, and hence we can use its ievers
identify Pic°(A) with A. In thatsense, we will, byslight abuse ofotation, denote

—1
Pv iH

the composedhomomorphisnT x T = A 2% pPic®(A) “5" A =T x T again byOy.
In this setup,0yv and Oy are given by thanatrices

(O]

0
0 01

1
0 and
respectively. We now determine the miap.r in these terms. Consider to thémnd
the isomorphismg : T xT - T x T, (x, y) 7= (X, y — x). The analytic
represetationof g and its dual mag are

1 0 1 -1
-1 1 and 01

We haveg~1(H) = A, thus

~ 1 -1
DAngng -1 1

We can proceed in the analogous wayfpusing the isomorphisrh : T xT — T xT,
(x, y) 7= (x, y - Ox). The analyticrepresentationsf h and h are

1 0 1 =
o1 and 01
Sinceh™(H) =T, weget
0 =hoph= 2 =
In conclusion weind _
— 2 -1-¢
DA+F - _-1- ¢ 2

The assertiorfollows now from (5) usingthe matriceswe just found.

Lemma2.6 The divisorH + A +T - V is numerically equivalent to aalliptic
curve N. We have 1
1 -1-10
DN =

-1-0 3
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Proof. The line bundleH + A +T - V has self-intersection 0 and it hpssitive
intersectionwith the ample bundleA +T. This impliesthatits numerical class
belongs to a sum of numericallgquivalen elliptic curves. As itsintersection with
H is 1, it is in fact the class of a single ellipticirve. The second assertion follows
from the equation

Oy =0y + 04 +0p - Oy

upon using the explicit matrixepresentationsf the mapsthat were workedout
above.

The followingstatementan be useful iunderstandinghe mapB — P2, orin
the constructionof a basis oH °(B, L).

Lemma2.7 Consider the line bundd =V +H + A +T on A. All nine fixed
points of theautomorphismd = (02, 0%) are contained in the kern& (M) of Oy
. In other words, iD € |M|, then

D €|M| for everyx in Fix(O)

Proof. From the equatiofly = Oy + Oy +0A + Op we get
1

3 -1-0
-1-0 3

andonechedks thatly, - p;j is cortainedin (Z+Z0) x (Z+Z0) for ewvery i andj.

Preimage®f lines. As we know, the thredranslates/; =V +pjo map topoints
in P>. We would like to see the curves Anwhich correspond to the liney
through anytwo of those points. As the preimage “gf contains V; and V;, we have
V +H +A+T =V +Vj +N;j, where the residual curwdjj is an elliptic curve(by
Lemma 2.6). ltsintersectionnumbers with the generatowsre

Njj-V=3 Nj-H=1 Njj-A=1 N;j-I'=1

On the other hand, every elliptic curve Anthatpasses through the origarises
as the image of &@omomorphismT - A, x 7- (ax + b0x, cx + dOx) for
suitableintegers a, b, c, d (see [12]). Using the method from [3, Sedt2] one
finds thatthe elliptic curve N corresponding toa(b,c,d) = (1,1, 0,1), i.e, the
image of the mapx 7— (x + Ox, Ox) has the sam@tersectionnumbers adNj;
and is therefore numericallgquivale to Njj;. SoNj can be obtained fromN by
a translation— and we determine now explicitly suchtranslation.The idea is this:
We knowthatthe divisorV; +Vj + Njj passes through all 9 poinfg;. SinceV; and
Vj cover 6 of them,Nj; must pass through the remaining 3. Newcomputation
showsthatthe intersectionpoints ofN and Vo are poo, po1, poz2- This implies that
N = Ni2. The other cases are obtained wianslationby suitabk fixed points —
altogetheme have

N12 =N

No2 =N +pio= t*—ploN = tl*JzoN

No1 =N +pyp=t  N=1t N

—P20 P1o
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The image®sf the contracted translatesVe knowthatthe 12translatesf
V,H, A, T by fixed-points ofd map to points in £ We will use thenotation

Vi=V +pio, Hi=H +poi, Ai=A+pi2, TLi=T+pij

for thesetranslategwhere 06 i 6 2) and we will determine the coordinatestlodir
image points. Consider in the linear selliesthe divisors

Do := V1 +Vo+ Nq2
D1 := Vg +V2+ Ng2
Do := Vg +V1+ Np1

We choose sections; € H°(A, M) defining them and use these to define thap
0.:B - P2 Clearly the vertical curve¥p, V1, V2 then map to theooints

vo=(1:0:0), vi=(0:1:0), v =(0:0:1) (6)

respectively. We will now use the projectivepresentatiotK(M) - PGLHO(A, M))
(see [5, Chap. 6]) in order to determine the dimates of the images of themain-
ing nine curvesH;, Aj, Ti. By Lemma 2.7 we have FX@) c K(M), and weknow
that translatiomy fixed points leaves the condition of vamsh in thesepoints
invariant. Therefore therepresentation restricts Fix(d?) - PGLH(B, L)). In
other words, each of the nine fixed points gikiee to a projectivetransformation
of P>. Let Mj denote the projectivéransformationcorresponding t@jj. As the
translationty,, cycles the verticaltranslatesVo —» V1 — V> — Vo, we knowthat

M1 must be of theform 1
0 0 Ag

Mig= a2 0 O

0 2 O

with non-zero entried];. Note nowthat scaling the sections; corresponds ta
diagonal transformationon P>. We can therefore scale tlsg (which leavesthe

coordinates in (6)nvariant)in such a waythatin fact 0; = 0, =03 = 1, sothat
1

Mo =

o+ o
= O O
O O

The key is now the fadhatthe horizontal curve$lp, Hi, Hy are fixed underpso.
Their coordinate vectors must therefore bereigetors oMyg. Theseare

ho=(:1:1), hy=(@:0:0%, h =(1:0?%:0) (7)

wherel denotes a primitive third root of unity. (Aft@ossibly rechoosing therigin
in A they are in thisorder.)
Consider now theranslationtp,, . It fixes Vo, V1, V2 and thereforeMo; is of the

form 1
M O 0
M01 = 0O w O
0 0 p3

with non-zero entriequj. Sincetp,, mapsHp to Hi, we have infact
|

0

0

82

Moy =

o O
o ® o
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after scalingMo; if necessary. (Here we ushatthe images of theH; are given
by the coordinatesand the order, in (7).) With this informatioat hand, wean
now also determine the coordinates of theges of theA; and T. First, the
diagonal translateg\; are fixed underty,,, and therefore their images are giuan

the eigenvectors of the matrix
1
0 0 1
M]_]_:M]_O'Mo]_: e 0 O
0 ¢ 0

Thus we get theoints
Op=(@:21:1), 0,b=(1:0:1), Oo=(:1:0
(8) Here the first of these points is the imadeAg@, because it is thipoint

among
the three which is collinear with the imagdsVe and Ho. And finally, the graph

translated’; are fixed undertp,, which leads us to thenatrix
!

0 01
M2 =M&-Mig= & 0 0
0 ¢ O
and thecoordinates
Oo=(0%:1:1), O0,=(1:0%:1), O=@1:1:09 (9)

The first of these points is the imagel@f(again by collinearity withVy and Hg).
Summing up, we foundhatin the chosen basis &f°(L) the image points dhe
12 translatesare given by (6), (7), (8) and (9), and thesénaide with the points
in the dual Hesse configuration @#tandard form.

The Roulleau-Urzia configuration. Let n = 3m for some integerm > 1.
Using the group of-torsion points orA, we cantranslatethe curvesV, H, A and I’

to obtain an a priorcourt of 4n* curves, 4 each at each of thé n-torsion points.

Since each of the divisolé, H, A and T’ contain n? of the torsion points, anthus
are their own images unddranslationby this subgroup, there are ordgtually

4n*/n? = 4n? curves. The images undé@i : B — P? of the propertransforms
under B — A of these curves form th®oulleau-Urzia configuration. We camow
prove thatthese are exactly the Halphen cubics of oner

Proof of Theorem 2. The-torsion subgroup contains the order 9 sulgraon-
sisting of the 9 points fixed with respect e action ofd on A. Each ofthe
12 curves through these 9 points (these arecthrges shown in Figure 1) map
points ofP?, and we found these points above. The orbitder applicationsof O
among the remaining #{ — 3) curves consist of 3 curves each. Thus uritlethese
curves map 3 to 1 to cubic curves, and the imadgebeo4n? — 3) curves inA are
4(n? - 3)/3=4(3m? - 1) cubic curves irP.

The curves inthe pencils (Hy), (Ay) and () meet Vo, V1, V2, so theirimages
pass through the pointg, vi, V. Similarly, the curves in the pencil¥y), (Au)
and {y) meetHp, H1, Hz, so their images pass through the poimgshi, he, and
so on. Alltogetherthe images of curves in/{) pass through all 9 points ik, so
they are members €, and similarly the pencil§H,), (Ay) and {y) map tothe
pencils Ch , Cs and o
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Note thatn? - 3 curves orA come from each of the 4 pencils. The omgsch
meet V come from the pencil§Hy), (Ay) and (), with one from eactpencil
meeting V at each of then? - 3 n-torsion points orV not fixed by d. Now, V
maps to thepoint vo € P?, and the triples of curves at each torsjowint of V thus
map to curves with the santangentdirection atvg = (1 : 0 : 0). Thetangen
directions are thenf - 3)/3 infinitely near images ifX of the n-torsion pointson
V not fixed byd. We also get 3angentdirections corresponding to thafinitely
near images of the ®-torsion points orV fixed by O; but these we know to hite
tangentdirections of the 3 lines of the dual Hessefigomation thatpassthrough
vo, Which are the images of the 3 exceptionalisdis Eg above the fixedooints
on V. So therestrictionof the quotiert map B — X to V is a degree 3norphism
V - E,, triply ramified above the directions of the dudésse lines, andherefore
the tangentdirections to the Roulleau-Urza cubicsGp, C; and C, are exactlythe
points inEy,[3m]. So, they are indeed the Halphen cubics of orden the pencils
Ch, Cs and C,.

The sameargumen applied to therestrictionof B — X to H provesthat the

Roulleau-Urzia cubicsin the remainirg pencil C, arethe Halphencubicsaswell.
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