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PERIODS OF HOMEOMORPHISMS
ON SOME COMPACT SPACES

JUAN LUIS GARCIA GUIRAO! AND JAUME LLIBRE?

ABSTRACT. The objective of the present paper is to provide information
on the set of periodic points of a homeomorphism defined in the following
compact spaces: S™ (the n—dimensional sphere), S™ x S™ (the product
space of the n—dimensional with the m-dimensional spheres), CP" (the
n—dimensional complex projective space) and HP™ (the n—dimensional
quaternion projective space). We use as main tool the action of the home-
omorphism on the homology groups of these compact spaces.

1. INTRODUCTION

Let f: X — X be a homeomorphism on a compact space X. A point z € X
is periodic of period n if f*(x) = 2z and f*(z) # 2 for k=1,...,n— 1. We
denote by Per(f) the set of periods of all periodic points of f. The aim of
the present paper is to provide some information on Per(f) for some compact
spaces. More precisely, we shall present results for the cases X € A, where A
is the set formed by the spaces: S" (the n—dimensional sphere), S™ x S™ (the
product space of the n—dimensional with the m—dimensional spheres), CP"
(the n—dimensional complex projective space) and HP™ (the n—dimensional
quaternion projective space).

Our first result is the following.

Theorem 1. Let X be a compact space and let f be a self-homeomorphism of
X. Then the following statements hold.
(a) If X = S™ with n even, then Per(f)N{1,2} # 0.
(b) If X =S"™ x S™ with n even, then Per(f)N{1,2,3,4} # 0.
(¢) If X = S"xS™ with n # m and both even, then Per(f)N{1,2,3,4} # 0.
(d) If X is either CP™ or HP", then Per(f)N{1,2,...,n+ 1} # 0.

The proof of Theorem 1 is done in section 2. The main tool for proving it
is a result due to Fuller [5].

The results of Theorem 1 restricted to the orientable and non—orientable
closed surfaces with and without boundary were already obtained respectively
by Franks and Llibre [4] and Guirao and Llibre |7].
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The objective of the rest of the paper is to improve the information provided
in Theorem 1 using as a main tool the Lefschetz fixed point theory.

Our main results are stated in the following three theorems proved in Section
3, and these results improve the ones given in Theorem 1.

We note that if f: S — S™ is a homeomorphism and either n is even and
f is orientation preserving or n is odd and f is orientation reversing, then
L(f) =2 so f has a fixed point.

Theorem 2. Let f:S" x S — S x S§" be a homeomorphism, and let fi, =

b
( Z d ) with a,b,c,d € Z, the action of f on the n—th homology group

H,(S" xS",Q) =~ Q@ Q. Then the following statements hold.

(a) Suppose that f is orientation preserving and n is odd. If the two equa-
tions bc + (d — 1)2 = 0 and a + d = 2 are not satisfied, then the sets
{1,2}, {1,3} and {1,2,4} intersect Per(f).

(b) If f is orientation preserving and n is even, then Per(f)N{1,2,3} # 0
and Per(f)N{1,2,4} # 0.

(c) Suppose that f is orientation reversing and n is odd.

(c.1) If the equation a+d = 0 is not satisfied, then Per(f)N{1,3} # 0.

(c.2) If the two equations bc + d*> = 1 and a +d = 0 are not satisfied,
then Per(f)N{1,2} # 0.

(c.3) If the three equations bc+d?> = +1 and a+d = 0 are not satisfied,
then Per(f) N {1,2,4} # 0.

uppose that f is orientation reversing and n is even.
(d) Suppose that f g and

(d.1) We have that Per(f)N{1,2,4} # 0.

(d.2) If the equation a+d = 0 is not satisfied, then Per(f)N{1,3} # 0.

(d.3) If the two equations be + d? = —1 and a +d = 0 are not satisfied,
then Per(f)N{1,2} # 0.

Theorem 3. Let f: S" x §" — S™ x S™ with n # m be a homeomorphism,
fan = (a), fem = (b) with a,b € Z. Here for k = n,m, f. denotes the
action on the k—th homology group Hy(S™ x S™,Q) =~ Q. Then the following
statements hold.

(a) Suppose that f is orientation preserving, n and m are even.
(a.1) Per(f)n{1,2} # 0.
(a.2) If (a,b) # (—1,—1), then Per(f) N {1,3} # 0.
(b) Suppose that f is orientation reversing, n and m are even. Then the
sets {1,2,3} and {1,2,4} intersect Per(f).
(¢) Suppose that f is orientation reversing and n is even and m is odd. If
(a,b) # (—1,1), then the sets {1,2} and {1,3} intersect Per(f).

(d) Suppose that f is orientation reversing and n is odd and m is even. If
(a,b) # (1,—1), then the sets {1,2} and {1,3} intersect Per(f).
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(e) Suppose that f is orientation preserving, n and m are odd. If (a,b) #
(1,1), then the sets {1,2} and {1, 3} intersect Per(f).

Theorem 4. Let f : X — X be a homeomorphism and let X be either CP"
or HP™. If f. denotes the action on the k—th homology group Hy(X,Q) ~ Q,
with k = 2n if X = CP", and k = 4n if X = HP". Then a = £1, fion, =
fean = (a") and 1 € Per(f) ifa =1, or a = —1 and n is odd, and {1,2}N
Per(f) if a = —1 and n is even.

The results of this theorem are related to the problem 3 in Section 2C; and
to the problem 4 in Section 3.2 of [9].

Studies of the periods of C! self-maps using different techniques but also
based in the Lefschetz fixed point theory can be found in [6, 8].

2. PROOF OF THEOREM 1

The proof of Theorem 1 is a consequence of a general result about polyhedron
homeomorphisms proved in [5], see also Halpern [10] and Brown [1] for more
details on it.

Theorem 5 (Fuller’s Theorem). Let f be a homeomorphism of a compact
polyhedron X onto itself. If the FEuler characteristic of X is not zero, then f
has a periodic point with period not greater that the mazimum of >, 14 Br(X)
and Yk open Br(X), where By(X) denotes the k—th Betti number of X.

Proof of Theorem 1. Assume that X = Sn with n even. It is well known that
the Euler characteristic X'(S™) = By(S™) + (—1)"B,(S") = 2 # 0.

Since
{ZBkS” ) =2, ZBkSn = }

k even k odd
by Theorem 5 we have that Per(f) N {1,2} # 0, proving statement (a).

Assume now that X = S"™ x S™ with n even. It is known that the Euler
characteristic X' (S x S®) = Bo(S" x §") 4 (—1)" By, (S™ x S®) + (—1)2" By, (S™ x
S")=4#0.

Since

ax{ZBk " x S _4ZBk " x S") 0}24

k even kodd
by Theorem 5 we obtain that Per(f)N{1,2,3,4} # (), obtaining statement (b).

Let now X be equal to S™ x S™ with n # m, both even. It is known that
the Euler characteristic X'(S™ x S™) = By(S"™ x S™) + (—=1)"B,(S" x S™) +
(=)™ B (S™ x S™) + (—=1)" By 10 (S™ x S™) =4 £ 0.

Since

aX{ZBk " x8") =4, Bi(S" x ") 0}_4,

k even k odd
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by Theorem 5 we get that Per(f)N{1,2,3,4} # (). Hence statement (c) follows.

Finally, let X be either equal to CP™ or HP". We have that the FEuler char-
acteristic X(CP") = Bo(CP") + (—=1)2B2(CP") + ... + (—=1)*" By, (CP") =
n+ 1 # 0. Analogously, X(HP") = By(HP") + (—1)*B4(HP") + ... +
(—=1)* By, (HP") =n + 1 # 0.

Since

max{ Y BX)=n+1, Y Bi(X) :o} =n+1,
k even kodd

with X € {CP™,HP"}, then by Theorem 5 we have that Per(f)N{1,2,....,n+
1} # 0. Hence statement (d) is proved. This completes the proof of the
theorem. g

3. PROOFS OF THEOREMS 2, 3 AND 4

Assume that X € A with dimension n and let f : X — X be a continuous
map, there exist n + 1 induced linear maps f.x : Hx(X,Q) — H(X,Q) for
k=0,1,...,n by f. Every linear map f, is given by an nj; X ny matrix with
integer entries, where ny is the dimension of Hy (X, Q).

In this setting is defined the Lefschetz number L(f) as

n
(1) L(f) = S (=1)Ftrace(f)-
k=0
The importance of this notion is given by the existence of a result connecting
the algebraic topology with the fixed point theory called the Lefschetz Fixed
Point Theorem which establishes the existence of a fixed point if L(f) # 0, see
for instance [1].

Since our aim is to obtain information on the set of periods of f for self—
homeomorphisms of A, it is useful to have information on the whole sequence
{L(f™)}°_ of the Lefschetz numbers of all iterates of f. Thus we define the
Lefschetz zeta function of f as

(2) Z¢(t) = exp (Z L(?{lm)tm> .
m=1

This function generates the whole sequence of Lefschetz numbers, and it may
be independently computed through

(3) awzﬁwmfmwwﬂ
k=0

where I,,, is the nj x ny identity matrix, and we take det(l,, — tf.u) = 1
if n;, = 0. Note that the expression (3) is a rational function in ¢. So the
information on the infinite sequence of integers {L(f™)}>°_ is contained in
two polynomials with integer coefficients, for more details see [3].
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Proof of Theorem 2. Let f be a continuous self-map of S” x S"”. We know that

a

b
the induced linear maps are fuo = (1), fun = ) with a,b,c,d € Z ,

d
fson = (D) where D is the degree of the map f and f.; = (0) for i € {0, ...,2n},
i # 0,n,2n (see for more details [2]). From (3) the Lefschetz zeta function of

fis

_ e
@ =G na-pn

where p(t) = 1 — (a + d)t + (ad — bc)t?.

The Poincaré duality (see [9]), or directly from the product structure of the
cohomology ring, we have that det(f.,) = deg(f) = D.

Let f be an orientation preserving homeomorphism of S x S™ and n odd.
Therefore the degree D of f is 1. From (2) and (4) we have that

L(f™) . 1 — (a+ d)t + (ad — be)t?
o = o ez )

1
= (2—a—d)t—|—§(2—a2 — 2bc — d?)t?
1
+§(2 — a?® — 3abc — 3bed — d3)t3
1
+1(2 —a* — 4a®bc — 2b*c? — dabed — 4bed? — dMtt + ...

= LU SLUDP + GLUDE + TLUE

The solutions a, b, ¢, d of each one of the following three systems

L(f) = L(f*) =0,
L(f) = L(f*) =0,
L(f) = L(f*) =0,

satisfy the two equations bc + (d — 1)2 = 0 and a +d = 2. So, if a,b,c,d
do not satisfy these two equation, by the Lefschetz Fixed Point Theorem, the
statement (a) follows.
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Let f be an orientation preserving homeomorphism of S” x S and n even.
Therefore the degree D of f is 1. By (2) and (4) we have that

L™ o 1
2 == 10g<(1—(a+d)t+(ad—bc)t2)(1—t)2>

1
= 24+a+dt+ 5(2+aQ + 2bc + d*)t?
1
+§(2a3 + 3abc + 3bed + d3)t3

1
+Z(2 + a* + 4a®bc + 2b%c% + 4abed + 4bed? 4 dMHtt + ...

= L(f)it+ %L(fg)t2 + éL(fS)t3 + iL(f“)t“ t...

Since the systems L(f) = L(f?) = L(f3) = 0 and L(f) = L(f?) = L(f*) =
0 have no solutions in the variables a,b,c,d. This completes the proof of
statement (b).

Let f be an orientation reversing homeomorphism of S™ x S™ and n odd.
Therefore the degree D of f is —1. Again by (2) and (4) we have that

< L(f™) 1 — (a+d)t+ (ad — be)t?
mzzl m log( 1— ¢ >

1
= (—a—d)t+ 5(2 —a? — 2bc — d?)t?

1
—g(a +d)(a® + 3bc — ad + d*)t3

1
+7(2- a* — 4a’be — 20°c? — 4abed — 4bed? — d)tt + ...

= L(f)t+ %L(fQ)t2 + éL(f?’)t?’ + iL(f4)t4 b

The solutions a, b, ¢, d of the system L(f) = L(f3) = 0 are those satisfying
the equation a + d = 0. Therefore statement (c.1) follows.

The solutions a, b, ¢, d of the system L(f) = L(f?) = 0 are those satisfying
the two equations bc + d? = 1 and a + d = 0. So, statement (c.2) is proved.

The solutions a, b, ¢, d of the system L(f) = L(f*) = 0 are those satisfying
the there equations bc +d? = +£1 and a +d = 0. So, statement (c.3) is proved.
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Let f be an orientation reversing homeomorphism of S” x S"™ and n even.
Therefore the degree D of f is —1. By (2) and (4) we have that

> L(M™),m 1
2 Ty = lee <(1 “(atd)i + (ad—b)B)(1 = t2)>

1
= (a+d)t+ 5(2 + a? + 2be + d?)t?

1
+§(a3 + 3abc + 3bed + d3)t3

1
+Z(2 + a* + 4a®bc + 2b%c% + 4abed + 4bed? 4 dMtt + ...

= L(f)it+ %L(fZ)252 + %L(f‘?)t?’ + iL(f“)t“ to.

Since the system L(f) = L(f?) = L(f*) = 0 has no solutions in the variables
a,b, c,d the statement (d.1) is proved.

A solution a,b,c,d of the system L(f) = L(f3) = 0 must satisfies the
equation a + d = 0. So, statement (d.2) follows.

The solutions a, b, ¢, d of the system L(f) = L(f?) = 0 are the ones satisfying
the two equations be+d? = —1 and a+d = 0. Hence, statement (d.3) is proved.
Hence Theorem 2 is proved. O

Proof of Theorem 3. Let f be a continuous self-map of S™ x S™ with n # m.
It is known that the induced linear maps are f.o = (1), fun = (@), fim = (b)
with a,b € Z, funtm = (D), where D € 7Z is the degree of the map f and
fs«i = (0) for i € {0,...,n+m}, i # 0,n,m,n + m (see for more details [2]).

By Poincaré duality, or again by a direct consideration with the cup-product,
we have ab = deg(f). For homomorphisms we have the additional restriction
a,be {£1}.

From (3) the Lefschetz zeta function of f is of the form

(L= at) "1 — et D™ (1 — DD
(5) Zf(t) = — .

Let f be an orientation preserving homeomorphism, n and m even. There-
fore the degree D of f is 1. By (2) and (5) we have that

= L), |
= 1°g<<1—at><1—bt><1—t>2>

1
= (2+a+b)t+§(2+a2+b2)t2

1 1
+§(2 +a® +b3)t3 + 1(2 +at+ o)t +

= LD+ SR+ LGB+ SLE
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Since the system L(f) = L(f?) = 0 has no solutions in the variables a, b the
statement (a.l) is proved.

Since the unique solution of the system L(f) = L(f3) = 0 is (a,b) =
(—=1,—1), the statement (a.2) follows.

Let f be an orientation reversing homeomorphism, n and m even. Therefore
the degree D of f is —1. By (2) and (5) we have that

2 LUf™) 1
£ e = s ()
_ (a+b)t+%(2+a2+b2)t2

1 1
+§(a3 +b63)t3 + 1(2 +at + oMt L

1 1 1
= LN+ LU+ L + L+
Since the systems L(f) = L(f?) = L(f3) = 0 and L(f) = L(f?) = L(f*%) =
0 have no solutions in the variables a, b the statement (b) is proved.

Let f be an orientation reversing homeomorphism, n is even and m is odd.
Therefore the degree D of f is —1. By (2) and (5) we have that

= L") (b))
2 T 1°g<<1—at><1—t>)

m=1 M

1
= 2+a-bt+ 5((12 — b?)¢?

1 1
+§(2 +a® — b33 + Z(a4 i A

= L(f)it+ %L(fQ)t2 + %L(f?’)t3 + iL(f“)t“ t...

Since the unique solution of the systems L(f) = L(f?) = 0and L(f) = L(f?) =
0is (a,b) = (—1,1), the statement (c) follows.

Let f be an orientation reversing homeomorphism, 7 is odd and m is even.
Therefore the degree D of f is —1. By (2) and (5) we have that

> L(f™) m (1 —at)(1+1)
2w 1°g<<1—bt><1—t>>

1
= 2+b—a)t+ 5(1)2 — a?)t?
1

1
+§(2 + 03— a®)t3 + Z(b4 —ahtt ...

= LN+ %L(fQ)t2 - %L(f3)t3 + iL(f4)t4 4o

Since the unique solution of the systems L(f) = L(f?) = 0and L(f) = L(f?) =
0is (a,b) = (1,—1), the statement (d) follows.
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Let f be an orientation preserving homeomorphism, n and m are odd.
Therefore the degree D of f is 1. By (2) and (5) we have that

5 U g (U0

m=1

1
= (2—a—b)t+§(2—a2—b2)t2

%(2 —a® = b*)t* + 3(2 —at b 4
= L(fit+ %L(fQ)t2 + %L(F’)t?’ + iL(f“)t“ T

Since the unique solution of the systems L(f) = L(f?) = 0and L(f) = L(f?) =
0is (a,b) = (1,1), the statement (e) is proved. This completes the proof of
the theorem. O

Proof of Theorem 4. Let f be a continuous self-map of CP™ with n > 1. We
know that the induced linear maps are f,, = (a2) for q € {0,2,4, ...,2n} with
a € Z, and f.q = (0) otherwise (see for more details [12, Corollary 5.28]).

From (3) the Lefschetz zeta function of f has the form

(6) Z(t) = (H(l - aq/zt)) 7

q

where ¢ runs over {0,2,4,...,2n}.

Let f be a continuous self-map of HP™ with n > 1. We know that the
induced linear maps are f,q = (a%) for ¢ € {0,4,8,...,4n} with a € Z, and
fxq = (0) otherwise (see for more details [12, Corollary 5.33]).

From (3) the Lefschetz zeta function of f has the form

-1
(7) Z4(t) = (H(l - aq“ﬂ) ,

q
where ¢ runs over {0,4,8, ...,4n}.

Suppose now that f is a homeomorphism of either CP™ or HP", then a =
+1. By (2), (6) and (7) we have that

log ifa=1,
(1=t
= L™ | . )
mz_:l - tm = log 100 if a = —1 and n is odd,
1
log W if a = —1 and n is even.
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Since
1 1 1 1 1 1
log ———— = nt+ —nt? + —nt3 + ~nt* + —nt® + —nt® + ...
T T R L L
1 1 1 1 1 1
1 = t+-nt?+ -3+ ntt 4+ S0+ —ntb + .
Og(l—t2)(”—1)/2(1—t) —|—2n +3 —|—4n +5 —|—6n o
T 1, 1T,
logi(l_ﬂ)n/2 = 5nt +1nt —i—gnt +...,
We have that L(f) # 0if a =1, or a = —1 and n is odd, and that L(f) =0
and L(f?) # 0 if a = —1 and n is even. Then theorem follows. O
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