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CENTERS OF PROJECTIVE VECTOR FIELDS OF SPATIAL
QUASI-HOMOGENEOUS SYSTEMS WITH WEIGHT (m,m,n)
AND DEGREE 2 ON THE SPHERE

HAIHUA LIANG AND JOAN TORREGROSA

ABSTRACT. In this paper we study the centers of projective vector fields Qr of three-
dimensional quasi-homogeneous differential system dx/dt = Q(x) with the weight (m, m,n)
and degree 2 on the unit sphere S?. We seek the sufficient and necessary conditions under
which Qr has at least one center on S?. Moreover, we provide the exact number and
the positions of the centers of Qr. First we give the complete classification of systems
dx/dt = Q(x) and then, using the induced systems of Qr on the local charts of S?, we
determine the conditions for the existence of centers.

The results of this paper provide a convenient criterion to find out all the centers
of Qr on S? with Q being the quasi-homogeneous polynomial vector field of weight
(m,m,n) and degree 2.

1. INTRODUCTION

We consider the polynomial differential systems in R3

dx

B~ aw), 1)
where x = (21,22, 23) and Q(x) = (Q1(x), Q2(x),Q3(x)). System (1) is called a quasi-
homogeneous polynomial differential system with weight (a1, a2, ag) and degree d if Q(x)
is a quasi-homogeneous polynomial vector field with weight (o, a9, a3) and degree d, i.e.,

Qi()\alfvl, )\OQ.%'Q, /\a3x3) = )\ai_l—i_in(l‘l, 9, wg), 1= 1, 2, 3, (2)

where A € R and d, a1, a9, a3 € Z*. In particular, if (aq,as,a3) = (1,1,1), then system
(1) is a homogeneous polynomial system of degree d.

The three-dimensional polynomial differential systems occur as models or at least as
simplifications of models in many domains in science. For example, the population models
in biology. In recent years, the qualitative theory of three-dimensional polynomial differ-
ential systems has been and still is receiving intensive attention [1, 2, 5, 7, 9, 10, 13, 15].

Just as the author of [16] point out that, the study of three-dimensional polynomial
differential system is much more difficult than that of planar polynomial system. For
example, it is an arduous task to determine the global topological structure of the Lorenz
system

x'lza'(‘TQ—CUl), 352:P$1—y_3327 $3:—ﬁ2+$y (0-7B7p20)7

although this system has a simply form, see [14].

An efficient method for studying the qualitative behavior of orbits of system (1) is to
project the system to the unit sphere S?. In what follows we will adopt the notations used
in [6] to introduce some basic theory of the projective system on S2.

By taking the transformation of coordinates

x = (71,29, 73) = (r™y1, 72y, 7%y3), y = (y1,¥9,y3) € S?, r € RT,
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we get from system (1) that

& =y, QW) = R(y) ()

W 5.v)Q) - . Q)5 = Qrly), (@)

where y = (a1y1, agyz, asys), dr = (r*=1/(y,y)) dt.

System (4) plays an important role in the analysis the topology of system (1). Indeed,
if we write I, g and C for trajectory, singularity and closed orbit of system (4) on the S?
respectively, and let y = y(7,y0) be the expression of I' ( resp. g, C') with initial value
vo = y(70,¥0), then y(7,y0) is defined on R and

T

r(T,70) =10 exp/ R(y(s,yo))ds

70

is the solution of (3). Hence we obtain the corresponding trajectory of system (1)

Wr (resp. Wy, We) = {(r®* (7, 70)y1(7, ¥0), 7% (7, 70)y2(7, ¥0), 7** (7, T0)y3(7, yo)) |7 € R}.
For any y € S?, we define a curve as S(y) = {(r®'y1, 7%2ya, 7% ys3)|r > 0}. The orbit I'
of system (4) on S? can be regarded as the projection of Wr along the family of curves
{S(y)|y € S?}. In this sense, we call Qr(y) the projective vector field of Q(y) on S? and
call (4) the projective system of (1).
To study the behavior of orbits of system (4), we will use the local charts of S%. Denoted
by
H'={xeR®:2;,>0}, H ={xeR®: 1z <0}
and
M ={xecR®:73;, =1}, I ={xcR®: 7 =-1}.
Define respectively the coordinate transformations qﬁi : H;r ns? — Hf and ¢* : H, NS? —

11
_ _ Y1 Y2 Y3
X = ¢l+(y> - ( ar/a;’ qg/ai ’ 93/041')

7
yi yz y'L

x=ol )= (),

|yalon/ai [y;|a2/oa” |y;|as/a

and

for i = 1,2,3. It is easy to see that {(Hf NS% ¢i) : i =1,2,3}, is the set of local charts
of S2. System (4) in these local charts is topologically equivalent to

W10 = (i) - QiR Qa(R) — Zra0i(R,Qa(R) ~ i) )
zé =WL(x) = (Ql(i) + %@Qi(i)a @2(X) + %@Qz‘(i% @3(X) + f$3Qi(i)> :

where i = 1,2,3 and d7 = (3,y)|y| (¢ D/ *dr.

In the literature many authors study the projective vector field of system (1) with
degree two (d = 2). Most of them consider the homogeneous case, i.e., a1 = ay = az = 1.
For instance, Camacho in [1] investigates the projective vector fields of homogeneous
polynomial system of degree two. The classification of projective vector fields without
periodic orbits on S? is given. Wu in [15] corrects some mistakes of [1] and provide several
properties of homogeneous vector fields of degree two. Llibre and Pessoa in [10] study the
homogeneous polynomial vector fields of degree two, it was shown that if the vector field
on S? has finitely many invariant circles, then every invariant circle is a great circle. [11]
deals with the phase portraits for quadratic homogeneous polynomial vector fields on S?,
they verify that if the vector field has at least a non-hyperbolic singularity, then it has no
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limit cycles. They also give necessary and sufficient conditions for determining whether a
singularity of (4) on S? is a center. Pereira and Pessoa in [12] classify all the centers of a
certain class of quadratic reversible polynomial vector fields on S2.

Under the homogeneity assumption we know that whenever x(t) is a solution of system
(1), then so is X = Ax(\%~'t). But this conclusion is not true for the quasi-homogeneous
system. Recently, the authors of [6] study the projective vector field of a three-dimensional
quasi-homogeneous system with weight (1,1,«) (o > 1) and degree d = 2. Some inter-
esting qualitative behaviours are determined according to the parameters of the systems.
Another meaningful work about the spatial quasi-homogeneous systems is [7]. In that pa-
per the authors generalize the results of [2, 13] by studying the limit set of trajectories of
three-dimensional quasi-homogeneous systems. They also point out, by a counterexample,
the mistake of [2].

However, to the best of our knowledge, there is no paper dealing with the center of
the projective vector field of spatial quasi-homogeneous. Motivated by this fact, in the
present paper we study the sufficient and necessary conditions for the projective vector
field Q7 of the system (1) with the weight (m,m,n) and degree 2 to have at least one
center on S?. We would like to emphasize that, in the above mentioned papers dealing
with homogeneous systems, many authors concern on the periodic orbits of system (4),
see [1, 6, 11]. This is because the periodic behavior of system (4) provide a threshold to
investigate the periodic and spirally behaviors of the spatial system. Our work provides a
criterion for the projective vector field associated to system (1) to have a family of periodic
orbits.

This paper is organized as follows. In Section 2, we prove some properties and establish
the canonical forms of quasi-homogeneous polynomial system (1) with weight (m,m,n)
and degree 2. In Sections 3, 4, and 5, we are going to seek the sufficient and necessary
conditions under which the projective system (4) has at least one center on S?, where
Section 3 (resp. Section 4 and Section 5) deals with the case that n =1 (resp. m > 1,n > 1
and m = 1).

2. PROPERTIES AND CANONICAL FORMS FOR QUASI-HOMOGENEOUS SYSTEMS WITH
WEIGHT (m,m,n) AND DEGREE d = 2

The first goal of this section is to derive some properties of the three-dimensional quasi-
homogeneous polynomial vector field with weight (m,m,n) and degree d = 2. The results
obtained will be used in the next sections.

Define a homomorphism 1 : R? — R? as (1, 29, v3) = ((=1)™21, (=1)™29, (—1)"23).

Proposition 2.1. Assume that Q is a quasi-homogeneous polynomial vector field with
weight (m,m,n) and degree d = 2. Then

QW (x)) =—-D¢y-Q(x), Qr(¥(y)) =—-Dv-Qr(y).

Proof. Firstly, it follows from the quasi-homogeneity property of Q that

Q¥ (x)) = Q((=1)"x1, (=1)"w2, (—1)"x3)
= (=)™ Q1(x), (=)™ Qa(x), (=1)"'Q3(x))
= —Dy - Q(x).

Secondly, by the expression of Qp(y) we have

Qr(¥(y)) = (), v(¥)QW(y)) — (¥(y), Q¥ (y))¥(y)-
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Since ¢ (y) = Dv -y, it follows that (¥ (y),¥(y)) = (¥,y). Hence

Qr(v(y)) = —(7,y)Dv - Q(y) + (¥(y), Dv - Q(y))¥(y)

= =¥,y DY - Qy) + (v, Qy)¥(y)

=-Dy-((7,¥)Qy) - (¥, Q¥))¥y) = —Dv - Qr(y)-
The proof is finished. 0
Proposition 2.2. Assume that Q is a quasi-homogeneous polynomial vector field with
weight (m,m,n). Let L = {(Acosap, Asinap,1)]A € R} be a straight line on 113 . If

S C S? is a great circle which contains the points (0,0,41) and (cos ag, sin ag,0), then
(¢3)"HL)=Hi NS.

Proof. Since S is a great circle containing the points (0,0,+1) and (cos ag, sin ag, 0), we
find
Hi NS ={(£cosapsinb, £sinagsinb,cosd)|d € [0,7/2)}.

Hence

¢i(H§r ns)= { ((yzji”/”’ (y;;fn/n, 1) '(yl,yg,yg) = (£ cos g sin §, £ sin ag sin 0, cos ),
0 e [0,71'/2)}

= { (A cos ap, Asin ap, 1) ‘)\ = +sin6/(cos )™, 0 € [0,7T/2)}
= {(Acosag, Asinag, 1) |\ € (—o0,0)}.
The proof finishes because the above expression is equivalent to (¢3)~*(L) = Hf NS. O

The second purpose of this section is to obtain the canonical form for the quasi-
homogeneous polynomial vector fields with weight (m,m,n) and degree d = 2, where
m and n are two different positive integers.

Lemma 2.3. FEvery three-dimensional quasi-homogeneous polynomial differential system
(1) with weight (m,m,n) and degree d = 2 can be written in one of the following forms:

(1) If m =1 then

dz o
== Z a;joxrizy + (1 —sgn(n — 2))ag0123,
i+j=2
d:CQ i j
o= Z bij,0z @5 + (1 —sgn(n — 2))bo,0,123, ()
i+7=2
dxs o
% = a1,0,1T123 + 00,1,1C273 + Z c,‘7j70x21x%.
i+j=n+1
(2) If n =1 then
d.%'l
P 01,0,12173 + ap,1,17223 + ao,o,m+1x§n+1>
d:l)g
T b1,0,17123 + bo,1,17223 + bo.o.mi125 T, (6)
dxs

dt = (1 — sgn(m — 2))(0170701'1 + 00,170.%2) + 007072.%'?').
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(8) If m > 2 and n > 2 then
d:L’l m+1 dJIQ m+1 dl’g P
=g many”, —E =l mndyt o= ) cijoriTh. (7)
ij=1Et
Here sgn(-) is the sign function and in (7) we define ay g mt1 = by g mt1 = 0 if (m+1)/n ¢
Nt andcijo=0ifi+j=(n+1)/m¢Nt.

Proof. 1t follows from (2) that @;(0,0,0) = (0,0,0). Thus we set

ng
Qi(a1, w2, w3) = > _ qip(w1, 22, 73),
k=1

where
i1, w2, 03) = a,(jl)7,€27k_k1_kQ:z’flx’;Qa:’;_kl_kQ,i =1,2,3.
k1+ko=0
Substituting the above expressions into (2) with (a1, ag,as) = (m,m,n) and d = 2 yields
agl),k%kfkl*kz <)\m(kl+k2_1)+n(k_kl_kQ)_l - 1) = Oa k= 17 27 e 7ni7i = 17 27 (8)
a,i?kz’kfkrb(Am(k1+k2)+”(k_k1_k2_1)_1 -1)=0, k=1,2,-- ,ns. (9)

We will apply (8) and (9) to find out all the coefficients which vanish.
Case 1. m=1,n>2. If a,(fl)’k%k_kl_b # 0,1 = 1,2, then by (8) we have
ki +ko+n(k—k —ko)—2=0. (10)
Noting that 0 < ki + ko < k, we deduce from (10) that k1 + k2 = 0,k = 1,n = 2 or
k1 + ko = k = 2. This prove the first and the second equation of (5).
If a,(g?k%k_kl_@ # 0, then by (9)
key + ko +n(k — kg — ks —1) — 1 =0. (11)
The equation (11) is satisfied if and only if ky + ke =1,k =2o0r k1 +ka=k=n+1> 3.
This proves the third equation of (5).
Case 2. n=1,m > 2. If a,(fl{k%k_kl_k? #0,i=1,2, then we get
m(ki1+ke—1)+k—ki —ka—1=0. (12)
We deduce from (12) that k1 + ko =0,k =m +1 > 3 or k1 + ko = 1,k = 2. This proves
the first and the second equation of (6).
If a,(i)’k%k_kl_k? # 0, then
m(ky +ka)+k—Fk —ky—2=0. (13)
The equation (13) is satisfied if and only if ky + ke =0,k =2 or k1 + ka =k =1,m = 2.
This proves the third equation of (6).

Case 8. n>2,m > 2. If al(é) ko k—ky—ky 7 050 =1,2, then we have

m(lﬂ—i—]@—l)—i—ﬂ(k’—kl—k‘g)—lzo. (14)

Since m(k1+k2—1) = 1—n(k—ki; —ka) < 1, it is enough to consider two cases: k1 +ko =0
and kj + ko = 1 < k. Furthermore, k1 + ko = 1 < k is impossible because n(k — 1) # 1 for
all n > 2. If k1 4+ ko = 0, then we get from (14) that kn = m + 1. This means that the Q1
and @2 are two nonzero functions if and only if n|(m + 1). And hence the first and the
second equation of (7) are obtained.

if and only if k; + ks = k > 1,km = n + 1. Thus we obtain the third equation of (7). O
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We get from the above lemma that

Theorem 2.4. Suppose that Q;(i = 1,2,3) of system (1) are nonzero functions. Then
every quasi-homogeneous polynomial vector field (1) with weight (m,m,n) and degree d = 2
can be changed, under a suitable affine transformation, to:

(i) System
dxl . 2 2
% =a1x] + agx1x2 + a3y,
dxy 2 2
—= =bx box1x bsx
7 121 + box12 + b33, (15)
de n+1
3 . 1
g T + corow3 + iz; dixh T

with weight (1,1,n), where n >3, or
(ii) system

dfxl 2 2
s =a17] + asr122 + a3x;y,
day 2 2
—= =b b b
a 177 + 027172 + 0373 + T3, (16)
dx 3
3 i 33—
g s + coxox3 + ZZ; dixyry ",
with weight (1,1,2), or
(iii) system
dIL’l +
—= =a1x173 + A2T2T3,
7t 17173 2T2T3
dx
aTt2 =b1z123 + bawow3 + N, (17)
i =c121 + c2x2 + cox3,

with weight (2,2,1), where n = 0,1, or
(iv) system

dzq I
—— =Q1T1T asxr9x
7 1T1T3 + 2T2T3,
d
% =biz123 + baxaxsz + W?Hv (18)
drs 5
ar Y
U}Zth welght (m’m’ 1)’ whefre n= 07 17 G/n;d m Z 3; or
(v) system
d d d
% - % = 3, % = 127 + cam172 + €373, (19)
with weight (2,2,3), or
(vi) system
de’l 2 dx? 2 dl‘g
o = 3, I = I3, a = 171 + 272, (20)

with weight (3,3,2).

Proof. Firstly, in the case that m = 1, the canonical forms (15) and (16) follow from the
result of [6] directly.

Let us consider the case that n = 1 and m = 2. If ag03 = bo,0,3 = 0, then system (6)
becomes (17) with n = 0. If a(2),0,3 + b37073 # 0, then by noting that system (6) has the
same form under the change of variables (z1,z2) — (22,21), we can assume with loss of
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generality that bo o3 # 0. Taking the transformation z = (b 9321 — ao,0,322, baé,gxg, x3),
and then using the symbol x instead of z, we can change system (6) to (17) with n = 1.
The case n =1 and m > 3 can be dealt with in a similar way.

Finally consider the case that m > 2,n > 2. Since Q;(i = 1,2,3) is nonzero function,
it follows that (m +1)/n,(n+1)/m e N*. Thusm=n—1lorm=n+1. lf m=n—1,
we get from n|(m+1) and m|(n+1) that n =3,m=2. f m =n+1, then n =2, m = 3.
Consequently, we obtain

d d d
% = axs, % = bas, % = 0133% + cor1x0 + c;;a:%,ab #0
with weight (2,2,3) and
d d d
% :ax%, % = x%, % =c1x1 + caxa,ab # 0
with weight (3,3,2). By taking an affine transformation of variables, we get systems (19)
and (20). O

The systems (15) and (16) are considered in [6]. It is shown that the projective system
of system (15) has no closed orbits on S?. But the authors do not give the conditions for
projective systems of system (16) to acquire at least one center. The purpose of the rest of
this paper is to find the sufficient and necessary conditions for all the projective systems
(4) of the systems in Theorem 2.4 to have at least one center.

3. CENTER OF THE QUASI-HOMOGENEOUS SYSTEMS WITH WEIGHT (m,m,1)

In this section we deal with the canonical forms of (17) and (18). The main results of
this section are the following two theorems.

Theorem 3.1. Suppose that Qr is the projective vector field of system (17), then the
following statements hold.

(A) Forn =0, Qr has at least one center if and only if one of the following two conditions
1$ satisfied:
(1) a1 + by = 4cy, (bg — CL1)2 + 4asby < 0;
(2) J(Cl, 02) = CLQC% + (b2 — al)clcg — blc% 7& 0.
In addition,
(i) If (1) is satisfied and c3 + c3 # 0, then Qr has exactly three centers respectively
at (0,0,1), (0,0,—1) and E(ca//c? + 3, —c1/\/c2 + c2,0) when J(c1,c2) > 0
or —E when J(c1,c2) < 0.
(i) If (1) is satisfied and c; = ca = 0, then Qr has ezactly two centers at (0,0,1)
and (0,0, —1), respectively.
(iii) If (2) is satisfied but (1) is not satisfied, then Qr has a unique center at E when
J(c1,¢2) >0 or at —FE when J(c1,c2) < 0.
(B) For n =1, Qr has at least one center if and only if J(c1,c2) # 0 or one of following
conditions is satisfied:
(1) as =0, 52 = 2ay, ajcy — byce # 0, (_l% + 2¢co < 0;
(2) as # 0, l_)g = —a1, C1a2 = aica, (ail + 2@%@2[)1 + a%b% + 2@2[)102)(&2()1 -+ (_Z%) < 0;
(3) as # 0, 23} —3a1ba+9a1 asby —3a1b3 —36a1 ca+v9asby ba+2b3+54asc; +18bacoy = 0,
(9&%@261—{—27(1317101—9&1a27)201+9a26561—8@%62—27@1(1213102—1-12@%6262—6&165624-
E%CQ) . (3(1201 + l_)QCQ — 2&162) <0,
with a1 = a1 — 200,62 = by — 2¢9.
Moreover, if J(ci,c2) > 0 (resp. J(c1,c2) < 0), then at the equator Qr has a unique
center at E (resp. —F). If the condition (i) (i € {1,2,3}) of (B) holds, then Qr has a
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unique center at'y; on S? ﬂng and has a unique center at —y; on S*N Hj3 which satisfies
¢%(yi) = (27,47, 1), where

N d% + 2¢y " arby + 2¢;
rH=-——— = —_——,

1 2a1c1 — 2[)1027 N 2a1c1 — 2b1co

s 2 @
T2 = asby + d%, %2 asby + EL%’ (21)
o ag(a} + l_)g) = (1_72 - 2&})(52 + C_Ll)

3 2(3a261 + bacy — 2(71102)7 3 6(3a201 + bacg — 2(71102).

Theorem 3.2. The projective vector field Qr of system (18) with m > 2 has at least one
center on S? if and only if

a1 +by=2m, A= (bg — a1)2 + 4asby < 0. (22)
Furthermore, if (22) is satisfied then Qr has exactly two centers at the points
nazAg" n(m — a) Ay’ naz(—Xo)™ n(m —a1)(=Xo)™
A+ 1-— d —nA -1
where A = Ay s the unique positive solution of equation
(a3 4 (m — a1)*)N*™ 4+ A2\? = A2, (23)

3.1. Quasi-homogeneous systems with weight (2,2, 1). In this subsection we assume
that Qg is the projective vector field of system (17). We will firstly study the centers on the
H g’ NS2. The centers on Hy N S? can be obtained by the symmetry (see Proposition 2.1).
By straightforward calculations we find that the induced system of Q7 on H:}f is

dT _ _ _ _ _ _9 _

el Q1(X) — 221Q3(X) = (a1 — 2¢0)T1 + a2Z2 — 20177 — 2¢271 72,
_ (24)

dxg _ _ _ _ _ o _

P Q2(X) — 222Q3(X) = n + b1Z1 + (b2 — 2c0)T2 — 20171 %2 — 20275, 7 =0,1.
Proposition 3.3. Assume that p = (p1, p2,p3) € S? ﬁH; with ps # 0, %1 is a singularity
of Qr. If n =0, then p is not a center of Qr.

Proof. Since Qr(p) = 0, it follows that

(a,p)Qi(p) — 2(p, Q(P))pi =0, i =1,2,
where q = (2p1, 2p2, p3). Thus

0 =p1(Q2 + 2p2Q3) — p2(Q1 + 2p1Q3) = p1Q2 — p2Q1 = ps[I(p1, p2) + 1p3), (25)

where I(z,y) = bix? — asy® + (by — a1)zy.

Let I+ = {(p1A, P2A, 1)|A € R} be a straight line on II], where p1 = p1/+/1 — p3,p2 =
p2/+/1 — p3. By direct computation we obtain that on Iy, writing x = (p1, P2, 1), we
have

FA) = p1(Q2(X) — 222Q3(X)) — p2(Q1(X) — 221Q3(X)) = M (p1,p2) +p1m, =0, 1.

If n = 0, then it follows from (25) that I(p1,p2) = I(p1,p2)/(1 — p3) = 0. This means
that f(\) = 0. Therefore, [ is an invariant straight line of W5 . Let S be the great circle
containing the points (p1,p2,0) and (0,0,+1). Clearly, p € S. By Proposition 2.2, the

half-great circle S N Hg“ is an integral curve of the vector field Qp. Thus p can no be a
center of Qr. O

Next consider the critical point (0,0,+1) of Qpr with n = 0. We need the following
result.



CENTERS OF PROJECTIVE QUASI-HOMOGENEOUS VECTOR FIELDS 9

Lemma 3.4 ([8]). The origin is a center of the following system

dzr 2 2
i ax + by + a0z” + a1y + ap2y”,

d
C% =cr—ay+ 620$2 + brizy + b02y27

with a® + be < 0, if and only if one of the following conditions holds:

(1) AOZ—BB:’}/:O,

(2) a=p=0,

(8) 5A—p=5B—a=460=0,

where A = azy + a2, B = by + bo2, & = a1 + 2boz, B = bi1 + 2az0, v = bao A — (ago —
b11)A2B + (b()Q — all)AB2 — CLOQB3, and 6 = G%Q + bgO + aga A + by B.

Proposition 3.5. Assume that n = 0. The points (0,0,41) are centers of Qr on S? if
and only if
ay + by = 4cp, (bg — CL1)2 + 4asby; < 0. (26)

Proof. To study the singularity (0,0,1), we will use the induced system on H?{, which is
(24) with n = 0.

Clearly, gbi (0,0,1) = (0,0,1). The characteristic equation of the linear approximation
system of (24) at the singularity (0,0) is

)\2 — ((Il + by — 460)/\ + (a1 — 260)(b2 — 260) —agb; = 0.
The singularity (0,0) is a center or focus of the system (24) if and only if
ai + by — 4cy = 0, ((11 — 260)(b2 — 200) —ashy >0,

which is equivalent to (26). By straightforward calculations, we find that Aa—Bf =~y =0,
where A = —2¢1, B = —2¢, a = —6¢g, 5 = —6¢1. Therefore, (0,0) is a center of system
(24) if and only if the relation (26) is satisfied.

By applying the Proposition 2.1, we can conclude that the relations (26) are also the
sufficient and necessary conditions for (0,0, —1) to be a center of Qr on S2. O

Let us consider the case n = 1.

Proposition 3.6. Assume that n = 1, then Qr has at least a center on S* N H;“ if and
only if one of the conditions of Theorem 3.1.(B) is satisfied. Moreover, if the condition
(i) (i € {1,2,3}) of Theorem 3.1.(B) holds, then Qr has a unique center y; on S* N Hy
and has a unique center —y; on S* N Hy which satisfy ¢ (y;) = (x},y;, 1), where z} and
y! are defined in (21).

Proof. Suppose that p € Hy NS? is a singularity of Qr, and let (zo,y0,1) = ¢3 (p). It
is easy to see that (zg,yo) is a singularity of system (24). By taking the transformation
u =T — 9,V = Ty — Yo, we change system (24) to

d
v_ (a1 — 4e1xo — 2cy0)u + (ag — 2camp)v — 2c1u® — 2couv,

yei
d (27)

dr
In what follows we will consider the singularity (0,0) of system (27).
One can check directly that system (27) satisfies the condition (1) of Lemma 3.4. Thus
the point (0,0) is a center of system (27) if and only if the following two equalities hold

= (b1 — 2c1y0)u + (b2 — 2c120 — 4cayo)v — 2c1uv — 20902,

a1 — 4cixg — 2¢c9y0 + I_)Q — 2c1x9 — 4eayp = 0, (28)
A= ((7,1 —4dcixg — 2Czy0)2 + (ag — 202.%0)(()1 — 261y0) <0, (29)
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where xg and yg are the isolated solutions of the following equations
a1 + agyo — 2c1275 — 2caz0yo = 0, (30)

1+ byzo + bayo — 21200 — 2233 = 0. (31)
By equations (28) and (30), we get 3asyo = (by—2a1)zo. We will now split our discussion
into two cases.
~ Case 1. ag = 0. By the inequality (29) we know that zg # 0. It follows from 3azyo =
(be — 2a41 )z that by = 2a;. Hence under the condition ag = 0, (28)-(31) are equivalent to
62 =2a1, 2c1xo+2coyo —a1 =0, bjzg+ayo+1=0, A= (2&101 — 2b162)x0 < 0. (32)
In view of 2a1¢1 — 2bycy # 0, we can get the solution (xg,yp) and then find that (32) is
equivalent to
62 = 2a1, aijcy —bico # 0, ZL% + 2¢c0 < 0,
@% + 2¢9 " aib; + 2c; "

=2 Y= 5z o T Y-

i) — :
2@101 — 2b162

- 2a1¢1 — 2b1co
Consequently, under the condition as = 0, the origin of system (27) is a center if and
only if
l_)g = 2a1, aicy — bicy 75 0, a% + 2¢co < 0. (33)
And if the above conditions are satisfied, then Q7 has a unique center y; € SN H :;” such
that ¢3 (y1) = (2],9;,1). By the symmetry, we know that Qr also has a unique center
—y1 € S?N Hy if the condition (33) is satisfied.

Case 2. az # 0. By 3agyo = (b2 — 2a1)xo and (28) we obtain
az(@y + bz) = (6agcy + 2bacy — 4ayca)x.
If 6agcy + 2bacy — 4a@rca = 0, then @ = —bo and thus (28)-(31) are equivalent to
c1xg+coyo = 0, arwg+asyg =0, 1+bixg—a1yo =0, A = C_L% + agby — 2b1coxg < 0. (34)
Further, by using (34), (28)-(31) are equivalent to

@411 + 2@%@2[)1 + a%b% + 2a9b1co

_ T _ _9
a1 = —bo, cia9 = a1cy, asby + aj 75 0, A = — <0,
asb1 + ay
z ag . y ay X y*
0= ————5 = 2 0Oo— ——F—5 &— 2
asby + a% ’ asby + a%

It turns out that, under the condition as # 0 and 6ascy + 2bacy — 4aico = 0, the origin
of system (27) is a center if and only if
&411 + 2@%0,2()1 + a%b% + 2a9b1co
asby + EL%

a1 = —62, clas = a1z, asby + d% #0, < 0. (35)
If (35) is true, then Q7 has a unique center yo € SN H; such that ¢3 (y2) = (23,93, 1).
By the symmetry, we know that Q7 also has a unique center —yy € S?NH. 5 if the condition
(35) is satisfied.
Next assume that

6ascy + 25262 —4ajco # 0.
The equations (28) and (30) have a unique solution
ag(dl + 62) * (62 — 2@1)(62 + dl) . y*

= $37 yO -

Tn = = = :
0 6(3&201 + bocy — 26_1,162)

N 6ascy + 25262 —4aqco
Substituting into (31) yields

2@? — 3@%52 + 9a1a9b1 — 3&153 — 36aicy + 9a2b1132 + 26% + 54ascy + 186262 =0.
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Moreover, it follows that
1

T 9(3azer + bacy — 2a1c2) (9afazc) + 27a3bicr — 9arashact + Yazbier — 8ajey

— 27a1a9b1co + 12(_1%5262 — 6&15%02 + 6302) < 0.

This complete the proof. U
Next we are going to study the singularities of Qr at the equator.

Proposition 3.7. (i) If c; = ca = 0, then the equator is a singular circle of Qr. In
other words, each point of the equator is a singularity of Q.
(i3) If 3 +c3 # 0, then on the equator Qr has two singularities at By = E and By = —E

respectively, where E(ca/\/c + c3,—c1/+/c} +3,0). The direction of Qr at the

equator is shown in Figure 1.

FIGURE 1. The direction of Q7 at the equator.

Proof. The conclusion follows directly from

Q7 |(2p) ps,0) = (0,0, £2c1p1 & 2eap2).

Let J(z,y) = asx?® + (by — a1)zy — by?.

Proposition 3.8. Qp has centers on the equator if and only if J(c1,c2) # 0. Moreover,
if J(c1,¢2) >0 (resp. J(c1,¢2) <0), then Qr has a unique center at Ey (resp. Es).

Proof. By Proposition 3.7, the equator contains centers only if ¢+ c2 # 0. In what follows
we will split our discussion into three cases.

Case 1, ca > 0. Obviously, E; € H1+, E> € H| . By taking the transformation ¢1+ :
H 1+ ns? - Hf, we obtain the induced system of Q7 on Hf:

dz

T; = Z3(b1 + (b2 — a1)T2 — aa®3 + n23) := p (T2, T3),

d 36
dzs =c1 + 2 + (co — 1Cbl)jcg — 52715 = qf (T2, 73) )
dr 2 2 o

where n = 0,1 and d7 = (2¢% + 2y3 + y3)/y1d7. In particular, ¢} (Es) = (1, —c1/c2,0).
The characteristic equation of the linear approximation system of (36) at the critical point
(—c1/c,0) is A2+ J(c1,c2)/ca = 0.

Therefore, if J(c1,c2) <0, then (—c;1/c2,0) is a saddle of system (36). If J(c1,c2) > 0,
then (—c1/c2,0) is a center or a focus. Noting that

(pi_(j:?? _CE3)7 qf(‘%Q? _'f3)) = (_pi_(j% ‘%3)7 Qf_(j% i’3))7
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we conclude that the critical point (—c1/c2,0) is a center. If J(ci,c2) = 0, then the
equation (36) becomes

dZo . a _ bic _
P —23(Z2 + —)(a2Z2 — —) + 77903,
T (&) C1 (37)
diz 1 o < 2 Gy o
— = —[2¢5(Z2 + —) + (agc1 — aicg + 2c0c2)T5 — azca(Tg + —)75.
dr [6)) (&) C2
In the case n = 0, the straight line o = —c1/co is an invariant line of system (36) when

agc1 — aica + 2cgca # 0 and it is a singular line when asc; — aica + 2¢gco. In any case, the
critical point (—c1/c2,0) can not be a center.

When n = 1, on the straight line Zo = —c1/co we have % = I3, meaning that the
orbits of system (37) pass through the straight line Zy = —¢;/co from the left to the right
on the upper half-plane and from the right to the left on the lower half-plane. On the
other hand, noting also that the direction of vector field (37) at the Zo axis is upward on
the right hand side of the critical point (—c1/c2,0) and is downward on the left hand side
of the critical point (—cj/c2,0). See Figure 2. We conclude that there is no closed orbit

around the singularity (—c;j/c2,0). So the singularity (—c;/c2,0) is not a center.

A T3
1>
T2
| A >
v I -
*—
To = —Cl/Cg

FIGURE 2. The direction of system (37).

Next we study the singular point Fy of Q. With the transformation ¢! : H 1 N S? —
IT;, we obtain the induced system of Q7 on II; :

dzx L

d*2 = Z3(—b1 + (b2 — a1)T2 + a3 + 173) = p; (22, 73),

ar (38)
s eyt eata + (0 — 2an) B+ Sartadd = gy (22, 73)

— = —C CoXl Co — —a1)x —A9X9Lq = Lo, I=

a7 1 2L2 0 B 1)T3 B 2X2T3 q1 \(X2,23),

where = 0,1 and d7 = (2y; 2y3 + y3)/y1dr. Moreover, ¢ (E3) = (1,c1/c2,0). The
characteristic equation of the linear approximation system of (38) at the critical point
(61 / CQ,O) is

1
M- C—J(cl, co) =0, where J(z,y) = asx® + (by — a1)zy — biy°. (39)
2

In the same way, we can easily verify that the critical point (¢1/c2,0) is a center if and
only if J(Cl,CQ) < 0.

Case 2, co < 0. Obviously, Fy € H; and E; € Hf . We make the transformation
ot T H 1 ns? — IT; and then we obtain the induced system of Qr on II], which is system
(38).

By direct calculation we get ¢! (E1) = (1,¢1/c2,0). The characteristic equation of the
linear approximation system of (38) at the critical point (c¢1/c2,0) is the equation (39).
Thus the critical point (¢1/c2,0) is a center if and only if c2J(c1, c2) < 0.
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Using analog arguments we conclude that Ey is a center of Qr on S? if and only if
CQJ(Cl,CQ) > 0.

Case 3, co = 0,c¢; # 0. That is, F; = (0,—sgn(c1),0), Fa = (0,sgn(e1),0). Suppose
firstly that ¢; > 0. By taking the transformation ¢? : H, N'S* — II,, we obtain the
induced system of Q7 on II; :

dzx
difl = Z3(—az + (a1 — b2)T1 + bla_?% + 779?153)7
dr (40)
D5 _ oy + (o — 2)a3 4+ Dzd 1 T
dr 2773 T s T T

Obviously, ¢2 (E1) = (0,0).

The characteristic equation of the linear approximation system of (40) at the critical
point (0, 0) is A2 +agc; = 0. By similar arguments as above, we find that the critical point
(0,0) is a center of system (40) if and only if ase; > 0, i.e., c1J(c1,0) > 0.

Analogously, the singularity Eo = (0,1,0) is a center of Qr on S? if and only if
clJ(cl, 0) < 0.

The case that ¢; < 0 can be studied in a similar way, we omit the discussion for the
sake of brevity.

In conclusion, the vector field Q7 has a center at the equator if and only if J(c1,co) #
0. O

Remark 3.9. If n = 0 and a1 + by = 4cg, (ba — a1)? + 4agby < 0, then J(ci,c2) =
agc% + (b —ay)cica — blc% and it is different from zero except for c1 = co = 0. It follows
from Proposition 3.5 that Qr has exactly three centers at (0,0,1), (0,0,—1), and E or
—F.

Proof of Theorem 3.1. The proof follows from Propositions 3.3, 3.5, 3.6, 3.8 and Re-
mark 3.9. O

3.2. Quasi-homogeneous systems with weight (m,m,1). Throughout this subsection
we suppose that Qr is the projective vector field of system (18).

Proof of Theorem 38.2. It is easy to see that the equator of S? is a singular great circle of
Q7. Thus the center (if exists) is located on S? N H3".
A direct computation shows that, the induced systems of Q7 on H;{ and II; are re-
spectively
dT,

T
e (a1 — m)Z1 + asZa, 77__2 =0+ b1Z1 + (by — m)T2 (41)
and
dzq _ _ dxo m+1 _ _
= (m — a1)Z1 — ass, = (=)™ — b2 + (m — bo)Za, (42)

where n = 0,1 and d7 = (my? + my3 + y3)|ys|dr.

System (41) (resp. system (42)) has a center if and only if a1 + by = 2m, (a1 —
m)(ba —m) — agb; > 0, which is equivalent to (22). If (22) is true, then the center is
(1a2/ A, n(m — a1)/Ay) (resp. ((~1)™nas/Ay, (—1)™n(m — ar)/Ay)).

Let y© = (yi,v5,y3) € S? such that

nas n(m —ap) ) 3 (ot yf y; +
77 77 1 = ¢ (y ) = 5 5 1 3 y > O.
<A1 Ay " ()™ (y3)™ ’

Then

+ ot ot agAg" (m — a1) Ay
e == 1
(yl » Yo 7y3 ) < Al 3 Al 7A0 ,» 1 3
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or (yi.ys,y3)=1(0,0,1), n=0. Similarly, let y~ = (y; ,95 ,¥y5 ) € S? such that

(1) (1) — ) (i w i
(Cam ) = o0 = (g i) <o

Then

o —1D)™ag ATt (=1)"(m — a1) AT
(y17y27y3):<( )A1207( ) (A 1) 07_>\0>777:1

or (y1.Y5,y3)=1(0,0,—1), n =0, where )¢ is the unique positive solution of (23). O

4. CENTER OF THE QUASI-HOMOGENEOUS SYSTEMS WITH WEIGHT (2,2,3) AND (3,3,2)

This section is devoted to derive the sufficient and necessary conditions for the projective
vector field Qr of systems (19) and (20) to possess at least one center. The main results
of this section are the following two theorems.

Theorem 4.1. Suppose that Qr is the projective vector field of system (19), then Qr has
at least one center on S? if and only if one of the following conditions holds:

(]) c1 # 0, AQZC%746103>0, 2¢1 4 ¢co + v Ag # 0,
(2) c1=0,c0<00rc=0,c0>0,co+c3>0.

Moreover,

(i) If (1) is satisfied and 2c1 + c2 + VA2 > 0 (resp. < 0), then Qr has exactly two
centers at £G1 (resp. £G2), where

_ —co + (—l)i\/& 2cq
VG + (Ve = VB2 \J46 + (Ve — V)

(ii) Suppose that (2) is satisfied. If co < 0,co+ c3 > 0, then Qp has exactly four centers
at £(0,0,1) and £D; If co < 0,c2 + c3 < 0, then Qp has exactly two centers at
+(0,0,1); If ca + c3 > 0, ca > 0, then Qr has ezactly two centers at +D. Here

D= <—C3/ 3 —|—c§,02/\/cg —|—c§,0> .

Theorem 4.2. The projective vector field Qr of system (20) has no centers on S2.

Gi 0], i=12 43

To prove our results, we need the following lemma, which is a part of the Nilpotent
Singular Points Theorem. The readers are referred to [3] for the complete result.

Lemma 4.3. Let (0,0) be the isolate singularity of system

dr dy

where A and B are analytic in a neighborhood of (0,0) and also j1 A(0,0) = 51 B(0,0) = 0.
Let y = f(x) be the solution y + A(x,y) = 0 in a neighborhood of the point (0,0). And
let F(x) = B(x, f(z)), G(x) = (0A/0x + 0B/0y)(x, f(x)). If F(x) = az™ + 0(z™) and
G(x) = bx™ 4+ 0(z™) with m,n € N;m > 2,n > 1 and ab # 0, then we have

(i) if m is even and m < 2n + 1, then the origin of system (44) is a cusp.

(ii) if m is even and m > 2n + 1, then the origin of system (44) is a saddle-node.

Let us consider firstly system (19).

Proof of Theorem 4.1. The induced systems of Q7 on H;“ is

dzx 2 dz 2
7_1 =1- *i‘l(clf% + o122 + Cgi‘%), 7_2 =1- *jQ(Clj% + coT1T2 + Cg:f%). (45)
dr 3 dr 3
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System (45) has an isolated singularity if and only if ¢; + c2 + ¢3 # 0. Assume that
c1 + c2 + ¢3 # 0, then system (45) has a unique isolated singularity at the point

E (31/3(261 + 2¢9 + 263)71/37 31/3(201 + 2¢9 + 203)71/?’) .
The characteristic equation of the linear approximation system of (45) at the singularity
FE is
31/3)\2 + 27/3(61 +co + 63)1/3)\ + 62/3(01 +c2+ 63)2/3 = 0.
Hence it is easy to see that FE is not a center of system (45). This mean that Qr has
no centers on S? N H3+ . By the symmetry of system (19), we know that Qp has also no
centers on S? N Hj .
By direct computation, we have
QT‘(yhyz,O) = 2(07 0, Cly% + c2y1y2 + CSZ/%)’ with y% + yg =1

Therefore,
(1) if ¢3 — 4cie3 < 0, then Qg has no singularities on the equator; (i) if ¢3 — 4cic3 =0

2 2 : fhr —cC2 2c1
and cf + ¢5 # 0, then Q7 has exactly two singularities at Gy ( Jiard Vicia’ 0) and
—G, respectively; If ¢; = co = 0, then Qp has exactly two singularities at (1,0,0) and
(—1,0,0), respectively; (iii) if c3 — 4c1c3 > 0, then Q7 has exactly four singularities +£G
and +G5 at the equator, where £G;(i = 1,2) are defined in (43).
Suppose that ¢; > 0. The induced system of Q7 giving by qﬁ : H;r ns? — H; is
dz B - dTs _ _ 3_
E = 3 — T1x3, E = C3 + CoT1 + lelf% — §IE§ (46)
Let

(70.1,0) = 2 (Gy), i=1,2, if ¢ —4cicz >0,
o % (Go), i=1,2, if ¢} —4cic3 =0.

Taking the transformation u = 1 — Zg, v = T3, system (46) changes to

d—l_t = (1—Zo)v — uv, d—q_) = (c2 + 21T u + c1u® — §02. (47)
dr dr 2

The singularity G;(¢ = 0,1,2) is a center of Qr if and only if the origin is a center of
system (47).

If ¢3 — 4ejes = 0, then cg + 2¢17¢ = 0. Obviously, in this case the origin of system (47)
is not a center if 1 — o = 0. Thus we assume that 1 — Zg # 0, which means that, by the
time rescaling, system (47) can be transformed to the same form as (44). By the result of
Lemma 4.3 we know that the origin of system (47) is a cusp.

If ¢3 — 4cics > 0, then cg + 2¢17 # 0. By Lemma 3.4, the origin is a center of system
(47) if and only if (c2 4+ 2¢1Z0)(1 — Z¢) < 0. Therefore, using the explicit expression of x,
G; (and hence —@G;) is center of Qr if and only if

(=1)y/c3 — 4cies3(2¢1 + ca — (—=1)%/c3 — 4cies) <0 ic1.9
,i=1,2.

201

In other words, £G are centers of Qg if and only if

C% —4eyes > 0, ¢1(2c1 + 2 + (/2 — 4eres) > 0,

and £G4 are centers of Qr if and only if

cg —4ere3 >0, ¢1(2¢1 + ¢ — \/cg —4ecre3) < 0.
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Similarly, if ¢; < 0, then by the induced system of Q7 on II;, we conclude that £G4
are centers of Qp if and only if

c% —4eyes > 0,¢1(2¢1 + e + /2 — 4eyes) <0,

and +G» are centers of Qr if and only if

c% —4erez > 0,¢1(2¢1 + ¢ — \/cg —4ere3) > 0.

Finally consider the case that ¢; = 0. If ¢ # 0, then Qr has two pairs of singularities
at the equator: +(1,0,0) and +D. Using the procedure as above, we conclude that +D
are centers of Qp if and only if co + ¢3 > 0.

To study the singularities +(1,0,0), we use the induced system of Qr giving by gb}r :
Hf ns? - Hf, which is

% = T3 — T273, % = 2Ty + €375 — g:i% (48)
And gb}r(l,0,0) = (0,0,0). If co # 0, then by the result of Lemma 3.4 we know that the
origin is a center of system (48) if and only if co < 0. If ¢3 = 0, then £(1, 0,0) is the unique
pair of singularities of Qr at the equator. By Lemma 4.3, the origin is not a center of
system (48), meaning that Qr has no centers in this case. O

We are now in the position to prove the result for system (20).

Proof of Theorem 4.2. The induced system of Qp on ng is

dz 3 dz 3

% =1- 5:2‘1(01(2‘1 + CQi’Q), % =1- 5‘7}2(01@1 + 6252). (49)
System (49) has an isolated singularity if and only if ¢; + co > 0. And if ¢; + ¢o > 0, then
system (45) has a unique isolated singularity at

Voo sV
3ci1 +3c2” V 3c1 +3¢ )

By direct computation, we obtain that the eigenvalues of the linear approximation of
system of (49) at that singularity are

/3 3
Al =X = #>0.

Hence it is not a center of system (45), meaning that Q7 has no centers on S? N ng . By
the symmetry of (49), we know that Qr also has no centers on S? N Hy .
At the equator, we have

QT’(ylva:O) = 3(0,0,c1y1 + cay2), with y% + yg - 1.

Therefore, Qr has two singularities at E(—ca/+\/c} + c3,c1/+/c3 + ¢3,0) and —E respec-
tively.
Assume firstly that ¢; > 0. Then E € H2+ N'S%. The induced system of Q7 giving by
% HfNS? —» 1 is
dzq _ 5 dxs
I
And ¢2 (E) = (~ez/c1,0,0).
Taking the transformation v = Z3,v = ¢1Z1 + ¢, system (50) changes to

3
=c9+ Cc171 — 5:?3 (50)

— — dv _ 2 _ 20 =
U gu = u~+ A(u,v), == (c1 4+ c2)u” —u“v := B(u,v). (51)

The singularity E is a center of Qp if and only if the origin is a center of system (51).
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Let f(u) = %u® and F(u) = B(u, f(u)) = (a1 + c2)u? — 3u°,G(u) = (0A/0u +
9B /0v)(u, f(u)) = —3u3. By the result of Lemma 4.3, we know that the origin of system
(51) is a cusp. Therefore, E (and hence —F) is not a center of Q. O

5. CENTER OF THE QUASI-HOMOGENEOUS SYSTEMS WITH WEIGHT (1,1,n)

In this section we will study the centers of projective vector field Qr of system (1)
with weight (1,1,n) and degree d = 2. By Theorem 1.1 of [6], the corresponding Qg of
system (15) has no centers on S%. Thus in the rest of this section we assume that Qr is
the projective vector field of system (16). The main result of this section is the following
theorem.

Theorem 5.1. The Qr of system (16) has at least one center on S? if and only if one of

the following conditions is satisfied:

(1) az = 0, 2B + Cy # 0, G(x%) = 0, Fy(2}) = 0, Fy(z}) = 0, (2B3 — C2)? + 8dp < 0,
with a:{ = —(BQ + 01)/(233 + CQ),

(2) a3 = 2B3 + Cy = Bo + Cy = 0, G(z3) = 0, Fy(x}) = 0, 2B3 + dy < 0, with x5 =
*(33233 + dl)/(63§ + 3d0),

(3) a3 = 0, 2B3 + Cy # 0, G(z%) = 0, Fi(z3) < 0, Fy(a}) = 0, with 25 = —(Ba +
C1)/(2B3 + Cs),

(4) a3 =2B3 + Cy = By + Cy = 0, and there exists x} such that G(x}) =0, F1(x}) <0,

(5) a3 # 0, and there exists x% such that D(z}) = Fu(z}) = F3(zt) = G(zt) =0, Fi(zf) <
0’

where Bo = by — a1, By = b3 — ao, C1 = ¢1 — 2a1, Co = 3 — 2a9, and
G(x) = d3 — bicy + (dg — b1Coy — BoCh)x + (dy + 2a3by — B3Cy — ByCy)a?
+ (do + 2a3B2 + a3C1 — 3302)563 +a3(2B3 + 02)564 — 2a§x5,
D(z) =By + C1+ (2Bs 4+ Cy)x — Sasx?,
Fy(x) = B5 — b1Cy + dy + (4BaB3 — ByCy + 4azby + 2dy)x
+ (4B2 — B3Cy — 2a3Bs + 3do)2® — a3(8B3 — Cy)x> + 5a3z?,
Fy(x) = —ByB3 + BoCy — dy + (2B3Cy — 2B3 — 3dy)z,
Fs3(x) = bagFy(x) — (B3 + Cy — Tazz) Fa(x),
Fy(x) = 13B3Cy — 25a3B2 — 12B3 — 3C3 — 25dg — 15a3(2Bs + Ca)x + Thaja”.
Moreover, if the condition (i) (i € {1,2,3,4,5}) holds, then (Ly},+ys,y5) € S* are two

centers of Qr if and only if y5 = yiat and yi = (y})%f(z}), where f(z) = aga® — Bsx?® —
BQ.%' - bl.

We get from Theorem 5.1 that

Corollary 5.2. The set of number of centers of the projective vector field Qr of system
(16) on S?, for all possible Q with weight (1,1,2) and degree 2, is {0,2,4}.

The condition (5) of Theorem 5.1 can be replaced by the following criterion which is
more convenient to be manipulated with a computer.

Corollary 5.3. The Qr of system (16) with a3 # 0 has at least one center on S? if and
only if one of the following conditions is satisfied:

(1) Br #0, D(*’”é,l) =0, Fl(l’g,l) <0, F3(95§,1) =0, F4(33§,1) =0, with x5, = o1 /B,
(2) B = a1 = 0, Az > 0, Fi(x5,) < 0, F3(w5,) = 0, Fu(z5,) = 0, with 55 =
(2B3 + C2 + VA3)/(10a3) or x5 4 = (2B3 + C2 — v/A3)/(10a3),
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where Az = (2B3 + C3)? + 20a3(Bs + C1),
a1 = 250a3b1 By + 110a3 B3 By + 24By B3 — 375a3b1Cy + 45a3 B2 B3Cy
+ 24B3C) — 65a3B3C} — T0a3B5Cy — 14BoB3Cy — 40a3ByC1Cy — 14B3C Cy
+ 30a3C%?Cy — 7By B3Cs — TB3C1C3 4 3ByC3 + 3C1C + 5082 Bsdy
+ 50B3C1dg + 25B2Cadg + 25C, Cody 4 125a3Bad; + 125a3C1d1 + 625a3ds,
and
B1 = —(200a3 B3 + 500a3b; By + 280a3 B2 B3 + 48 B3 — 350a3 B2C — 70a3 B3Cy
+ 75a3C% — 375a3b;Cy — 95a3 By B3Cy — 4B5Cy — T0a3B3C1Cy — 55a3 B2Cs
— 28B3C% + 45a3C1C5 — B3C3 + 3C5 + 125a3Bady + 100B3dy + 125a3C1dy
+ 100B3C4dg + 25C3dg + 250a3Bsd; + 125a3C2d; + 625a3ds).

Before proving the above results, we give some necessary information about the projec-
tive vector field Q7. Firstly, we have

Qrlyi=0 = (a2(1 — y3), y3 — Y2pa(ya, ¥3), qa(y2, y3)), with y2 4+ 42 =1,

where p4(y2,y3) and q4(y2,y3) are two polynomials of degree not more than 4. Therefore,
Q7 has no singularities at S1 := {(y1,vy2,y3) € S?|y1 = 0} if az # 0. Suppose that ay = 0,
then the first component of Qg is identically zero. This means that S; is invariant under
the vector field Qp. In any case, Q7 has no centers at 57.

Next let us study the singularity of Q7 on S?\ S;. By the symmetry (see Proposi-
tion 2.1), it is enough to study the singularity on S? N Hfr The induced system of Q7 on
Hf is

dx

d—f = by + Byity + T3 + B37% — a3,

. (52)
T; =dg + dozo + C1Z3 + dlf% + CoZoX3 + do.ﬁi’% — 2&3@%53.

Suppose that (xo,y0) is a singularity of system (52), i.e.,
Yo = f(xo) = azzs — by — Boxg — Bsal,
G(z0) = d3 — biey + (da — b1Co — BaCh)zo + (dy + 2a3by — BsCy — BaCa)zg  (53)
+ (do + 2a3Bs + a3Cy — B3Cy)xp + az(2Bs + Cy)x — 2a3x5 = 0.
Taking the transformation u = 9 — xg,v = T3 — Yo, we change system (52) to

d d
d—zf = au 4 v + bu® — asu®, di_} = cu + av + du® + euv + dou® — 2agu’v, (54)
T T

where
a = Bg+233$0—3a3x3, a= Cl—f-CQl‘o—Qagx(Q), b = Bs—3asxo,
c= dg—b102+(4a3b1 *BQCQ+2d1)l’O+(4CL3_BQ*3302+3d0)x(2)+a3(433+02)l‘3*4CL§$%,
d= d1—|—2a3b1+(2a332—|—3d0)m0—|—2a333m3—2a§m8, e = Cy—4azxg.
(55)
Thus, the point (zg,yo) is a center of system (52) if and only if system (54) has a center

at the origin.
By regarding zp and yg as the parameters of system (54), we have the following result.

Lemma 5.4. The origin is a center of system (54) if and only if (xo,yo) satisfies one of
the following conditions:
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(1) az # 0, D(xz9) =0 and oy — frxg = 0;
(2) a3 =0,2B3+Cy #0, xg = —(B2 + C /(233 + CQ) and G(xo) =0,
(3) a3 =2B3g+ Cy = By +Cq =0, GQ(ZE()) =0,
where Go = G’a3:233+02:32+01:0, i.e.,
G()(.%') =01 By +ds + (leBg + B% + dg)a} + (3B2B3 + dl)x2 + (23233 + do)l‘g.

Proof. It is easy to see that system (54) has a center at the origin only if (z¢, yo) satisfies
the relations (53) and

a+a=By+Ci + (233 + CQ)HJ() — 50,3333 = D(:Co) =0. (56)

If we regard the equality (56) as an equation in the variable xg, then (56) has solution if
and only if one of the following three conditions is satisfied:

(i1) az # 0, Az = (2B3 + C2)* 4 20a3(By + C1) > 0,
(i2) a3 =0, 2B3+ Cy # 0,
(i3) a3 =2B3 4+ Cy = Ba+ C, = 0.
If ag # 0, then we use (56) to reduce the power of xy in (53) and we obtain that
a1 — Brxg = 0.
If a3 = 0, 2B3 + Cy # 0, then we get from (56) that zg = —(By + C1)/(2B3 + C5).
Then, substituting into (56) yields that G(—(B2 + C1)/(2B3 + C2)) = 0.

Finally, if ag = 2B3 + Cy = By + (7 = 0, then a + a = 0 holds automatically and the
function G reduces to Gy. O

Remark 5.5. We would like to point out here that if a3 = 2Bs + Cy = By + C1 = 0, then
the divergence of system (54) is identically zero.

Next, to obtain the sufficient and necessary conditions under which the origin is a center
of system (54), we will apply a result of [4], which provides a criterion to decide whether
the origin is a center of the following Liénard differential equation

&=y — (a7 + a2® + a3z® + asx’ + a5z®), § = —(bix + box® + bya® + byx* + b5z°). (57)

Lemma 5.6 ([4]). A system of type (57) has either a center or a focus at the origin if
and only if one of the following three conditions holds:

(i) a% —4b; <0,

(i) a1 = by = by = 0 and 2a3 — 4b3 < 0,
(ZZZ) a1 =ay=by=by=b3=bs,=0 and3a§—4b5<0.

The next lemma gives the sufficient and necessary conditions under which system (57)
has a center at the origin. By using the result of the above lemma and for the sake of
simplicity we only consider the cases that by =1 or by =by =0,b3 =1, or by = by = b3 =
by =0,b5 = 1.

Lemma 5.7 ([4]). A system of type (57) has a center at the origin if and only if one of
the following conditions holds:
(i) by =1 and
(a) a3:a5:b2:b4:0,
(b) ag = a3z = a4 = a5 =0,
(c) ay = a5 = 0, 3a3 = 2azby, 3bs = 2b3b3 and 3by = 5bybs,
(d) bs = 0, 3asz = 2a2be, 2a4 = azbs and Haz = 2azby.
(ZZ) by =by=0, b3 =1, a%<2 and
(a) a3 = a5 = by =0,
(b) ag = a3z = a4 = a5 =0,
(C) as = as = b5 = 0, 5(15 = 4a4b4,
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(d) ay = a5 = 0, 5az = 2asby and 25b; = 6b3.
(iii) by = by =b3 =by =0, b5 =1 and a1 = ag = a3 = a5 = 0.

Proof of Theorem 5.1. From now on we will assume in (54) that one of the conditions of

Lemma 5.4 is satisfied and hence a = —a. By taking the transformation z = u, y =
v — (au + Su® — Zagu®), system (54) is changed to the Liénard differential system
dx d - - - - -
E =y — (dsz + (7,3333), d7i = —(blfli + ngz + bgl’g + b4a:4 + b5$5), (58)
where
_ e _ 5 - 9 -
agz—b—i, as = as, by = —a° —c,by = ale —b) — d,

63 = be — aza — dy, 64 = —a3(2b + 6) = 2a3az2, 65 = 2&%.

We will apply Lemma 5.7 to prove our results. Noting firstly that ag = 0 implies
by = bs = 0, we find that the condition (iii) of Lemma 5.7 is not true for system (58).
Consider the case that by = by = 0,b3 # 0. By the second condition of Lemma 5.6 we will
assume that b3 > 0. Taking the transformation X = \/17333, Y = Ji)?,y, we change system
(58) to

dX
dr

dy

Y — (4 X% + a3 X?), == —(X? 4+ by Xt 4+ 05X°),
T

where
Gy = da/\/bs, a3 = as/bs, by = by/(v/bs)?, and by = bs /b2

By a carefully manipulation we find that the condition (i) of Lemma 5.7 is equivalent to
the following condition (keeping in mind that as = 0 implies by = b5 = 0)

a>+c=ale—b)—d=0,(2b+¢)? < 8(be — aza — dy) = 8b3, and
(a) a3 =0, or (b) 25(be —aza — do) = 3(2b + €)*.

Furthermore, as condition (b) can not be satisfied, it follows that the above condition is
equivalent to

a3 =0,a>+c=ale—b) —d=0, and (2b—e)*+8dy < 0. (59)
Using the expressions (55), (59) turns out to
az =0,
Fy(x) = B2 —b1Cy+do+(4BoBs— ByCo+2dy )xo+ (4B3 — B3Co+3dg)xg = 0,
Fy(x0) = — By B3+ BaCo—dy +(2B3Cy—2B3 —3dg )z = 0,
(2B3—Cs)*+8dy < 0.

(60)

Therefore, if 2B3 + Co # 0, then according to Lemma 5.4, we conclude that system (54)
has a center at the origin if

a3 =0, 2B3+Cy#0, G(z})=0, Fi(z})=0, Fy(z})=0, (2B3—Cy)*+8dy <0,

where 27 = —(Ba + C1)/(2B3 + C3) is the unique solution of D(x) = 0. This confirms the
condition (1) of the statement.
If 2B3 + Cy = By + Cy = 0, then (60) reduces to

a3 =0, Fi(xo) = B3+ 2b1Bs+ dy + (6B2B3 + 2d1)x0 + 3(2B3 + do)x = 0,
FQ(.T()) = —-3ByB3y —d; — 3(23% + do)xo =0, QB:? + do < 0.

Thus Fy(zo) = 0 can be replaced by zg = —(3B2B3 +d1)/3(2B% +dp) := x3. This confirm
the condition (2) of the statement.
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Next consider the case that by # 0. By the first condition of Lemma 5.6 we will assume
that by > 0. Taking the transformation X = \/l?la:, Y =y,d7 = \/Bjd%, we change system
(58) to

dxX
i

dy

Y — (a9 X? + a3 X3
(a2 + a3 )7 e

= (X + b X%+ b3 X% 4+ by Xt + b5 XP),

where

Gz = a2 /b1, a3 = as/(Vb1)%, by = ba/(V/b1)?, b3 = b3 /b3, ba = ba/(V/b1)°, b5 = bs /b5,

By a careful inspection we find the condition (i) of Lemma 5.7 is equivalent to the
following condition (also keeping in mind that as = 0 implies by = b5 = 0):

a>+¢<0 and (a) a3 =0, ale—b)—d=0, (b)az=0,2b+e=0,
(c) 5az(a®+c)=(2b+e)(ae—ab—d), 3a3(a*+c)?=(ae—ab—d)?*(be—aza—dy),  (61)
3az(a®+c)(2b+e) = 5(ae—ab—d)(be—aza—dy), az # 0.
Noting further that the three equalities of (¢) in (61) are equivalent to the more simple
equalities
(¢):  Bagla®+c) = (2b+e)(ae —ab—d), 25(be — aza —dg) = 3(2b+ ).
Consequently, using (55), the condition (61) turns out to
F1($0) = a2 +c= B% — bng + dg + (43233 — BQCQ + 4a3b1 + 2d1)$0
+ (4B% — B3Cy — 2a3Bs + 3dg)xd — a3(8B3 — C2)xj + bajzrg < 0 and
(a) az =0, FQ(IEQ) =ae—ab—d=—ByB3s+ ByCy — dy + (2B302 — 23% — 3d0)fl’0 =0,
(b) a3 =0, 2B3 + Cy =0,
(C) as 7& 0, Fg(l’o) = SasgF} ($0)—(2b—|—6)F2(a?0) = 5a3322+4a3b133—|—2BgB§—3a3b1C'2
— By B3(y —B2022+233d1 +Csdy +5a3d2+(QB3+CQ)(8(13B2+ZB§ —23302+3d0)$0
— a3(40a3 By —2B2 —22B3Cy —3C3 +15dg) 3 — 3042 (2B3 + Cy) 34 T5a3x3 = 0,
Fy(z0) = 13B3Cy — 25a3By — 12B2 — 3C5 — 25dy — 15a3(2B3 + Ca)xo + 75a3x3 = 0.
(62)

A comparison between (a) and (b) means that we can assume in (a) that 2Bs + Co # 0,
and hence the condition (3) of Theorem 5.1 follows from the condition (a) of (62) and
Lemma 5.4.

Suppose that Fi(zo) < 0 and (b) is true. Then by Lemma 5.4 we must impose another
condition By + C7 = 0 on (b). Thus we obtain the condition (4) of Theorem 5.1.

Similarly, the conditions (5) of the statement of Theorem 5.1 are obtained by using
Lemma 5.4 and the condition (c) of (62).

Finally, if the condition (i) (i € {1,2,3,4,5}) of Theorem 5.1 is true, then system (52)
has a center at (z}, f(z})). Hence by the relationship of systems (16) and (52) as well as
the symmetry of Qr, we know that (+y;, £y3,y3) € S? are two centers of Qr if and only
if

oF (£ui, 23, 43) = (1,27, f(27)), for i=1,2,3,4,5,6.
(I

Proof of Corollary 5.2. In Theorem 5.1, if one of the conditions (1), (2), (3) is satisfied,
then it is clear that Qr has exactly two centers on S2. If condition (5) is satisfied, then
by deg D(z) < 2 we know that Q7 has at most four centers on S2.

Suppose that the condition (4) is true. Noting, in this case, that F3(z) = G'(z). If
G(z) = 0, then there exists no zj such that F3(z}) < 0. So we assume that G(x) is
a nonzero polynomial and hence it has at most three zeros. Suppose that G has three
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differential zeros z7,, z7, and xjj. It is obvious that the polynomial Fj(z), as the
derivative of G(z), can not be negative simultaneously at zj ;,x} 5 and 27 5. This means
that there are at most two x} satisfying the conditions (4). Thus Q7 has at most 4 centers.

The proof finishes showing that, under the condition (4), Qr could possess 0, 2 or 4
centers on S%. This is done in Propositions 5.8, 5.9, and 5.10. O

Proposition 5.8. Letas =0 =d; =0,dy =1, d3 = —1, bg = a1, bg = a9, c1 = 2a1, and
co = 2ay. Then Q of system (16) has no centers on S*.

Proof. It is easy to check that in Theorem 5.1 only the condition (4) is true. A directly
computation leads to F3(z) = 32%, G(z) = 23 — 1. Since G() has a unique real zero
x} = 1 which does not verify F3(z}) < 0, we conclude from Theorem 5.1 that Q7 has no
centers on S2. g

Proposition 5.9. Let az = 0, b1 = bg—al = b3—a2 = 1, cl—2a1 = Clo = —1, 02—20,2 = —2,
di =3, dy = —16, and d3 = —43. Then Qr of system (16) has exactly two centers on S?.
Proof. Obviously, the parameters only satisfy the condition (4) of Theorem 5.1. By direct

computation we have F3(r) = 322 4+ 122 — 13 and G(x) = (z + 2)(x + 7)(x — 3). Then
G(z) has a unique zero z = —2 which verifies that F3(z}) < 0. Hence by Theorem 5.1,

Qr has exactly two centers at (i A/ ‘/?8 , F24/ \/; ‘ﬁ 5) [l

Proposition 5.10. Let a3 =b1 =d3 =Cy =0, dy = =5, d1 =9, do = =5, by —a; = 1,
—2a; = —1, cog = 2ag, by = ag. Then Qr of system (16) has exactly four centers on S2.

Proof. By direct computation we have F3(z) = —152%2+182z—4, G(x) = —z(5x—4)(z—1).
G(z) has exactly two zeros z = 0, 1 which verify that F3(z}) < 0. Hence by Theorem 5.1,
Qr has exactly four centers at (£1,0,0) and (% \/ﬁ -1, :l:\/ﬂ —1,1—+/2) respectively.

U

Proof of Corollary 5.3. Suppose that xg is a common zero of D(x) and G(z). By the
expression of D(z) we have 23 = (B2+C1+(2B3+C2)x0)/(5a3). Using this formula we can
derive by computation that G(z¢) = a1 — f1x9. Therefore, if 51 # 0, then xy = a; /1 and
hence the condition (5) of Theorem 5.1 is equivalent to the condition (1) of Corollary 5.3.
If 81 = aq = 0, then G(z) vanishes whenever D(z) = 0. Thus the common zeros of D(x)
and G(z) are (2B3 + Cy &= v/A3)/(10a3). Consequently the condition (5) of Theorem 5.1
is equivalent to the condition (2) of Corollary 5.3. O
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