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1. Introduction

In a recent paper, Dall’ara and Trevisan [13] extended the classical uncertainty in-
equality (cf. [39])3

1122y < 4072 IV £l 2ny N2l Fllzagny s £ € C5°(RT), (1.1)

to a large class of homogeneous spaces M for a (Lie or finitely generated) group G
such that the isotropy subgroups are compact and, furthermore, M is endowed with
an invariant measure p, an invariant distance d, and an invariant gradient which is
compatible with d. To describe the weights considered in [13] let us observe that for each
r > 0, the elements of B(r), the class of balls of radius r in M, have equal measure and,
consequently, one can consider the class of weights w : M — R™T that satisfy

p({w < r}) < Tau(r) = p(B(r)). (1.2)

In this setting, Dall’ara and Trevisan [13] show that, for all weights that satisfy (1.2),
there exists ¢ > 0 such that for all p € [1, c0),

2
||f||LP(M,;¢) <cp |||vf|HLP(M“u) ||waLp(M,m ) (1.3)

for all smooth functions f satisfying suitably prescribed cancellations.*

A new feature of the result is the fact that it is crucially valid for p = 1. Indeed, the
inequalities for L?, p > 1, follow from the L' case by a familiar argument using the chain
rule (cf. [13,30]). Furthermore, as in the classical theory of Sobolev inequalities of Maz’ya
(cf. [24,25]), the L' uncertainty inequalities are naturally connected with isoperimetry.
For example, when M is compact, the “weak isoperimetric inequality” property used
in [13] asserts the existence of a constant C' > 0, such that for all Borel sets A and E,
with p(A) < u(M)/2, and u(E) < YTp(r), we have®

p(ANE) < Crp*(A), (1.4)

where pT is a suitable notion of perimeter® (cf. [13], and also [12]). The proof of (1.3)
in [13] uses (1.2) and (1.4) combined with Poincaré’s inequality; furthermore, the group
structure associated with M also plays a role.

The purpose of this paper is to extend (1.3) to the more general context of metric
measure spaces. In particular, we will eliminate the dependence on any type of group

3 A detailed survey of the uncertainty inequality and many related inequalities can be found in [16].

4 For example, if M is compact, a natural normalization condition is J fdp =0, and in the non-compact
case (cf. [13]) it is natural to require that the functions have compact support. In this paper Lip,(€2), will
always denote the set of Lip functions with compact support.

5 For more on this we refer to [13] and Section 4 below.

° Roughly speaking “ut (A) = |||V (xa)lll .
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structure as well as the requirement that the measure of a ball depends only on its radius.
In particular, our uncertainty inequalities are also valid in the Gaussian setting. We are
also able to extend (1.3) to rearrangement invariant norms and establish a principle that
allows the transference of uncertainty inequalities between different geometries, under
the assumption that the underlying isoperimetric profiles can be compared pointwise.

To explain in somewhat more detail the motivation behind the results, and the meth-
ods we shall develop in this paper, we need to introduce some notation.

Let (€, i1, d) be a connected metric measure space,” such that p(K) < oo, for compact
sets K C ). The modulus of the gradient of a Lip function f is defined by

Vf(z)| = limsup ———~
| ( )| d(z,y)—0 d(l’,y)

The perimeter or Minkowski content of a Borel set A C €2, is defined by

o (AR) = i (A)
P =T

)

where A, = {z € Q:d(x,A) < h}. The isoperimetric profile® I := I(q , 4) associated
with (€2, , d), is the function I : [0, 4(€2)) — R4, defined by

I(t)= int (i)}

In what follows we shall only consider metric measure spaces such that I is concave,
continuous, and zero at zero. Moreover, in the case of finite measure spaces, i.e. when
1(£2) < oo, we shall also assume that I is symmetric around p(£2)/2. In particular, in this
case I will be increasing on (0, 1(£2)/2), and decreasing on (1(€2)/2, u(2)). Moreover, if
1(Q) = oo, we assume that I is increasing.

Our main focus will be on the validity of L' inequalities of the form’

Hf“il(sz,u) <c |||vf|HL1(Q7H) ”waLl(Q,u) )

for all smooth functions f that satisfy suitably prescribed cancellations. As in [13] one
of our main tools will be local Poincaré inequalities, but in our case, they are formulated
using the isoperimetric profile, and are valid for arbitrary measurable sets, rather than

7 We shall list further assumptions on (€2, u, d) as needed.

8 While isoperimetric profiles are very hard to compute exactly, most of the estimates in this paper hold
true if we replace I by a lower bound estimator function, usually referred to as an isoperimetric estimator
(ct. [20]).

9 Below we will also develop methods to treat uncertainty inequalities for rather general rearrangement
invariant norms.
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balls. For example, if 11(Q) < oo, we localize the usual Poincaré inequality (cf. [7,20], and
the references therein),

/ = mPldn < 3/2 / IV £ dp, (1.5)

as follows: For all f € Lip(Q) and for all measurable A C Q we have (cf. Theorem 1
below)

(A1)
/ = mI S i (u(A), ) 21 / VAl -

where m(f) is a median of f (cf. Section 2).

A key role in our analysis is played by a class of weights, which we call isoperimetric
weights. A positive measurable function w :  — Ry will be called an isoperimetric
weight if there exists a constant C' = C'(w) such that

min{p({w < r}), n(Q)/2}
I(min{p({w < r}), n(2)/2}) <Cr,

In particular, when p(2) = oo, the condition (1.7) takes the simpler form

r>0. (1.7)
p({w < r}) < Cri(p({w < r})), r>0. (1.8)

As a consequence, the growth of the measure of the level sets of isoperimetric weights is
controlled by the isoperimetric profile associated with the geometry. To get some insight
on the difference between (1.8) and (1.2) we shall now briefly compare them in the
context of R™. The classical weight used for Euclidean uncertainty inequalities (cf. (1.1)
above) is w(z) = |z|. For this weight, both conditions, (1.8) and (1.2), are satisfied, but
the calculations needed for their verifications are different. Indeed, let pgn denote the
Lebesgue measure on R™ and let w(x) = |z|, then we have

prn ({w < 1}) = pen ({[2] < 7}) = Bur™,

where (3, is the measure of the unit ball; on the other hand, since Ign(r) =
n (,8”)1/" r(1=1/7) e also have

1 1-1
Pl (u({w < v}) = (B2) " (Bar)
= nfnr"
10T understand the reason why condition (1.7) is slightly more complicated when ©(2) < oo, note that

if u({w < r}) = 1, then, since I(1) = 0, I(p({w < 7})) = 0 and (1.8) has no meaning. A comparable
phenomenon occurs with condition (1.2), which has no meaning when r > diameter of M.
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Thus, w(xz) = |z| satisfies both (1.8) and (1.2). In fact, more generally, for geometries
that satisfy the assumptions of [13] and, moreover, have concave isoperimetric profiles,
we will show that if a weight w satisfies (1.2) then it is an isoperimetric weight in our
sense (cf. Section 5, Theorem 6).

For isoperimetric weights we will show (cf. Theorem 3 below) that there exists a con-
stant ¢ = ¢(w) such that, for all suitably normalized Lipschitz functions f, the following
uncertainty inequality holds

HfHQLl(Q,m <c |||Vf||‘L1(Q,H) ||wf||L1(Q,u) : (1.9)

Moreover, a weak converse holds. Namely, if (1.9) holds for a given weight w, then it is
easy to see that the growth of the measure of the level sets of w must be controlled in

some fashion by their corresponding perimeters. More precisely, we have (cf. Remark 1
below),

p{w<r}) <erp® {w<r}).

From a technical point of view, the class of isoperimetric weights is useful for our
development in this paper since these weights are directly related to the local Poincaré
inequalities described above (cf. (1.6)). In fact, with these tools at hand, combined with

interpolation,'!

we are able to adapt the main argument of [13] to prove L' uncertainty
inequalities in our setting. As it turns out, there is still a different characterization of
the class of isoperimetric weights through the use of rearrangements. Indeed, we will
show that isoperimetric weights are functions that belong to a Marcinkiewicz space
whose fundamental function behaves essentially like ﬁ We then observe that, in view
of a classical inequality of Hardy-Littlewood, the usual self improvements of Sobolev
inequalities can be formulated as weighted norm inequalities, where the weights are
precisely the isoperimetric weights! At this point we use interpolation to derive new
uncertainty inequalities for rearrangement invariant norms.

Let ®(t) := ®1(t) = %7 t € (0,u(82)), then, since we assume that I(t)
is concave, the function ® is non-decreasing. It can be readily seen (cf. Lemma 1 in
Section 2.3 below) that w is an isoperimetric weight if and only if W := % belongs to

the Marcinkiewicz space M (®) = M (®)(2, 1), of functions on 2 such that
1A ar o) = iglgt‘b(ﬂﬂﬂ >1}) < oo.

In terms of rearrangements (cf. [32] and Section 2.3 below) we can also write

17 lascay = suP £ (OR(0).

' Actually we do not use the abstract theory of interpolation but simply the technique of splitting a
function into suitable pieces using its level sets.
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In other words, w is an isoperimetric weight if and only W := % satisfies

. ¢
117 r(a) = S0p W, (1)8(1) = sup Wi (1) 7y < o (1.10)

To set the stage for the more general developments we shall present in Section 6, let
us briefly develop, in the more familiar Euclidean setting, the connection of uncertainty
inequalities with sharp Sobolev inequalities and explain the rdle of the Marcinkiewicz
space M (®). The key idea here is that the classical Gagliardo-Nirenberg inequality'?

1
1A s gy S — a7 WV FlllLaqny > | € Lipg(R™),
Ln—T (R") n(ﬂn)l/” L1 (R™) 0

self improves'® to (cf. [36])

o0

A1l 22y 1 gy /f s <

0

T )1/n H|vf|||L1(]R"), f € Lipy(R™).  (1.11)

This self improvement can be re-interpreted as an L*(, ) weighted inequality. Indeed,
suppose that W € M(®)(R", ug» ), where ®(t) = t'/", and dpugn () = dz is the Lebesgue
measure. Then, for f € Lipy(R™), we have,

W s ey = [ 17 Wi(z)da
]Rn

< / fr@)w*(t)dt (by the Hardy-Littlewood inequality)

11 /m dt
< HW\IM(@)/f Ol — (recall (1.10))

n/

= G W sy NIV F I gy f € Lipg(R™) (by (1.11)).  (1.12)

12 Here and in what follows we let

Lip,(2) = {f € Lip(Q) : f has compact support}.

13 Note that

n
Hf”Ln’%‘ < — ||f”Ln’%,'
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It follows from Holder’s inequality'® that

/ @] dw < e [WY20) IT A2 0]
R’V’L

The weighted norm inequality (1.12) appears already in [14], and corresponds to one of
the end points of the Strichartz inequalities'® (cf. [35, Sec. II, Theorem 3.6, page 1049]),

W Lo @ny < en@ Wl noe IVl Lo @ny s 1T <p <n, f € Lipg(R").  (1.13)

In fact, taking as a starting point the sharp Sobolev inequality of Hardy, Littlewood and
O'Neil'© [28]

1
1l zoe ey < en VAN o L 1<p<n, (1.14)

=R
=

and following the argument that led us to (1.12) gives a proof of (1.13) (cf. Sec-
tion 5.5 below). More generally, it is perhaps a new observation that the corresponding
weighted norm inequalities implied by the sharp Sobolev inequalities of [20] extend the
Strichartz [35] and Faris [14] inequalities to the setting of r.i. norms (cf. Section 5.5
below). Finally, let us remark that this discussion gives another proof of the Euclidean
space version of the uncertainty inequality of Dall’ara and Trevisan [13]. Indeed, for
w(z) = |z|, then W (z) = |z|~", and'”

— ﬂl/n

o) = 17| P

~[e
M(@)

As a bonus, this approach to (1.3) allows us to also replace the L* norms by rearrange-
ment invariant norms. In fact, the argument can be also adapted to deal with Besov type
conditions (cf. Section 5.6 below). The connection with Marcinkiewicz spaces makes it
also easy to actually construct isoperimetric weights for given geometries where we have
a lower bound on the corresponding isoperimetric profiles, as we show with examples
in Section 5 below. In particular, we show how to construct isoperimetric weights for
Gaussian or more generally log concave measures (cf. Section 5.3).

For perspective, the connection between (the classical) Sobolev inequalities and
Lorentz—Marcinkiewicz spaces LP'°°, has been known for a long time, and already ap-
pears, albeit implicitly, in the work of Hardy and Littlewood, and is already fully
developed and exploited in the celebrated work of O’Neil on convolution inequalities
(cf. [28]). It is in [28] that one finds explicitly the idea of using Marcinkiewicz spaces

This argument was provided by the referee, previously we had indicated a proof by interpolation.
Note that (1.12) and (1.13) are Hardy type inequalities. In general, the case p = 1, seems to be new.
Comparing methods, in [14], (1.13) is proved directly and then (1.14) is obtained as a corollary.

Here the notation f =& g indicates the existence of a universal constant ¢ > 0 (independent of all
parameters involved) such that (1/¢)f < g <cf.
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in order to treat abstractly convolution with potentials of the form w = f(d(x,zo)). In
our context, the “good weights” belong to Marcinkiewicz spaces whose very definition
is given in terms of the underlying isoperimetric profile. In the metric setting the use of
weight functions of the form w = f(d(x,xz¢)), where d is the underlying metric, is clas-
sical (cf. [27] and the references therein). In particular, we remark that for geometries
where the measure of a ball is independent of the radius,'® the functions of the form
w(z) = d(xg, ), where zg is a fixed element of Q, trivially satisfy the condition (1.2)
with equality.

We should also mention that the characterization of isoperimetric weights using
Marcinkiewicz spaces also readily leads to a transference result for uncertainty inequal-
ities which we formulate in Section 5.4 below.

Finally, and without any claim to completeness, we give a sample of recent references
that treat uncertainty inequalities in different contexts and with different levels of gen-
erality, where the reader may find further references to the large literature in this field
(cf. [9,10,23,27,29]), we also should mention the classical papers by Fefferman [15] and
Beckner [3.4].

2. Preliminaries

In this section we establish some further notation and background information and
we provide more details about isoperimetric weights. Let (€, i, d) be a metric measure
space as described in the Introduction.
2.1. Medians

In this subsection we assume that p(Q) < oco.

Definition 1. Let f : & — R be an integrable function. We say that m(f) is a median
of fif

plf =m(f)} = p(©Q)/2; and p{f <m(f)} = p()/2.

For later use we record the following elementary estimate of the median, and provide
the easy proof for the sake of completeness,

m) < s [ 11 2.1)
Q

Proof. We use Chebyshev’s inequality and the definition of median as follows. On the
one hand,

18 This condition fails for Gaussian measure (cf. [17], [38, Proposition 5.1, page 52]).
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1
pdf =m(f)}

fdp

m(f) =m(f)u{f = m(f)}

On the other hand, we similarly have

1
pdf <m(f)}

dp

m(f) =m(f)p{f <m(f)}

m(f)

T <m()}
{f<m(f)}

1

p{f <m(f)}
{(F<m()}

Y%

fdu.

Hence,

1

S F<m()
{Ff<m(f)}

gu{f<m /\fldu

mﬂ/ﬁdlb

Combining estimates (2.1) follows. O

—fdp

IN

2.2. Rearrangement invariant spaces

Let u: Q — R, be a measurable function. The distribution function of u is given by

pu(t) = pfz € Q: fu(z)[ >t} (£ 0).

The decreasing rearrangement of a function u is the right-continuous non-increasing
function from [0, u(€2)) into R* which is equimeasurable with u. It can be defined by the
formula

uy(s) = inf{t > 0: p,(t) < s}, s €0, (),
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and satisfies
() = pf{z € Q: fu(z)| >t} =m {s € [0,u(Q)) : uj(s) > t}, t >0,
where m denotes the Lebesgue measure on [0, u(£2)). It follows from the definition that
(u+v); (5) S uy(s/2) +v;,(s/2). (2.2)

The maximal average u};*(t) is defined by

t
Hok 1 * 1 .
uy(t) = n /u#(s)ds = S sup /|u(s)|d,u cu(E)=ty, t>0.
0 E

The operation u — u,," is sub-additive, i.e.
(u+ U)Z* (s) < uz*(s) + v;‘;*(s)7 (2.3)

and moreover,

t

(uv),(s)ds < [ uy(s)v,(s)ds, t > 0. (2.4)
s

0

On occasion, when rearrangements are taken with respect to the Lebesgue measure
or when the measure is clear from the context, we may omit the measure and simply
write u* and u**, etc.

We now recall briefly the basic definitions and conventions we use from the theory of
rearrangement-invariant (r.i.) spaces and refer the reader to [5] for a complete treatment.
We say that a Banach function space'? X = X (), on (Q,d,u), is a rearrangement-
invariant (r.i.) space, if g € X implies that all y-measurable functions f with the same
rearrangement with respect to the measure y, i.e. such that f; = g}, also belong to X,
and, moreover, ||f||lx = |lg/lx-

When dealing with r.i. spaces we will always assume that (€, d, ;1) is resonant in the
sense of [5, Definition 2.3, p. 45].

For any r.i. space X (€2) we have

L>®(Q)NLY Q) c X(Q) c LY(Q) + L>(Q),
with continuous embeddings. In particular, if u is finite, then

L>=(Q) C X(Q) c LY(Q).

19 We use the definition of Banach function space that one can find in [5] which, in particular, assumes
that the spaces have the Fatou property.
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An r.i. space X(Q) can be represented by a r.i. space on the interval (0, u(€2)), with
Lebesgue measure, X = X (0, u(f)), such that (see [5, Theorem 4.10 and subsequent
remarks])

Ifllx = 1£:llx%,
for every f € X. Typical examples of r.i. spaces are the LP-spaces, Lorentz spaces,

Marcinkiewicz spaces and Orlicz spaces.
A useful property of r.i. spaces states that if

t t
[ 1515 s < [ 1l s)as.
0 0
holds for all t > 0, and X is a r.i. space, then,
1fllx < llgllx - (2.5)
2.8. Isoperimetric weights

We give a formal discussion of the notion of isoperimetric weight and its characteri-
zation in terms of Marcinkiewicz spaces.

Definition 2. We will say that a locally integrable function w : Q — R is an isoperimetric
weight, if w > 0 a.e., and there exists a constant C' := C(w) > 0 such that

min{p({w < r}), u(Q)/2}

Tnin{pe({w < 1), u(@)/25) =" 770 20
It is easy to see that (2.6) is equivalent to
min{p({w <r}), n(V/2} o (2.7)

Tmin{p({w <r}), p(€)/2})

In what follows we write

. 1 min{p({w <r}), n(2)/2}
Clw) = s i li(w < 1), p() 2D

Let ®(¢t) = %, t € (0,(€2)). The Marcinkiewicz M (@) () is defined by

the condition

1l as o) = Sup 0 (15 (1)) < oo.
t>0
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Since f;; and p1y are generalized inverses of each other a simple argument (cf. [32]) shows

that f € M (®) (Q) if and only if
11l sz = $up £ (0)() < oo,
>0

The previous discussion leads to the following

Lemma 1. w is an isoperimetric weight if and only if W := % € M (D) (Q).

Proof. From (2.7) and the fact that p({w < r}) = pw (L), we have

_ o Lo minfp(fw <r}), p(62)/2}
) = s T tm u([w < 1)), u(92)/2))
o L (1) 5(0)/2)
>0 7 I (min{pw (2), () /2})

= supr®pw (r)
r>0

= Wly@ - ©

Remark 1. In some sense we don’t have too many choices of weights in order for uncer-

tainty inequalities to be true. For example, suppose that u(Q2) = co, and w is a weight

such that
17120y < NIV A sy lf 2o
holds for all f € Lipy(£2). Suppose that u({w < t}) < oo, then,
ul(fw < 1)) < ety (fw < 1}).
Proof. We can select f,, € Lip,(2) such that
IV falll r ) = wF ({w < t})

while

o fall ey — / wip
{w<t}

and
1Fall iy = 12w < t}).

Inserting this information back into (2.8), we have

(2.8)
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and (2.9) follows. O
We now prove the localized Poincaré inequality described in the Introduction.

Theorem 1. Suppose that pu(2) < co. Then, for all f € Lip(QY), and for all measurable
A C Q, we have

min{y(A) /2}
A/If—m(f)ldus Tlmin{p(A). Q) /2]) /|Vf|du (2.10)

Before giving the simple proof we recall the following important consequence of the
co-area formula and the definition of isoperimetric profile (cf. [7,20]).

Theorem 2. (i) Suppose that () < oo (resp. p(2) = oo). Then, for all f € Lip(Q)
(resp. for all f € Lipy(Q)), we have

[ Hutts > spyas < [ 1951dn. (2.11)
—oo Q

Proof of Theorem 1. Let f € Lip(2), and let A C Q be a measurable set. We compute

Jir=mplan=" [ G-maus [ )= pdu

An{f>m(f)} An{f<m(f)}

- 7u<{f —m(f) > s} N A})ds + 7#({m(f) ~ > shnApds
Ooo m(f) O

— [ utts>spnapas+ [ utts <spnapas

_W(?;L (11). N (2.12)

We estimate (I). Suppose that s > m(f). We claim that

p{f > s} N A}) < min{u(A), u(2)/2}- (2.13)

It is plain that (2.13) will follow if one can show that p({f > s}) < u(€)/2. Suppose, to
the contrary, that p({f > s}) > pu(2)/2. Then, since { f > s} and {f < m(f)} are disjoint
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sets, u({f > s}) + u({f < m()}) < p(Q). Tt follows that u({f < m(f)}) < u(@)/2,
which is impossible since m(f) is a median of f.
From (2.13), and the fact that ¢/I(t) increases, we get

min{u(A), n(€)/2} (2.14)

pAS > s} AN < TuAf > s} 0 AN) 7 e e o) /)

Since [ is increasing on (0, u(92)/2], and p ({f > s}) < u(2)/2, we see that

I(p{f > s} 0 A}) < I(u({f > s}))-

Updating (2.14) we have

min{u(A), p(Q)/2}
(min{u(A), u(2)/2})

p({f > sENAD) < T(u{f > 5h)

Integrating we obtain

minf{u(A), u(Q)/2} [
W= Famin{u(4), ) /27) (/f s 1)
In a similar way we can estimate (II)
n{u(A), 02} [
min{u(A), p
) < Jomn Ay @z | T <shias (2.16)

Inserting the estimates (2.15) and (2.16) into (2.12) we obtain

/If—m(f)\du
A

min{u(A).1(©)/2)
< L ( (/f) I(u({f>8}))d8+zo I(u({f<s}))d8)- 2.17)

We now show that the integrals inside the parentheses can be combined. Indeed, when
s < m(f) we have u({f < s}) < p(€)/2, therefore, by the symmetry of I around the
point 1(€2)/2, we find that

Hp({f <83) = 1) — p({f < s})) = I ONAS < s}) = I(p({f > s}))-
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Whence,
m(f) m(f)
/ I(u({f < s}))ds = / Iu({f > s}))ds

Inserting the last equality into (2.17) yields

/ 1 —m min{p(4), j(§)/2) [ 1ttt > spas

= T(min{pu(A). o p(€2)/2}) .

min{pu(A), u(§2)/2}
= T(min{u(A), 1(©)/2]) / (Ve (by (2:11)),

as we wished to show. O

Remark 2. Note that (2.10) reduces to (1.5) when A = Q. Moreover, since

5 /11— [ i< [ 15 = mp)lan
Q Q Q

we also get

/‘ /fdu du_I:((Q/Q /IVfIdu

3. L' uncertainty inequalities via local Poincaré inequalities

Let (Q,u,d) be a metric measure space. In this section we prove our main result
concerning L' uncertainty inequalities.

Theorem 3. Let w be an isoperimetric weight, and let o > 0. Suppose that u(Q) < oo
(resp. u(Q) = o), then, for all f € Lip(Q), with m(f) =0 or fQ fdu =0 (resp. for all
f € Lipy() ), we have

[flly < 2C)r [[IVFIlly + 2= [w flly 5 for allr > 0. (3.1)
Proof. Case of finite measure.

Suppose that f € Lip(2). We consider each normalization separately.
(i) Suppose m(f) = 0. Then, for all » > 0, we have
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[istau="[ At [ is1a
Q

{w<r} {r<w}

= [ 1r-mldns [ 1l

{w<r} {w>r}

min{u({w < r}), u(Q)/2)}
I(min{u({w < 7}), 1(22)/2)})

<

/ I fldp+ / fldu (by (2.10))

Q2 {w>r}

< C(w)r/ |V fldp + / |f] dp (since w is an isoperimetric weight)
Q

{w>r}

:c(w)r/\w|du+ / (%)alfldu
Q

{w>r}

< C(w)r [ [Vfldu+r=* [ w*|f|dpy,
[rmse

Q

as desired.
(ii) Suppose that [, fdu = 0. Let r > 0, and write

/\fldu= / ldp+ / £l dp
o {w<r) {w>r}

< / 1 = m(f) dp+ ()] p({aw < 7}) + / fldu

{w<r} {w>r}
< [ r-m@ans| [ omnai— [ gau- [ s
{w<r} w<r} {w<r} {w>r}

+ / |f|dp

{w>r}
<2 [ ir-mplduer2 [ Il

{w<r} {w<r}

=2A(r) +2C(r).

Since the terms A(r) and C(r) were estimated in the proof of (i) above, it follows that

[fldp < 2C(w)r [ [V fldp+2r™ [ w®|f|dp
[z frnsae |

Q

as we wished to show.
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Case of infinite measure. f € Lip,(Q2). For all » > 0 we write

1l = / Fldp+ / Fldp
{wsr) {w>r)

= (I) + (I1). (3.2)

The term (II) can be estimated exactly as in the previous case. It remains to estimate

oo

(1) = / w({If] > s} 0 {w < r})ds.

0

The integrand can be estimated as follows,

plf1 > sy n{w <r})

< I(p({|f| > s} n{w < r})) p({w < r})

(since . increases)

I(p({w < r})) I(s)
< C(w)rI(p({|f] > s} N{w < r})) (since w is an isoperimetric weight)
< C(w)rI(u({|f| > s})) (since I increases).
Consequently,
[ Ufldn < cpr [ 1u1s1 > sp)as
{(w<r} 0

<Cr [191flldn by (211)
Q
<Cr [ 1vfldn
Q
Inserting the estimates that we have obtained for (I) and (II) into (3.2) gives the

desired result. O

Remark 3. Selecting the value r = (%) o compute (3.1) balances the two
1

terms and we obtain the multiplicative inequality
@ o _1
£l < @C) = IV [lw* fllT

for all f € Lip(Q) such that m(f) = 0, or [, fdu = 0if () < oo (or for all f € Lipy(£2),
if 4(Q) = 00).
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Following closely the chain rule argument used in [13, Section 6.5] we now show that
Theorem 3 implies the corresponding LP version of itself. More precisely, we have

Theorem 4. Let w be an isoperimetric weight, let p > 1, and let a > 0. Suppose that
w(2) < oo (resp. () = o0), then, there is a constant D = D(w,p) such that, for all
[ € Lip(Q) with m(f) =0, or [, fdu =0 (resp. for all f € Lipy(£2)), we have

171, < Dr IVl + 20 e [fll,, 7> 0.
Proof. The main technical difficulty to prove the theorem is that, as we attempt to apply
Theorem 3 by replacing f with powers of f, we may loose the required normalizations in

the process. Let us first record the following well known elementary version of the chain
rule for power functions, which is valid in the metric setting,

VP @) < 2p|f (@) IV If] (@) < 2p]f(@)" " IV f(2)], | € Lip(Q),
and
V(717 @)] <2018 @P V@)L S € Lin(©).
Applying Holder’s inequality we find
V1PN < 20 |IVALE | < 20 1950, 1017 (3.3)
and
|V (rLee=D)|| < 20 m9 200, 10 (3.4)
L= p Il lp ‘
Let us also note here that Holder’s inequality gives us,
-1 ~1
o 1Pl = o 1P|, < o 10, 107 (3.5)
We now divide the proof into several cases. The easiest case to deal with the normal-
izations issue is when u(Q) = oco. Indeed, if f € Lipy(9), we also have |f[’ € Lip,(£2).
Thus, by (3.1) we have,
I1£171ly < 2CQ)r [IV P A+ = lw® [£17],, for all > 0.
Then, from (3.3) and (3.5), we get,
A1 < AC ) IV AL, 11+ llw L1, 111 for all v >0,

and the desired result follows.
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Suppose that p(2) < oo. Let f € Lip(Q). It is not difficult to verify that
m(f) |m(f)[P~" is a median of f|f["~" (cf. [13]). To take advantage of this fact we
estimate ||| |||, as follows

Jisvan= [ imraus [ 15

Q {w<r} {r<w}
< [ | - mp mnr
{w<r}

+ / m(f) [m(F)P " du
{w<r}

+ [
{w>r}

= A(r)+ B(r) + C(r).

A(r) can be estimated using the local Poincaré inequality, the fact that w is an isoperi-
metric weight and (3.3):

0y <o (),
< 2pC(w)r [V AIll, I/}~ (by (3.4)).
The term C(r) can be readily estimated in a familiar fashion:
C(r) <r™*Jlw* "Il
< ™ LFI, 115 (by (3.5))-

It remains to estimate B(r), and for this purpose we consider two cases. If m(f) = 0,
then B(r) = 0 and we are done. Suppose now that [, fdu = 0. Then we can write

B(r) = / m( f)dp — / fdu— / Fu| [m ()P
w<r} {w<r} {w>r}
< fm(f)P / m(f) — fldp+ [m(F)P / fldu
{w<r} {w>r}

= Bl(’l“) + BQ(T).

To estimate Bj(r) we consider each of its factors separately. Using the local Poincaré
inequality, the definition of isoperimetric weight and Hoélder’s inequality we see that
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/ m(f) — fldp < c(w)r / IV f|du
Q

{w<r}
1/p
< c(w)r ( / IVflpdu> ()7
Q

To estimate |m(f)|?~" we observe that m(f) |m(f)|"~? is a median of f |f|"~2. Therefore,

by (2.1) and Hoélder’s inequality,
m(D)F = |m() (P

2 _
Su(mﬂ/‘flflp ?| au

2 p-1
& 2/ P dp

1/p’
i P 1/p
e ( ! /] du) ()P,

IA

It follows that

1/p 1/p'
Bi(r) < Clu)r ( / IVflpdu) W@ ( / prdu) u(©)'”
Q

Q

=20(w)r V£l Il

Similarly, using the estimate for |m(f)|” ~! obtained above and Hélder’s inequality, we
see that
Batr) = (NP [ 151 dn
{w>r}
1/p’ 1/p
2 / 1) 1/
R AR IR N B IO R
W@ ( | |
Q {w>r}
-1 —«a «
<2flIp " lw -
Therefore,

B(r) < 2C(w)r V£, A1+ 2 A1 r = w £l -
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Combining estimates we thus arrive at

£l < Cw)@p+ e [V A1, IF15 ™ 20w £, LI

as desired. O

1
«
llw £1l,,

Remark 4. If we select r = (W) o compute (3.1), then we obtain the multi-
p
plicative inequality

pap

_a 1
1f1l, < D77 [[Vf]llp+ [lw® fllg+r,

for all f € Lip(2) such that m(f) = 0 or [, fdu = 0if () < oo (or for all f € Lipy(Q)
if 4(Q) = 00).

4. Isoperimetric weights vs Dall’ara—Trevisan weights

Dall’ara and Trevisan [13] proved versions of Theorems 3 and 4, for homogeneous
spaces?’ M, and for weights w : M — R* that satisfy the growth condition

u({w < 1) < Tar(r) = u(B(r). (4.1)

In this section we compare the weights in the Dall’ara—Trevisan class with the correspond-
ing isoperimetric weights defined on M. In preparation for this task let us introduce some
notation and recall useful information.

In this section we shall consider homogeneous spaces M that satisfy the assumptions
of [13] and, moreover, are metric measure spaces in the sense of the present paper.”! We
shall simply refer to these spaces as homogeneous metric measure spaces.

We now recall the weak isoperimetric inequality used in [13] (cf. also [12]).

Theorem 5. Let M be an homogeneous space satisfying the assumptions of [13]. Then
the following statements hold.

(1) Suppose that M is non-compact. Then, there exists C > 0 such that for all r > 0,
and for all Borel sets A C M such that u(A) < Tpr(r), we have

H(A) < Cry* (A4). (4.2)

(2) Suppose that M is compact. Then:

20 We refer to the Introduction for the basic assumptions on M, and [13] for complete details.
21 In particular, we assume that the isoperimetric profile I(nr,p,a) := I satisfies the usual assumptions.
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(i) There exists C > 0 such that for » > 0, and all Borel sets E with
min{u(E), p(E9)} < 220 ye have

min{u(E), u(E°)} < Cru* (E).

(i5) If W(E) < Yar(r), then, for all r > 0, and for all Borel sets A C M such that
u(A) < p(M)/2,

w(ANE) < Cru®(A). (4.3)

Theorem 6. Let M be an homogeneous metric measure space. Then, the class of isoperi-
metric weights contains the class of weights satisfying the growth condition (/].1).

The next result will be useful in the proof.

Lemma 2. (i) Let M be an homogeneous metric measure space. Then, there exists C > 0
such that, for all r > 0, with Ty (r) < “(éw), it holds that

Yar(r) < CrI(Ta(r)). (4.4)

In particular, if Tar(r) < #(é\/f) , then, for any Borel set E such that u(E) < Ta(r),

n(E) < Cri(u(E)). (4.5)

Proof. Let r > 0 be fixed. Suppose that Ty, (r) < “(éw), and let A C M be a Borel set
such that

(A) = Tag (r).
Using Theorem 5 we see that
Tar(r) < rOu* (4).

Indeed, if M is compact this follows directly from (4.3), while in the non-compact case
we can use (4.2), with E = A, to arrive to same conclusion. Taking infimum we obtain,

Tar(r) < rCint{a" () : p(A) = Tar(r))

=rCI(Y (1)),
and therefore (4.4) holds.
Suppose now that 0 < u(E) < YTp(r) < “(é\/[). Then, since t/1(t) increases, we have
H(E) Tar(r)
< <Cr,
I(p(E)) — I(Tu(r))

as desired. O
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We can now proceed with the proof of Theorem 6.

Proof of Theorem 6. We assume that w is a weight such that p({w < r}) < T (r). We
are aiming to prove

win fttw <), 200 < oot (mintuttw < . 200y) . s

Case I: Compact case. (i) Suppose that Tps(r) < ”(TM) Then by (4.5)

p({w <) < Cri({p({w < r}).

Since our assumptions on w and Y ;(r) force p({w < r}) < ”(M), we see that (4.6
2
holds.
ii) Suppose that Y (r) > ecoy Suppose also that p({w <r}) > wd), Then, since
2 2
t/I(t) increases,

MR a{w <y
10y = I(p({w < r})
Cri(p({w <r}))

I(p({w <r})
=Cr.

(by (4.5))

In other words, (4.6) holds in this case as well.

(iii) It remains to consider the case Yp(r) > 220 ({w < r}) < 20 By [13] the

2 2
function Y (s) is continuous and increasing. Let r’ be such that Yy, (r') = # Since

t/I(t) increases,

p{w<r) Tl
Ip({w <r})) = I(Tar(r))
Cr'I(Ta(r'))
- I(Ta(r)
< Cr (since r' <r).

(by (4.4))

Therefore, (4.6) holds in this case as well, concluding the proof of Case 1.

Case II: Non-compact case. In this case we must have pu(M) = oo (cf. Remark 5
below), then Yy (r) < “(éw), and p({w <r}) < @, therefore we see that (4.6) holds
by (4.5). O

Remark 5. In [13] the dichotomy for the normalization conditions is given in terms of
whether the space M is compact or not. On the other hand, the assumptions of [13]
force (M) < oo, when M is compact and (M) = oo, if M is not compact. Indeed, in
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Section 4.1 of [13] the authors show that for M non-compact, Y (r) < oo, for all » > 0,
and that Tas(r)+Tas(s) < Tar(r+s), for all ;s > 0. In particular, nY (1) < Tar(n),
for all n € N, and therefore we have Y jp;(n) — oo.

5. Examples and applications

Let (€, i, d) be a metric measure space. We will use the following general scheme to
construct isoperimetric weights in different settings. Let g : [0, u(92)] — [0, 00), be such
that g > 0 a.e., and

L min{pu(9)/2)
0 07D Faninr, u(0) /2)

] < 00, (5.1)

where the rearrangement is taken with respect to the Lebesgue measure on [0, p(£2)]. It is
known (cf. [5, Corollary 7.8, p. 86]) that there exists a measure-preserving transformation
o : Q — [0, u(£2)] such that ¢g* o o and ¢g* are equimeasurable. In particular,

(g7 00), (t)=g"(t) te[0,n(Q)

It follows that the function

o
g*(o(x))’

is an isoperimetric weight. Indeed, by Lemma 1, W(z) = w(lz) =g*(o(x)) € M(P)(Q).

Consequently,
1 « e
(5750 /
groo

p

w(z) = x €,

Pap Je T
Ifll, < De==e [V £ 5+

for all f € Lip(Q), such that m(f) =0 or [, fdu = 0if u(Q) < oo (or for all f € Lipy(Q)
if u(Q) = o00).

In the examples below we consider specific metric measure spaces and make explicit
calculations following the above scheme.

5.1. FEuclidean case

5.1.1. R™ with Lebesgue measure
The isoperimetric profile is given by

I () = n (B,) /" 1/,
Theorem 7. Let g : [0,00) — [0,00) be such that g > 0 a.e., and, moreover, suppose that

sup g* ()" < oo.
0<t<oo
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Let w : R — R, be defined by

1
w(r) = — .
g*(Bn |[")
Then, w is an isoperimetric weight.
Proof. Let W = L. Then, W(z) = ¢*(B, |z|") and W*(t) = g*(t) (cf. [37]). Conse-
quently, W € M(®) (R™), and the result follows. O

5.1.2. The closed upper half of Euclidean space R™

For simplicity we assume that n = 2.

Let Hy = {(z,y) € R? : y > 0}. By reflection across the boundary of Hs, com-
bined with the classical isoperimetric inequality in R?, it follows that the corresponding
isoperimetric profile, Iy, is given by (cf. [37])

I, (t) = By *t72,
Theorem 8. Let g : [0,00) — [0,00) be such that g > 0 a.e., and

sup g*(t)t*? < oo,
0<t<oo

Let k> 0, and let w: Hy — R be defined by
1

* k ’
o (B (52, ) @ 492 )

w(x) =

where B denotes the Euler beta function. Then, w is an isoperimetric weight.

k+1

* k/24+1 )
Proof. Let W = L. Then, W(z) = g (LB (B 1) (22 +4?) / ) and W*(t) =
g*(t) (cf. [37]). It follows that W € M(®) (R™). O

5.2. The unit sphere

Let n > 2 be an integer, and let S™ C R™*! be the unit sphere. For each n > 2,
the n-dimensional Hausdorff measure of S is given by w, = 27"z /T(%). On S™
we consider the geodesic distance d, and the uniform probability measure o,. For 6 €
[—7/2,7/2], let

0
Yn-1 os""19  and d,(0) = / on(s)ds.

Wn

en(0) =
—m/2

It is known that the isoperimetric profile of the sphere Ign coincides with I,, = ¢, 0 ® !

(ct. [1]).
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Theorem 9. Let g : [0,1] — [0,00) be such that g > 0 a.e., and

. min{t¢,1/2}
su t)——————————— < 00,
e 970 7 i (r, 12))

where the rearrangement is taken with respect to the Lebesgue measure on [0,1]. Let
w: S* — R, be defined by

1
w(l,.....0,11) =
Orelne) = 5, @)

Then, w is an isoperimetric weight.
Proof. Let

1

=— = g"(®,(601)), (b1,..... 4
W(G) w(gl, ..... 70n+1) g ( 71(01))7 (Hla 9714-1) €S

We need to show that W = = € M(®) (S™, p). Let m(t) denote the distribution function
of f with respect to the Lebesgue measure on [0, 1], and let 4 := 0,,. Then, W and g are
equimeasurable. Indeed,

pw(t) = p{0 € S : W(x) > t}
= {0 €S™: g" (P, (61)) > t}
= u{0 € S™ : B, (0,) < my(t)}
= {0 € S™: 0 < D, (my(t))}

=myg(t).
Therefore,
Wi(t) = g* ().
Consequently, in view of our assumptions on g, W = % € M(®)(S",pn). O
5.83. Log concave measures

We consider product measures on R™ that are constructed using the measures on R
defined by the densities

duy () = 25" exp (~U(|2])) do = p(2)dz, =€ R,

where ¥ is convex, v¥ concave, ¥(0) = 0, and such that ¥ is C? on [T (1), +-00), and
where, moreover, Zy ' is chosen to ensure that g (R) =1.
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Let H : R — (0,1) be the distribution function of py, i.e.

r

1) = [ pla)ds = pul-oc,0). 62
It is known that the isoperimetric profile for (R, d,,, uy) is given by (cf. [8] and [6])
I, (t) = ¢ (H '(min{t,1 —t}) = o (H"'(t)), te[0,1].

We shall denote by ,u%" =y Q@ py ® ... RQ py, the product probability measures on R™.

n times
It is known that the isoperimetric profiles I,gn are dimension free (cf. [2]): there exists

a constant ¢(¥) such that for all n € N
(W) Ly (1) < L (t) < Ly (1),

Theorem 10. Let g : [0,1] — [0,00) be such that g > 0 a.e., and

sup o* (1) min{¢,1/2}

0<t<1 I, (min{t,1/2}) < 0, (5:3)

where the rearrangement is taken with respect to the Lebesgue measure on [0,1]. Let
w: R™ — R be defined by,

Then, w is an isoperimetric weight.
Proof. Let

=g"(H(x1)), xeR"

A calculation, similar to the one given during the course of the proof of Theorem 9,
shows that W and g are equimeasurable. Thus,

Wi (t) = g"(1),
and we see that W € M (®) (R™), as we wished to show. O

Example 1. The prototype function g that satisfies (5.3) is given by g(t) = %

In fact, since I“PT@) decreases, we see that g*(¢t) = g(t). In particular, for U(|z|) = %,

p € [1,2], the isoperimetric profile I,,, (t) satisfies (cf. [37])

1-1/p
Iw(t):t<log¥) , 0<t<1/2.
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Thus, if we let g : [0,1] — [0, 00) be such that g > 0 a.e., and suppose that

1
sup  g*(t) ————7 < oo,
0<t<1/2 (10g%)1 1/p
it follows that the function
Ty
1 — |x1|p
Wz, ..... n) = =g | z5* d
(¥4, - Zn) W(T1,y ey g v /exp< v

— 00

is an isoperimetric weight.
5.4. Transference

We indicate a simple transference result that follows directly from the characterization
of isoperimetric weights in terms of Marcinkiewicz spaces. Suppose that (£2;, p;,d;), i =
1,2, are two metric measure spaces as above, such that, moreover with p1(Q1) = u2(Q2),
and I := I(q, 4, .d,) = 12 = I(,,us,d,)- Then, the corresponding uncertainty inequalities
for (g, p2,ds) can be transferred to (1, 11,d;) in the sense that, for all f € Lip(Qy)

that satisfy suitably prescribed cancellations,??

1/2 1/2 1/2
11 @y < ClwlNian IV Gy oy 10 F 1 iy oy -0 € M(®2)(Q1, 1), (5.4)

where ®;(t) = {5
Indeed, if Iy > I, then M (®5) C M (®;). Therefore, the result follows from Lemma 1

and Remark 3.
5.5. Strichartz inequalities and Sobolev inequalities

The initial step of the interpolation process that leads to uncertainty inequalities is di-
rectly connected with the following inequality that one finds in Strichartz [35]. A different
proof with sharp constants®® was later found by Faris [14]

1£90l oy < ea®) 19l o NIV 1l oy » F € CER™, 1< p <.

These inequalities are connected with the classical Sobolev inequality via the sharp form
of the Sobolev inequality involving Lorentz spaces (cf. [36] and the references therein),

22 The key point of this transfer is that, by abuse of notation, we have “switched” the isoperimetric weights
of (21, p1) by the “isoperimetric weights” of (€22, u2). In this sense the transfer is apparently connected
with the construction of representations of the space M (®) for different metric measure spaces. It would
be interesting to study the connection of our transference result with the recent results on the transport of
weighted Poincaré inequalities (cf. [11]).

23 Here we shall not be concerned with the best value of the constants involved but we do note that
cn(p) = o0 as p — n.
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(e’ 1/17
) o ds . 1 1 1
JE @SS < Ca) 19y £ € CFERY), L p<n, S = o=
) p p n
(5.5)

Indeed, suppose that f € C§°(R™),g € L™, and let 1 < p < n; then
90y < [ 5579 (51
0
<ol [ £ (5 mas
0

T . ~ds
ol [ 57?7
0

< Cu()” lgl e IV SN0 gy -

Faris’ method is closely connected with the above presentation. Note that in the context
of (5.5) the class of isoperimetric weights can be described as

1 1 1
{w: o € M(®@)} ={w: = € L™} ={w: - is a Strichartz multiplier}.

When p — n the constant C,,(p) blows up. The sharp end point result for p = n is
provided by the Brezis—Wainger inequality. Let €2 be a domain in R™. Then, for all
functions f € C§°(Q),

1/n
I /

f (s)™  ds
/ Ty [ Sl
0 s

Thus, in this case, the corresponding Strichartz inequality holds if we replace the condi-
tion “g € L™>(Q)” by “g € Liog(n, 00)(£2),” where

. * 1/n M
191l 2.0, (.00 2) = sup {9 ()t /"(1 + log 7 )}~

In this notation we have,

1f9]

Loy < Ca()™ 9117, (n.00y @) IV F L @y -

More generally, let us consider Sobolev inequalities on a metric measure space ({2, , d)
using rearrangement invariant norms. Let I be an isoperimetric estimator for (€2, i, d) and
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on measurable functions on (0, (€2)) let us define the isoperimetric Hardy operator Q;
by

() /2

~ I(t)
r f(s)

Qrf(t) = s

I(s)”

t
We give the details for the case p(€2) = oo, the case p(€2) < oo follows mutatis mutandi.
From Theorem 11, part 2, below,

ro N <10 IVl f € Ling().
13 X

We can then reinterpret the last inequality as a weighted norm inequality (“the Strichartz
inequality in X7): for f € Lipy(2), and g € M (®),

1fallx <|1f: gl %

< Nlgllarcay [ £®)

X

4

< HQHM(@) HQIHX*)X |||Vf|HX :
5.6. Besov inequalities

In this brief section we indicate how the inequalities can be extended to suitable Besov
spaces. Here we are aiming to illustrate the method rather than to prove the most general
results. Thus, we shall focus on (Q,d, u) = R™, and L? spaces.

Our starting point is the following equivalence (cf. [5]) which here we may take as a
definition: Let 1 < ¢ < 00,0 < s < 1,

t—s/an(tl/n’ f)
tl/q

~ 1111z
L1(0,50) BE

where w, is the g¢-modulus of continuity defined by

wq(t?f) = Sup Hf(o + h) - f(O)HLq(Rn) .
[h|<t

Suppose that f**(co) = 0, then following estimate is well known (cf. [5,19] and the
references therein)

Wy (s1/m s
fri<e wyls 17, f) ds (5.6)
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Let w be an isoperimetric weight (i.e. % e L™m®) . Let a >0,1<¢g<o0,0<8<1,
with 8 < n/q. Then the following estimate holds,

10 < er 1l amy + 7 10

where ¢ > 0 is an absolute constant. Indeed, following a familiar argument we have

Hf (%)0 X{w>r1/o} ;

=1, = [ () xozm]|

i)
i)

It remains to estimate the first term,

<r

+ Hf (%)9(1 Xfwsriroy||

<r + 7 w0 f -

La

1 6 1 * 6
- < * - 0/ny—0/n
Y] 2Jraey e
La La
6
1
<|l= *(t)t—é/n
W | fn,oo La
6
< l **(t>t—9/n
W | fn,o0 La
6 o0 1/
1 o/ [ wqe(s™, f)ds
<cll= ’ =0/ /%? (by (5.6))
Ln,oo ) La
9 x 7L
.00 1/4 S
t La
0 —0/n 1/n
1
§C’H #&Z’f) (since 6 < n/q)
W || pn,o0 S La
e
=, B

Using the inequalities of [22] it is possible to extend these results to Besov spaces on
metric spaces but the development is too long and technical, and falls outside the scope

of the present paper.
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6. Rearrangement invariant uncertainty inequalities

In this section we obtain uncertainty inequalities modeled on (3.1), where L! is re-
placed by a suitable r.i. space.

Our approach is based on the following Sobolev inequalities for r.i. spaces (cf. [20]
where results of this type were obtained with more restrictions on the ambient measure
space).

Theorem 11. Let X be an r.i. space on Q such that Q is bounded on X. The following
statements hold:

(1) Suppose that u(2) < co. Then,

I(t
cx,p = ’ %X(o,u(ﬂ)ﬂ)(t)H - < o0, (6.1)
X

and for all bounded functions f € Lip(Q), we have

I(t

N ~ 2
70" P x| < 1@l 19 +
X

cxX,I
o ! F@)|dp. (6.2)

(2) If () = oo, then

The proof of this theorem will be given at the end of this section. First we consider

I(t)

072 <l ALy 1 € L@ (63

the corresponding uncertainty inequalities.

Theorem 12. Let X be an r.i. space on Q such that Q is bounded on X. Let w be an
isoperimetric weight and let o > 0. Then, there exists a constant C = C(w, X) such that

Ifllx <rCHIVEAllx +r= lw*flix, for allr >0,

and for all bounded f € Lip(Q) such that m(f) =0 or [, fdu =0 if p() < oo (or for
all f € Lipy(Q) if u(2) = o0).

Proof. a. Suppose that p(2) < co. Let f € Lip(2), and let w be an isoperimetric weight.
Then, for all a > 0, we have

w w w
==l < |r= =
Hf”X Hf’lUHX = waX{wST} X + waX{w>r} <

<r

1
rol s (6.4
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To estimate the first term in (6.4), we write

2], -] ()

X

56 (i) O3 Xowma

<2 o (3) 0r)]

I(s
f;(s)%X(o,u(m/z)(S) )
X

=%
—
w
N~—
N
SH
v
= *
—
=
=
o
=
2
=
~
[\v]
N
—
N—

X

I
fﬁ(S)—(;)Mo,u(m/z)(S) )
X

=2[Wllaa)

- 2 )
< 2W oy | 1911l 5z 19l + 2055 / Fldu| (by (6.2)).

Let f € Lip(Q2) be such that m(f) = 0 or fQ fdup = 0, by Poincaré’s inequality (cf.
Remark 2)

/ dn < 7ot / Vs

()
I(u(€)/2)

M)

ol (by Holder’s inequality).
X

IV Allx 7= I
Summarizing,

[fllx <rCUVAlx 7w Flix

_ 5 2ex11(9)
where €' = 2[[W/|| ;4 Q1] 55 + I(M(Q;(/IZI;HXQHX'

b. 11(Q) = co. We follow the same steps as in the previous case, but now we use (6.3)
instead (6.2). Notice that the extra L'-term does not appear in this case. O

6.0.1. The proof of Theorem 11
In this section we prove Theorem 11. We need the following lemma (see [22,21]).
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Lemma 3. Let (Q, u,d) be a metric space and let I be an isoperimetric estimator for
(Q, u,d). Let h be a bounded Lip function on Q. Then there exists a sequence of bounded
functions (hy,), C Lip(QY), such that

(1)

Vha(2)] < (1+ %) \Vh(z)|, = € Q. (6.5)

h, — hin L'. (6.6)
n—0

(3) The functions (hy)"

L, are locally absolutely continuous and for any r.i. space X on

|(-1n5) 10| <9kl for atn e (6.7

Proof of Theorem 11.
a. Suppose that p(Q) < oco. The fact that cx,; = H@X(O,M(Q)/Q)(t)Hk < oo, follows

easily from the fact that Q; is bounded. Indeed, for 0 < t < 1(€2)/4, we have that

QIX(OVM(Q)/Q)@) = / ) > ~ o)
t

and (6.1) follows.

Let f be a bounded function in Lip(£2). Let (f5),, be the sequence associated to f that
is provided by Lemma 3. Since ( fn): is locally absolutely continuous, by the fundamental
theorem of calculus we have

A(t) = (fa)y, (t)@X(o,ﬂ(Q)/z)(t)

n(€)/2
=IO ) s G 72 )

At (03 (/2" 0 20

=01 (= (i) O10)) O+ () (/D e

Thus,
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40lx < @ ((- ) 010 0

=TI+1I.

0 ) [T v 0]

Now,

r< @il (=) 010) @ <I@iles 19l by 60)

< (1@l sk 1+ DIV (by (65),

and
2 1)
I < (mg/lfnl(x)du) ("TX(O,H(Q)/2)(t)“X)
2c
== [ 16 @y
Q
Therefore,
fi " < tm it (HQIHM 1+ DIVAl + s [ 162l du)
Q

~ 2C
= @il VAl + gy / |f(@)|dp (by (6.6))

Q
2
=D <||vf|||X+mQ/|f(x)du) :

b. u(2) = oo. The proof follows the same argument. Indeed, if f € Lipy(£2), then f is
bounded. Let (f,), be the sequence associated to f that is provided by Lemma 3. Note
that (f,)), is locally absolutely continuous, and (f,),," (00) = 0. Using the fundamental
theorem of calculus we find

(fn) (®)

and we conclude the proof as in the previous case. O
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6.1. Final remarks

a. We should mention that in the literature one can find L' uncertainty type inequal-
ities that are not directly related to those treated in our paper. For example, in [18§],
sharp constants are obtained for inequalities of the following type (here Q = R),

1715 1512 < e [lef] a1

or

2/7

11, < ellar 7 |lef

5/7
2

b. Multiplier inequalities have a long history. We mention two somewhat related direc-
tions of inquiry that we find intriguing. The multiplier inequalities exemplified by [31],
and the long list of references therein, and the potential spaces of radial functions exem-
plified by [26] and the references therein.

c. In this paper we have not considered discrete inequalities. We hope to discuss the
discrete world elsewhere.
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