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Abstract

We give an exhaustive characterization of singular weak solutions for ordinary differ-
ential equations of the form i u+ 34?+ F’'(u) = 0, where F is an analytic function. Our
motivation stems from the fact that in the context of hydrodynamics several prominent
equations are reducible to an equation of this form upon passing to a moving frame. We
construct peaked and cusped waves, fronts with finite-time decay and compact solitary
waves. We prove that one cannot obtain peaked and compactly supported traveling
waves for the same equation. In particular, a peaked traveling wave cannot have com-
pact support and vice versa. To exemplify the approach we apply our results to the
Camassa-Holm equation and the equation for surface waves of moderate amplitude, and
show how the different types of singular solutions can be obtained varying the energy
level of the corresponding planar Hamiltonian systems.

Mathematics Subject Classification 2010: 35Q51, 37C29, 35Q35, 76B15, 37TN10.
Keywords: Camassa-Holm equation, integrable vector fields, singular ordinary differential
equations, traveling waves.

*Acknowledgements. The first author is supported by the FWF project J3452 “Dynamical Systems
Methods in Hydrodynamics” of the Austrian Science Fund. The second author is partially supported by
Ministry of Economy and Competitiveness of the Spanish Government through grant DP12011-25822 and
grant 2014-SGR-859 from AGAUR, Generalitat de Catalunya.



1 Introduction

In the present paper we propose to study certain types of weak solutions for ordinary
differential equations (ODE) of the form

iu+ %iﬂ + F'(u) =0, (1)
where F' is an analytic function. Our motivation stems from the fact that a variety of
model equations arising in the context of hydrodynamics, among them the well-known
Camassa—Holm equation (cf. [2,[3,9]) and the related equation for surface waves of moderate
amplitude (cf. [4, 5 6, [7, [10]), are reducible to an ODE of the form upon passing to a
moving frame. Owing to the fact that every solution of equation may be interpreted as
a traveling wave of a suitable underlying partial differential equation (PDE) we will call the
solutions of traveling waves.

The singular nature of Equation accounts for the non-uniqueness of certain solutions,
which we call singular solutions. These are in general weak solutions, but have stronger
regularity than one would expect a priori: the solutions are analytic except for a countable
number of points at which the equation is satisfied in the limit. Furthermore, equation
admits an order reduction which allows us to see that under certain conditions on F', the
solutions are actually classical solutions of this reduced equation.

The main result of this paper consists in the exhaustive characterization of singular
solutions of from qualitative properties of the function F'(u). We show that equation
admits solutions with peaks and cusps, fronts with finite-time decay and solitary solutions
with compact support. Furthermore, we find that one cannot obtain peaked and compactly
supported solutions for the same F. In particular, a peaked solution cannot have compact
support and vice versa. The characterization of classical solutions of will be covered
only very briefly for the convenience of the reader, since our main focus lies in the analysis
of singular solutions.

We apply our results to the aforementioned nonlinear partial differential equations, and
show how the different types of singular solutions are obtained varying the energy levels of
the Hamiltonian planar differential system corresponding to . It lies beyond the scope of
this paper to prove in full generality that every weak solution of is also a weak traveling
wave solution of an underlying PDE. For a discussion of this problem we refer the reader to
[8] and [I4], where it is shown that in the special case of the Camassa-Holm equation every
weak solution of is a weak traveling wave solution of the underlying PDE. Following
similar steps the same result can be shown for the equation of surface waves of moderate
amplitude.

The structure of the paper is as follows. In Section [2] we give the precise definitions
of weak and singular solutions and provide a preliminary result on the non-uniqueness of
solutions of . In Sectionwe introduce the notion of elementary forms, classical solutions
of defined on a subset of R, from which we construct singular solutions. Furthermore, we
discuss how the qualitative features of any traveling wave solution can be obtained from the
properties of . The main results of the paper, Propositions 6] and [12] are presented
in Section [4] which is devoted to the complete characterization of singular solutions. In
Section [p] we characterize the classical and singular traveling waves of the Camassa-Holm
equation and the equation for surface waves of moderate amplitude in shallow water.



2 Weak and singular solutions

Our focus lies in the characterization of solutions which are not classical, so we require a
weak formulation of . Keeping in mind that any solution of can be interpreted as a
traveling wave of an underlying PDE, we will consider only bounded solutions.

Definition 1. We say that a bounded function v € H. (R) is a traveling wave solution

(TWS) if it satisfies in the sense of distributions, i.e. if u satisfies

/R (W2)rby + ()2 — 2F"(u) bt = 0, 2)

for any test function ¢ € C°(R). We say that u is a strong TWS if it satisfies in the
classical sense.

It turns out that the concept of weak solutions is quite crude. Indeed, if no further
conditions are imposed it is possible to find a plethora of weak solutions of giving rise to
TWS with very complex shapes. For instance it is known that the Camassa—Holm equation
can have TWS of the form u = ¢(t) such that some of its level sets {¢(t) = k} are cantor
sets, cf. [I4]. In the present paper, however, we are interested in those solutions which
fail to be strong TWS because of the singularity, but which still have a certain degree of
regularity, and in fact are strong solutions of except for a finite or a countable set of
points (such solutions are, for instance, peaked or cusped waves, fronts with finite time
decay, compact solitary waves and composite waves, see Section [4| for precise definitions).
To see this, observe that equation admits the order reduction

d [ui? 1

%(% +F(u)) =i (iu+ Si+ F'(w),

which is equivalent to the fact that the planar differential system associated to has a
first integral. Therefore, any classical solution of naturally satisfies

)
% + F(u) = h, for some constant h € R. (3)

The singularity of leads to the existence of non constant solutions v € H. (R) of
which satisfy except, perhaps, at a countable number of points where the derivative
is not defined but the equation is still satisfied in the limit. This motivates the following
definition:

Definition 2. Let u(t) € H. (R) be a non constant TWS of (I)). Then u(t) is called a
(a) strong singular TWS of if u is a classical solution of on R.

(b) weak singular TWS of (1) if u is a classical solution of (3|) on R\ S, where S is the set
of countably many points ¢; such that

lim
t—ty, 2

+ F(u(t)) = h. (4)



For the remainder of this paper we set hg := F(0). The next result establishes the
non-uniqueness of solutions of for h = hg. This will play a role in the construction of
singular TWS of , see Section

Lemma 3. Consider equation with F an analytic function such that u(h — F(u)) > 0
for uw e U\ {0} where U is a neighborhood of 0.

(a) If h # hg, then equation is not defined at u = 0.

(b) If h = ho then u = 0 is a solution of equation (3)). Furthermore if F'(0) # 0 or
F'(0) =0 and F"(0) # 0 then equation is not Lipschitz continuous in u = 0.

Proof. Notice that equation may be written as

Observe that if h # ho then lin%) v,jf (u) = %00, which proves statement (a). When h = ho,
uU—
u = 0 is always a solution of (3]). Note that

+ / "
i (W] _ %2 (F (0) , F"(0) , FO(0) —|—o(u)>.

|ul u? 2lu 3!

Hence, if F'(0) # 0 or F'(0) = 0 and F”(0) # 0 then lin%) |v,jfo(u)|/\u| = +o00. Therefore it
u—

is not possible to find a constant L > 0 such that \’U,jfo (u)| < L|u| for u € U, and hence the
right-hand side of the differential equation fails to be Lipschitz continuous in v = 0. [ |

Remark 4. Observe that v}jfo (u) is Lipschitz continuous in u = 0 only if F'(0) = F"(0) =0

and F®)(0) # 0. However, as a consequence of Propositions @ and such F' do not
yield any singular solutions, and therefore they will not be considered in this paper.

3 Traveling wave solutions from qualitative properties of F'

The planar system associated to equation is given by

{ ui)z—F’(u)—%vQ. ®)

A straightforward computation shows that system possesses the first integral

'LL’U2

H(u,v) = T%—F(u), (6)

whose energy H(u,v) = h is therefore constant along solutions. We will study how the TWS
of can be obtained from the orbits of the associated system , and how these orbits
depend on the qualitative properties of F'. Our study resembles the study of conservative
systems of one degree of freedom [I], §12]. For such systems, the qualitative features of the
phase portrait are in correspondence with the ones of the potential function. Analogously,



we find that the qualitative features of the function F' characterize the phase portrait of
and therefore the types of TWS that may exhibit. In contrast to potential systems,
the Hamiltonian @ has no purely kinetic term, which leads to the presence of a singular
line in the phase portrait and the existence of solutions defined on subsets of R. Without
loss of generality we consider the system only in the half-plane ({u > 0} U {u = 0}) x R,
which is not restrictive since our analysis is of a qualitative nature. It is worth mentioning
however that in some applications it might be interesting to consider solutions in {u < 0}.

The solutions of equation are associated to the orbits of , which correspond to
the level sets of the energy H(u,v) = h, i.e. they lie on curves of the form v, = {H = h}
which are composed of two symmetric branches (u, v,jf(u)), where

h — F(u)

+
=+4/2
Uy, (u) "

(7)
Therefore, solutions of equation corresponding to energy h exist if there is a non-empty
set I C {u > 0} such that F(u) —h < 0 for all w € I. Recall that our interest lies
in the analysis of bounded solutions, which correspond to branches of the curves ~y;, that
are bounded in the u-direction. These branches are defined if and only if either there exist
mi,mg > 0such that F(m;) = F(mg) = hand F(u) < hfor all u € (my, msa), or there exists
m > 0 such that F'(m) = h and F(u) < h for all u € (0, m). The latter case corresponds to
a type of strong solutions of whose maximal domain of definition is a (finite) subset of R.
We call these solutions elementary forms, which play an important role in our construction
of singular TWS. The former case corresponds to classical smooth solutions which are
uniquely defined on R. Observe that possible oscillations of F' in (mq,ms) or (0,m) affect
the solutions of only at the level of their convexity.

3.1 Smooth TWS on R

In this subsection we briefly summarize how smooth TWS are characterized in terms of
qualitative aspects of F'. Assume that there exist m,my > 0 such that F(my) = F(mg) =
hm and F(u) < hy, for all u € (m1, ma). Then the two branches of ;. given by (u, v,jfm (u))
are defined for u € [m1, mg] and coincide at the points p; = (mq,0) and pa = (m2,0).

Observe that the critical points of system () in {u > 0} X R are of the form (u,0) where
F’(u) = 0. Hence a point p; = (m;,0) will be a critical point if F'(m;) = 0 and a regular
point otherwise. We distinguish between the following cases (see Figure |1)):

(A) If F'(m;) # 0 for ¢ = 1,2, then the points p; and ps are regular, and the two branches
(u, v,jfm (u)) give rise to an isolated closed curve, which is a periodic orbit of (5. This
periodic orbit corresponds to a strong smooth periodic solution u(t) of equation .
Observe that since v,‘fm (u) and vy, (u) are not multivalued functions, the closed curve
has no lobes and therefore u(t) reaches a unique local minimum at m; and a unique
local maximum at mg in each period. Furthermore, this periodic solution is symmetric

with respect to its local minima and maxima.

(B) If F'(m1) = 0 and F'(mga) # 0 then p; is a critical point and p2 is a regular one.

In this case, the branches (u, vffm (u)) yield a homoclinic loop giving rise to a smooth

solitary wave solution of which has a unique maximum at meo and which decays



(A) (B) (©)

Figure 1: Global strong TWS of (1. (A) Periodic wave; (B) Solitary wave or pulse; (C)
Smooth front.

3.2

exponentially on either side of the maximum such that lim;_, 4. u(t) = m; (recall
that since py is a critical point, the time that the orbit of takes to leave from or
to reach this point is infinite). Furthermore, this solitary wave solution is symmetric
with respect to its maximum. If F'(mq) # 0 and F’(m2) = 0 then there appears a
solitary wave of with a unique minimum at m; and such that lim;_, 4 u(t) = ma.

If F'(m1) = F'(m2) = 0 then py and po are critical points, and the branches (u, v,jfm (u))
yield a heteroclinic loop connecting these points in an infinite time. This pair of
connecting orbits gives rise to a smooth front decaying from ms to m; such that
limy, oo u(t) = mo and limy_, ;o u(t) = my, and another smooth front increasing
from m; to mg such that lim;—,_ o u(t) = my and limy_, o u(t) = mao.

Elementary forms: smooth TWS on a subset of R.

In this subsection we discuss two types of elementary forms. The first type, studied in cases
(a) and (b) below, are the ones associated to the curves vy, which correspond to the energy
level hy = F(0) and which intersect the singular line {u = 0} x R at a finite point. The
second type are the ones associated to curves 7, that are unbounded in the component v
and are arbitrarily close to the singular line {u = 0} x R at infinity. They are studied in the
case (c¢). In both cases, it will be a key step to study whether the orbits of approach
the singular line v = 0 in finite time. To this end we prove the following auxiliary result.



Lemma 5. Let F' be an analytic function. Suppose that there exist € > 0 and m > 0 such
that F(m) = F(0) and F(u) < F(0) for u € (0,e) U (m — e, m).

(i) Let n € N be the lowest order such that F(0) # 0. If n < 2 then

|\ rorra ®)

is convergent. Otherwise the integral diverges.
(i1) If F'(m) > 0, then
m U
———du 9
| N7 )

is convergent. Otherwise the integral diverges.

Proof. In both cases we will apply the following criterium: let f(z) be an unbounded
function at = ¢ such that f(x) > 0 and lim,_,. f(z)|z — c[¥ = A, where A # oo and
A # 0. Then, for k < 1 the integral [* f(z)dz is convergent, whereas for k > 1 it is

divergent. To prove (i), set
u

flu) = F0) = Fla)’

and n € N such that F((0) < 0 and F*)(0) = 0 for k < n. Hence

—n/!

Jlu) = \/F(”) (0)u"—1 + o(un)’

n— | —n!
ul_i>n([)1+ f(u)|u]T1 = FT:L(O) =: K, where 0 # K # oc.

Therefore, using the criterium stated above, for n < 2 the integral converges and
otherwise it diverges. To prove (ii) let

and

and therefore

n —n!lm
li —m|2 =/ —=—— =: K, where 0 # K .
L, f(u)|u —m)| FO) (m) where 0 # K # oo
Hence for n = 1 the integral @D converges and otherwise it diverges. [ |
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Figure 2: Strong solutions of (1)) defined in a subset of R with energy h = hg when F’(0) # 0.
These provide the elementary forms to construct peaked periodic and solitary TWS.

We start with a discussion of solutions associated to the energy level h = hg. Suppose
that there exists m > 0 such that F(m) = hg and F(u) < ho for all u € (0,m). In this
case, the curves 7, intersect the singular line {u = 0} at a finite point, and the branches
(u,v,jfo (u)) are defined for w € [0,m], and coincide at the point p = (m,0). As in the
discussion for smooth solutions in Section we consider the following cases:

(a) Suppose that F’(0) # 0. Then,

FO)-F
lim v,jf (u) = lim :t\/QM = ++/—2F"(0) =: £a # +oo.
u—07t u—07t U

and therefore the branches (u, v,jf (u)) intersect the singular line {u = 0} at two distinct
points (0,+a). Moreover, they reach the smgular line in finite time, since Lemma [5| I
(i) guarantees that the orbit vy, of system ({5) connects the point (0,4a) with the
point (@, fu;{ (@) in finite time AT(’). Indeed by direct integration of system

with v = UIJ{ (u), and recalling that F'(0) < 0, we have

o= 5= [ rmr = v [ \F e 00

(al) If F'(m) # 0, then p is a regular point and there is an isolated orbit of (f)
connectlng the points (0,4a) and (0, —a), see Figure I 2[(al). By the above ar-
guments, this orbit connects these points in a finite time, hence it gives rise to



a strong solution wu(t) of defined for some finite interval (¢1,t2). As in the
smooth cases, this isolated orbit defines a curve with no lobes and therefore u(t)
has a unique maximum m at ¢t = (¢; + t2)/2. This solution is symmetric with

respect its maximum due to the symmetry of the curve ~y,,.

(a2) If F'(m) = 0, then p is a critical point and the branch (u,v,fo (u)) defines an

orbit leaving its a-limit (+a, 0) in finite time and reaching its w-limit p in infinite
time. This orbit corresponds to a strong solution w4 (t) of defined for some
interval (¢;,+00), t1 € R, such that limt_)tf uy(t) =0, limt_n;r iy (t) = a and

limy_ o u4(t) = m, Figure (a2). Analogously, the branch (u,v; (u)) gives an
orbit such that each point on the orbit connects with the point p in an infinite
time, and with (—a,0) in a finite time. This gives a strong solution u_(t) of
defined for some interval (—oo,ts), t2 € R, such that lim, - u_(¢) = 0,

t—t5

1oy U (t) = —a and limy—,_ oo u—(t) = m. Notice that ui(t; —t) = u_(t; —t)

when t; = t3 due to the symmetry of system .

lim
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m u m u
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Figure 3: Strong solutions of (I]) defined in a subset of R with energy h = hg when F’(0) = 0.
These provide elementary forms to construct TWS of class C'(R) (with compact support).

(b) Suppose that F’(0) = 0. Then,
lim, vy (u) = £/=2F'(0) = 0.
u—r

Hence the branches (u, v,jfo (u)) are defined for u € [0, m], and coincide in (0,0) and

p = (m,0).



(bl) If F'(m) # 0, then p is a regular point. Hence, there is an isolated orbit of
in {u > 0} x R whose a and w-limit is (0,0), Figure [3|(bl). Lemma [f] (i)
and (ii) ensures that the orbit of connects (0,0) with (m,0) in finite time if
F’(0) < 0 and F’(m) > 0. Therefore, it corresponds to a strong solution u(t) of
defined in a finite interval (¢1,t2), such that lim, .+ u(t) = lim, u(t) =0
and lim,_,+ u(t) = lim,_,,~ 4(t) = 0. In addition, u(t) reaches a unique local
maximum m at t = (t; + t2)/2 and is symmetric with respect to this maximum

due to the symmetry of system .

(b2) If F'(m) = 0, then p is a critical point and there are two orbits with energy ho
connecting (0,0) with p, cf. Figure (b2). In view of Lemma any point of this
orbit connects with (0,0) in finite time, thus the heteroclinic orbit connecting
(0,0) with p through the branch (u, v}fo (u)) corresponds to a strong solution u. (¢)
of (1)) defined in (¢1,00), t1 € R, such that limtﬁtf uy(t) = hmt—nj U4 (t) = 0and
lim¢ oo u(t) = m. The branch (u, v, (u)) corresponds to a strong solution u_ (%)
defined in (—o0, t2) with t2 € R such that limt_>t2_ u_(t) = limt_ﬂ- U_(t) =0 and
limy, o u(t) = m. Notice that us (t; +¢) = u_(t; — t) when t; = t2 due to the
symmetry of system .

The second type of solutions are the ones associated to curves v, which are defined for
u € (0,m] but do not tend to a finite point on the singular line {u = 0} x R, hence they
satisfy
lim v,jf = +o00.
u—0t
Such curves appear if and only if there exists m > 0 such that F(u) < hy, = F(m) for all

u € [0,m), see Figure 4| In addition, observe that for 0 < a < m

[
ar@ = [0 =5 [\ rrr < 1)

since F'(m) — F(u) > 0 for u € [0,m). Consequently, the orbits of () passing through the
points (u, v,jfm (u)) are unbounded in the component v but aproach the singular line v = 0
at infinity in finite time. Analogously to the previous cases, we distinguish between two
scenarios:

(c1) If F'(m) # 0 then the branches (u,vf (u)) coincide at the regular point p = (m,0).
Thus there is an unbounded orbit of tending to infinity in the v-direction in finite
time, Figure [4](c1). It corresponds to a strong solution u(t) of defined in a finite
interval (t1,t2) such that limt_>t1+ u(t) = limt_ﬁ; u(t) = 0 and limt_>t1+ u(t) = o0,
lim, - U(t) = —oo. This solution has a unique maximum m at t = (t; + t2)/2 and it
is symmetric with respect this point.

(¢2) If F'(m) = 0 then the branches (u,vfm (u)) coincide at the critical point p = (m,0)
and there are two unbounded orbits of tending to infinity in the wv-direction
in finite time, cf. Figure [{|(c2), but any point in the orbit takes an infinite time
to reach the singular point p. The orbit defined by the branch (u, v;fm (u)) corre-
sponds to a strong solution wu, (t) of defined for ¢ € (t1,00), t1 € R, such that

10



limtﬁtf uy(t) =0, limtﬁ\tr U4 (t) = +oo, and lims_,oo u4 (f) = m. Similarly, the orbit
defined by the branch (u,v, (u)) corresponds to a strong solution u_(t) of de-

fined for t € (—o0,t2), t2 € R, such that limy_, o, u_(t) = m and limt_>t2- u_(t) =0,

— u_(t) = —oo. Notice that as before, uy (t1 +t) = u_(t1 —t) when t; = t2 due

t—t;

to the symmetry of system .

lim

A A
F(u)
o [ .
m ~u m Y u
v v
m ¢ e T m T U
-
u ) U
m m
N\
|
|
|
-t Loy
t1 to t1 ta

(c1)

(c2)

Figure 4: Strong solutions of defined in a subset of R associated to curves v, with
unbounded component v near the singular line {u = 0} x R. They provide elementary

forms to construct TWS with cusps.

4 Singular traveling wave solutions

This section is devoted to the characterization of singular TWS of equation . We
are interested in singular TWS such that either vf(O) is well-defined for h = hg, or
lim,,_,o+ vj (u) = o0 for h # ho.

11



4.1 Peaked waves

A TWS of given by a function v : R — R is called peaked if it is smooth except at a
finite or countable number of points (peaks) S = {t; € R, k € Z} where
0 # lim «/(t) = — lim o/(¢) # oo,

t—t t—t;,
The main result of this section is the following characterization:
Proposition 6. The equation has peaked TWS if and only if
e F'(0) <0 and
e there exists m > 0 such that F(m) = F(0) and F(u) < F(0) for v € (0,m).

These solutions are etther

2 (m U
(i) peaked periodic, with period T = / ————————du, if and only if in addition
v2.Jo YV F(0) - F(u)

F'(m) #0, or
(i1) peaked solitary if and only if in addition F'(m) = 0.

These solutions are weak singular TWS and they are analytic except for a discontinuity in
the first derivative at the peaks. Furthermore, the peaked solitary waves are symmetric with
respect to their unique maximum and decay exponentially to zero at infinity. Peaked periodic
solutions have a unique mazrimum and minimum per period and are symmetric with respect
to these local extrema.

Proof. Peaked TWS are compositions of the elementary forms studied in the case (a) of
Section They appear as a consequence of the existence of values ¢ € R such that the
solutions of reach © = 0 with non-vanishing one-sided derivative. These solutions are
associated to the integral curves of with energy h = hg. The branches (u, v,jfo (u)) must
be defined and bounded, intersecting the singular line {u = 0} at finite points (0, 4+a) and
(0, —a) different from (0, 0), so that the corresponding solutions reach 0 with non-vanishing
derivative. Therefore, there must exist m > 0 such that F(u) < F(0) for u € (0,m) and
F(m) = F(0), and additionally F’(0) < 0. These two necessary conditions are also sufficient
for the existence of peaks, as we will see in the construction of solutions in the proofs of (i)
and (ii).

Suppose that F’'(m) # 0, so (m,0) is a regular point and therefore, by the symmetry
of system and by equation , there is an orbit of system connecting (0, 4+a) with
(0, —a) in finite time. This means that there exist ¢, to < oo such that the first component
of the solution of system , u(t), is a strong solution of equation (and equation
with h = hg) with maximal interval of definition given by ¢ € (¢1,t2). This solution is
the elementary form studied in the case (al) in Section hence lim,_,,+ u(t) = 0 and
lim, ¢ U(t) = a. By symmetry, lim, - u(t) =0, lim, - u(t) = —a and u (4£2) = m.
Lemma[3]allows us to extend the above solution continuously to R by gluing together copies
of it defined in the intervals (¢, tx41) with k € Z, where t;, = t1 + k(t2 — t1). This leads to

the function (- N ) ( )
~ o u(t—(k—1)(ta —t1 fort € tr, tht1),
ut) = { 0 for t = ty, (12)

12



which is periodic with period

T:m—wlzéglf‘“wmfjwwdw

By Lemma [5| (ii) the above integral is well defined, since F’'(m) # 0. Notice also that
limy 4, u(t) = 0 and limt_n% ﬁ(t) = =a, so u(t) is peaked periodic. Furthermore, the
solution attains a unique maximum m at ¢ = (fx + tx+1)/2 and is symmetric with respect
to it on each period. Observe that & € H lloc(R). Indeed, the function @ is bounded and
analytic in R\ S where S = {t;, k € Z}, and since lim;_,y, (@(t))? = a?, also |i|? is bounded
in R\ S. Recalling in addition that @(t) is a strong solution of (1)) on each interval (¢, tx+1),
cf. (al) in Section we get that it is a TWS in the sense of Definition [} By construction
u(t) satisfies equation with h = hg except at the points in & where the equation holds
in the limit . So according to Definition [2| it is a weak singular TWS of . Finally,
observe that the solution @ constructed above is the only possible continuous continuation
of u(t) on R.

Suppose now that F’(m) = 0, so (m,0) is a critical point of (5)). In this case there exist
two orbits connecting (m, 0) with (0, 4a) and (0, —a), respectively, cf. the elementary forms
of (a2) in Section[3.2] Again, LemmalF| (i) guarantees that any point on these orbits reaches
(0, %a) in finite time, but it takes an infinite time to reach (m,0). So there exist strong
solutions w4 (t) of (1)) defined on (¢1,00) and (—o0, t2), respectively. The non-uniqueness of
solutions then allows us to choose t9 = t; to construct the function

[ u_(t) forte (—oo,ti],
u(t) = { uy(t) forte (t1,+0<1>)7

which is a peaked solitary wave defined on R. The same arguments as before show that u
is in H} (R), it is a weak solution of (I), and in particular a weak singular TWS of ().
Again, u is the only possible continuous continuation of u_ and w4 onto R . |

4.2 Solitary waves with compact support and associated composite waves

A TWS of given by a function u : R — R has compact support if there exist —oo < t1 <
to < oo such that u is constant on R\ [t1, t2] and w is non constant on [¢1, t2]. We call [t1,t2]
the support of u. A solitary wave with compact support, or simply compact solitary wave,
is a continuous TWS which has compact support and a unique extremum. We say that
a TWS a(t) is a composite wave associated to a compact solitary wave u(t) with support
[t1,t2], or simply a composite wave of wu(t), if it is obtained by gluing together copies of
one compact solitary wave in such a way that the supports of each copy do not overlap.
More precisely, 4(t) is a composite wave of a solitary wave u(t) if there exists a collection
of intervals Iy, = (t1 — ag(ta — t1),t2 — ax(ta — t1)) for ar € R and k € K, where K is either
Z or a finite collection of indices, with I, N I; # () for all k # j, such that

a(t) = u(t + ag(to — t1)) if t € Iy for some k € K,
1o if t € R\ UperTp.

The following result characterizes the compact solitary waves and composite waves.
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Proposition 7. The equation has compact solitary TWS and their associated composite
solutions if and only if

e F'(0) =0 and F"(0) <0, and
e there exists m > 0 such that F(m) = F(0), F(u) <0 for u € (0,m) and F'(m) # 0.

These solutions are either compact solitary waves, composite multi-bump solutions with
compact support or composite waves with non-compact support that can be either aperiodic
or periodic with arbitrary period. These solutions are strong singular TWS, they are C'(R)
and piecewise analytic. Furthermore, the compact solitary waves are symmetric with respect
to their unique mazximum.

Proof. Compact solitary TWS appear when there exist values ¢ € R such that the solutions
of reach u = 0 with vanishing one-sided derivative. These solutions are associated to
the integral curves of with energy h = hg, and as before, the branches (u, vffo (u)) must
be defined and bounded such that they intersect the singular line {u = 0} x R at (0,0) in
finite time. This last fact guarantees that the corresponding solution of reaches u = 0
with vanishing derivative in finite time.

As studied in the case (b) of Section the existence and boundedness of such curves
is guaranteed if there exists m > 0 such that F'(u) < F(0) for u € (0,m) and F(m) = F(0).
The intersection of the curves (u, U}fo (u)) with the singular line {u = 0} x R at (0,0) is

ensured if F’'(0) = 0, since in this case

=2 F"(u)u? + o(u?)
u

lim v; (u) = lim i\/ = 0. (13)

u—0t+ u—07t
By Lemmalf| (i) and (ii), the orbits of (5)) connect (0, 0) with (m, 0) in finite time if F”/(0) < 0
and F’'(m) > 0. Under these conditions there exist ¢1,t; € R such that the first component
of the solution of system (f)), u(t), is a strong solution of (and also with h = hg) in
the maximal interval of definition ¢ € (¢1,?2). Moreover, lim, St u(t) = 0 and by symmetry

limt%tg u(t) = 0 and u (232) = m is the unique maximum. This solution wu(t) is the

elementary form that appears in the case (bl) of Section

In particular, the above conditions imply that equation is not unique at v = 0, and
that u(t) = 0 is also a solution. Therefore it is possible to obtain a continuous continuation
of u(t) with compact support in R. We define the function

alt) = u(t) fort e (t1,t2),
10 for t € R\ (t1,12).

Observe that @(t) € H} (R) and it is analytic in R\ {¢1,¢2}. Furthermore, hmt_nf;r u(t) =0
and lim, _, - u(t) = 0 in view of (13). Hence a(t) € C'(R), and by construction it is a
strong singular TWS of . In a similar way as above, we can also construct the following
composite waves: multi-bump waves with compact support by gluing together a finite
number of copies of u(t), and waves with non-compact support that can be either aperiodic
or periodic with arbitrary period. All these solutions are strong singular TWS of , they
are piecewise analytic and at most C}(R), cf. Remark |§| below.
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The sufficiency part of the proof follows from the fact that if F' satisfies the stated
conditions, then it is possible to find the desired solutions following the above construction.

As a direct consequence of Propositions[6] and [7} we obtain that it is not possible to find
a peaked wave with compact support.

Corollary 8. The equation cannot admit peaked and compactly supported TWS for the
same F. In particular, a peaked TWS can not have compact support, and conversely, a
TWS with compact support can not have peaks.

Remark 9. In view of Lemma [5 the conditions of Proposition [7] guarantee the existence of
a homoclinic orbit of system where every point on the orbit is connected to (0,0) in a
finite time. They also account for the fact that the compactly supported solutions are at
most C!. Indeed, notice that under the conditions of Proposition [7] we have that

W(t) = vy = +\/=2F"(u)u + o(u?)

and
_ —2FO) (w)ut — 2F" (u)t + o(u)i
() =+ 2(+1)
= —FO)(w)u — F"(u) + o(u).
Therefore,

lim i(t) = —F"(u) # 0 = lim (t)

t—t] t—t]
lim @i(t) = —F"(u) # 0 = lim i(t), (14)
t—ts t—t]

and hence the continuation to u(t) = 0 is not C? since F”(u) < 0. If we were to demand a
C2%-continuation, this would necessarily require the second derivative of F to vanish. As a
consequence, the solutions would loose the compactness property, since in view of Lemma
the existence time of the loop would become infinite.

Remark 10. Observe that a different kind of composition of locally defined solutions may
also be obtained under conditions stated in Proposition [7| but with F/(0) < 0. In this case

¢—Mﬂwu+dﬁ)

u

lim v,jf (u) = lim +
u—0+ "0 u—07t

=4/ —2F'(0) =: £a # 0,

and hence limt_>t1+ u(t) = @ and lim, - u(t) = —a. However, u(t) = 0 is not a solution of

t—t;
under this assumption on F' and therefore the only possible continuous continuation is
given by the periodic function (12). But this is not a composition of a compact solitary

wave, i.e not a composite wave as defined at the beginning of this section.
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4.3 Fronts with finite-time decay and plateau-shaped waves

Proposition 11. The equation has fronts, solitary and plateau-shaped singular TWS
solutions if and only if

e F'(0) =0 and F"(0) <0, and
e there exists m > 0 such that F(m) = F(0), F(u) <0 for v € (0,m) and F'(m) = 0.

The solitary waves are strong solutions of and therefore analytic. The fronts and plateau-
shaped waves are strong singular TWS which are at most C' and piecewise analytic. More-
over, the fronts have finite-time decay on one side.

Proof. Under the present hypothesis, there exist orbits of system corresponding to the
branches (u,’ufo (u)), which connect (0,0) with the critical point (m,0). By Lemma [5, any
point on these orbits is connected to (0, 0) in finite time and to (m, 0) in infinite time. They
yield two strong solutions u4 (¢) with maximal interval of definition (¢1,00) and (—oo,t3),
respectively, which are given by the elementary forms of the case (b2) of Section . By
gluing them together with the solution u(t) = 0 we get the following solutions: fronts given
by

. _f u_(t) forte (—o0,t1), . _J o for ¢t € (—o0, 9],
i-(t) = { 0 for t € [t1,00),  d T = us(t) for t € (ty, 00).

Setting t1 = to we get a solitary wave given by
u_(t) forte (—oo,t1),
u(t)y=4 0 for t = tq,
uy(t) forte (t1,00),

which is symmetric with respect to its unique maximum. Choosing t| < t9 we get a plateau-
shaped solitary wave given by

u_(t) fort e (—oo,ts),
u(t) = 0 for t € [tg,tl],
uy(t) fort e (t1,00),
The front and plateau-shaped solutions are analytic in R\ {¢;} and satisfy equation for
h = hg, hence they are strong singular TWS of . Furthermore, they are at most C!(R)
for the same reason explained in Remark [9] The solitary wave solutions, however, are in

fact strong solutions of on R since i(t) is defined everywhere, cf. (14)), and therefore
they are analytic on R. |

We emphasize that the fronts described above are not the classical smooth fronts with
exponential decay on both ends, but they decay in finite time on one end.
4.4 Cusped waves

A TWS of given by a function u : R — R is called cusped if it is smooth except at a
finite or countable number of points (cusps) S = {ty € R, k € Z} where

lim «/(t) = — lim u/(t) = +o0.
t—tf t—t;
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Proposition 12. The equation has cusped TWS if and only if there exists m > 0 such
that F(m) — F(u) > 0 for all u € [0,m). These solutions are either

2 [m U
1) cusped periodic with period T = / ————du if and only if in addition
K V2 Jy N Fm) — Fw)

F'(m) #0, or
(i1) cusped solitary if and only if in addition F'(m) = 0.

These solutions are weak singular TWS and they are analytic except for a discontinuity
in the first derivative at the peaks. Furthermore, the cusped solitary waves are symmetric
with respect to their unique maximum and decay exponentially to zero at infinity. Cusped
periodic solutions have a unique maximum and minimum per period and are symmetric with
respect to these local extrema.

Proof. Cusped TWS correspond to orbits of (5) which are defined by the curves (u, v (u))
with h # hg satisfying
+ F(u)

lim v (u) = lim +4/2 ——~
u—0t h( ) u—0t u

= to00.

Therefore, a necessary condition for the appearance of cusps is that there exists m > 0 such
that F'(m)—F(u) > 0 for u € [0,m). In particular, this implies that h,, := F(m) > F(0). As
shown in the case (c) of Section |3.2| the orbits of (5| passing through the points (4, v}jfm (u))
are unbounded in the component v but approach the singular line v = 0 at infinity in a
finite time. We will see in the construction of solutions in the proofs of (i) and (ii) below
that the necessary condition deduced above is also sufficient for the existence of cusped
TWS.

(i) If F'(m) # 0 then the point (m, 0) connecting the two branches (u, v,fm (u)) is regular,
so by equation there exist ¢1,t2 < oo such that the first component of the solution of
system u(t), is a strong solution of (and also of with h = h,,), with maximal
interval of definition ¢ € (¢1,t2), which is given by the elementary form that appears in
case (cl) of Section Notice that u(t) = 0 is not a solution of for h = hy, > 0.
Therefore, the only possible continuous continuation of u(t) preserving the energy is given
by the periodic function
() = { w(t—(k—1)(t2 —t1)) for t € (tr,trt1),

Y 0 for t = ty,

where t =t + k(ty — t1) for k € Z, which is periodic with period

T:tz_tlzji/om‘/mdu'

Observe now that integrating system , and denoting u. := u(t; + ) we get,

/t““ﬁdt: [t [ R F,,

1
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Since F'(m) — F(u) > 0 for all u € [0,u.] and recalling the criterion used in Lemma [5, we
find that lim,_,o+ \/(F(m) — F(u))/u-/u= A with A # 0 and A # co. Therefore,

/ua \/Q(F(m) — ) 4 < oo,
0 u
tete

and hence ﬁlﬁe u2dt < oo. Analogously j;t;_ . ?dt < oo and hence [, " (11)2dt is convergent
for every t; so that for each compact K C R we have

/K(&)th < oo.

Since 4(t) is bounded as well, this solution is in H. (R), and analytic on R\ S where
S = {tx € R, k € Z}. Finally observe that @(t) is a weak singular TWS of (I]), because

lim u(i)’ + F(u) =u —F(m) — F(u)

toty 2 u  F(u) = F(m) = hun.

(ii) If F'(m) = 0 then the orbits corresponding to (u,viﬂ) approach the singular line
{u = 0} in finite time, but it takes an infinite time to reach (m,0). So there exist two
strong solutions of u(t) given by the elementary forms of the case (c2) of Section
defined on the maximal intervals (¢;,+00) and (—oo,t2), respectively. The only way to
construct a continuous continuation in R preserving the energy is by choosing t3 = ¢; and
gluing together the corresponding solutions u+. These considerations lead us to define the

function
u_(t) forte (—oo,t1),

u(t)y=4 0 for t =t1
us(t) fort e (t1,+00),

which is a cusped solitary TWS defined in R. The same arguments as in the proof of
statement (a) show that @ is a weak singular TWS of (). |

4.5 Exhaustivity of the characterization

Observe that the elementary forms presented in Section capture all the strong solutions
of equation (/1)) reaching or tending to {u = 0}, whose maximal interval of definition is not
R. In addition, the singular solutions described in the preceding Section 4| cover all possible
continuous extensions to R on the same energy level, using these elementary forms and the
constant function u(t) = 0 whenever it is a solution. In consequence, our characterization

of singular TWS for equation given in Propositions |§|, E and [12|is exhaustive.

5 Application to shallow water equations

The aim of this section is to demonstrate the applicability of the propositions developed
in the preceding sections. We exemplify our approach by studying the equation for surface
waves of moderate amplitude in shallow water and the Camassa-Holm equation. In partic-
ular, we show how the different types of singular TWS can be obtained varying the energy
of the corresponding Hamiltonian systems. This approach may be applied to study singular
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TWS of a variety of other equations, for example a class of nonlinear wave equations related
to the inviscid Burgers’ equation and Camassa-Holm equation studied in [I5], the family
of equations analyzed in [I6], and a generalization of the Camassa-Holm equation studied
in [I7]. In the latter paper, the authors conclude with a conjecture on the non-existence of
peaked solitary solutions when a certain parameter becomes non-positive. In view of the
results in Section 4] we are able to give an affirmative answer.

5.1 Surface waves of moderate amplitude in shallow water

In this section we study singular TWS of the equation for surface waves of moderate am-
plitude in shallow water,

s 4 Uy + 6uuy — 6ulug + 120Uy + Uggr — Uppt + 14UUgey + 28Uptizy = 0, (15)

which was first derived by Johnson [12], whose considerations were extended by Constantin
and Lannes [4]. We refer to [11] for a first study of smooth solitary waves and to [10] for a
more extensive characterization of TWS of equation . We introduce the traveling wave
Ansatz u(z,t) = u(z — ct) and integrate once to obtain

1 1
u”<u+ ;ZC) +§(u')2+K+(1 —c)u+ 3u® — 2u® + 3ut =0, (16)
for some constant K € R. Notice that after the change of variables u — u — % the above

equation is of the form , with F' a suitable polynomial in u depending on the parameters
cand K. The relation between the parameters and the qualitative properties of F' is studied
in detail in [I0]. In particular, it is observed that F' has either no extremum or there are
two extrema which we denote by p; (the local maximum) and py (the local minimum of F')
such that p1 < pe. Let h; = F(p;) for i = 1,2. We distinguish different cases depending
on the position of p; and py with respect to v = 0, and the sign of hy — he. Taking into
account these cases and the characterization given in Propositions [6] [7] and we obtain
the following types of bounded singular TWS for equation varying the energy. We
point out that, as a consequence of Corollary [8] compact solitary waves and peaked waves
cannot coexist within a single case. To give an example, Figure [5] shows the different TWS
of equation that appear for different energy levels when 0 < p; < po and hg > hg.

’ Energy/Case H 0 < p1 < poand hy > hy | Energy/Case H 0 < p1 < p2 and hy < hyg ‘

h > h; cusped periodic h > h; cusped periodic
h=hy cusped & smooth solitary | h = h cusped & smooth solitary
h1 > h > ho cusped & smooth periodic | hy > h > hg | cusped & smooth periodic
h = hsy cusped periodic & constant | hg > h > ho smooth periodic

ho > h > hg cusped periodic h = ho constant

h < hg h < ho
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’ Energy/Case H 0 < p1 < p2 and hy = hg | Energy/Case H 0=p1 <po

h > h; cusped periodic h > h; cusped periodic
h=hy cusped & smooth solitary | h = hy = hg || compact solitary & composite
hi > h > hg = hy || cusped & smooth periodic | Ay > h > ho smooth periodic
h = hy constant h = hy constant
h < hgy h < ho
’ Energy/Case H p1 <0< po ‘ pr <p2=0 ‘ p1 <p2<0

h > hg cusped periodic | cusped periodic | cusped periodic

h = hgy peaked periodic constant

hg > h > hy smooth periodic

h = ho constant

h < hy

‘ Y Y Y ¥ Y Y N -

Figure 5: Singular TWS of equation varying the energy level A in the case 0 < p1 < po
and hg > hgo. (a) cusped periodic waves for h > hy; (b) cusped and smooth solitary waves
for h = hy; (c) cusped and smooth periodic waves for hy > h > hg; (d) cusped periodic
waves and constant solutions for h = hg; (e) cusped periodic waves for hy > h > hy.
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5.2 The Camassa-Holm Equation

In the present section we will study singular TWS of the Camassa-Holm equation (CH)
Up + 2K Uy — Uppr + 3UUL = 2UzUgy + U Ugpe, (17)

forz € R, ¢ > 0 and x € R, which was introduced in the context of water waves by Camassa
and Holm [2]. For a classification of weak traveling wave solutions of the Camassa-Holm
equation we refer to [13]. Proceeding as in the previous section we introduce the traveling
wave Ansatz u(z,t) = u(z — ct). Integrating once equation takes the form

(u)?
2

3
' (u—c)+ +r+(072/<)uf§u220,
where r is a constant of integration. The change of variables

w=1u-—_c,

transforms the above equation to the form with
1
F(w) :Aw+szf§w3, (18)

where A = r —2kc—3c* and B = —(c+£). F(w) is a third order polynomial which satisfies
F(0) =0, it has at most three roots

w=0and w= B+ +\B2+2A,

and at most two extrema

_ 2B+ (-1)'V/4B%+ 64
— ] ,

pi 1=1,2.

We may assume that B > 0 since otherwise the change of variables (w0, 0) = —(w, v) yields
this situation (this is equivalent to considering system only for u > 0). Note that F' does
not have any extremum when 4B2 4+ 6A < 0, and it has two distinct extrema otherwise. In
the latter case, p; is the local minimum and ps > 0 the local maximum (with F”(p2) < 0).
We denote hy = F(p1) and hy = F(p2), and distinguish between the following cases:

Case

(i) | A>0 p1<0<py hy <0<hy
(ii) | A=0, B>0 pr=0<py h1=0<ho
(iii) | A<0, 4B>4+6A>0, B>+2A>0|0<pi<p2 h1 <0<hy

)
(iv) | A<0, 4B>4+6A>0, B?+2A=0|0<pi<p2 h1 <hy=0
(v) | A<0, 4B*+6A>0, B*+2A<0|0<p <ps h1 <hy<0
(vi) | A<0, 4B*+6A<0

Taking into account the cases described above and the classification given in Propositions
[6] and [12] we obtain the following types of singular TWS varying the energy level h:
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’ Energy/Case H

(4)

(iid)

(iv)

h<h
h=h constant constant
hi <h<0 smooth periodic | smooth periodic
h=20 constant peaked periodic | peaked solitary
0<h<ho cusped periodic | cusped periodic | cusped periodic
h = ho cusped solitary | cusped solitary | cusped solitary
h > ho
| Energy/Case | (v) ‘

h < hy

h=h constant

h1 < h < hg <0 | smooth periodic

h = ho smooth solitary

h > ho

5.3 Generalized Camassa-Holm Equation

In [I7] the authors study peaked solitary and periodic cusped traveling wave solutions of a
generalization of the CH equation of the form

Up + 2K Uy — Uy + QU UL = 2 Uglpy + U Uggy, (19)
where a € R is an additional parameter. At the end of their paper they state the following
conjecture: “If the parameter a < 0, then equation has no peaked solitary wave
solution”. Using the approach developed in the preceding sections it is easy to see that this
assertion is true. Proceeding as with the CH above we introduce the traveling wave Ansatz
and integrate once to find that after the change of variables w = u — ¢ we obtain

N2
w"w—}—(u;)—f—F/(w) =0,

which is an equation of the form with

F(w) = Aw+ Bw* — %wg,

where A = r + (1 — ¢)c* — 25c and B = (1 — a)§ — k. Our analysis (cf. Proposition

shows that an equation of this form has peaked solitary TWS if and only if F'(0) < 0
and there exists m > 0 such that F(m) = F(0) with F(u) < F(0) for u € (0,m) and
F'(m) = 0. Assuming that a < 0, we see that F'(w) — +o0o as w — £o0. This contradicts
the conditions for the existence of peaked solitary solutions stated above. Indeed, if equation
had peaked solitary TWS, then F’(0) = A < 0. Thus, F would have a maximum to the
left and a minimum to the right of w = 0. Hence there exists m > 0 such that F'(m) = F(0),
but F’'(m) # 0 since F has at most two extrema. For a = 0 the situation is similar. This

shows that the conjecture is true.
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