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On the Darboux integrability of a cubic CRNT model in R”

Antoni Ferragut, Claudia Valls

Abstract

We study the Darboux integrability of a differential system with parameters coming from
a chemical reaction model in R®. We find all its Darboux polynomials and exponential factors
and we prove that it is not Darboux integrable.

Keywords. Darboux polynomial; exponential factor; Darboux integrability; chemical reaction
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1 Introduction and statement of the main result
Consider an n-dimensional polynomial differential system of degree d € N
x = P(x), x € R", (1.1)

where P(x) = (Pi(x), ..., P,(x)), P; € C[x], and the dot denotes derivative with respect to the

independent variable ¢.

A function H(x) is a first integral of system (1.1) if it is continuous and defined in a full
Lebesgue measure subset 2 C R", is not locally constant on any positive Lebesgue measure
subset of © and moreover is constant along each orbit of system (1.1) in €. If H is C' and we

name X the vector field associated to system (1.1), then we have

OH 0H

System (1.1) is C*-completely integrable in € if it has n — 1 functionally independent C* first
integrals in €. Recall that k functions H;(x), ..., Hx(x) are functionally independent in € if the
matrix of gradients (VHy, ..., VHj) has rank & in a full Lebesgue measure subset of €2.

For an n-dimensional system of differential equations the existence of some first integrals

reduces the complexity of its dynamics and the existence of n — 1 functionally independent first
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integrals solves completely the problem (at least theoretically) of determining its phase portrait.
In general for a given differential system it is a difficult problem to determine the existence or

non-existence of first integrals.

During recent years the interest in the study of the integrability of differential equations has
attracted much attention from the mathematical community. Darboux theory of integrability plays
a central role in the integrability of the polynomial differential systems since it gives a sufficient
condition for the integrability inside a wide family of functions. We highlight that it works for real
or complex polynomial ordinary differential equations and that the study of complex algebraic
solutions is necessary for obtaining all the real first integrals of a real polynomial differential

equation.

A Darboux polynomial of (1.1) is a polynomial f € C[x] such that

of of
X(f)=P—+ - +P,—=k
(F)=Prg— -t Py = kf,
where x = (x1,...,2,) and k € C[x], which is called the cofactor of f, has degree at most d — 1.

An exponential factor of (1.1) is a function F' = exp(g/f), with f, g € C[x], such that

oF oF
X(F)=P—+---+ P,— = LF,
( ) 181171+ + 83771

where L € C[x], which is called the cofactor of F', has degree at most d — 1. We note that in this
case f is a Darboux polynomial of (1.1) and that X' (g) = kg + L f, where k is the cofactor of f.

If H is a Darboux first integral then it has the form
H:ff\l...fZ;\PFfl...FéLq’

where f1, ..., f, are Darboux polynomials, F1, ..., I, are exponential factors and \;, j1; are com-

plex numbers, fori =1,...,pandj =1,...,q.

The Darboux theory of integrability relates the number of Darboux polynomials and exponen-
tials factors with the existence of a Darboux first integral, see for example [10]. We recall that a
Darboux first integral is a product of complex powers of Darboux polynomials and exponential

factors.

The main aim in this paper is to study the Darboux integrability of a cubic differential sys-
tem that belongs to R® and has an important contribution in Chemical Reaction Network Theory
(CRNT). A reaction network N' = (S,C, R) is defined as a set of species S, a set of complexes
C and a set of reactions R between complexes; each complex is a combination of species. It is
assumed that a reaction occurs according to mass-action kinetics, that is, at a rate proportional to
the product of the species concentrations in the reactant or source complex. The set of reactions
together with a rate vector give rise to a polynomial system of ordinary differential equations. We
refer the reader to [7, 8, 9] for more information about CRNT. For a concrete system of chemical

reactions the parameter and state spaces are typically high-dimensional and one uses numerical



methods to analyze the solutions. Due to high computational complexity this can be done only for
a small set of values of system’s parameters. Thus instead of studying quantitative aspects of the
dynamics, recently there has been an increasing interest in studying qualitative properties of the
CRN. For example in [1, 2, 3, 4, 5, 6] the authors considered the question of existence of single
versus multiple steady states (also referred to as multistationary). The existence of first integrals
of a polynomial differential system describing a CRN often provides essential qualitative informa-
tion (the level sets are invariant under the flow) about the solution or can be used, to reduce the
dimension of the total state space. Since the computation of nonlinear conservation laws (i.e., first
integrals) is highly nontrivial, most of the known results related to the CRN dynamics provide only
trivial linear first integrals. Hence, in this paper, our purpose is to show, by following an example
(see system (1.2)), how to apply Darboux theory of integrability to obtain nontrivial and nonlinear

algebraic and Darboux first integrals.

We deal with the following differential system appearing in [9]:

. 2
T = —C1T1T5 + C2T4 + C45,

. 2

T = —261%‘11‘2 + C4T5,

T3 = Coy — C3T3T4, (1.2)

. 2
Ty = C1T1T5 — C2X4 — C3XT3T4,

T5 = C3T3T4 — C4T5,

where ¢y, co, C3, ¢4 are positive constants. We shall study the Darboux integrability of this system
by characterizing its Darboux polynomials and exponential factors.

Next we provide the main result of the paper. We prove that there only exist two first integrals
(one polynomial and one Darboux), one irreducible Darboux polynomial of degree one and six

exponential factors. Indeed, we prove that the system is not Darboux integrable.
Theorem 1.1. The following results hold for system (1.2).

(a) The unique irreducible polynomial first integral is H| = x1+ x4+ x5. Any other polynomial

first integral is a polynomial function of H;.
(b) The unique irreducible Darboux polynomial is F' = co — c3x3. It has cofactor k = —c3xy.

: . . _ —92)2

(c) It has six exponential factors: Fy = %3, Fy = e™2 21 Fy = Tt By — el@2—221)"
2 . .

Fy = e@ui—m)(or—astaa) gpg Fy = e@1—23+24)° [ 9 /] is another exponential factor,

then h € C[H1| and

g(x1, 2,23, 24) = ara3 + ag(xe — 221) + az(xy + 4) + ag(ze — 221)*

+ as(xg — 221) (21 — o3 + 24) + ag(z1 — 23+ x4)%, (1.3)

witha; € C,i=1,...,6.
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(d) It has the (non-rational) Darboux first integral

HQ — F382/63 e—(rl +1’4) e—(CEQ—Q:El)emg .
(e) It is not Darboux completely integrable.

2 Proof of the main result

Statement (e) follows immediately from statements (a)-(d), since there is no way to construct two
Darboux first integrals functionally independent of H1, Hs. In particular, it is clear that the system

has not rational first integrals. Hence, we need to prove only statements (a), (b), (c) and (d).

We prove the statements of Theorem 1.1 separately.

2.1 Proof of statement (a)

Straightforward computations show that H; is a first integral of (1.2). The restriction of system
(1.2) to Hy = h is the differential system
&1 = —c12105 — cam1 + (co — ca)wa + cah,
T = —261x1$§ — €4x1 — €44 + C4h, )1
I3 = (cg — c3x3)24, @D
T4 = clxlxg — CoX4 — C3T3T4.
Let )Y be the corresponding vector field. Next lemma shows that (2.1) has no polynomial first

integrals.
Lemma 2.1. System (2.1) has no polynomial first integrals.

Proof. Let g(x1, 22, x3,x4) be a polynomial first integral of degree m € N of system (2.1). We
write g = Y " | gi(z1, x2, x3, 4), where g; is a homogeneous polynomial of degree i. The equa-
tion corresponding to the terms of degree m + 2 of Y(g) = 0 is

agm 6gm 5gm

2

— T 2 _ —
L1t (8:}01 0x9 0354) 0,

from which we obtain g,,, (1, 22, 23, 4) = gm(x3, X1, X2), where we have introduced the vari-
ables (X1, X2) = (w2 —2x1, x1+24). Concerning the terms of degree m + 1 we have the equation

agm—l 8gm—1 8gm—1 agm 8gm
— 2 — _ » i v —
CLe1Ts ( 8x1 * 2 81’2 81’4 3t 81’3 + 8%4 07

from which we get

€373 Ogm, Ogm T1+Tq Z2
1 = 5, X1, Xo) + 22 (23, X1, X 2 Jog 2
9 ! 01(332 - 2£E1) (81’3 (!135 ! 2) + 8X2 ($3 ! 2)> (.’EQ - 21’1 8 4£E1
To + 2z
+24> + Gm—1(3, 2 — 221, 11 + 24),
25[72



where g,,—1 is a polynomial. Since the logarithm must be removed, we have

9m = gm(leX?)),

where we have introduced X3 = Xy — x3. Hence ¢;n—1 = gm—1(x3, X1, X2). Next we deal with
the terms of degree m. We obtain
Xo Ogm
ez = (209 — c4) 22
Gm—2 X7 (( c2 C4)c’9X1 + (c2 +ca)

+ Gm—2 + gm—2(x3, X1, X2),

Ogm

0Xa

agm—l + agm—l)) 1o 2

+ 33 < 8:}03 8X2 4.%‘1

where G, is a rational (maybe polynomial) function and g,,,—2 is a polynomial. We must remove
the logarithm, hence we must solve an ODE. We obtain
(c2 + 04)%}2 + (203 — c4) 2

Im—1(x3, X1, X2) = — - 91 Jog a3 + Gm—1(X1, X3).

A new logarithm appears. To remove it we must take
gm(X1, X3) = ((c2 + c4) X1 + (€4 — 2¢2) X3)™,

and therefore g,,—1(x3, X1, X2) = gm—1(X1, X3). Now back to the expression of ¢,,_2 we have

3cocam ((CQ + C4)X1 + (04 - 202)X3)m_1
2c1 T2

Im—2 = + gm—2(x3, X1, X2).

Since gy, —2 is to be a polynomial, 2 t ((c2 + ¢4) X1 + (¢4 — 2¢2)X3) and ¢; > 0 for all 7, we

have m = 0. Then g is a constant and the lemma follows. O

Remark 2.2. The sequence of resolution in the proof of Lemma 2.1 will be used later on for other

purposes.

After Lemma 2.1 we can prove statement (a) of Theorem 1.1. Let f be a polynomial first
integral of (1.2) which is not a function of H;. Write f = (H; — h)F, where j € NU {0} and
(Hy — h) t F. Since X(f) = 0, we have X(F) = 0. Let g = F|g,—;, # 0. Then Y(g) = 0.
By Lemma 2.1 we have g = 0, which is a contradiction. Hence such f cannot exist and therefore

statement (a) of Theorem 1.1 follows.

2.2 Proof of statement (b)

We start the study of the Darboux polynomials of system (1.2) simplifying the general expression

of the cofactor of any Darboux polynomial.

Proposition 2.3. Let f be a Darboux polynomial of degree m € N of system (1.2) with cofactor
k. Then k = kg + k121 + koxo + ksxs + kaxg + ksxs + kﬁl’% + krx1x9, where k; € C. Moreover,
—kg/cl, —k7/(201) eNU {O}
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Proof. We write the cofactor k € Clz1, x2, 23, 24, x5 as

k =ko + k1x1 + koxo + k3xs + kgxy + kszs + kﬁx% + krxixo + kgxixs
+ kox1x4 + k102125 + /{11.7?% + k19xoxs + k13xoxy + k1axoTs
+ k15$§ + kigr3zxs + k17315 + k‘lgl’i + kigxraxs + kgol‘g.

Taking the homogeneous part of degree m + 1 of the equation X'(f) = kf and using the Euler

theorem of homogeneous functions for f,,, we get the equation

—(kea? + kra12o + ksz123 + kom12a + k1oz125 + (c1m + ki1)a3 + kiozaxs + kiszazs

+ k1azows + k1523 + kiwsrs + kirwsas + kisal + kiozaws + keoa3) fm

Ofm 0fm O fm dfm
+ ¢ <(£L’2 — 2LE1)8J;C2 + xgafxg + (21 + 51:4)8];4 + $50fx5> =0.

The general solution of this equation is

z1 Py Py Py

e o2 dcq (2] —x9)2 m+
fm($17x27$3’{[j4’x5) = 6251z2(2x17x2)2 $201( z1—x9) (21‘1 _ xz) 4cy

3 T1+ 24 T5
X Cm zy, 3 ) )
21’1 — X2 23?1 — T2 21’1 — T2

where
Py = 4koox? + dkigzyws + dkigx] + dkirasws + 4kierary + 4k
+ 2(k19 — k1o)zoxs + 2(2k18 — kg)xoxs + 2(kis — ks)xaxs
+ dkioz175 + dkowi 2y + AksT123 + 2(k9 — 2k6)T122 + ke wT + (K18 — kg + k)23
Py = 4dkoox? + dk1gxaws + dkigws + dkirwsws + dkierswa + 4kisxi + dkiawoms
+ dk13zoma + Ak1owom3 + 4(kg — 2k7 — ke)2i + (—k1s + 2k13 + ko — 2k7 — k)23
+ 4(k19 — 2k14)z175 + 8(Kk1s — k13)z174 + 4(K16 — 2k12) 7123
+ 4(k1g — k13 — kg + 2k7 + ke )z122;
P3 =k1g — 2k13 + 4k11 — ko + 2k7 + ke;
and C), is an arbitrary function. In order to get a polynomial the exponent of the exponential must
be a constant and the exponents of z2 and 21 — x2 must be non-negative integers. Therefore we

must take k11 = —cyng and k7 = —2c¢1ng, where ny, ng € NU{0}, and kg = ks = kg = k19 = 0,
kig = - = koo = 0. We get

e T3 T1+ 24 5
n m—n n:
fm (@1, @2, T3, 24, 35) = 35° (w2 — 221)" TR0y (901;%2_2%7@_23617%2 “ou, )

Since this is to be a polynomial of degree m, we take

fm(x1, 22, 23, x4, x5) = 2 xh? (xg — 221)™ T2 Py (2, 11 + T4, T5),

where P, is a homogeneous polynomial of degree n € N U {0}. Renaming the coefficients of &,

the proposition follows. O



Lemma 2.4. The unique Darboux polynomial of degree one of system (1.2) is ca — csxs. Its

cofactor is k = —c3xy.

Proof. 1t follows after easy computations. Ol

Next lemma shows that there are no more Darboux polynomials, and thus it finishes the proof

of statement (b) of Theorem 1.1.
Lemma 2.5. System (1.2) has no irreducible Darboux polynomials of degree greater than one.

Proof. Since Hy = x1 + x4 + x5 is a first integral and co — c3x3 = 0 is a Darboux polynomial,
both of (1.2), we can write system (1.2) restricted to 1 + x4 + x5 = h and co — c3x3 = 0:
iy = — 12125 — cay + (e — ¢q)zy + cah,
To = — 201x1x% — 41 — C4T4 + c4h, 2.2)
Ty :clxlxg — 2coxy4.
Let f be an irreducible Darboux polynomial of system (1.2). Let g be the Darboux polynomial

of (2.2) corresponding to f restricted to x1 + x4 + x5 = h and co — c3x3 = 0. Let m € N be the
degree of g. Then

0
(—clxlm% — ¢4z + (c2 — ca)xg + C4h)—g
ox1
dg 99 (23)
-9 2 - h) —2 2 9 YI .
+ (—2c12125 — 41 — 44+ ¢4 >8x2 + (1125 02x4)a$4
— (ko + kix1 + koo + kaxa — clnlx% — 261%21’1%2)9 =0.
We note that the expression of the cofactor of g can be obtained from Proposition 2.3 after the

considered restrictions.

We write g = Y ;" 9i(z, y), with g; a homogeneous polynomial of degree 7. From (2.3), the

equation of degree m + 2 becomes, after canceling a common factor ¢ o,

gm | 599m  Ogm
— 2 — 2 m = 0.
1T <8x1 + Ory Dy + (n1w2 + 2n221)g

Then g, = 21 252 Gm(x2 — 221,21 + x4), With g,,, a homogeneous polynomial of degree m —
ny —na.
The equation of degree m + 1 of (2.3) is
9gm—1 | O09m—1  Ogm—1
2 m m m
— 9 —
CLrLTs ( 8x1 + 81'2 83:4

— (k:lil,j + koxo + k4m4)x?1x32§m(1’2 —2x1, 21 + 334) = 0.

> + crz2(n1z2 + 2n221) gm—1

from which we obtain

2k1x1 — k129 + kgxo + 2k4x4 ny _no—1-
. -2
2c1(z2 — 271) oty gm (2 — 201, 21 + 14)
Z2

2kox1 — kax1 — koxo — k44 n _
= log —2 271 282G, (x5 — 21,
(22 = 201)? og o 211wy gm(r2 — 221, 21 + 4)

n no —
+ $11$229m—1($2 - 2.’171, T+ 1'4)7

Im—-1 =
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where g,,—1 is a homogeneous polynomial of degree m — 1 — ny — no. Since the logarithm must
be removed, we have ko = k4 = 0. Hence

ny _no—1—- ny . no—
1t s g2 — 221, x1 4+ x4) + 27 252 g1 (T2 — 221, T1 + T4).

261
The equation of degree m of (2.3) is

Im—-1 =

2 <agm2 + 289m72 _ 89m72

— 1T + c1x9(n1xo + 2n9x _
12125 a1 O o4 > 122(n1 2 2%1) Gm—2
0 0 0
+ ((c2 — ca)my — C4x1)8ixn; —cq(x1 + ;U4)6L;; - 202964%;: — koGm — k121gm—1 = 0.
We obtain
ni_.no — ni—1_mno—2
T Ty m72(9m)1 €2 Ty Lo P2 N1 mo =
_o = — + +xitx _o(xo — 221,21 + 4),
Im—2 122 — 221 )° o c%(xg 912 1125 Gm—2(w2 1,21 1)

where g,,—2 is a homogeneous polynomial of degree m — 2 — n; — ng, P,,,—2 is a homogeneous

polynomial and FE,,,_2(g.,) = 0 is an ODE with solution
Gm = (w2 — 221)" (21 + £4)™ ((4ea + ca)x1 — (C2 + )2 + (209 — ¢q)my) "M T2 TNA,

with n; € NU {0}, where we have fixed kg = —cany — (c2 + c4)ng and cqno + 4(ca — ca)ng +
(2¢2 — c4)ng = 0 for gy, to be a polynomial. The logarithm in the expression of g,,_o must be
removed, hence we have this expression for g,,. Then

Im—2 Zx?lflx;”%(xg — 221" (2 + xg)™ X
((4eg + ca)r1 — (c2 + ca)wa + (200 — cq)ag)™ 17234 Py

k1

ny _no—1—= ni _no—

+ %xl To Im—1+t X1 To Gm—2,
1

where P is a homogeneuos polynomial of degree 4.
The equation of degree m — 1 of (2.3) is
2 <agm3 + 28gm73 . 6gmf?)

I Oxo D4 )*‘311’2(”1%2””2171)%3
Ogm-— OGm— OGm-—
H((er = e — ) P2 — eyl + ) P 20, 20
8gm 89m
kg st 2m O g
+ (can1 + (c2 + ca)na)gm—1 — k121gm—2 + ¢4 <8q:1 + 8952)

We do not write the expression of g,,_3 because it is too long. In this expression there is
a logarithm that must be removed. Its coefficient provides an ODE with unknown g,,—; whose
solution is:
_ -1
" 2¢1(2c2 — c4)(ca + c4)

( — 04(261(262 — 04)hn4X1 + (62 + C4)k1X2)(02(X1 — 2X2) + C4(X1 + Xg))

Gm—1 XPIXI T oy (X — 2X5) — ea(Xy + Xo))™ 2 T niy
+ 20102h(202 — C4) [2(02 + 04)(2n1 + n3)X1X2 log(Xl)
— (8ca(2n1 + ng) + ca(3m — 11ny — 4ng — 3n4)) X1 X2 log((2¢2 — C4)X2)]>

+ Co 1 XT3 XP4 (=0 Xy — ea Xy + 209 Xg — ¢ Xo)™ ™1 Sim1 i,



where C,,,—1 is a constant and where we have written X1 = 29 — 221 and X3 = 21 + x4 for

simplicity. To remove these new logarithms we have two possibilities: either ¢4 = 2¢3, or
2n1 +n3 =0 and 8c2(2n1 + n3) + c4(3m — 11n; — 4ns — 3ny) = 0.

We deal with the first case later on. The latter case implies ny = m + n3/2 and n; = —ng/2.

Since 0 < n; < m, we must take ny = ng = 0, and hence ny = m. Thus we have no, = 0.

After these new conditions we have g, = g, = X3" and

kv X3¢
Im—-1=5—— + Gm-1.
2c1 x9
Thus k1 = 0. Moreover
com Xyt
Im—2 = — (= — + gm—2.
261 i)

Therefore we get m = 0.

The case c4 = 2c¢o follows in a similar way as the previous one: solving the ODE’s as before,

we obtain the following polynomials:

gm =27 15 G (X1, X2);

k1 1 _
Im—1 22719671“967212 G+ 2 2 g1 (X1, Xo);
_ _ _ _ k1 1o _
Gm—g = g2 s xa py Q—Clx?lxim Y1 + 2P 23 G o (X1, Xa),
where Pj is a polynomial; and the conditions ks = k4 = 0, ng = 2n1, kg = —ca(nq1 + 3n4) and

gm = X{*X3*, with Z?:l n; = m.
When solving the equation corresponding to g,,,—3, as before a logarithm must be removed,
and we obtain
X{L372X§L471 (201n4hX12 - k‘lXQQ)
361

Jm—-1= — + Cm_lXImleg‘l

2
—30m+ nz)h X731 X34 log X,

where C),,_ is a constant. Since g,,,—; must be a polynomial and h does not need to be zero, we
must take 2n; + ng = 0. Hence nq1 = ng = 0, and therefore from above no, = 0 and hence

ng = m. So we have g,,, = g, = X3" and

ki X7
Im—-1 = + gm—1-
201 X9
Thus k1 = 0. Moreover
com X;”_l 3
Im—2 = — + Im—2.
2c1 9

Therefore we get m = 0.

Since degg = 0 in all cases, we have that (c; — csx3)|f. But f is irreducible, therefore

f = co — c3x3. Then the lemma follows. O
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2.3 Proof of statement (c)

We consider system (1.2) restricted to H; = h, i.e. we consider system (2.1). The following result

characterizes its exponential factors of the form exp(g), with g € Clx1, x2, x3, 24].

Lemma 2.6. Let exp(g), with g € Clz1, x2, 3, x4), be an exponential factor of system (2.1). Then
g is a linear combination of x3, T3 — 2x1, T1 + x4, (x2 — 221)?, (29 — 221)(21 — 23 + 24) and

(ml —x3 + $4)2.
Proof. Since exp(g) is an exponential factor of system (2.1), g satisfies

V(g) =k =ko + k1x1 + koxo + kszs + kaxa + kig,l'% + kgx1x9 + krx123 + ksx124 24

+ ko3 + kiomoxs + kiioma + kiox3 + kiswazs + kiaz. -
Assume that g is a polynomial of degree m € N, with m > 3. We write it as sum of its homoge-
neous parts g = > ..*, gi(x1, 2, x3,x4), where g; is a homogeneous polynomial of degree ¢ and
gm Z 0. Since the right hand side terms of (2.4) has degree two, its left hand side must also have
degree two. Since m > 3, the computation of g,,, g,—1 and g,,,—2 follow in the same way as the
proof of Lemma 2.1. Therefore we get m = 0, which is a contradiction. Hence ¢ is a polynomial
of degree less than or equal to two in the variables x1, 3, 3, x4. Indeed easy computations show
that g is a linear combination of x3, 29 — 221, 1 + x4, (2 — 221)2, (2 — 221) (21 — 23 + T4)
and (71 — 23 + 24)°. O

Remark 2.7. In particular, the functions appearing in statement (c) of Theorem 1.1 are exponential

factors.

In view of Lemma 2.6, if E = exp(g) is an exponential factor of system (2.1), then g writes
as (1.3) and the cofactor of E has the form

L=1Lo+cyl1Hy, (2.5)
where
Lo = (a2 — (13)04331 + ((a1 — 2@2)62 + (CL2 — a3)04):c4 — (4(14 — 3as + 2046)041'%
+ (2a4 — as)caxi122 — (a5 — 2a6)cax123 + 2((4das — ag)ca — 2(ag — as + ag)ca) 124
+ ((2a4 — a5)cqg — (4ag + as)ca)woxs + (2(as + ag) — (a1 + as)cs + (2a6 — as)cq)wr3xy
+ ((a5 — 2a6)cs — 2(as + ag)co)
and
Ly = —(a2 — a3) + (4as — 3as + 2a6)z1 — (2a4 — as)x2 + (a5 — 2a¢)z3 — (a5 — 2a6)x4.

We shall use these expressions later on in the proof of Lemma 2.9.

We go back now to system (1.2). Since it has only one Darboux polynomial and one polynomial
first integral, if it has an exponential factor, then it must be of the form exp(f/(F"Q(Hy))), with
n € NU {0} and Q € C[H;]. Next we prove that the expression of an exponential factor of this

form cannot contain a power of F' in the denominator of the exponent.
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Lemma 2.8. Suppose that system (1.2) has the exponential factor E = exp(f/(F"Q(H1)), with
f € Clx1, x2, 3,24, 5], n € NU{0}, F 1 f and Q a polynomial. Then n = 0.
Proof. Suppose that n > 0. Let L be the cofactor of E. Since X (Q(H;)) = 0, we have

X(f)-F" = f-X(F")
F2nQ(H1)

LE=X(E)=FE

Hence
X(f)F" + nesza fF™ = LF?Q(H,),
see Lemma 2.4. Therefore
X(f) +nesxaf = LF"Q(Hy). (2.6)

Since n > 0, equation (2.6) on H; = h and F' = 0 becomes

of of
(—clarlrc% —cqx1 + (c2 — ca)my + C4h)—f + (—201x1x§ — CaT1 — CaTa + C4h)—f
o0x1 Oxa

o _
+ (clxlxg — 202334)8;4 = —ncs3zyaf.

where f is the restriction of f to H; = hand I = 0. This means that f is a Darboux polynomial of
system (2.2) with cofactor —ncsx4 # 0. In view of the proof of Lemma 2.5 this is a contradiction,

which comes from the assumption n # 0. Therefore n = 0 and the lemma follows. Ol
The following result completes the proof of statement (c).

Lemma 2.9. Let E = exp(f/Q(H1)) be an exponential factor of system (1.2), with Q@ € C[H]
and f € Clxy,xe, w3, 24, 25]. Then f — gQ(Hy), with g as in (1.3), is a polynomial function of
H,.

Proof. Set x5 = H; — x1 — x4. We write the cofactor k of exp(f/Q(H;)) in the variables
T1, X9, X3, T4, Hi as follows:

k = ko + ki1 + koo + kaxs + kawy + ksa? 4+ kex12o + krwixs + ksri2d
+ kow3 + k1ozaws + k117224 + k1273 + ki3zsma + k1az]
+—(k15<+-k1614 + k179 + k1gxs +-k19$4)f{14—k20f{%.
We also write () and f as polynomials in Hi:
Q(H)) =Y d;H{ and f=> fi(x1,x2, 3 24)H,
=0 =0

where d; € Cand f; € Clx1, 22, 3, 24]. Since E is an exponential factor, f satisfies

X(f) = kQ(Hy). .7)

Evaluating (2.7) on H; = 0, we have that exp( fo), with fo = f|z, =0, is an exponential factor
of system (2.1) with A = 0 with the cofactor dok = dok|fr,—0. In view of Lemma 2.6, we have
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fo = fJ + dog, with g as in (1.3). Moreover, k = L. Now computing the coefficient of H; in
(2.7) we get

af Af of of
87? +c 4872 + (—c12123 — cawy + (c2 — 64)334)87%1 + (=2c12125 — ¢y — 04:1:4)8—9!;

8733; + (1123 — cowg — 63x3x4)8 1
=di1 Lo+ do(k15 + kigx1 + k1729 + kg3 + k191'4).

+ (c2 — c323) 24

Proceeding as in the proof of Lemma 2.6, we obtain f; = f? +dyg and k15 + k1gz1 + k172 +
kisxs + ki9x4 = c4Ly. Now computing the coefficient of H12 in (2.7) we get

af 3f1

0
3 ) +c 10 s + (- Clxuvg —cyx1 + (c2 — 04)3:4)82 + (—2611‘11‘% — ¢4 — C4Ty)

ofs
81‘2

af? 2 2
+ (co — c3x3)rs=—— + (Cc1T125 — Coxy — C3T3T4) ——
(c2 33)4(%3 (crz125 — coxy 334)(%34

=daLo + dy L1 + dokao,
or equivalently

dfs
0xo

O0fo
(— clxlm% —cqz1 + (c2 — 04)334);; + (= 201x1x% — C4T] — C4Ty) =
O0fs 0
+ (c2 — 03$3)$47f + (12175 — coy — c3T324) S f2 _ = da Lo + dokao.
Ox3 Oy

Proceeding again as in the proof of Lemma 2.6 we get fo = f9 + dag and koo = 0. Therefore
k = L, see (2.5). Now proceeding inductively with £ = L we get that f; = fjo +djg, for j > 2.

In short,
n
f=3"d;(f) + g)H] = P(Hy) + gQ(H),
§=0
with P(H;) = Z?:O dijOH{ and g as in (1.3). Then the lemma follows. 0

After Lemma 2.9, if exp(f/Q(H1)) is an exponential factor, then

el /QUHL) — o9 P(H1)/Q(HL)
with P a polynomial in /7. Then statement (c) follows.

2.4 Proof of statement (d)
Let H be a Darboux first integral of system (1.2). Then it must be of the form H = F* exp(g)
where g is given in (1.3). The cofactor of H must be zero. That is,
0= —Aicsrg+ L
= ((a1 — 2a2)ca — Aics)xg + (a3 — ag)cqws + 2(4ay — ag)carixy
+ (4ayq + 3as + 2a6)caz1s + (a5 — 4ag)cowory — (2a4 + as)cazows (2.8)
+ (—2asc2 + 2a¢c2 — ajcs — azcs)xzry — (a5 + 2a6)cax3T5

+2(a5 — ag)caxt + (a5 + 2a6)camams,
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where L is the cofactor of exp(g), see (2.5). Solving (2.8) we get A = 3aica/c3, a2 = az = —a;

and a4 = a5 = ag = 0. Therefore statement (d) follows.
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