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Abstract 
 
Self-assembly processes are very important in Material Sciences but are particularly difficult 

to predict quantitatively. This is the case for particulate magnetic materials; in which field 

induced self-assembly processes are essential. This Feature Article describes the recent 

advances in the development of predictive theoretical tools for the study of directed self-

assembly of superparamagnetic colloids under magnetic fields. A practical view is presented 

of how to employ the new concepts (derived from thermodynamic theory) to predict the 

possible assembled structures from the properties of the colloids and thermodynamic 

conditions. Quantitative prediction of kinetics is also discussed for the cases in which 

equilibrium theory is not relevant. Finally, an outline of fundamental aspects of the theory is 

presented.  
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1. Introduction  

 

Superparamagnetism[1–3] is a peculiar magnetic behavior observed in small nanoparticles of 

ferromagnetic materials (such as iron oxide) and in composites containing these nanoparticles. 

At a first look, superparamagnetism is somehow reminiscent of classical Langevin 

paramagnetism but with an exceptionally strong magnetic response to an external magnetic 

field with a high saturation magnetization (hence the prefix “super” in the name). 

Superparamagnetic materials do not present magnetic hysteresis and, in the absence of 

external magnetic field, the magnetization of a superparamagnetic material is zero; they do 

not have remanent magnetization. Therefore, they can be easily manipulated by applied 

magnetic fields. This highly tunable behavior makes these materials highly attractive for 

many applications[4,5].  These applications are extremely diverse and include: ferrofluids[6,7] 

used as sealants or lubricants; multifunctional materials such as reconfigurable coatings[8] or 

magnetically controllable photonic colloidal crystals[9,10]; materials for biological and 

biomedical applications[11–14] such as immunoassays, drug delivery or hyperthermia 

treatments; adsorbent materials for magnetic separation[15–17] or magnetic actuators[18] for 

microfluidics. Many of these applications employ superparamagnetic particles in the form of 

composite superparamagnetic colloids. These are composite particles of typical size in the 

range 50 nm -2 m made of a nonmagnetic matrix (for example polymer[19] or silica[20]) 

which contain a large number of superparamagnetic nanocrystals of sizes of a few nanometers 

inside. In addition to the superparamagnetic property, further functionalities can be added to 

the colloid either by choosing an appropriate nonmagnetic matrix or by attaching specific 

ligands to the surface of the colloidal particle. For example, in Ref[21] a carbohydrate matrix 

with high sorption capacity for metal ions was employed to develop advanced materials for 

the removal of metal ions using magnetic fields. In Refs[22,23]  luminescent functionalities 
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were added to magnetic colloids by adding quantum dots to the matrix. For biotechnological 

applications such as protein purification, the preferred strategy is the addition of appropriate 

ligands to the colloid surface[11].  

In the presence of an applied field, these superparamagnetic colloidal particles can 

self-assembly in a variety of anisotropic structures such as chains of particles, bundles of 

chains of particles in zippered configurations and fibrous structures made of bundles of chains.   

For example, in Refs[24–27] the authors employed optical microscopy to observe the behavior 

of composite superparamagnetic colloids of sizes between 500 nm -800 nm under magnetic 

fields. In these experiments, it was observed that the particles assembled into linear chains 

after applying a magnetic field. Interestingly, the chains disappeared (the particles 

spontaneously re-disperse) after the removal of the external magnetic field[25,27]. Experiments 

also show that long chains can interact laterally and coalesce in a zippering configuration[28–

30] , giving rise to thick chains. Also, more complex, fibrous structures containing bundles of 

chains can be obtained[31].  

 The formation of these anisotropic structures is essential in certain applications but is 

detrimental in other applications. In nanofabrication applications[32] and in responsive 

materials[8], assembly is essential. Another example in which assembly is essential is 

magnetophoresis[16] (the transport of magnetic particles induced by a magnetic gradient), 

which is the principle behind the magnetic separation step[15,17] in applications such as protein 

purification or pollutant removal. We have shown that the formation of field-induced 

structures dramatically enhances magnetophoretic velocity[31,33,34].   

However, in certain applications the formation of these structures should be avoided. 

In biomedical applications, assembly is often an undesired effect because the formation of 

aggregates often reduces biocompatibility. In other cases, field-induced assembly is undesired 

because it introduces an aging or time dependence in properties which need to be stationary 

for the applications. For example, in the case of superparamagnetic particles employed as 
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contrast agents in MRI, the transversal (T2) relaxation time (which is one of the properties of 

interest) changes with time if the magnetic interaction between particles induced by the 

external field is strong enough to give rise to the formation of chains of particles[35–37]. The 

formation of linear aggregates also has important consequences in hyperthermia applications 

of superparamagnetic particles[38].  

 It is therefore highly desirable to anticipate or predict the self-assembly behavior of 

these materials under magnetic fields from the very beginning of the design of the materials, 

in order to obtain better materials with the desired behavior. In this respect, theoretical 

methods, in the form of analytical equations or computational tools could be very helpful. In 

this Feature Article we will discuss the concepts and methods developed in the last years, 

suitable for the prediction of the behavior of composite superparamagnetic colloids under 

magnetic fields. Particular emphasis will be made on how to obtain useful predictions of 

assembly processes from basic characterization data of the building blocks (size and magnetic 

response of the particles) and experimental conditions (concentration, temperature). We will 

discuss  simple analytical mathematical formulas for the assembled equilibrium state derived 

from mean-field, thermodynamic theory[34,39] formally similar to the popular theories 

employed in the field of supramolecular self-assembly[40]. The prediction of the kinetics will 

be also discussed, particularly for the cases in which equilibrium thermodynamic theory is not 

relevant. As we will see, prediction of kinetics requires the use of especially designed 

computational techniques, introduced to deal with the multiple time and length scales present 

in the assembly processes of superparamagnetic particles under magnetic fields. In all the 

cases we will discuss explicitly relevant experimental examples.  

The paper is organized as follows. In Section 2, we will present the basic concepts of 

superparamagnetic colloids and how to model it. In Section 3 we will present the main results 

from the equilibrium thermodynamic theory, focusing our discussion on practical aspects, 

emphasizing how to apply the basic concepts. In Section 4, we will discuss how to obtain 
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kinetic predictions for the cases in which equilibrium thermodynamic theory discussed in the 

previous sections is not relevant. Section 5 will be devoted to fundamental aspects, discussing 

the foundations of the thermodynamic self-assembly theory presented in Section 2 as well as 

comparison with previous theories. We will end up with a Conclusions section. 

 

 
2. What are superparamagnetic colloids and how to model them? 

 

A brief digression on the origin of superparamagnetism is important before discussing the 

behavior of composite superparamagnetic colloids. The superparamagnetic behavior appears 

for small nanocrystalls of magnetic materials, as shown schematically in Figure 1. 

Magnetic solids with ferromagnetic or ferrimagnetic behavior contain domains with well-

defined size and magnetization, separated by domain walls[2]. Under the effect of a magnetic 

field, the magnetization of a multidomain sample changes (in response to the applied field) by 

displacements of the domain wall. The fact that these domains have a characteristic minimum 

size for each material has very important implications for small particles of magnetic 

materials. The theory of magnetic domains[1,2] predicts that particles smaller than a certain 

critical size Dc are monodomain, that is, they are in a state of uniform magnetization both in 

the absence or in the presence of any external magnetic field (Figure 1). This critical size Dc is 

different for each material[41], for example it is about 55 nm for FePt but it is as large as 100 

nm for CoFe2O4. This monodomain character has a substantial impact in the magnetic 

response of the material. For a single domain particle, the “easy” process of wall displacement 

is not possible and a change in magnetization by an external field requires a more difficult 

process, namely the rotation of the whole magnetization of the particle. This process has a 

large energy cost associated to the work against anisotropy energy and, as a consequence, a 

single domain particle has higher coercitivity than the bulk (multidomain) magnetic material. 
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For sufficiently small particles (Figure 1), of size Dsp, the anisotropy energy can be of the 

order of the thermal energy. In this situation, the magnetic moment of a single domain particle 

is thermally unstable and changes spontaneously and rapidly, without applied field. This 

process of thermal flip of the whole magnetization of the particle is known as Néel relaxation 

and can be described rigorously by the stochastic theory developed by W.F. Brown[42]. 

Nanocrystalls have superparamagnetic[3] response when the timescale of the Néel relaxation 

process, N, is much smaller than the time scale of the magnetic measurements. The observed 

magnetization is zero in absence of applied field due to the rapid rotation of the single 

magnetic domain of the particle.  In the presence of an applied field, the particles behave as 

classical, Langevin paramagnets[3] without hysteresis and with a large saturation 

magnetization (the collective moment of the single domain) which is of the order of 104-105 

times the atomic magnetic moment. The values for Dsp are one order of magnitude smaller 

than the corresponding values of Dcr for the same materials. It should be emphasized that the 

superparamagnetic size Dsp of a nanoparticle is usually defined as the size at which the Néel 

relaxation time is N=100 s at ambient temperature.  With this definition, one has for 

example[41], Dsp10 nm for CoFe2O4 and Dsp 3 nm for FePt. 

It is interesting to note that single domain nanoparticles (with sizes larger than Dsp but 

smaller than Dcr) can behave effectively as superparamagnetic particles when prepared in 

liquid suspension as a ferrofluid[7]. In this case, the rotation of the whole particle can be done 

by the brownian motion of the nanoparticle in solution. Depending on the size of the 

nanoparticle and the solvent viscosity, the brownian relaxation can be fast, below the time 

scales of magnetization measurements[43]. Although these particles may behave effectively as 

superparamagnets, they present some peculiarities. Due to their relatively large size, 

monodomain particles may have large magnetic dipoles and the dipole-dipole interaction 

between them could be much larger than the thermal energy. This has important implications. 
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For example, due to these interactions, monodomain particles in suspension may self-

assemble in absence of any external magnetic field[44–48].  

Our interest here is in composite materials containing many superparamagnetic nanoparticles 

(i.e. with size below Dsp) in nonmagnetic matrix. More specifically, we are interested in 

colloidal particles as those described in the Introduction, with sizes in the range 50 nm -2 m 

made of a nonmagnetic matrix which contain a large number of superparamagnetic 

nanocrystals inside. In Figure 1b, we show a typical image[19] of one of these composite 

colloids and its magnetic response. The composite particle (nonmagnetic matrix with 

superparamagnetic NPs) has a superparamagnetic response[19,49], provided that the NPs inside 

the colloid are separated by nonmagnetic material (otherwise, close contact between NPs may 

induce ferromagnetic behavior[50]). Usually, the NPs inside the colloid are not all identical and 

in fact, it is possible to derive the size distribution of the NPs inside the colloid from a 

detailed analysis of its magnetization M=M(H)[49].  In Figure 1 we illustrate the origin of the 

magnetic response of the colloid. When H=0, the NPs located inside a colloid have an 

unstable magnetic moment that freely rotates in all directions due to Neel relaxation.The 

colloid, which contains a large number of these NPs, has a zero net magnetic moment. For 

H0, the moments of the nanoparticles fluctuate around the direction of the external field. As 

a result, the colloid has a net magnetization in the direction of the applied field. Under 

sufficiently strong H fields, the magnetic moments of the NPs become completely aligned to 

the applied external field and the colloid reaches saturation magnetization. Figure 1c also 

emphasizes the important point that the model for the behavior of a colloid composed by 

many NPs is different from the model describing individual NPs.  On the one hand, the 

behavior of single NP is represented by a rapidly rotating magnetic dipole, with an orientation 

that can be biased by an applied magnetic field. On the other hand, the response of a 

composite colloid containing many individual superparamagnetic NPs (each one relaxing with 

the Neel mechanism) can be represented with a magnetic moment m which is always aligned 
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to the external field, with an intensity that increases with the intensity of the applied field and 

is zero in absence of external field. This representation will be denoted here as the Aligned 

MacroDipole model (AMD). An interesting consequence of the AMD model is that, in 

absence of external magnetic field, the composite colloids do not have magnetization (Figure 

1) and therefore do not assemble. In order to induce self-assembly, the colloids need to 

acquire a magnetic moment induced by the external field. Another consequence is that any 

assembled structure of colloids obtained with an applied magnetic field is observed to 

disaggregate[27,31,51] when the field is removed (since the magnetic interaction disappears). 

Colloid-colloid magnetic interactions and their derived self-assembled structures can be 

completely switched on and off by the applied magnetic field. 

In general, the AMD model is valid for any composite spherical particle containing 

many superparamagnetic NPs in a nonmagnetic matrix. It is important to recall here that the 

AMD model assumes that the colloid is spherical. In the case of nonspherical colloids (for 

example, the colloidal triangles obtained in Ref [52]) a single magnetic dipole is not enough to 

represent the magnetic response of the particle[53], and the model requires extensions that will 

not be discussed in this paper.  

The practical use of the AMD model for predictions requires first a magnetic 

characterization of the sample which typically gives the magnetization curve per unit mass 

M(H) (measured in Am2Kg1 or equivalently in emu/g). Then, the magnetic dipolar moment 

m(H) of a colloid of diameter d can be computed using: 

m(H) = గ
଺

𝑑ଷ𝜌௣M(H)        (1) 

where p is the density of a colloid. As seen in Figure 1b, at low applied fields the magnetic 

response can be described by a constant magnetic susceptibility χ, defined by ρ୮M(H) = χH. 

For example, in the case of the colloids of Figure 1b, we have χ = 0.6. In this linear response 

case, the dipole of a colloid is given by:  

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



  

9 
 

m(H) = గ
଺

𝑑ଷχH        (2) 

In an external field, two superparamagnetic colloids with magnetic moment m have a 

magnetic interaction which is strongly anisotropic, and depends not only on the particle 

separation r but also on the angle  between the magnetic field and the line joining the centers 

of the two dipoles, see Figure 2. The magnetic interaction energy is given by (μ0=4π×107 N 

A2 is the magnetic permeability of free space): 

𝑈(𝑟, 𝜃) = − ఓబ୫మ

ଶగ௥య ቂ1 − ଷ
ଶ

sinଶ θቃ = −𝑈∗ ୢయ

୰య ቂ1 − ଷ
ଶ

sinଶ θቃ               (3) 

where U* is the maximum value of the magnetic energy, given by:  

𝑈∗ = ఓబ୫మ

ଶగௗయ                      (4) 

As shown in Figure 2, the interaction energy given by Equation (3) is attractive (U<0) 

for angles θ<54.7 and repulsive (U>0) for θ>54.7.  The magnetic energy has its minimum 

value (-U*) for tip-to-tip aligned dipoles in contact (r=d and =0) and it has its maximum 

repulsion (U=U*/2) for two parallel dipoles in contact (r=d and =90). This anisotropic  

colloid-colloid magnetic interaction tends to induce the formation of anisotropic structures in 

the direction of the applied field. In the next section we will discuss which structures are 

found and under which conditions appear.  

Before ending the section, a technical point should be noted here regarding the use of 

Equation (3) and (4) in practical situations. In principle, the magnetic field H to be employed 

in the calculation of the dipole moment m(H) in Equation (1) should be the total field on a 

colloid, including the external applied field H0 and the field sensed by a colloid due to the 

other colloids (induced dipole contribution). However, the induced dipole contribution is 

usually very small and we can safely approximate the field over a particle to the external field 

HH0 in Equation (1) except possibly in the case of weak external fields. The induced dipole 

contribution can be easily estimated in the linear response region in which the magnetization 
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of the colloid is characterized by the susceptibility  (see Equation (2)). Considering a dimer 

of two particles in contact in the most favorable orientation (=0), the magnetization of a 

particle is given by[54] (see also the Supporting Information for details):   

m(H) = గ
଺

𝑑ଷχH = గ
଺

𝑑ଷ ቂ1 − ஧
ଵଶ

ቃ
ିଵ

χH଴                            (5) 

where the factor in parenthesis is the induced dipole correction. This correction 

implies only a modest increment in the magnetic dipole (only a 5% for =0.6 for example) as 

compared with that expected considering only the applied field H0.  

 

3. Basic principles of field-induced self-assembly of Superparamagnetic colloids 

 
Once we have formulated a model for superparamagnetic colloids (AMD model, Figures 1 

and 2), we discuss its predictions. In this section we will summarize the most important 

predictions from the model, in the form of self-assembly rules. We will illustrate their use 

comparing with published results from experiments and computer simulations.  

We argued in the previous section that, in the presence of a magnetic field, the 

magnetic interaction between colloids may induce the formation of anisotropic structures. But 

the conditions for the formation of the structures depend not only on magnetic energy 

considerations but also on thermodynamic considerations. The reason is that in a colloidal 

dispersion one has to take into account not only the energy decrease involved in the formation 

of a magnetic association but also the loss of entropy in the solution associated with the 

formation of structures of different sizes. A thermodynamic analysis[34,39] (see also Section 5 

for a detailed derivation) shows that the balance between energetic and entropic factors is 

determined by a dimensionless quantity, the so-called  aggregation parameter N*, which 

involves not only the magnetic properties of the colloids but also thermodynamic variables 

such as concentration and temperature. The critical value of N* for field-induced self-

assembly is N* =1. In the case of N*<1, the formation of structures is not possible (entropy 
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dominates) whereas for N* >1, the particles will form different kinds of elongated structures 

(chains or bundles of chains), as depicted schematically in Figure 3. This aggregation 

parameter N* can be computed from the properties of the suspension by: 

𝑁∗ = ඥ𝜙଴𝑒୻ିଵ         (6) 

where 0 is the volume fraction of the suspension occupied by colloids and  is the 

magnetic coupling parameter:   

 𝜙଴ = గ
଺

𝑑ଷ𝑛 = గ
଺

𝑑ଷ ௖
ఘ೛

        (7)  

Γ = ఓబ୫మ

ଶగௗయ௞ಳ்
                                  (8)                              

In Equation (7), n is the number of colloids per unit volume and c its mass 

concentration (mass of particles per unit volume). The magnetic coupling parameter  defined 

in Equation (8) is simply the ratio between the maximum value for the attractive magnetic 

energy U* (Equation (4)) and the thermal energy kBT (kB=1.38×10-23 JK1 is the Boltzmann 

constant, T is the absolute temperature). In Table 1 we have collected representative values of 

the parameters 0,  and N* calculated in experiments with superparamagnetic colloids (in all 

cases, the experiments were done under strong fields, so we employed the magnetic moment 

corresponding to saturation magnetization in Equation (1)).  

Before discussing in more detail the predictions of the theory with particular examples, 

let us briefly discuss a few direct implications of Equation (6), (7) and (8). Of course, if 

thermal agitation is stronger than magnetic interaction (<1) we will have N*<1 and no field-

induced self-assembly will occur. Values of  larger than 1 imply that the magnetic 

interaction between particles in contact is stronger than thermal energy, but self-assembly is 

not guaranteed. According to Equation (6), the actual condition determining the formation of 

structures (N* >1) involves not only  but also the volume fraction 0. Both experiments[33] 

and simulations[39] show examples of situations with >1 in which no field-induced self-
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assembly was observed. Dispersions of superparamagnetic colloids rarely exceed 5% in 

volume (0=0.05), so Equation (6) implies that particles with <4 will not experience self-

assembly under the effect of a magnetic field in spite of their substantial magnetic response. 

In applications in which field-induced self-assembly is undesired one has to work in 

conditions of <4, otherwise the concentration of the suspension should be carefully 

controlled to be low enough in order to guarantee that N* is still below 1. On the contrary, 

assembly of particles (N* >1) will be unavoidable for particles with >15, even in extremely 

diluted conditions, since the smaller volume fractions reported in experiments[35] are of the 

order of 0106.  

We will discuss now in more detail the different possibilities shown in Figure 3. Let us 

consider first the case N* <1. According to our theory, in this case there cannot be formation 

of structures. These predictions can be compared with the experimental observations 

corresponding to samples S1-S3 in Table 1, which are superparamagnetic colloids proposed 

for use as contrast agents in magnetic resonance imaging (MRI) applications (see Refs[20,55]). 

In these cases, one typically employs strong magnetic fields and the particles are near 

magnetic saturation. A large magnetic response of the particles is desired but field-induced 

self-assembly is unwanted for these applications. As it can be seen in Table 1, all these 

samples (S1-S3) have values of N*<1, corresponding to no formation of structures. In all 

three cases, magnetophoresis measurements[33,55] clearly show the absence of chain formation, 

in agreement with our prediction. It is interesting to note that in the cases of S2 and S3 there is 

no self-assembly (entropy “wins”, N*<1) in spite of the presence of particle-particle magnetic 

interactions stronger than thermal energy (>1). In the case of S3, we predict that formation 

of chains will be possible by performing new experiments at larger concentration. According 

to Equation (6) and the data in Table 1, one needs a volume fraction larger than 103 in order 
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to obtain chains, which is a substantial increase over the diluted concentration employed in 

experiments in Ref[55], but it is a feasible concentration. 

In the case of N*>1, we will observe magnetic field induced self-assembly of the 

particles, as shown schematically in Figure 3. For moderate values of N*, (N* <10) the 

equilibrium state of the colloidal dispersion consists of chains of different sizes, with a 

probability of finding a chain containing l particles given by 𝒑 ∝ 𝐞𝐱𝐩 (− 𝒍
𝑵∗). The average 

number of particles in a chain (its average length) is given by: 

< 𝑙 >≈ 𝑁∗       (N* >1)       (9) 

For values of N* >10, the equilibrium state consist of chains and also thicker structures 

made by self-assembly of long chains. These are bundles of zippered chains in which particles 

in neighboring chains are organized out of registry by a distance of d/2, as shown in Figure 3c. 

The reason for these structures is due to the peculiar behavior of magnetic interactions 

between long chains (see section 5 and also Ref[56] for more details). Chains longer than a 

certain critical value (14 particles) can aggregate laterally to form thicker aggregates (bundles 

of chains). This effect is relevant as long as there is a substantial fraction of chains longer than 

this critical value, which occurs for N*>10. In this case of bundle formation the average length 

of the aggregates in the system can still approximately calculated using Equation (9). 

However, we are not aware of analytical equations to estimate the number of chains per 

bundle or the average number of particles per bundle.  

These predictions can also be compared with experimental results and computer 

simulations. A systematic comparison with computer simulations is summarized in Table 2 

for different values of N* either by considering different concentrations (i.e. different 0) at a 

given  or different values of the magnetic coupling parameter  at a given 0. As seen in 

Table 2, the average length of the chains obtained in simulations is in very good agreement  

with the prediction from Equation (9). Concerning experiments, we can consider the case of 
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sample S4 in Table 1, in which NMR experiments[30,57] were employed to follow the field-

induced self-assembly process. The experimental results showed a two step aggregation 

process, corresponding to a first step with the formation of chains and a second step (at larger 

times) corresponding to the formation of bundles of zippered chains. This behavior is in 

complete agreement with that expected from the estimated value of N* (N*24), see Figure 3. 

Unfortunately, from the experimental results it was not possible to estimate the sizes of the 

structures, but computer simulations of the experimental system[57] (simulation S7 in Table 2) 

showed that the average length of the chains (including bundles of chains and single chains) is 

about 25 particles, in excellent agreement with the prediction of Equation (9). 

Finally, let us consider the case of very large values of N*. As it can be seen in Table 1 

(samples S5 and S6 from Refs[35,37,58]), there are situations in which the magnetic coupling 

parameter can be very large (>100). Due to the exponential dependence of N*with  (see 

Equation (4)), this case corresponds to extremely large almost divergent values of N*. In 

this case, magnetic interaction dominates over entropic factors and the equilibrium state is 

dictated purely by considerations of minimum magnetic energy. The minimum energy state 

corresponds to a collapse of the system in the form of an extremely large bundle which 

contains all the particles of the system. However, we cannot expect to be able to observe this 

state, as it will require an extremely large observation time (see discussion in Ref[39]). At the 

experimental time scales, we will observe the formation of chains and bundles of chains 

which will continue growing without reaching an equilibrium state. As examples of this case, 

let us consider samples S5 and S6 in Table 1. In the case of sample S5, NMR experiments 

were performed to measure the transversal relaxation time T2 of water protons, which 

provides an indirect way to estimate the size of the field-induced aggregates. The magnetic 

coupling was very high in this case (=247) but the experiments were performed at very low 

concentrations (106-105) in order to check whether a very low concentration can prevent 
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self-assembly even for strongly magnetic particles. In spite of the low concentration, the 

experimental results clearly indicated the formation of chains, which were continuously 

growing during the experiments, as expected from our previous theoretical considerations. 

The kinetics of the process, which was observed in detail in this case, will be discussed in the 

next subsection as compared with predictions from computer simulations. The case of sample 

S6 in Table 1 (Ref[37]) corresponds to a situation with an even larger magnetic coupling 

parameter (400). In this case, the structures obtained at different times were observed with 

dark field microscopy. The observations corroborate again the expectations from the theory. 

At short times, the formation of chains was observed and at longer times formation of bundles 

of chains was observed. The observed bundles corresponded to chains of lengths larger than 

the critical value (14 particles) predicted theoretically. 

 Up to now, we have employed the self-assembly theory for the case of reasonably 

monodisperse colloids (i.e. a well-defined average size and a low polydispersity index). 

However, there are situations of interest in which one has at least two clearly different 

particles (of different size or with different magnetic properties). The theory can be also 

generalized to this case, although the resulting equations are more complex. However, there is 

a particular case of interest in which it is possible to find simple analytical solutions. This is 

the case in which we have strongly magnetic colloids (let us say type “A” particles) with a 

strong tendency to form chains and weakly magnetic particles (let us say type “B” particles) 

which do not form chains. The question is under which conditions a mixture of A and B 

particles will assemble into chains containing both A and B particles or into separated phases 

with chains of A particles and isolated B particles. To analyze this question, we will need to 

consider the magnetic coupling parameters A and B calculated from Equation (8) for 

particles of type A and B and their corresponding aggregation numbers NA
* , NB

* calculated 

using Equation (4) with the volume fraction of particles of type A and B respectively. In the 

case of NA
*>1 and NB

*<1, we have the possibility of chains made exclusively of A particles 
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and chains containing both A and B particles. The equilibrium ratio f  between particles of 

type B in mixed chains (containing both A and B particles) and free, isolated B particles is 

given by:  

𝑓 = 2𝑁஺
∗ exp൫ඥΓ஺ · Γ஻ − Γ஺൯ = 2ඥ𝜙஺ exp ቀඥΓ஺ · Γ஻ − ଵ

ଶ
Γ஺ − ଵ

ଶ
ቁ.    (10) 

Equation (10) is derived assuming that both types of particles have the same size but 

different magnetic behaviour (for different sizes, the equations become more involved and are 

not discussed here for simplicity). Equation (10) implies that the formation of mixed chains is 

negligible in the cases of A>>1 and or B<1. In order to find a nonnegligible  amount of 

mixed chains (let us say f larger than 1%) without observing chains made of only B particles, 

we need to consider not too weakly magnetic B particles (B <4) and not too strongly 

magnetic A particles (A <20) at high enough concentrations (𝜙஺ > 10ିଷ). This conclusion 

derived from Equation (10) has interesting implications. For example, as a result of the 

synthesis process, in Ref[59] the authors obtain a mixture of two kinds of superparamagnetic 

particles with two very different magnetic response. From their data, we estimate that the 

more magnetic particles have A>10 and the less magnetic particles have B<1. Following 

our results, we predict that the application of a strong magnetic field to the sample will 

produce the formation of chains and bundles made exclusively by the more magnetic particles, 

excluding the less magnetic ones. This suggests that a separation of the two components of 

the mixture can be done with the application of a magnetic field, since one kind of particles 

will be forming large structures whereas the other type of particles will be in the form of small, 

isolated particles. In Ref[60], the authors indicate that mixtures of particles with very different 

sizes can be fractionated using magnetophoresis processes. Our results also suggest that a 

similar magnetophoresis fractionation process can also be possible for particles with very 

different magnetic responses and similar size. 
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The discussion in this section shows that the concept of the aggregation parameter N* 

and the classification shown in Figure 3 can be extremely useful in the prediction of the 

magnetic field induced self-assembly of superparamagnetic colloids. Its use is simple, since 

the parameters contained in the equations can be easily evaluated from the characterization 

data of the particles.  

 

4. When Equilibrium theory is not enough: predicting kinetics  

4.1 Simple kinetic rules 

The self-assembly rules described in the previous section correspond to the description 

of the thermodynamic equilibrium state. It is therefore important to know whether the 

approach to the equilibrium state is fast (so thermodynamic predictions are relevant) or it is so 

slow that a description of the kinetics of the self-assembly process instead of a 

thermodynamic description is needed.  

We can distinguish between two main kinetic regimes for superparamagnetic particles 

under external field: kinetics dominated by the magnetic interaction and kinetics dominated 

by diffusion. There is a simple rule to determine which mechanism dominates the kinetics. It 

is based on the comparison between the typical separation between colloidal particles and the 

particle-particle interaction length scale. Initially (before applying the magnetic field), the 

distribution of particles is random and the average distance between particles is determined by 

the concentration. In a random distribution of particles, the average separation between 

particles dpp is given by the classical Hertz-Chandrasekhar equation[61,62]  

𝑑௣௣ = 2.7 ௗ

଺థబ
భ/య     .                                                                (11) 

(the numerical prefactor in Equation (11) is the value of the Gamma function[63]  evaluated at 

1/3). After applying a magnetic field, the colloidal particles will interact due to their magnetic 

moments induced by the external field, as described in Section 2. In a colloidal dispersion, 
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this particle-particle interaction will be relevant only for those interparticle distances at which 

it is stronger than the thermal energy. The ratio between the magnetic interaction energy 

between two magnetic dipoles m and the thermal energy can be obtained from Equation (3) 

and (7): 

௎(௥,ఏ)
௞ಳ்

= −Γ ୢయ

୰య ቂ1 − ଷ
ଶ

sinଶ θቃ = − ஛ా
య

୰య ቂ1 − ଷ
ଶ

sinଶ θቃ               (12) 

In Equation (12) we have introduced the so-called magnetic Bjerrum length[31,34] 

defined by:  

𝜆஻ = 𝑑 · Γଵ/ଷ     .                                                             (13) 

From Equation (12) we see that  𝜆஻ is the distance at which the energy associated to 

attractive magnetic interaction between aligned dipoles is equal to the thermal energy, 

𝑈(𝑟 = 𝜆஻, 𝜃 = 0) = −𝑘஻𝑇. The relation between dpp and 𝜆஻ determines the kinetics of the 

self-assembly process under an external magnetic field. In the case of  𝜆஻ ≫ 𝑑௣௣, the motion 

of the particles is deterministic, dominated by the magnetic interaction. In the opposite case of 

𝜆஻ ≪ 𝑑௣௣, the motion of the particles is essentially diffusive and a colloid only feels the 

magnetic interaction with another particle after randomly diffusing across the distance 

separating both colloids. In practice, one typically chooses to work in conditions 

corresponding to one of these two extreme situations, depending on the specific application 

for which the particles are designed. For applications requiring fast self-assembly one should 

work in conditions 𝜆஻ ≫ 𝑑௣௣ , whereas the case 𝜆஻ ≪ 𝑑௣௣ is preferred in situations in which 

self-assembly should be minimized at experimental time scales. Combining Equations (11) 

and (13), we can also write the conditions involving dpp and 𝜆஻ in terms of 0 and : 

Γ𝜙଴ ≫ 0.1     deterministic kinetics .                                                             (14)  

Γ𝜙଴ ≪ 0.1     diffusive kinetics.                                                             (15) 

We can also derive simple, approximate equations for the time scale of the self-

assembly process in these two limiting cases. In the limit of kinetics dominated by magnetic 
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interactions (Equation (14)), the characteristic time tm needed for aggregation of two particles 

initially separated by a distance dpp can be estimated by balancing the viscous drag with the 

magnetic force. The result is approximately given by[56]:  

t୫ ≈ ௗ೛೛
ఱ ିௗఱ

ଵହ஽ఒಳ
య               (16)  

In the opposite case of kinetics dominated by diffusion (Equation (15)), the characteristic time 

tB can be roughly estimated by[24] :  

t୆ = ୢమ

ସ଼ቂ భ
యభ/మି భ

యయ/మቃୈ୻மబ
.         (17)  

Equation (17) was obtained by considering the classical Smoluchowsky rate of aggregation of 

Brownian spheres adsorbing spheres, with a geometrical modification to account for the 

region in which magnetic interactions dominate.  

We can consider now explicit examples of the two situations. Let us consider first a 

case in which fast aggregation is highly desired. This is the case for superparamagnetic 

particles designed for applications involving magnetophoresis (such as immunoessays[19] or 

removal of pollutants[21]). In this case, the magnetic field is applied for removal of the 

particles once they have performed their function (e.g. capture of proteins or pollutants). Their 

magnetophoretic motion is known to be much faster for self-assembled bundles than for 

isolated particles[31,34], so fast self-assembly is required in order to speed up the whole process. 

Typical commercial superparamagnetic colloids for use in magnetophoretic separation have 

very large values of 𝜆஻ (of the order of several m) due to values of the magnetic coupling 

parameter of the order of 103  (see Refs[31,33]) or even larger[18]. According to Equation (14) 

the self-assembly process will be dominated by deterministic magnetic interactions for 

volume fractions larger than 10-4. For example, consider one of the samples reported in Ref[31] 

consisting of a 1 g/L dispersion (volume fraction 9×10-4) of particles of 200 nm, density 1.1 

g/cm3 and 103. From Equation (11), (12) and (16) we estimate dpp=925 nm,  𝜆஻ ≈ 2 m 
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and an initial aggregation time due to magnetic forces of tm  2×10-3 s. Therefore, the 

formation of field-induced self-assembled structures is very fast at the time scales relevant in 

magnetophoretic separation processes, which occur at scales of the order of several seconds or 

minutes. 

As an example of the opposite case (self-assembly kinetics dominated by diffusion), 

let us consider the particles of the case S5 in Table 1, which were designed for use as contrast 

agents in magnetic resonance imaging. As discussed in the previous subsection, in this case a 

large magnetic response of the particles is desired, but self-assembly is an undesired effect 

which is minimized by using very low concentrations. These particles have a large value of 

the magnetic coupling parameter (=247) and a typical volume fraction was 10-5, so we have 

Γ𝜙଴ ≈ 2.5 × 10ିଷ ≪ 0.1. According to Equation (15) we will have always a diffusive 

behavior, which is compatible with the very slow kinetics observed experimentally[35]. Using  

Equation (13) and (11) we obtain for the characteristic length scales of the system 𝜆஻ = 0.55 

m (about 6 times the size of the particles) and dpp 1.8 μm (about 21 times the size of the 

particles), so we have dpp ≫ 𝜆஻. For these particles, we estimated[36] a diffusion coefficient of 

D7.5 m2/s, so Equation (17) gives a characteristic time of self-assembly of tB  2 s. At these 

time scales, the formation of chains begins to be significant, with an average size of chains of 

about 2 particles[36]. It is interesting to note that in this particular example we have kinetics 

dominated by diffusion but we have an extremely large value of the aggregation parameter, 

N*1052>>1, which implies an eventual collapse of the system into a single aggregated 

structure. In any case, this equilibrium state is not physically relevant, since it will be 

unreachable under experimental time scales due to the slow kinetics of the aggregation 

process.  

 The study of the kinetics has been the subject of many experimental studies in this 

regime where kinetics is dominated by diffusion (Γ𝜙଴ ≪ 0.1), since the slow kinetics makes 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



  

21 
 

possible to follow the different steps of self-assembly in detail using many experimental 

techniques. We will now discuss some of the results for this case. 

 

4.2 A brief perspective of results in the case of kinetics dominated by diffusion  

 

As we mentioned before, there are many experimental techniques suitable for the 

study of the kinetics of self-assembly in the case Γ𝜙଴ ≪ 0.1. A popular approach is to employ 

in-situ optical microscopy[24,25,64–66] and determine the size and number of chains by direct 

counting from images taken at different times, using the appropriate image processing 

software. Another possibility is to follow the assembly process by dynamic light scattering 

(DLS). In this case, one obtains an effective diffusion coefficient that decreases as a function 

of time[67,68] that can be employed to evaluate an effective value for the average chain length. 

More recently, several works[30,35,57] have employed nuclear magnetic resonance (NMR), 

owing to the fact that the response of the water protons responsible for the NMR signal is very 

sensitive to local magnetic fields and therefore it is very sensitive to the formation of chains 

of superparamagnetic colloids.  

As a general result from these studies, it has been observed that the kinetics of chain 

growth follows, for long times, a power law evolution for the average length< 𝑙 >∝ 𝑡௭. This 

power law has been observed to hold in many experimental studies[24,64,65,67,68], although we 

should emphasize that the numerical value of z is not universal. Most experimental 

results[24,67,68] are consistent with a power law with values of z between 0.6 and 0.7 although a 

few experiments[24,65] also report values of z between 0.4 and 0.5. It seems that the value of z 

depends on the values of 𝜙଴and Γ, but the exact dependence is still not known.  

Since diffusion is the dominant mechanism in these experiments, several 

authors[24,67,68] tried to collapse the kinetics observed under different conditions (different 

concentrations or different magnetic responses) onto a universal kinetic curve by rescaling the 
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experimental time by the characteristic diffusion-aggregation time tB
* defined in Equation 

(17). A modification to Equation (17) was also proposed in Ref[68] to account not only for 

magnetic interactions but also for double layer, electrostatic forces. By plotting the kinetic 

data as a function of t/tB
* many different experiments show a similar behavior, although the 

differences between different experimental conditions were still evident after rescaling (see 

for example Figure 5, 6 and 7 in Ref[24] or Figure 5 in Ref[67]). This suggests a possible 

inaccuracy of Equation (17) due to the crude approximations made in its derivation or to the 

presence of additional (slowest) time scales that become relevant as the self-assembly process 

advances.  Interestingly, the collapse is nearly perfect for the data in Ref[68] in which double 

layer forces (in addition to magnetic forces) play a substantial role.  

A further step in the modeling of the kinetics was to consider Smoluchowsky rate 

equations[68], which consider the balance of creation and destruction of chains of different 

sizes. In this approach, the number density of chains of k particles, nk, obeys: 

ௗ௡ೖ
ௗ௧

= ଵ
ଶ

∑ 𝐾௜௝𝑛௜𝑛௝ − 𝑛௞ ∑ 𝐾௜௞𝑛௜
ஶ
௜ୀଵ௜ା௝ୀ௞    .      (18) 

The first term in Equation (18) accounts for the creation of chains of k particles from 

smaller chains of sizes i and j described by the constant Kij. The second term corresponds to 

the destruction of chains of k particles due to the aggregation with other chains of length i 

described by the constants Kik. Equation (18) is appropriate for large values of  since it 

describes the growth of chains from the aggregation of particles or chains of smaller size but 

it does not take into account the possibility of spontaneous breaking of chains due to thermal 

agitation. This possibility can be easily included by adding further terms in Equation (18) as 

shown in Ref[69]. 

The main problem of this approach is the need to model the constants Kij of the 

different possibilities for creation and destruction of clusters of all possible sizes. One 

possibility, followed in Ref[25] is to obtain experimental data on the time evolution of the 
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distribution nk for chains of different sizes and fit the rates Kij using Equation (18). This 

option has the drawback of having little predictive power but it has the fundamental interest of 

demonstrating the viability of Equation (18) to describe the self-assembly process. In order to 

proceed further, a commonly employed approximation[24,25] assumes that the rates Kij are 

proportional to the diffusion coefficients of chains and that the diffusion coefficient of a chain 

depends as a power law with the size of the chain, 𝐾௜௝ ∝ ൫𝐷௜ + 𝐷௝൯ ∝ (𝑖ିఊ + 𝑗ିఊ) where  is 

an exponent to be determined. Using this approximation, it can be shown that Equation (18) 

implies[24] a power law evolution for the average length < 𝑙 >∝ 𝑡௭ with exponent z=1/(1+). 

Hydrodynamic arguments suggest that 1, so one expects an exponent z0.5, which is 

consistent with some experiments but it is smaller than the value obtained in most 

experiments (which give z between 0.6-0.7 as discussed before).  

  

4.3 Computer Simulations with standard techniques 

In view of the limitations of the available theoretical approaches, there is the 

possibility to employ detailed computer simulations. Since we have a model for 

superparamagnetic colloids (the AMD model presented in Section 2) and the equations of 

motion of colloids in suspension are known, it has to be, in principle, possible to obtain a 

numerical prediction of the kinetics for a particular system, given the properties of the sample 

(magnetic response, applied field and size of the particle) under specified conditions 

(concentration, temperature, …). A technique suitable for these simulations is Langevin 

Dynamic Simulations (LD). In LD simulations, one solves the Newton equations of motion 

for each colloid, taking into account all the forces acting over each colloid: the interaction 

forces between colloids (not only magnetic interactions but other forces can be included) and 

the forces due to the interaction of the colloid with the solvent (viscous resistance and thermal 

noise due to solvent-colloid collisions). This methodology can be thought as a generalization, 
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at the colloidal scale, of the molecular dynamics simulation (MD) technique widely employed 

in atomistic modeling of materials. In MD one solves the Newtonian equations of motion of 

all atoms of the system. In LD, one solves the Newton equations of motion of all colloids in 

an implicit solvent, including the forces relevant at the colloidal scale. In LD, the diffusive 

motion typical of colloids arises in a natural way as a result of the interaction of the colloids 

with the solvent. An advantage of the LD technique is that since it is based in the Newton 

equations of motion, it is implemented in many of MD standard simulation packages 

employed in Material Sciences, such as LAMMPS[70].  

In a typical LD simulation, one can consider systems between 103-104 colloids. In 

these simulations, one starts from an initial configuration (for example random dispersion of 

colloids) and follows the evolution of the system until a desired time, typically up to 1-10 s. 

The computational cost of these simulations is very large; obtaining 1 s in the kinetics may 

require of the order of 103 hours of computational time. We employed this technique in Ref 

[39] to obtain most of the data reported in Table 2 and to study the kinetics for different values 

of 0 and . In order to illustrate typical results obtained with this technique, in Figure 4 we 

show examples of average kinetic results from four LD simulations. We also show a snapshot 

from a simulation. These four simulations correspond to the same concentration (0=5.23×10-

4) and increasing values of  (3, 10, 15 and 40). The first case (=3) corresponds to case S1 in 

Table 2, and it has aggregation parameter N*<1. Consequently, we do not observe formation 

of chains (only very short lived dimers which induce small fluctuations in the average chain 

length that are not visible in the scale of Figure 4). The remaining examples correspond to 

kinetics dominated by diffusion (Γ𝜙଴ ≪0.1) but very different values of N*. For =10 and 

N*2 (case S2 in Table 2), the system attains the equilibrium state, consisting of short chains, 

in about 1 s. Before reaching the equilibrium state, the kinetics can be roughly described with 

a power law of the form < 𝑙 >∝ 𝑡௭ with an exponent z0.5. The situation is very different 
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when we consider a larger magnetic coupling parameter of =15 corresponding to N*25. In 

this case, we observe a clear linear growth in the log-log plot of Figure 4, indicating a  power 

law of the form < 𝑙 >∝ 𝑡௭ with an exponent z0.64. In this case, we cannot perform 

simulations at time scales long enough to observe the equilibrium state. A simple estimation 

using the observed kinetics shows that to reach average sizes of the order of 25 particles we 

will need of the order of 10 s, which implies extending the LD simulations one order of 

magnitude in time, which requires enormous computational resources. We show also the 

results for =40, which corresponds to N*=6.7×106. In this case, we also observe power law 

kinetics < 𝑙 >∝ 𝑡௭ with an exponent z0.64, again consistent with previous reports discussed 

before.   

These results show that it is possible to obtain relevant results from LD simulations 

but also illustrate its limitations to attain time scales relevant to the self-assembly process. 

Other standard simulation techniques, closely related to LD (such as Brownian Dynamics 

simulations as those performed in Ref[65])  also suffer from similar limitations, which explains 

why realistic computer simulations of the kinetics of this problem are scarce. In fact, such 

difficulties are not limited to the problem of magnetic field induced self-assembly of 

superparamagnetic particles, but it affects the whole field of theoretical predictions in the field 

of self-assembly in Materials Sciences[71], so it is important to understand the origin of the 

limitations and the possible solutions.  

Conceptually, in self-assembly processes, one starts with building blocks which are 

initially in a disordered (high entropy) state and should end into an assembled, low entropy 

state of higher order and complexity. The driving force for the ordering of the system are the 

interactions between the building blocks, which could be Van der Waals forces, electrostatic 

or magnetic forces, and other well-known interactions[53]. Therefore, for each particular case, 

in principle we know all ingredients needed for the prediction: the building blocks involved in 
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the assembly process (molecules, nanoparticles, colloids,…), the interactions controlling the 

self-assembly process and the equations of physics governing the behavior of the building 

blocks taking into account the relevant interactions. The difficulties in the predictions are thus 

not related to the ignorance of the underlying rules, but rather related to the complexity of the 

self-assembly process. In self-assembly processes, we have multiple time and length scales 

(and even multiple energy scales), which correspond to the building blocks and their 

interactions, and to the intermediate structures which are being assembled by these building 

blocks. The complexity of the problem relies on the fact that we have interactions that need to 

be computed at small length and time scales but influence the larger time and length scales 

corresponding to the assembled structures. In turn, the phenomena occurring at these larger 

time and length scales influence the small-scale behavior of building blocks. Therefore, in 

most cases it is simply not possible to run a “brute-force” computer simulation with all the 

interacting building blocks in an initial random state and to follow the full assembly process, 

even with the current computer resources and capabilities. Let us illustrate this point by 

considering the scales involved in a specific example of formation of chains of colloids by 

self-assembly of superparamagnetic particles under an external magnetic field. 

Let us consider again the case of sample S5 in Table 1, discussed before in section 4.1, 

which corresponds to a diluted system (=10-5) of superparamagnetic colloids at magnetic 

saturation (=247) designed for use as contrast agents in magnetic resonance imaging. It can 

be seen that in this problem coexist very different relevant time scales that make simulation a 

difficult task. In section 4.1, we identified three relevant length scales of the problem: the size 

of the particles (88 nm), the length scale of magnetic interactions (𝜆஻ = 552 nm) and the 

initial average distance between particles (dpp 1.8 μm). In a simulation, we have to simulate 

the diffusive motion of these particles at length scales l smaller than the size of the colloids, 

otherwise collisions between colloids will not be correctly simulated. As before, using the 
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estimated diffusion coefficient of D7.5 m2/s, this implies a minimum timescale of the order 

of 𝑡 ≈ ௗమ

଺஽
≈ 10ିସ s. Another relevant time scale in a simulation of the process is the time 

needed to bring two particles initially separated by a distance dpp to the distance 𝜆஻ at which 

magnetic interactions dominate t଴ ≈ (ௗ೛೛ିఒಳ)మ

ଶ஽
 ≈ 0.1 s. Also, in Section 4.1 we estimated 

from a modified Smoluchowsky equation (Equation (17)) that the typical time scale of the 

aggregation process, at which most of the particles are found in short chains (dimers) is tB 2 

s. As the formation of chains proceeds, (for times larger than tB 2 s) we have new 

characteristic length and time scales. On the one hand, the diffusion coefficient of chains is 

substantially smaller than that of single particles and it is anisotropic. For a chain of 10 

particles, the parallel and perpendicular diffusion coefficients are 37% and 26% respectively 

of the diffusion coefficient of a single particle[36], hence the diffusion times for aggregation of 

chains are also substantially different from those of isolated particles. In addition, the solution 

becomes more diluted since the typical separation between chains will be larger than the 

typical separation between initial randomly dispersed particles. As a consequence, in the 

experiments[35] it was necessary to reach time scales of the order of several minutes to study 

the aggregation between chains. Therefore, a simulation describing this self-assembly process 

need to consider all these different time scales discussed so far, from 10-4 to 102 s, which is of 

course impossible with a standard simulation technique. 

As we said, the appearance of multiple time and length scales is a general aspect of 

self-assembly problems. This has motivated the development of multiscaling methods[72–75] 

linking simulations at different resolutions, which are becoming increasingly popular in the 

Material Sciences. Many of these multi-scaling simulation strategies are specifically adapted 

to take advantage of special features of each particular problem and thus are designed for 

solving specific self-assembly problems. Following this tendency, we have proposed a 

specially designed multi-scaling simulation strategy for the particular problem of magnetic 
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field induced self-assembly of superparamagnetic colloids in conditions of diffusion 

dominated kinetics[36], which will be discussed in the following subsection. 

 

4.4 On-the-fly simulation methodology and use of the MagChain® code for 

quantitative prediction of experimental kinetics 

 

In order to overcome the problems described in the previous subsection, we have 

introduced a multiscaling strategy[36] (that we called “on-the-fly coarse-graining”) for fast and 

accurate predictions of the formation of chains by superparamagnetic colloids under magnetic 

fields for the case of kinetics dominated by diffusion (Γ𝜙଴ ≪ 0.1) and strong magnetic 

interactions (large ). The algorithm has been implemented in the simulation code 

MagChain®, which is freely available for scientific use[76].  

The basic concept of the methodology can be outlined as follows. In a standard 

simulation approach, one considers a certain number of simulation objects (atoms, molecules, 

particles,…) which do not change in nature during the simulation. These simulation objects 

obey interaction rules and equations of motion that do not change during the simulation. The 

resolution of a standard simulation (at the electronic scale, atomistic scale, molecular scale, 

etc) is not changed during the simulation. In our “on-the-fly coarse graining” strategy, the 

resolution of the simulation is adapted dynamically during the simulation. The objects of the 

simulation are not fixed a priori at the beginning of the simulation, but rather redefined on the 

fly. The objects of the simulation can be individual particles or chains of particles. At the 

beginning of the simulation, the objects of the simulation are only individual particles but as 

the simulation proceeds, the particles self-assemble in chains. At a given time one has a 

coexistence of multiple simulation objects (individual particles and chains of different 

lengths). These chains are treated as individual objects with their own specific interaction 

rules and equations of motion. In other words, their detailed structure is ignored; the 
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simulation resolution is at the scale of the chain. The difference with LD simulations is clear 

(see Figure 5). In LD simulations, one takes into account the detailed motion of all the 

individual particles in a chain, which requires a substantial computational effort (due to the 

small length scale of the fast vibrational motion of colloids inside a chain). In MagChain, we 

consider only the collective diffusion of the whole chain, without resolving the individual 

motion of the particles. Both the dynamics of the simulated objects and their interactions are 

treated with effective models. The diffusion of the chains is simulated using Brownian 

dynamics simulations, taking into account an anisotropic diffusion coefficient for the chains 

(different in parallel and perpendicular directions) which also depends on the length of the 

chain. The second important simplification made in MagChain is related to the magnetic 

interactions. Since the exact calculation of the magnetic interactions between simulated 

objects (particles and chains) is very time consuming, we employ an effective interaction. We 

consider the magnetic interaction between simulation objects only in the region near each 

object (particle or chain) in which the attractive magnetic energy of interaction is stronger 

than the thermal energy. This attraction region is illustrated in Figure 5 for a chain of 5 

particles. For simplicity, in the simulations we consider that the attractive region is spherical, 

which is a good approximation (see Figure 5). We consider that when one object (chain or 

particle) enters into the attraction region of another object, they aggregate, giving rise to a 

new, longer chain containing all the particles of the interacting objects. We also neglect the 

possibility of rupture of chains, an approximation which is valid for large .  

 This strategy of adapting to the resolution of the self-assembling objects and using a 

simplified interaction accelerates the simulation by several orders of magnitude. The fact that, 

as the simulation advances and chains are created, the total number of objects in the system 

decreases also contributes to accelerate the simulation. This makes possible simulations of 

processes which are inaccessible by standard techniques. For example, in the particular case 

presented in section 4.3, using our approach, as implemented in MagChain, we were able to 
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correctly predict (i.e. in agreement with experimental results) the self-assembly process up to 

1000 s (a time scale inaccessible with LD simulations) with a computational cost of only 24 h. 

It has to be emphasized that the results obtained with the MagChain methodology agree well 

with results obtained with LD simulations at time scales in which both techniques can be 

employed[36].  

The calculation in MagChain proceeds in two steps[36]. In a first step, one performs a 

pre-calculation of the radius for the effective magnetic interactions between the objects of the 

simulation (isolated particles and chains of different lengths). In the second step, one performs 

the actual simulation. The simulation typically starts with an initial, random distribution of 

103-104 colloids with a given concentration and their motion is simulated in time by using the 

“on-the-fly” coarse-graining rules previously described.  

Let us illustrate the practical use and predictions of this method, with two particular 

examples. In a MagChain simulation, the input parameters required to predict the kinetics are 

the average size of the particles (a low polydispersity is assumed), the magnetic 

characterization of the particles M=M(H), the volume fraction of particles and the viscosity of 

the dispersing fluid. As an output, it provides the number of chains of different sizes as a 

function of time. From this information, several quantities can be computed such as the 

average chain length, the average diffusion coefficient in the directions parallel and 

perpendicular of the magnetic field or the T2 response of the system as a function of time. 

As a first example, let us consider again the case of sample S5 in Table 1, discussed 

before in section 4.1 as an example of a very diluted system under strong magnetic fields and 

with a high magnetic coupling constant (=247 at magnetic saturation). In Figure 6, we show 

the evolution of the average length of the chains as a function of time predicted by MagChain 

calculations for four different concentrations, from 0=1.16×10-6 to 0=9.28×10-6, 

corresponding to the NMR experiments performed in Ref[35]. The size of the chains was not 

directly measured in the experiments, but instead it was measured the T2 response of the 
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system as a function of the waiting time under a strong magnetic field. This response can also 

be computed from an average over MagChain simulation results, since the T2 response of 

individual particles or chains is known and the simulation gives the distribution of chains and 

particles at each time (see Refs[35,36] for details). The results, shown in Figure 6, show a good 

agreement with experimental results, except for the most concentrated system at very long 

times in which there were experimental problems related to sedimentation[35]. In this case, the 

use of MagChain allows one to predict not only the expected change in the response of the 

system (in this case, T2) but also allows one to link directly the change in the response of the 

system with the size distribution of the self-assembled chains, an information which is not 

accessible experimentally.  

As a second example, let us consider the 170 nm colloids shown in Figure 1b. The 

formation of chains was studied for these colloids at a volume fraction 𝜙଴ = 2.6 × 10ିହ and 

under a weak external field of 30 mT in Refs[51,68], corresponding to 15 (employing =0.6 

in Equation (2) and (8)). Chain formation was studied employing Dynamic Light Scattering 

(DLS), which provides the time evolution of an average perpendicular diffusion coefficient. 

Using MagChain simulations, we can obtain the time evolution of the system and compute 

directly the average value of the diffusion coefficient in the system (in the parallel and 

perpendicular directions) and the average length of the chains as a function of time. In this 

case, the applied magnetic field was weak, so we cannot assume that particles are in saturation, 

as in the previous example. Instead, we employed the full magnetic response M(H) to 

compute the attractive radius of interaction between particles and chains (see the Supporting 

Information for full technical details of the simulation). In Figure 7, we show the simulation 

results. The time evolution of the diffusion coefficient obtained from simulations is in 

excellent agreement with the experimental results. In addition to the diffusion coefficient, 

which can be compared directly with the experimental results, we also obtain the average size 

of chains as a function of time which is not directly obtained in the experiments. We see for 
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example that after half an hour, the average size of the chains is only of 12 particles. The 

kinetics of self-assembly is therefore very slow in this case. 

 
5. Foundations of the Theory of field-induced self-assembly of 

Superparamagnetic colloids  

 

In this section, we will discuss the theory that justifies the rules discussed in Section 3. 

We will also compare our model with other previously proposed models and we will briefly 

discuss possible extensions.  

 

5.1 Outline of previous theories  

From a thermodynamic point of view, superparamagnetic colloids will assemble into 

chains depending on the balance between two opposite factors, namely the tendency to 

assembly due to the magnetic interaction energy and the entropic tendency to stay disordered 

in solution. The objective of a thermodynamic theory is the quantitative prediction of the 

aggregation state in equilibrium from the knowledge of the magnetic properties of the 

particles and the thermodynamic conditions (concentration and temperature). The first 

thermodynamic theory for this problem was formulated by De Gennes and Pincus[6,77] in 1970 

and it is still often employed in spite of its limitations. They obtained several results for 

systems of dipolar particles, and as a particular case they considered a chain of dipoles as 

shown in Figure 8. They considered that under strong fields, colloids will form chains of 

aligned dipoles, in which the particles are in close contact and the relative orientation  

between the line joining the centers of the particles and the dipoles has thermal fluctuations 

(see Figure 5). They obtained that in thermodynamic equilibrium these fluctuations decrease 

as  increase (<2>1/) and they also obtained an equation for the average length of a chain 

that in our notation reads: 
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< 𝑙 >= ቂ1 − ଼
ଷ

𝜙଴
௘౳

୻మቃ
ିଵ

  . (19) 

Equation (19) has been widely employed to justify the formation of chains in several 

experiments[64,78] but it fails to provide even a qualitative prediction. For example, in the case 

of Ref[78] it predicts negative values for the average length of the chains, which were observed 

to consist of 4 particles. We have also compiled the predictions of Equation (19) for the 

simulation data reported in Table 2. The results are summarized in Table 3. As we see, 

Equation (19) predicts physically unreasonable negative values in several cases. We believe 

that this unreasonable behavior is due to the truncation of the virial approximation employed 

in Ref[77] which is of very limited validity. Also, other authors[79] pointed out that the use of 

the homogeneous fluctuation theory to derive Equation (19) in Ref[77] is incorrect. Therefore, 

the use of Equation (19) in predictions has to be discouraged. 

During the years, there were several alternative thermodynamic theories proposed to 

study the problem of chain formation by superparamagnetic particles under fields, mainly 

based in concepts borrowed from polymer theory (see references within Ref[79]). Probably, the 

first systematic calculation, alternative to the unsatisfactory De Gennes-Pincus approach was 

that proposed by Zubarev and Iskakova[79], which was based on a direct calculation of the 

partition function of statistical thermodynamics. The main approximation was to consider 

only interactions between nearest neighbors, i.e. interactions involving more than two 

particles were neglected. The authors obtained several analytical results for dipolar particles 

in magnetic fields. In the case of fully aligned dipoles in a strong external magnetic field, they 

obtained that the probability of finding a chain containing l particles is given by an 

exponential distribution 𝑝 ∝ exp (− ௟
ேೋ

∗ ) with 

𝑁௓
∗ = ටϕ଴

ସ
ଷ୻మ 𝑒୻          (20) 

and the average size of a chain was given by: 
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< 𝑙 >= ଶேೋ
∗మ

ටଵାସேೋ
∗మିଶேೋ

∗మ
≈ 𝑁௓

∗        (21) 

This result represents an improvement as compared with the De Gennes-Pincus model 

(Equation (19)) since it always predicts a positive chain length, but it is still unsatisfactory. 

Equations (20)-(21) systematically predict chain lengths much shorter than obtained in 

computer simulations, as shown in Table 3. 

 

5.2 Self-assembly thermodynamics applied to chain formation by 

superparamagnetic colloids under external magnetic field 

 

 We found[39] that a convenient thermodynamic description for superparamagnetic 

colloids under magnetic fields can be obtained by adapting to this specific problem well-

known thermodynamic theories of self-assembly employed in soft matter[80,81]. We will 

formulate the problem here with a more general perspective than in our previous works[34,39]  

in order to show more clearly the relation between our formalism, previous approaches and 

the thermodynamic theory of self-assembly.  

We start by recalling the AMD model, described in Section 2 (see Figure 2). In the 

presence of an external magnetic field, the colloids develop an asymmetric interaction, with 

two clearly defined attraction regions in the “front” and in the “back” of the magnetic moment 

of the particle. We will treat this interaction as a kind of effective directional “magnetic 

bonding”, which is able to create chains of the kind represented in Figure 5 (more complex 

bundle structures will be discussed later). These directional bonds between particles are 

broken and created continuously and the thermodynamic equilibrium state will have an 

equilibrium distribution between structures containing different number of bonds. The 

equilibrium state will consist of isolated colloids and chains with different lengths, with a 

distribution to be determined by the “chemical” equilibrium condition: the chemical potential 
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of an isolated colloid has to be equal to the chemical potential of a colloid in any of the 

possible self-assembled structures. The chemical potential of an isolated colloid (1) only has 

an entropic contribution whereas the chemical potential of a colloid inside a chain with s 

colloids (s) contains also an interaction part (𝜇௜௡௧(𝑠)) : 

 
𝜇ଵ = 𝜇଴ + 𝑘𝑇𝑙𝑛(𝜙ଵ) ,         (22) 

𝜇௦ = 𝜇଴ + ଵ
௦

[𝑘𝑇𝑙𝑛(𝜙௦/𝑠) + 𝜇௜௡௧(𝑠)] ,       (23) 

where 𝜙ଵ is the volume fraction of isolated particles in the equilibrium state and 𝜙௦ is the 

volume fraction of chains with s particles in the equilibrium state, which are related to the 

initial volume fraction of colloids by 𝜙଴ = ∑ 𝜙௦
ஶ
௦ୀଵ . If one knows the interaction part of the 

chemical potential, 𝜇௜௡௧(𝑠), then it is possible to determine the composition of the equilibrium 

state by applying the equilibrium condition 𝜇ଵ = 𝜇ଶ = ⋯ = 𝜇௦. The problem is therefore the 

calculation of 𝜇௜௡௧(𝑠), which in principle depends on all possible configurations of the s 

particles of the chain taking into account their relative probabilities and mutual interactions. 

The approximation of the self-assembly model is to consider that in a chain with s colloids 

there are (s1) “magnetic bonds” between the colloids, so 𝜇௜௡௧(𝑠) is given by (s1) times an 

interaction free energy −𝜇௕௢௡ௗ  associated to a single “magnetic bond”:  

 

𝜇௦ = 𝜇଴ + ଵ
௦

[𝑘𝑇𝑙𝑛(𝜙௦/𝑠) − (𝑠 − 1)𝜇௕௢௡ௗ].       (24) 

 

With this approximation, it is now possible to obtain significant predictions, in particular to 

determine the condition for the formation of chains and to obtain explicit expressions for the 

volume fraction of chains of size s and isolated particles (s=1) in terms of 𝜇௕௢௡ௗ. One has to 

consider Equation (22) and (24), the condition of chemical equilibrium 𝜇ଵ = 𝜇ଶ = ⋯ = 𝜇௦ , 

and the definition of 𝜙଴. The explicit calculations are analogous to those found in Refs[39,81]. 
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The result is that the nature of the equilibrium state is controlled by a dimensionless parameter 

N* given by:  

𝑁∗ = ඥϕ଴𝑒ఓ್೚೙೏/௞்          (25) 

For N*<1, the equilibrium state consists of isolated particles (no structure) and for 

N*>1, the distribution of chains of size s is given approximately by: 

థೞ
௦

∝ exp (− ௦
ே∗)          (26) 

The average size of a chain can be easily obtained by averaging over the exponential 

distribution given in Equation (26): 

< 𝑙 >= ଶே∗మ

√ଵାସே∗మିଶே∗మ ≈ 𝑁∗         (27) 

Therefore, the thermodynamics of the aggregation behavior is controlled by the values 

of the volume fraction 𝜙଴ and the free energy of the bond between colloids in a chain, 𝜇௕௢௡ௗ. 

The problem is now to relate 𝜇௕௢௡ௗ to the magnetic interaction between particles. We discuss 

now several possible approximations. 

The previous theory of Zubarev and Iskakova[79] discussed in Section 5.1 can be 

derived by noting that the chemical potential is related to the interaction part of the partition 

function[81] Zint by 𝜇௕௢௡ௗ ≈ kTlnZ୧୬୲. In Ref[79] the authors obtained Z୧୬୲ ≈ 4𝑒୻/3Γଶ, so we 

obtain: 

𝜇௕௢௡ௗ ≈ kTln ቂ ସ
ଷ୻మ 𝑒୻ቃ         (28) 

Now, we can easily obtain the results discussed in section 5.1 (Equation (20) and (21)) 

by substituting Equation (28) in Equation (25) and (27). We can see now the reason for the 

disagreement of this theory with the results of the simulations. In the calculation of the 

partition function Zint, the authors consider all possible configurations (angles and separations) 

of two interacting colloidal particles, ignoring the effect of other particles in the system. 

However, the configurations contributing to 𝜇௕௢௡ௗ correspond to particles that are forming 

part of a chain and have a restricted motion due to the interaction with other particles of the 
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chain. The particles that form a chain can be considered to have a radial motion restricted to 

be in contact with their neighbors but they have angular fluctuations, as shown schematically 

in Figure 8. This fact was also recognized by the previous model by de Gennes and Pincus[77].  

These considerations also suggest a possible modification of the theory proposed by 

Zubarev and Iskakova[79]. We have repeated the calculations reported in that work, but 

considering only angular fluctuations of particles in contact (this is, considering only the 

configurations corresponding to different values of  in the calculation of the partition 

function). With this modification, we obtain for the partition function Z୧୬୲ ≈ 2π𝑒୻/3Γ and 

𝜇௕௢௡ௗ ≈ kTln ቂଶ஠
ଷ୻

𝑒୻ቃ         (29) 

Again, a modified expression for N* is obtained by using Equation (29) in Equation (25):  

𝑁௠
∗ = ටϕ଴

ଶగ
ଷ୻

𝑒୻         (30) 

As can be seen in Table 3, the predictions of the modified model, using Equation (27) and 

(30) represent an improvement respect to the predictions of the original Zubarev and Iskakova 

model. 

Finally, let us discuss our mean field approximation[39], which is the basis for the self-

assembly rules proposed in Section 3. We note that the free energy of the magnetic bond  

−𝜇௕௢௡ௗ is approximately equal to the mean magnetic energy of interaction between two 

particles in contact (r=d), assumed to be in a chain as in Figure 8. This is computed by using 

the magnetic interaction energy given by Equation (3) evaluated for two particles in contact 

(r=d) and averaging over the different orientations θ (θ  is defined as in Figure 2 and in 

Figure 8, i.e. as the angle between the magnetic field and the line joining the centers of the 

particles). This thermal average of the interaction energy <Um(r=d, θ)> is calculated taking 

into account the probability and energy of the different orientations θ. The result is[39]:  

−𝜇௕௢௡ௗ ≈< 𝑈௠(𝑟 = 𝑑, 𝜃) >≅ −𝑘𝑇 ቂ௎∗

௞்
− 1ቃ = −𝑘𝑇[Γ − 1],    (31) 
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We recover the definition of N* given in Section 3 (Equation (6)) by substituting 

Equation (31) in Equation (25). As seen in Table 3, the predictions of this simple 

approximation are in excellent agreement with the results obtained from computer simulations. 

This thermodynamic model justifies the classification discussed in Figure 3a and Figure 3b.  

Now we have to consider its limitations and the appearance of more complex structures.  

  

5.3 Many body magnetic interactions and the formation of bundles of chains in 

zippered configurations 

 

In the previous section, we have considered the thermodynamics of the formation of 

chains. However, for systems with strong magnetic interactions (large  and consequently 

large N*), structures more complex than chains can appear as a consequence of many body 

magnetic interactions, not considered in the thermodynamic model.  

If we consider only the magnetic interactions of a colloid with the nearest neighbor, 

the configuration corresponding to attractive interactions is that of a tip-to-tip or head-to-tail 

arrangement, as described in the previous section (see Figure 8) and the only possible 

structures that can be induced by the magnetic interaction are chains. However, more complex 

possibilities can arise if we take into account the interaction between all the particles of a 

chain and an incoming colloid[56]. Let us recall here the energy map shown before in Figure 5 

for the magnetic energy of interaction between an incoming colloid and a chain with 5 

particles. As discussed earlier, there are two large attractive regions, located at the head and 

the tail of the chain. Aggregation of a particle in these regions generates a longer chain. But 

there are also in Figure 5 four small regions at the central region of the chain which 

correspond to a weak attractive interaction between the incoming particle and the chain. 

Aggregation of an incoming colloid to one of these locations corresponds to lateral 

aggregation to the chain, at a midpoint between two particles at the central region of the chain. 
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It is not difficult to show that these configurations are metaestable. In Figure 9 we show the 

energy change due to the addition of an incoming colloid to a chain of N colloids, considering 

addition in a head-to-tail configuration or in lateral configurations. The calculation has been 

done by assuming that the chains are made of particles in close contact and adding up 

numerically all dipole-dipole interactions using Equation (3). As seen in Figure 9a, 

aggregation of a colloid at the head or the tail of the chain always gives a larger decrease in 

the magnetic energy of the system. The change in magnetic energy obtained by the lateral 

addition of a colloid is at best only –0.18U*. The addition of a colloid to a chain gives an 

energy gain of -U* for short chains and increases up to a maximum of -1.2U* for long 

chains (see Supporting Information for an analytical derivation). Hence, the lateral addition of 

a particle to a chain corresponds to a metastable state which will tend to relax to a much more 

favorable state, corresponding to a longer chain. In Figure 9b, we show the energy cost of the 

restructuring process for relaxation of a laterally aggregated colloid to give a longer chain 

(again, energy was computed by summing up all dipole-dipole interactions according to 

Equation (3) for colloids in close contact). The process has an energy barrier, associated to the 

“opening” of the chain in order to progressively insert the incoming particle. The energy 

barrier is larger for longer chains than for shorter chains, reaching a saturation value of 0.2U* 

for long chains. This restructuring process could be possible as a result of thermal fluctuations.  

The question is now what happens in the case of interactions between two chains. In 

the case of a chain with N1 colloids interacting with a much longer chain with N2 (>>N1), the 

results are analogous to those obtained in the previous case. There is always an energetic 

preference for head-to-tail aggregation, giving a single, longer chain with N1+N2 particles, as 

in the limiting case discussed with N1=1. In the case of lateral aggregation, the resulting two 

chains in a zipped configuration are in a metastable state and this metastable configuration 

may also experience restructuring to give a longer aggregate, as described before.  
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However, the situation changes completely for the case of lateral aggregation of two 

chains of similar lengths. Lateral aggregation can be energetically favored depending on the 

length of the interacting chains. For simplicity, let us consider the case of two chains with 

identical number of particles N, as discussed previously in Ref[56]. As shown in Figure 10,  

there is a critical length which corresponds to chains of  Nc=14 particles. For N<Nc the 

minimum energy configuration corresponds to head-to-tail aggregation, leading to a longer 

chain with 2N particles. But for N>Nc lateral aggregation is energetically preferred, so the two 

chains of N particles form a bundle with the two chains in a zipped configuration. This 

behavior is due to the fact that for lateral aggregation, the decrease in magnetic energy 

approaches a linear decrease proportional to the number of colloids in the chain, and 

consequently the energy gain of lateral association always grows with the size of the chains. 

However, the head-to-tail aggregation of identical chains of N colloids gives a decrease in the 

magnetic energy which depends slightly on the length of the chain, it is –U* for very short 

chains and saturates at –1.64U* for long chains (only the particles in contact and their 

nearest neighbors really contribute). Therefore, for long enough chains, lateral aggregation 

has to be preferred.  

Let us summarize the results of the magnetic energy calculations reported so far. In the 

case of the interaction between two chains, there are three possibilities, shown schematically 

in Figure 11. The first possibility is the process of head-to-tail aggregation between two 

chains, in order to create a longer chain. This process has been observed “in situ” in many 

experiments, see for example Refs[24,27] and always decreases the magnetic energy, as we have 

seen here. The second possibility, shown in Figure 11, is the lateral aggregation between 

chains. This process is possible due to the existence of small regions of attractive magnetic 

interaction between particles in the central region of the chain, in zipped configurations. In 

fact, it has been observed experimentally[28] that chains of colloidal particles can attract 

laterally provided that they are in out of registry, zipped configurations. Our magnetic energy 
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balance shows that the result of lateral interactions depends strongly on the lengths of the 

chains, as shown schematically in Figure 11. If one of the chains is much shorter than the 

other chain, we will observe a restructuring process. The bundle of chains will restructure to 

give rise to a single, longer chain. This restructuring process can be clearly seen in 

simulations.  We show examples in the movies provided in the Supporting Information, 

elaborated for this paper using the data of previously reported LD computer simulations[39]. If 

the two chains are of similar size, and their size is longer than the critical size of 14 particles, 

the particles will form a thicker aggregate that can be described as a bundle of chains in 

zipped configuration. Again, these bundles with chains in zippered configurations have been 

observed[28,30,57]  both experimentally and in simulations. 

The formation of bundles requires a substantial presence of chains larger than the 

critical value of 14 particles. Taking into account the exponential distribution given by 

Equation (26), we can approximately set the onset for the formation of bundles for N*10. 

This is the criterion presented in Section 3 (see also Figure 3c). A prediction of the proportion 

of particles in bundles and in chains requires an extension of the thermodynamic model 

described in Section 5.2, which is not available at the present time.  

 

5.4 Formation of fibrous structures 

At very large values of N* (which correspond to large values of the magnetic coupling 

parameter ) we can expect that the system contains a large fraction of bundles. The question 

in this case is whether bundles of two chains in zipped configurations can also grow to give 

rise to even thicker structures or not. There are several experimental reports of fibrous 

structures[31,64] which were observed to grow from the lateral interaction between bundles (see 

for example the videos provided in Ref[31]). 

Magnetic calculations analogous to those reported in the previous subsection show 

that the interaction of a bundle of two chains with a long chain can also lead to the tip to tip 
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aggregation (making one of the chains longer) or to the lateral aggregation of the third chain, 

giving rise to a thicker aggregate. This depends again on the length of the interacting chains. 

In the Supporting Information, we show two examples of the magnetic energy change due to 

the aggregation of a third chain to a bundle containing two chains. The calculations assume, 

for simplicity, that the two chains of the bundle have the same length. Repeating 

systematically these calculations, we have found (Figure 12) that lateral aggregation of a 

third chain to a pre-existing bundle of two chains can be energetically favorable when the pre-

existing bundle is made of chains of at least 20 colloids and the third incoming bundle has at 

least 15 colloids. This thicker aggregate consists of three chains located in the same plane, i.e. 

non coplanar aggregation it is never preferred energetically.  

  

 
6. Conclusion 

 
In this work, we have revisited recent advances in the quantitative prediction of self-

assembly of superparamagnetic colloids under a magnetic field. The external field induces in 

each colloid a magnetic dipole in the field direction; as a consequence, colloids interact 

magnetically and can generate self-assembled anisotropic structures. In some applications of 

superparamagnetic colloids, self-assembly is desired (magnetophoresis,…) while in others it 

is clearly an unwanted effect (IMR, drug delivery,…). Thus, in the design of magnetic 

particles and experimental protocols it is desirable to predict under what circumstances 

(particle features and thermodynamic conditions) self-assembly will occur.  

Our focus here has been on theoretical methodologies that can be used in practice to  

predict the equilibrium self-assembled states and the dynamics of self-assembly in terms of 

basic particle characterization data (size and magnetic response) and experimental conditions 

(concentration and temperature). A key result is that the self-assembled equilibrium state can 

be fully characterized by a single dimensionless parameter, the aggregation parameter N*, 
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which depends on the properties of the colloids (diameter and magnetic response) but also on 

thermodynamic variables: the concentration of colloids and the temperature. Self-assembly of 

superparamagnetic colloids will not occur for N* < 1 (too diluted systems or too weak 

magnetic interactions). For N* > 1, colloids will self-assembly in anisotropic structures, such 

as chains with an average length of approximately N* particles (1<N*<10), chains and bundles 

of zipped chains (N* > 10) and bundles of zipped chains and fibrous structures (N* >> 10).  

We have also discussed the kinetic aspects of self-assembly. Under typical 

experimental conditions, the kinetics can be dominated by magnetic interactions (fast 

kinetics) or by diffusion (slow kinetics). We have provided a quantitative rule to determine 

the conditions under which mechanism dominates depending on the strength of magnetic 

interactions and the concentration of the suspension. The most challenging situation 

corresponds to the case of very slow kinetics observed in the case of very low volume fraction 

of colloids and strong magnetic interactions. In this case, the equilibrium state (which 

typically correspond to large values of N*) is not accessible under experimental time scales, 

and only kinetic predictions are relevant. Under these circumstances, quantitative prediction 

of the kinetics of self-assembly from the properties of the particles and the suspension 

(particle size, magnetization, concentration, temperature, solvent viscosity) requires the use of 

specially designed multi-scaling simulation techniques. Standard simulation techniques 

cannot be employed in this case, due to the coexistence of multiple time and length scales. As 

we have shown in two particular examples, our novel coarse-grained methodology 

implemented in the simulation code MagChain®, successfully predicts the results of NMR or 

DLS experiments from time scales of miliseconds to several minutes. 

Of course, there are still many open problems which deserve further attention from 

theorists. The models described so far consider only static fields. In certain applications, the 

direction of the magnetic field rotates[18] and depending on the frequency of the rotating field, 

self-assembled structures may be able or not to follow the magnetic field and new phenomena 
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may appear. Also, it is relevant to include other typical colloidal interactions in the models, 

such as electrostatic interactions since there are interesting experimental examples in which 

self-assembled structures are influenced by the addition of salt[25,82]. We expect to be able to 

provide further predictive tools in the future, which will help to advance in the long term goal 

of providing useful tools for the rational design of materials and self-assembly processes.   
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 (a) 

 

 
 
(b) 

 
 
(c) 

 
 
 
Figure 1. (a) Cartoon indicating the different behavior of magnetic particles depending on its 
size (multidomain, single domain or superparamagnetic) (b) Images and magnetic response of 
polystyrene colloids containing superparamagnetic NP inside (dark spots) employed in the 
self-assembly experiments in Refs[51].  (c) Illustration of the nanoscopic origin of the magnetic 
behavior of the superparamagnetic colloid in absence and in presence of a magnetic field. The 
colloid contains many NPs, and each of these NPs has an unstable magnetic moment that 
freely rotates in all directions (Neel relaxation) when H=0. For H0, the moments of the 
nanoparticles fluctuate around the direction of the external field. Under sufficiently strong H 
fields the magnetic moments of the nanoparticles become completely aligned to the applied 
external field. In all these cases, the magnetic response of the colloid can be represented with 
a magnetic dipole aligned to the external field, with an intensity that increases with the 
intensity of the applied field and is zero in absence of external field.  
Left image in (b) reproduced with permission from Ref[83]  
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(a)  

 
 
(b)  
 

 
 
Figure 2. (a) Scheme indicating the geometry of the interaction between two colloidal 
particles with dipolar moment m in the direction of an external magnetic field. (b) Magnetic 
dipole–dipole interaction energy (Equation (3) and (4)) between the particle shown in the 
center of the figure and an imaginary test particle. The black arrow indicates the dipole of the 
particle, pointing in the direction of the apllied magnetic field (z axis). The distance (in 
cylindrical coordinates) is measured in units of the diameters of the particle d. The red color 
corresponds to attractive regions (negative energy) and the green color corresponds to 
repulsive regions (positive energy). 
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Figure 3. Scheme summarizing the self-assembly behavior of superparamagentic colloids 
under an external magnetic field according to the value of the aggregation parameter N* 
defined in Equation (6). (a) no self-assembly; (b) equilibrium state consisting of chains of 
different sizes with an average length given by Equation (9); (c) Equilibrium state consisting 
of long chains and bundles of laterally aggregated chains in zipped, out-of registry, 
configuration; (d) Equilibrium state consisting of bundles of laterally aggregated chains. 
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Figure 4. Time evolution of the average length of chains of superparamagnetic colloids under 
strong magnetic field as obtained from LD computer simulations (data from[39]). All 
simulations correspond to a volume fraction of 0=5.23×104 and different values of . The 
dashed line shows a fit of the data for =40 to a power law tz with exponent z=0.64. Inset: 
simulation snapshot for =40. 
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Figure 5. (a) Motion of colloids in a chain in a LD simulation; (b) Effective ellipsoid 
representing a chain of s colloids, which has anisotropic diffusion with different coefficients 
in the parallel and perpendicular directions. (c) Map of magnetic potential energy of 
interaction between an imaginary colloid and a chain of 5 particles, all magnetized in the z 
direction. The calculation corresponds to =40 and the magnetic energy is measured in units 
of kBT. The dashed line indicates the regions at which the magnetic energy is equal (in 
absolute value) to the thermal energy. (d) Coarse grain representation of the chain in (c) as 
employed in MagChain simulations, in which the attractive region inside the dashed lines in 
(c) is replaced by a spherical region. 
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Figure 6. Kinetics of chain formation for 88 nm superparamagnetic colloids under a strong 
magnetic field (=247) and different volume fractions: 1.16×10-6 , 2.32×10-6 , 4.64×10-6 and 
9.28×10-6  (data from Ref[36]). Left: average length of chains as a function of time calculated 
from MagChain simulations. Right: time evolution of the transversal relaxation time as 
measured in NMR under the same conditions as in the left figure. The dots correspond to 
experimental data and the lines to the prediction calculated from MagChain simulations. 
Comparing the left and right figures one can directly relate the relaxation rate observed at a 
given time to the corresponding aggregation state at that time. 
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Figure 7. Kinetics of chain formation under a 30 mT magnetic field for a colloidal suspension 
with a volume fraction of 2.6×10-5 of the particles shown in Figure 1b. Top: Effective 
diffusion coefficient obtained from DLS measurements[68] (dots) and predicted from 
MagChain simulations (solid line). Bottom: average length of chains as a function of time 
calculated from MagChain simulations. Comparing the top and bottom figures one can 
directly relate the change observed in the diffusion coefficient at a given time to the 
corresponding self-assembly state at that time. 
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Figure 8. Scheme of a chain of superparamagnetic colloids induced by a magnetic field with 
fluctuations in the positions of the particles of the chain.   
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(a) 

 
 
(b) 

 
 
 
Figure 9. Results from magnetic energy calculations. (a) Change in magnetic energy due to 
the addition of one colloid to a chain of colloids at different positions: at the head or at the tail 
of the chain or at a lateral position. (b) Change in magnetic energy in a restructuring process. 
In this process, an incoming colloid is initially aggregated laterally to a chain. The chain 
gradually opens (a process with an energy barrier) to allow the colloid to penetrate into the 
chain, and finally the colloid is incorporated into the chain with a concomitant decrease in the 
magnetic energy of the system. The dashed line corresponds to a chain with 4 colloids and the 
solid line to a chain with 20 colloids (which is close to the asymptotic value for very large 
chains). The magnetic energy scale U* is defined in Equation (4). 
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Figure 10. Change in magnetic energy due to the aggregation of two chains with identical 
number of particles. We compare two possibilities: head-to-tail aggregation, which gives as a 
result a longer chain (circles) or lateral aggregation in a zippering configuration, which 
produces a thicker chain (crosses). The magnetic energy scale U* is defined in Equation (4). 
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(a) 

 
 
(b) 

 
 
(c) 

 
 
Figure 11. Summary of possible results for the interaction between two chains of colloids as 
deduced form the calculations in Figure 9 and 10. (a) head-to-tail aggregation, which always 
reduces the magnetic energy between tails. (b) Lateral aggregation between chains with less 
than 14 colloids. In this case, a restructuration process generates a single chain. (c) Lateral 
aggregation of long chains. In this case, a bundle with two chains in zippering configuration is 
formed.   
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Figure 12. Diagram indicating the configuration of minimum magnetic energy corresponding 
to the addition of a third chain of arbitrary length to a pre-existing bundle of two identical 
chains. The dots show the frontier between the two possible final configurations: a bundle 
with three chains in zippering configuration (lateral aggregation) or a bundle with two chains 
(head-to-tail aggregation).  
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Table 1. Summary of physical properties and calculated �0 and N* parameters (Equation 
(7), (8) and (9)) for several composite superparamagnetic colloids under strong magnetic 
fields.  
S#, Material and Reference diameter 

[nm] 
Ms 

[Am2Kg1] 
�

[Kgm3]�
 a)� c 

[g L-1] 
0 N* 

S1 Core (-Fe2O3)/Shell (SiO2)[20] 82 4.4 2270 0.7 1.0 4.4×10-4 0.02 

S2 Core (-Fe2O3)/Shell (SiO2)[20] 157 3.7 2290 3.7 1.0 4.4×10-4 0.08 

S3 Fe3O4 clusters -PEG[55] 31 42.7 3455 7.8 0.1 2.9×10-5 0.16 

S4 Fe3O4 clusters-surfactant[30,57]  145 NA b) NA 12 NA 10-2 24 

S5 Fe3O4 clusters-EG/PG[35,58] 88 63.8 3100 247 0.014 1.2-9.3×10-6 1050-1051 
S6 Fe3O4 clusters- polymer[37] 106 70.0 3328 395 3.3 10-3 1084 

a) Assuming T=298K except in S4 (T=310 K); b) The dipolar moment of the particles 
was reported in Ref[30,57] instead of saturation magnetization (m=2.744×10-17 J/T). 
Density was not available.
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Table 2. Summary of results from computer simulations in Ref[39] (simulations S1 to S6) and 
Ref[57] (simulation S7) for colloids at magnetic saturation due to an external magnetic field. 
We indicate the observed structures at saturation magnetization and the average length of the 
structures obtained in simulations in the direction of the applied field < 𝑙 >ୱ୧୫ (measured in 
number of particles).  Each simulation corresponds to a different combination of volume 
fraction 0 and magnetic coupling parameter �The reported aggregation parameter N* is 
calculated using Equation (6). 
 
Simulation 
number 

Structures < 𝑙 >ୱ୧୫  0 N* 

S1 No structures - 3 5.23×104 0.06 

S2 Chains 1.7 10 5.23×104 2.1 

S3 Chains 2.6 10 1.05×103 2.9 

S4 Chains 3.2 11 5.23×104 3.4 

S5 Chains 4.7 10 2.62×103 4.6 

S6 Chains  6.8 10 5.23×103 6.5 

S7 Bundles of chains 25 12 10-2 24 
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Table 3. Comparison of simulation results reported in Table 2 (simulations S1 to S7) and the 
different theories discussed in the text for the average length of chains in the direction of the 
applied field (in units of number of particles). Predictions of the different theories are 
evaluated using the data in Table 2. In the case of our theory we have employed Equation (6) 
and (9), for the De Gennes-Pincus theory we employed Equation (19), for the Zubarev-
Iskakova theory we employed Equation (20) and (21) and for the modified Zubarev-Iskakova 
theory we employed Equation (20) and (30). Unphysical results were shown in bold. 
 
 
 S1 S2 S3 S4 S5 S6 S7 

Simulations < 𝑙 >ୱ୧୫ No chains 1.7 2.6 3.2 4.7 6.8 25 

Our mean-field theory No chains 2.1 2.9 3.4 4.6 6.5 24 

De Gennes-Pincus Theory No chains 1.4 2.6 3.2 -1.9 -0.5 -0.2 

Zubarev-Iskakova Theory No chains 1.1 1.2 1.3 1.5 1.8 4.4 

Modified Zubarev-Iskakova 1.01 2.1 2.8 3.0 4.0 5.4 17 
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Predicting the self-assembly of superparamagnetic colloids under magnetic fields 
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Recent theoretical advances allow quantitative predictions of self-assembly of 
superparamagnetic colloids under magnetic fields. This Feature Article describes how to 
employ self-assembly thermodynamics to predict the possible assembled structures from the 
properties of the colloidal suspension (particle, size, magnetization, concentration, 
temperature). Quantitative prediction of kinetics is also discussed for the cases in which 
equilibrium theory is not relevant.  
 
ToC figure ((Please choose one size: 55 mm broad × 50 mm high or 110 mm broad × 20 mm 
high.  Please do not use any other dimensions))  
 

 

𝜇𝑠 = 𝜇0 +
1
𝑠

[𝑘𝑇𝑙𝑛(𝜙𝑠/𝑠) − (𝑠 − 1)𝜇𝑏𝑜𝑛𝑑 ].  

𝑁∗ = ඥϕ0𝑒𝜇𝑏𝑜𝑛𝑑 /𝑘𝑇  
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1. Supporting information to magnetic energy calculations 

1.1 Addition of a magnetic colloid to a very long chain of magnetic colloids 

As in the main text (Section 5.3), we consider the addition of a colloid to a chain of 

colloids in a tip to tip (or “head to tail”) configuration. We assume, as in Section 5.3, all 

colloids in close contact forming a chain perfectly aligned with the magnetic field (=0 as 

defined in Figure 8). The energy change due to the addition of a colloid to an infinitely long 

chain can be computed by adding the interaction energy given by Equation (3) between the 

“new” colloid with all colloids of the chain, located at positions r=d,2d,3d,… This gives the 

convergent series:  

𝑈௠ = − ∑ ఓబ௠ೞ
మ

ଶగ(௡ௗ)య
ஶ
௡ୀଵ = −𝑈∗ ∑ ଵ

௡య
ஶ
௡ୀଵ = −𝑈∗ · ζ(3) ≅ −1.2 · 𝑈∗,                         (32) 

where we used that ζ(3) = ∑ ଵ
௡య

ஶ
௡ୀଵ = 1.2020569 … is Apéry's constant and ζ(s) is the 

Riemann zeta function[63]. This asymptotic limit is clear in Figure 9a. In fact, for chains larger 

than 10 colloids, the magnetic energy has reached this asymptotic limit for all practical 

purposes.  

The derivation of Equation (32) neglects the induced dipole contribution that could be 

relevant for weak fields. In the case of weak fields (magnetic response described by linear 

susceptibility,  ρ୮M(H) = χH), the procedure is very similar, but one has to take into account 

that the magnetic moment of the colloid is modified by the presence of the chain of colloids. 
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First of all, let us consider a dimer of two aligned magnetic colloids in contact. The total field 

H sensed by one of the colloids is H=H0+H1 where H0 is the externally applied field and H1 is 

the field generated by the dipole of one particle over the center of the other particle, which is 

given by  Hଵ = ୫(ୌ)
ଶగௗయ. Using Equation (1) we have: 

Hଵ = ୫(ୌ)
ଶగௗయ = ଵ

ଵଶ
ρ୮M(H) = ଵ

ଵଶ
χH                              (33) 

Therefore, for a chain of two particles we have:  

H = H଴ + Hଵ = H଴ + ୌబ
భమ
ಟ ିଵ

= ୌబ
ଵି ಟ

భమ
                              (34)  

ρ୮M(H) = χH = ஧
ଵି ಟ

భమ
 H଴ ,                       (35) 

which corresponds to equation (5) in the main text. Now let us consider the head-to-tail 

addition of a colloid to a very long chain. Taking into account Equation (32), we see that the 

magnetic field sensed by the new colloid of the chain is given by:  

H = H଴ + ζ(3) · Hଵ                           (36)  

The magnetization of the new colloid of the chain will be given by:  

ρ୮M(H) = χH = ஧
ଵି஖(ଷ)ಟ

ల
H଴ ≅ ஧

ଵିಟ
ఱ

H଴                            (37) 

According to Equation (37), the increment in the magnetization due to the induced dipole is 

about a 20% for 1 as compared with the magnetization expected without accounting for the 

induced dipole (H0).  

1.2 Addition of a chain to a bundle of two chains 

In Figure 12, we report the conditions under the addition of a third chain to a bundle of 

two chains produces a bundle of three chains (lateral aggregation) or a bundle with two chains 

by increasing the length of one of the original chains of the bundle. This figure was derived 

by doing a systematic comparison of the magnetic energy change involved in the addition of 

the third chain to a bundle in the two configurations. We illustrate here these calculations in 

Figure S1, reporting two different cases. The first case corresponds to the addition of a chain 
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of arbitrary length to a bundle of two identical chains with N=15 colloids. In this case, head-

to-tail aggregation always produces a larger decrease in the magnetic energy. We show also 

the calculations for N=30. In this case, there is a crossover at a size of 12 colloids for the 

incoming, third chain. For chains shorted than this value, lateral aggregation is energetically 

preferred. However, for incoming chains larger than this value of 12 colloids, lateral 

aggregation will be preferred. The values reported as dots in Figure 12 of the main paper 

correspond to crossover values obtained as in Figure S1b. 

 

2. Supporting information to MagChain Simulations 

Here we provide further details to the MagChain kinetic calculations discussed in 

Section 4.4 in the main text. In particular, all additional details refer to the previously 

unpublished results concerning the second example reported in Section 4.4. 

The first technical aspect to take into account is that the original MagChain code was 

written assuming that magnetic particles are at magnetic saturation[36]. This is not an essential 

feature of the code, and its current version is adapted to deal with the full magnetization curve. 

The code can consider three different regimes: (a) magnetic saturation (as described in the 

original article[36]), (b) weak fields (so the susceptibility  needs to be supplied) or (c) full 

magnetization curve M=M(H), described by a Langevin function of the form: 𝑀(𝐻) =

𝑀ௌ[coth(𝑎𝐻) − 1/𝑎𝐻] (the parameters of the function can be easily fitted to the magnetic 

characterization data). Other functions to describe M=M(H) can be easily implemented in the 

code by the user or by the developers under request. The magnetization curve is employed in 

the MagChain calculation in the precalculation of the radius of attraction of chains (and 

therefore in magnetic energy calculations), see Figure 5 in the main text. The magnitude 

actually employed in the simulations is the radius of attraction of chains of different sizes. In 

the cases (b) and (c), the calculation of the radius of attraction is made in a way totally 

analogous to that reported in Ref[36] for the case of magnetic saturation. In the case of a chain 
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with s colloids, the radius of attraction ra(s) is determined by the distance, in the z axis 

(defined as the axis of the external magnetic field) at which the attractive magnetic energy is 

equal to the thermal energy (in absolute value). Therefore, it is the solution of the following 

equation (see Ref[36]): 

𝑈௠(r = rୟ) = −𝑈∗ ∑ ଵ

ቂమ౨౗
ౚ ା୬ିభ

మቃ
య

ୱ
௡ୀଵ = −k୆T,                            (38) 

where U* is related to the magnetic moment m=m(H) by Equation (4) in the main 

paper. The only difference in the case of (b) and (c) with respect to the case (a) of magnetic 

saturation is that the solution of Equation (38) requires first the determination of the magnetic 

moment of the particles, m=m(H). For a chain of s particles, this is done using an iterative 

method, an approach which is standard in magnetic calculations.  

Concerning the details of the MagChain simulation reported in Figure 7, we first 

computed the radius of attraction employing a Langevin function fit to the experimental  

M=M(H) curve reported in Figure 1 and considering an external magnetic field of 30 mT. The 

results for the radius of attraction are shown in Figure S2. As seen in Figure S2, for large 

chains the size of the attraction region approaches 2ra2.79d (recall that d=170 nm is the 

diameter of a colloid).  Once the attraction radius are computed, we performed the MagChain 

simulation employing an initial random distribution of 5000 colloids inside a simulation box 

of size 369.25d in both the x and y directions and 738.5d in the z direction (the direction of 

the magnetic field). In this way we obtain a volume fraction of 2.6×10-5 as employed in 

experiments, as discussed in Section 4.4. The employed time step was 0.01·d2/D0 1.12×10-4 

s (D0=2.57×10-12 m2/s is the diffusion coefficient of a single colloid). 
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(a)  

(b)  

 
 
Figure S1. Magnetic energy change due to the addition of a third chain of arbitrary lenght to  
a bundle of two identical chains with N colloids, with N=15 in (a) and N=30 in (b). The circles 
correspond to head-to-tail aggregation of the third chain and the crosses correspond to lateral 
aggregation, giving rise to a bundle with three chains. 
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Figure S2. Size of the attraction region located at the head and tail of a chain of magnetic 
colloids as a function of the chain length calculated for the particles shown in Figure 1b under 
a magnetic field of 30 mT. Right: scheme indicating the location of the attraction zones of 
radius ra. 
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Figure S3. Logarithmic plot of the average length of chains shown in Figure 7 in the main 
paper together with a fit to a power law of the form tz with an exponent z=0.7. 
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