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ABSTRACT. We consider a n—dimensional piecewise smooth vector fields with
two zones separated by a hyperplane 3 which admits an invariant hyperplane
Q transversal to ¥ containing a period—annulus A fulfilled by crossing periodic
solutions. For small discontinuous perturbations of these systems we develop a
Melnikov—like function to control the persistence of periodic solutions contained
in A. When n = 3 we provide normal forms in the piecewise linear case. Finally
we apply the Melnikov-like function to study discontinuous perturbations of
the normal forms established.

1. INTRODUCTION

The study of the persistence of periodic orbits under small perturbations is a
classical and important problem in the qualitative theory of vector fields. For
smooth systems this problem was extensively studied at any dimension (see, for
instance, the book [9] and the references therein). For nonsmooth systems some
techniques to deal with this kind of problem have been recently developed (see, for
instance, [18, 19]). However, due to the difficulty in applying these last ideas in
higher dimensional systems, it has been considered, in general, for planar systems
(see, for instance, [2, 20, 22, 23]). As far as we know there are only a few works
dealing this problem in higher dimensional nonsmooth systems (see, for instance,
[4]). Therefore, in this paper, our interest lies in studying the persistence of
periodic orbits for n—dimensional piecewise smooth vector fields having a period—
annulus of periodic solutions contained in an invariant hyperplane.
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Formally we consider the following (unperturbed) n—dimensional piecewise
smooth vector field with two zones separated by the hyperplane ¥ = {z = 0}

Xf(x,2), if 2>0

Xy (x,2), if z<0.
Here (x,2) € D C R"™' x R, and X5 = (X33, X35, .-, Xg,)- Throughout this
paper, X, and X, will be called, respectively, upper and lower vector fields. As
the main hypothesis, we shall assume that there exists an invariant hyperplane

Q C R”™ transversal to % containing a period—annulus A fulfilled by crossing
periodic solutions of (1) reaching ¥ transversally (see Figure 1).

(1) Zo(x,2) =

F1GURE 1. Representation of a n—dimensional piecewise smooth
vector field with two zones separated by the hyperplane 3 having
an invariant hyperplane €2 transversal to > which possess a period—
annulus A fulfilled by crossing periodic solutions.

Particularly for n = 3, an interesting case to be considered is when the border
of the period—annulus A contains the so called Teizeira-singularity (or just T-
singularity), which represents a source of intricate and complex phenomena [7].
Roughly speaking, the T—singularity is a point where vector field (1) is tangent to
both sides of the plane ¥ and their orbits nearby return to ¥. In [25], for a partic-
ular definition of structural stability of nonsmooth systems, Teixeira showed that
the T-singularity is not structural stable, and asymptotic stability is determined
only under limited conditions of hyperbolicity. Recently, several other aspects of
the dynamic of nonsmooth systems in the presence of a T-singularity has been
studied, see, for instance, [6, 15, 16] and the references therein.

We aim to study the persistence of periodic orbits contained in A when (1)
is perturbed inside the class of all piecewise smooth vector fields with two zones
separated by the hyperplane ¥. A similar problem was addressed in [10] however
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for planar piecewise smooth systems. In this case the authors developed the
Poincaré map in power series of some small parameter, and then a Melnikov—
like function was obtained just by taking the first coefficient of this series. In
dimension n > 3 the arguments are more delicate, and some recent techniques
(see [21]) on Lyapunov—Schmidt reduction have to be used. For instance, in [17]
the authors study the same problem using similar techniques however for 3D
smooth system.

In smooth systems the normal form theory provides simplifications on the sys-
tems reducing the number of parameters and, eventually, simplifying the study
of their dynamics. On the other hand, for nonsmooth systems formed by two
regions separated by a hyperplane, more simplifications on the parameters can
be done. In fact, piecewise continuous change of variables (smooth on each region
determined by the hyperplane) is used to obtain normal forms for each one of
the systems constituting the nonsmooth system. Some normal forms has been
obtained in [12] for planar piecewise smooth systems separated by a straight line.

Taking all the comments above into account our first main result, Theorem A,
develops a Melnikov—like function to control the persistence of periodic solutions
of A for small discontinuous perturbation of system (1). Our second main result,
Theorem B, provides normal forms for all 3D piecewise linear systems which
admits an invariant plane €2 transveral to X fulfilled by periodic orbits. Finally, in
section 4, we apply Theorem A, with n = 3, to study discontinuous perturbations
of the normal forms established in section 3.

We point out the importance of nonsmooth systems, particularly piecewise
smooth systems, as a source of new interesting phenomena in dynamics (see,
for instance, [1, 24]), and their relevance in modelling real phenomena (see, for
instance, (3, 8]).

2. PERSISTENCE OF CROSSING PERIODIC ORBITS

Consider the following discontinuous perturbation of system (1)

2) Z(x,y,ze) = 7 (x,y,26) = X (2,y,2) +eX{ (x,y,2) if 2>0,
AR Z_(Iyy,Z;€> = X()_(xayaz) +€X1_($,y72) if z< O’

where (z,y,2) € D CRxR" 2 xR, X; = (X;1,Xj2,...,X;5) for j =0,1 and
the set of discontinuity is given by the hyperplane ¥ = {z = 0}.
As usual the following open regions are distinguished in >:
(i) Crossing Region: ¥ ={p e X: (ZTf)(p)(Z~ f)(p) > 0};
(i7) Escaping Region: X¢ ={p e X : (Z*f)(p) > 0,(Z" f)(p) < 0};
(1ii) Sliding Region: ¥X* ={p e X: (ZTf)(p) <0,(Z f)(p) > 0}.
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Here (Z%f)(p) = (Z%(p), Vf(p)).

A crossing periodic orbit of system (9) is a closed curve  composed by trajec-
tories of Z* having the same orientation such that v N'Y C X
We recall our main hypothesis:
(H) the hyperplane 2 = {x = 0} has a period—annulus A = {(y,2) € Q: ry <
|(y,2)] < ri} surrounding the origin and fulfilled by crossing periodic

solutions of the unperturbed system (i,7,2)T = Z(x,vy, 2;0) reaching ¥
transversally.

Let o*(t,2,y,2:6) = (¢ (t,2,y,2:6), 05 (2,5, z:6), ., 9t 2.y, 7€) be
the solutions of the systems (i,y, 2)T = Z*(z,y, 2; €) such that ¢*(0, 2,y, z;¢) =
(x,y,2). From hypothesis, the solutions of (2), for ¢ = 0, contained in A reach
transversally the set of discontinuity Y. So for a small neighborhood U C R" of A
and |e| # 0 small enough there exist a time t*(z,y;€) > 0 (resp. ¢t~ (z,y;¢) <0)
such that an orbit of (2) starting in (z,y,0) € U N X returns, forward in time
(resp. backward in time), to ¥, that is o= (t*(z,y;¢),2,y,0;¢) = 0.

The solutions p*(t,z,y, 2;€) can be expressed in power series of ¢, that is
@?:(tv T,y,%; 5) = wé‘fz(ta z,y, Z) + €¢fz(ta T, Y, Z) + 0(82)7 1= 17 27 L

such that (p:t<t7 T, Y, %5 8) = 77Z}Oi(t7 Y, Z) + 510%(@ LY, Z) and w()i@, LY, Z) are
the solutions of the unperturbed systems (#,y,2)T = Z*(x,y,2;0). The times
t*, introduced above, can also be written as power series in ¢, that is

tH(w,y;e) = 1 (w,y) +emif (2,y) + O(e?).
However here we only have to assume that the expressions o3 (y) = 7']-i(O,y)7

j
7 =0,1, are explicitly known. In fact, the next result gives the expressions of Uli

and 1T in terms of the solutions 1T of the unperturbed systems.

Proposition 1. Let p = (z,y,2) € R x R"? x R, and denote Y*(t,py) =
D, (t,po) the derivative of Vi (t,p) with respect to the initial condition p eval-
uated at py = (xo, Yo, 20). Then the following equalities hold:

3) E(tp) = Y (t,p) / Y (s,p) " XE (4 (5, p)) ds,

o 0E(),0,.0)
Proof. Computing the derivative in the variable ¢ of both sides of the equality
eE(t, 3y, 28) = g (t, 3y, 2) + e (t, 2.y, 2) + O(e?) we obtain

Xo (¢ (tpse)) +eXi (9™ (tpse)) = Xo (5 (t,p)) + Eaaitl@,p) +0(e%).

(4) ot (y) =
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Developing the left hand side of the above equation in power series of ¢, and
studying the coefficient of € we obtain

oy
5 (tp) = DXG (5 (4,p)) ¥ (¢ p) + X7 (V5 (t:p)) -
Moreover i (0,p) = 0. Hence the solution of the above differential equation is
given by (3).
To see equality (4) we first develop the equatlon go £(t5(0,y;¢),0,y,0;¢6) = 0

in power series of ¢, being t¥(0,y;¢) = o5 (y) + eof(y) + O(e). After that o;
can be isolated as (4). This concludes the proof of the proposition. O

Now let V = {vr € R"%: (0,1,0) € U}. We define a Melnikov-like function
M:V >R as

(5) M) = Alv) -

where

Ai(v) = Xg;(Wg (o7 (v), 0,v,0))ay (v) = Xg,(1g (0g (¥), 0,1, 0))oy (v)

+Q/)IZ(U(T<V)7 07 v, O) - w;i(UO ( ) 0 v, O)
O Xo(0d ( ),0,1,0)) 0vd
)= 20709, 0.0) - TS 550), 0,00
awo_z O_ (¢0 Ua_( 07 v, O)) awo_,n

O (1), 0,0,0) + (05 ().0.9.0).
fori=1,2,...,n—1, and
Alv) = ()\2(1/), As(v),. .. ,)\n,l(u)),

Q) = (w2 (v),ws(V), ..., wp_1(v)).

Let Jap(v) denote the determinant of the Jacobian matrix of M evaluated at
v. The next theorem is the main result of this section.

0 (wo (‘70 (V) O’V’O)) Ox

Theorem A. In addition to hypothesis (H) we assume that wy(v) # 0 for every
v € V. Then for each v* € V such that M(v*) =0 and Jp(v*) # 0, there exists
a crossing periodic solution ¢(t,e) of system (2) such that ¢(0,e) — (0,v*,0) € A
when € — 0. Moreover if M(v) # 0 for every v € V then there are no crossing
periodic solutions bifurcating from A for |e| # 0 sufficiently small.

To prove Theorem A we shall use a version (see [21]) of the so called Lyapunov—-
Schmidt reduction for finite dimensional function (see [5]). In what follows, for
positive integers k < d, the functions ¢ : R¥ x R¥* — R* and &4 : RF x R¥F —



6 M.R.A. GOUVEIA, J. LLIBRE, D.D. NOVAES AND C. PESSOA

R?* will denote the projections onto the first k& coordinates and onto the last d—k&
coordinates, respectively. A point ¢ € R? is denoted by ¢ = (a,b) € RF x R+,

Lemma 2 ([21]). Assume that k < d are positive integers. Let D and V' be open
bounded subsets of R and R¥, respectively. Let gy, g1 and B : V — RT* be C?
functions, consider g : D x (—&y,&0) — R? as

9(¢, ) = 90(C) +eg1(C) + O(£?),

and take Z = {¢, = (1,B(v)) : v € V} € D. We denote by T, the upper
right corner k x (d — k) matriz of D go((,), and by A, the lower right corner
(d— k) x (d — k) matriz of D go((,). Assume that for each ¢, € Z, det(A,) # 0
and go(¢,) = 0. We define the bifurcation function fi:V — R¥ as

(7) fl(y> - _FVA;lngl(QJ + fgl(Cu)'

If there exists v* € V such that fi(v*) =0 and Jp, (v*) # 0, then there exists v,
such that g((,.,€) =0 and {,. — (,~ when ¢ — 0.

For a proof of Lemma 2 see [21].

Proof of Theorem A. For (x,y) € R? such that (z,y,0) € U we define the map
6($7 y; E) = (61((L’, y; 5)7 (52(377}’7 6)7 R 6n(w7 y; 5)) as

51(:177}’56) = gpzr(tJr(x,y;a),x,y,O;e) - §0;<t_($7y;€)7$7Y70;5)7 L= 1727 s N

So &i(x,y;¢) = &) (x,y) + &6} (2,y) + O(e?), where
(8)

0 (z,y) = g,
o (z,y) = Xg

(2

(@ (70 (2, 5), 2.y, 0))7" (2, y) = Xo, (v (70 (2,y), 2.y, 0) 7 (2,)

(T (xay) z,Y, )_wa,i(Ta(x7y)ax7YJO)7
(
+¢L(T(;r($7}’)a$7ya0) _wl_,z(TO_(xvy)u‘,I;aY70>

Here O is one of the Landau’s symbols, that is g(¢) = O(e?) for some positive
integer ¢ if there exists constants €, > 0 and M > 0 such that |g(¢)| < M|e| for
—e1 < e <e.

Clearly 6(z.,y.,e) = 0 for some (z.,y.,0) € U if and only if the solution of
system (2) passing through (x.,y.,0) is periodic.

In the sequel, for the purpose of proving Theorem A, we identify the elements of
Lemma 2. Taked =n—1,k=n—2,D = {(a,b) e R"?xR: (b,a,0) €U}, V =
{veR"2:ro<|v—v<r}, =0 = 0), glabd) = (8°(b,a),0)(b,a)),
gi(a,b) = (6" (b,a),6}(b,a)), with &7 = (63,6,...,69) for j = 0,1, and Z = {(, =
(v, B(v)) = (1,0): vEV} CD.
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From (8), g1(¢,) = (A(v),\(v)). Now for each v € V the solution of system
(2), for e = 0, passing through (0, v, 0) € Ais periodic. Therefore (67(0,v),89(0,v)) =
6(0,v,0) = (0,0) and go(¢y) = go(, 0) = (69(0,v),67(0,v)) = (0,0). Moreover

0 0
% 0,0) Lo,0)
oy ox
Dgo(v,0) = o .
9% 0,0y P01
oy Ox
B 0(5? B B 8@0 B
So A, = %(0, v)=wi(rv)and I', = %(O, v) = Q(v). Indeed
067 + (ot (ot o o — s To
p) (0’ V) = Xo,i(@bo (00 (V>v 07 v, O))a_(oa V) - XO,i(q/JO (UO (V)> 0> v, 0))0_(07 V)
) a7 e !
0%, + . 0,5, —
+ ax (UO (V)ﬂ()?V?O) 8([’ (00 (V>707V70)7

and computing implicitly the derivative in the variable ¢ of the equality ¢ (t*(z, y;
e),x,y,0;¢) = 0 we get

i
g 5. (75°(0,1),0,,0)
[ ’V = — .
O Xin (W5 (73°(0,),0,v,0))
Therefore
85? 81/)8:1 + X—i,_l (w(_)‘_(o-(—)‘r(V% 07 v, 0)) 8¢Jn +
a_x(oa V) - o (UO <V)7 07 v, 0) - X(—)i:n<¢g—(0'8—(l/>, O, v, 0)) ox ( 0 ( )7 07 v, O)_
Mo, _ Xoi (¢ (0 (v),0,1,0,0)) Iy, , _
ax ( 0 (V),O, V,O) + an(%f(Uo*(V%OW,O)) al’ ( 0 (V)7O7V7O)
- wi(”)ﬂ
for i =1,2,...,n. Now we compute the function (7) as

A (V)
w1 (V)

Since wq () # 0, the proof of this theorem follows by applying Lemma 2. O

fl(y) = _FVA;lngl(Cu) + 591<Cu) - - Q(V) + A(V) = M(V>

3. NORMAL FORMS OF PIECEWISE LINEAR SYSTEMS

Consider the following piecewise linear differential system

X (x,y,2), if 2>0
(9) Z(xvyaz) = .
X (z,y,2), if z<0,
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(z,y,2) € R3 The discontinuity set is given by ¥ = {z = 0}. Here X* =
(X{, X5, X5), where

Xf(x, Y, 2) = a;tx + bjiy + C;tZ + djcv

for j € {1,2,3}. Note that ¥ = f~1(0), where f(z,y,2) = 2. Moreover, we
denote X7 = {p € R3; f(p) > 0} and =~ = {p € R?; f(p) < 0}.

Firstly we assume the existence of a plane € transversal to > which is invariant
through the flow of system (9). Without loss of generality, after a linear change
of variable, we may assume that 2 = {z = 0}, equivalently bi = cli = dli = 0.

In what follows we assume, without loss of generality, that system (9) has a
center at the origin turning the orbits around it in counterclockwise sense, that is
by > 0 and by > 0. Therefore (0,y,0) € X¢, for y # 0 small enough, and di = 0.
Now (0,y,0) € X¢if and only if

(XT£)(0,9,0) (X~ £)(0,y,0) = bbyy* > 0.

In order to simplify the computations it is convenient to make a continuous
piecewise linear change of variables which transforms system (9) into a simple
form. This change of variables is a homeomorphism h which keeps invariant the
discontinuity set X, the plane Q = {z = 0} and the sets 1 and X~. Furthermore,
h restricted to X UX ™ will be a topological equivalence between the vector fields.
More precisely, following closely the ideas of [12], we have the next result.

Proposition 3. Consider system (9) with bf = ci = di = di =0, by > 0 and
by > 0. Then the homeomorphism (u,v,w) = h(x,y,z) given by

where
1 00
+
M*=|01 & |,
3
1
OOE

transforms system (9) into the normal form

(10) w, 0,0)" =Y (u,v,w) = AF(u,v,w)" + (0,d5,0)7,
where
ay 0 0
+;+ + £
At = | 25T bSbJ;a?’ S b4 —(bFer — chb)
+
% 1 0

The discontinuity set ¥ and the plane {x = 0} are invariant by h. Moreover the
following statements hold.
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(1) h transforms the crossing and sliding sets, tangency points and boundary
equilibria from the original system (9) into sets and points of same type
for system (10);
(77) h is a topological equivalence between systems (9) and (10) for all their
orbits which do not have points in common with >°U X°;
(13i) h preserves the sets ¥¢ and ¥°, that is h(X¢) and h(X®) are the escaping
and sliding regions of system (10), respectively.

Proof. With straightforward computations system (9) becomes system (10). Ob-
viously the set ¥ and the plane {z = 0} are invariant by h. The statements (i),
(i7) and (7i7) follow immediately from the equalities

1
Y= (h(w,y,00) = Y5f (,0,0) = X5 f(u,0,0),
3
because Y f - Y~ f|g differs from X' f - X~ f|s by a positive constant. Clearly,
orbits totally contained in X% are transformed in a homeomorphic way. Further-
more, the topological equivalence is not lost at the crossing set because orbits
arriving at the crossing set are continued by the natural concatenation. 0

A point p € ¥ where the flow of X*|q (resp. X~ |q) has a parabolic contact
with 3 of the form X*f(p) = 0 and (X*)2f(p) # 0, is called fold point of XT
(resp. X |q). Moreover, when the orbit of X |q (resp. X~ |q) through p is locally
contained in ¥~ (resp. £T), that is (XT)%f(p) < 0 (resp. (XT)%f(p) > 0), the
fold point p is called invisible, otherwise, it is called wisible.

A point p € QN X is a center of system (9) if there exists a neighborhood V' of
p such that VN Q\ {p} is fulfilled by crossing periodic orbit of system (9). This
means that

(XTH(@)(Xf)(g) >0

forall g € (VN{z =0})NE\{p}, and (X T f)(p) = (X~ f)(p) = 0. For system (9)
there are three different types of centers in a point p € 3: focus-focus (FF), focus-
parabolic (FP) and parabolic-parabolic (PP). Now we give a briefly description of
each one below.

In the focus-focus type both systems X*|q have a singular point at p which has
eigenvalues with non-zero imaginary part. In the focus-parabolic (resp. parabolic-
focus) type the system X |q (resp. X~ |q) has a singular point having eigenvalues
with non-zero imaginary part, while the system X~ |q (resp. X*|g) has an in-
visible fold. Finally, in the parabolic-parabolic type both systems X*|q have an
invisible fold at p.

In order to state thhe main result of this section, which classify the cen-
ters of system (9), we need some preliminary notations: n* = b3 + ci, x* =

V=lby +¢3)? —4(by ey — eyby)], 75 = 75 /x* provided x* # 0, and §* =
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(lﬁc)2 + ()2 + (dY)? 4 (dF)?. We note that S* = 0 if and only if b7 = ¢f = dy =
d?) - 0.

Theorem B. System (9) has a center in the plane Q = {x = 0} of type:

(1) focus-focus if and only if S* = 0, bfby > 0, df = 0, x* > 0 and
T+ =0
(i1) focus-parabolic (resp. parabolic-focus) if and only if S* = 0, b3bs > 0,
dé’; :OO, dy >0 (resp. dy =0,ds <0), x* >0 (resp. x~ > 0) and
(vi1) Zambol;‘c—pambolz‘c if and only if S* = 0, bjby > 0, dy < 0, dy > 0,
either nt = 0 or n* # 0, n=dy = n*dy, and (byc3 — c3b3)(d3)? =
(b3 g — c3b3)(dy ).

Remark 4. A point p € X is a T-singularity of vector field associated to system
(9), if p is an invisible fold of both vector fields X* and the fold-curves X* f =0
are transversal at p. Therefore in addition to the hypotheses of statement (iii),
the parabolic—parabolic center is a T-singularity if and only if a3 b3 — a3bs # 0.

The proof of Theorem B follows the same ideas of [14] for proving their The-
orem 3.1. Indeed our proof could be obtained by applying their theorem to the
restriction of system (9) to 2. So a major part of it could be omitted here. How-
ever, since the conditions on the original parameters that characterize the types
of centers are not given explicitly in [14], and also for sake of completeness, we
prefer to write the whole proof here.

In order to prove Theorem B we shall apply the normal form (10). To do that
the next lemma is needed.

Lemma 5 (See [11]). Consider the equation

d
(11) d—z:am—l—by—kG(x,y), a#0,

where G is of class C* at the origin satisfying
G(z,y) = cx® + dvy + ey + fa* + g’y + ha* + O(z* + ?),
for (x,y) near the origin. Let y =Y (x) be the solution of (11) satisfying
Y(=p)=Y(e)=0 for —p<0<o,
aY(z) <0 for —p<z<o.
Then for p > 0 small

o =p+up’+p2p’ + ko' +O0(p°),
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where

Eo= —pd+ld+ =1L
11 +5 +157
b 203 2b ) 3h
L = %—%—Qae——f—i—iijg——.
a a a

Proof of Theorem B. If system (9) has a center in the plane {z = 0} it satisfies
the conditions bf = ¢ = d = d3 = 0 and bjb; > 0. Conveniently we assume
the counterclockwise direction for the flow, i.e. b3 > 0 and b3 > 0. Hence, by
Proposition 3 we write system (9) in the form (10). Denoting the dependent
variables of system (10) by z,v, z, system (10), restricted to the plane {z = 0},
reads

g o= (05 +ci)y— (bycy —caby)z+dy,
(12)

=Y,

for 2 = 0, where (0,y,2) € S* U .

Now we start the proof of (7). In this case the upper and lower systems have a
singular point at the origin, i.e. di = 0, with eigenvalues given by n* + ix* and
n* —ix*, where x* > 0. Let ¢*(t,(0,7,0)) = (¢i(t,(0,7,0)), ¢35 (t,(0,r,0))) be
the flow of system (12) where

i X+ X+
©i(t,(0,7,0)) = rez’ {COS (Tt) + ~v* sin (7t>} :

2r o, . (x*
+ t
t,(0,r,0 = —e¢2 =—t].
902( 7( Ty )) Xie Sln( 2 )

Therefore the half Poincaré maps of upper and lower systems are given by
s +
Wi(T) = gpit (X_i7 (0,’/’, O)) = —re’ )

where ii is such that @3 (%, (0, r, 0)) = 0. Hence the Poincaré map is
X X

n(r)=n"ont(r)= relr 7T,
Thus we have a center if v~ + % = 0, and statement (¢) is proved.

Under the assumptions of statement (i7) the upper system (12) has a singular
point at the origin, i.e. dj = 0 and the eigenvalues of Jacobian matrix are
nt £+ ixT with x™ > 0. Analogous to the previous case the half Poincaré map of
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the upper system is 77 (r) = —re?” ™. On the other hand, the lower system (12)
has an invisible fold at the origin, i.e. d; > 0. Consider the differential equation

dz _ y
dy  (by +c5)y— (byey —cybg)z+dy
associated to the lower system (12). Since d3 > 0 we can expand the right hand
side of (13) around y = 0 and obtain the following expression
dz 1 (bs +¢5) o (bycy —cyb3) (by +¢3) 3
— = oy B a2 8 28408 Soy
dy d; (dy)? (dy)? (dy)?

2(bg +c3)(byeg — b )yQZ (b5 +c5)°

(dy)? (dy)*

Let z = z(y) be the solution of equation (14) with initial condition z(—r) = 0.
Then z(7~(—r)) = 0 and by Lemma 5

a7 (=r)=r+ur?+ (u )P+ kTt + O0°),

(13)

(14)
yt 4+ Oyt + 22).

where
~2by +cy
3 dy
Lo _ 2y — b0y + o)
(dy)? ’
(15) 2y ) [40 (by + e\ 1(bpey — cpby)
"3 d; |9\ 4 5 (dy)?

40 (b e\ by —by)
—M oo\ g 5 (d)2 '

Thus the Poincaré map is
m(r)y=n"ont(r)=n"(— ret” = T 4 e T o).

Hence a necessary condition for having a center at the origin is e’ ™ =1 and
e ™ =0, ie. vt = p~ =0, and so a* = 0. In this case we get 7 (r) =
and the lower system (12) becomes

y = by(by +c3)z+dy,

z =y,
which is invariant under the change of variables (y, z,t) — (—y, z, —t). Therefore
7 (—r) =r and so w(r) = r, i.e. the origin is a center.

Now the case parabolic—focus can be reduced to the case focus—parabolic trough
the change of variables (z,y,t) — (—z, —y,t). Hence statement (ii) is proved.
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Finally we prove statement (7iz). Then the lower and the upper systems (12)
have an invisible fold at the origin, i.e. dj < 0 and d; > 0. As in the previous
statement applying Lemma 5, we obtain

()Y (=r) =r +putr? + (D)2 + Bt 4+ O3rP),

where put, LT and k1 are the same as in (15) just changing the sign “—” by “4”.
Hence for r > 0 we obtain

7 (=r) = () =) = (7 = ) () = () (R = B+ O,

Then, a necessary condition for having a center at the origin are = — u*t = 0
and k= — k* = 0. Observe that the first condition implies that dyn~ = dyn™.
Now if nt = 0 we have = = 0 and kT = k= = 0. For n* # 0 the condition
kt — k= = 0 implies that (dy)?(byc; — c3b3) = (dy )*(by c5 — c3b3). In the first
case, i.e. n* =0, system (12) becomes

g = —(bycy —ciby)z+dy,
=y,
which is invariant under the change of variables (y, z,t) — (—y, z, —t). Therefore
(7)Y (—r)=7"(—=r) =r and so 7~ — (7+)"! = 0, i.e. the origin is a center.
In the second case the upper and lower systems (12) become the systems
g o= (bg+ci)y— (byey —c3bs)z+ds,
(16)
=y,
when (0,y,2) € 2T UX, and

.4 dy \* _
w0 = F = (F) 0id - amz e,
2 =y,

when (0,y, z) € ¥~ U X, respectively. Note that by the change of variables
dy ~dy

(18) (y7 <, t) = (y7 %’Z? %t) )

system (16) becomes system (17). Hence if

90_ (tv (07 -, 0)) = (901_(t> (Oa -, 0))’ (102_ (t’ (Oa -, O))
is the solution of system (17) through the point (0, —r,0), then

W_(_T) =y (t_(—T), (0’ -, 0>)a
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where ¢~ (—r) is such that @5 (¢~ (—r), (0, —r,0)) = 0. Thus, using the inverse of
the change of variables (18), it follows that

§0+(t7 (Oa -1 O)) = (pr—(t (07 - O)): @;<t> (07 - 0)))

(ds A _ (df
= 2+,(0,-7,0) ), -2, [ ==t,(0,—7,0
(@1 (dQ_ 7(7 7», >>7d2_902 d2_ 7(a Ta ) ’

is the solution of system (16) through the point (0, —r,0). Therefore

(ﬂ-Jr)il(_T) = 90f<_t+<_74)a (07 =, 0))7
where t*(—r) is such that ©f (—t*(—r),(0,—7,0)) = 0. Then dit*(—r)
—dyt=(—r) and (7*)"!'(—r) = 7 (—r), i.e. the origin is a center.

]

4. PERTURBATION OF THE NORMAL FORMS

In this section we use the theory developed in section 2 to study the persistence
of crossing periodic solutions of the normal forms given by Theorem B, when it is
perturbed inside the class of piecewise linear differential systems with two zones
separated by the plane ¥ = {z = 0}.

4.1. Parabolic—Parabolic Center. We consider the unperturbed systems
Xg(xu Y, Z) = ([E7 —z = sign(z), z +y) and X(E))(wv Y, Z) = (.CU, 2 Sigﬂ(Z), T+ y)
From statement (7iz) of Theorem B it is easy to see that the origin is a parabolic—
parabolic center of the unperturbed systems (&, 9, 2)T = X¢(x,y, 2) and (2,9, 2)T =
Xb(z,y,2). Indeed for both systems ST = 0, bib; =1 > 0, df = —1 < 0,
d, =1 >0, and 5 = 0. The singular points of the upper and lower vector
fields associated to X§ are invisible centers and so the period-annulus A is all
the plane {z = 0}, see Figure 2. Now, the singular points of the upper and lower

vector fields associated to X¢ are visible saddles and so the period—annulus A is
bounded by the separatrices of the saddles, see Figure 3.

The theory developed in the previous sections allows us to study the limit
cycles of the following perturbed system

i=x+e(af +ajy+ajz)
y:—z—1+gﬁ;y if 2>0,

i=x+y+e(r] +rqz)
(19)  X%z,y,z¢)
x':x+6(a6+a2_y+agz)

y:—z+1+5(ﬁo’+65y+6§z) if 2<0.

2:m+y+€(ma+n§y+m§z)
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NN
s

Ficure 2. Phase Por-

trait of unperturbed vec-
tor field X§.

(20) X(z,y,2;€)

\

Note that, by Remark 4, the point

y=z+14¢(By + By + B52)
i=x+y+e(ky +rY+K;52)

Ko — Ko

e — TS
NN HHWﬂﬁgﬁﬂﬂﬂa
=N =N\
Z//fé;o:z\i\\\\\ﬁ i /;—'is\i\\\\\\i\\\
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FIGURE 3. Phase Por-

trait of unperturbed vec-
tor field X

i =x+e(af +a3y+ajz)

y=z—1+eBy it 2>0,
i=x+4y+e(r] +rqz)
j::x+5(a5+a2_y+a§z)

it z<0.

<—€H8_ +

Kg

J’_ p—
o —
0 0
b — 70)
Ko

is a T-singularity for both vector fields X§ and X provided that ¢ # 0 and

Ky # 0.

In terms of system (2) we are assuming that the perturbations of X¢ and X}

are given by

X{(z,y,2) = (of +ady+ a3z By, kg + ki 2),

X; (2,y,2) = (ag +azy+azz,B8; +Bay+ Byz kg + Ky y—+ K3 2).
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One can also take Xt as a general linear function. However after the computa-
tions it can be seen that only the parameters considered above actually play a
roll.

We have the following result.
Proposition 6. There exist parameters oz;ft, Lk, 1 =1,2,3, B, k¢, and K§
such that system (19) admits, for |e| # 0 small enough, at least 8 limit cycles
converging, when £ goes to 0, to some of the periodic orbits contained in {x = 0}.
Proposition 7. There exist parameters aii, B, ki, i=1,2,3, B, kd, and K3
such that system (20) admits, for || # 0 small enough, at least 8 limit cycles
converging, when € goes to 0, to some of the periodic orbits contained in {x = 0}.

Proof of Proposition 6. In order to prove this proposition we have to identify the
elements of Theorem A. Computing the solutions of (&,7,2)T = X¢(z,vy, 2) we
obtain

Vg (£,0,v,0) = (O,Vcost—sint,ysint—i—cost— 1),

Yy (£,0,1,0) = (O,Vcost—i—sint,ysint —cost + 1),

Expanding the solutions of system (19) in power series of € we get

int t
U (L0.0,0) = (o +af + (af —af)v) == — (aF — af = (aF —ai)v) -
t
e
+(20¢ + (03 + —ag)(v = 1)) 5 —af —ag,
Uia(t,0,0,0) = (208 —2(6y + k)t — a3 (2 —t(v — 1)) +2(83 — K3 )V
int
—af(2—t—(t+ 2)@)% — (208 — A(k{ — k)
t
2B + Rt — af (34t — (t— 1)) =~
t
e
—(ag + (a5 +af)(v = 1)) + g — a5 —xf + 4],
Ui5(t,0,0,0) = —(2(ag —a3) +2(8y — 26 +#3) — (aF +ag)t
+_ o+ + ot sin t +_ o+ ot
—(ag —az +2(5, +’f3>)tV)T - (2040 —Qy — Q3
+ + + + + oy 08t
+(042 + g )(t + 1)” - (a2 — Qg + 2(52 + K3 ))t)T

t
(20 + (of + o) —1) 7.
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and

_ _ _ sint _ _ _ . \cost
1/)1,1(157 0,v,0) = (042 (v=1)—az v+ 1))_2 - (% —az + (0 + g )V) N
t

(2045 + (agy +a§)(1+y))% —2(ap +a3),

Pio(t,0,1,0) = (200 +a; 2+t +tw) +a5(2—t+ (2+t)v)

+2(28y + B3 + (By + k3 )t + (By — K3)v + By tv

—ky (1 + tl/)))SITnt

— (20 —4(kg +K3) —ay (L+t(-1+v)+v)

+2t(B; — Ky — (52_+/€§)I/)+Oz§(3+t+(—1+t)y))%8t

6t

— (209 + (a3 +a3)(1+v)) 1

+toy +ag — Ky — K3,

Vig(t,0,1,0) = — (209 +2(By + 2Ky + K3 ) + gt —2(—F5 + Ky )t—
(2085 +55) — (05 + 2085 + k)0 + 05 (2 41+ 1) Tt
— (200 +4(8y +B5) T ay (1 +)(L+v) +az (1 +¢(~1+v)
)+ 2685 + i + (B + K5 + (87 — r ) 22

4
t

e
(20 + a5 + a3 + (a3 + OCPT)V)Z + By + B3 .

Analogously we compute o7 (¢,0,v,0) = £2arctan v,

2 arctan v

e
4v

of (v)= (20 + (of +af)(v—1)) + (o —af +2(85 + «7)

arctan v n
2v 42 4+ 1)

205 (1 — (v —=2)v) — (4B — 26§ +r3) —ai (3+ (v — l)y))u),

+(ag +a5)v) (a5 +ag(v =1 v+ 1)
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and

—2arctan v

or (V)= (205 + (a5 +a3)(v+1)) + (ay — a3 +2(85 +k3)

iy
_ _ _ _ arctan v _ B
—(ay +az +2(8y — Ky ))’/)T - (043 —ay (v=1)(v+ 1)2
200 (1 — (v + 2)v) + (4(By + 2Ky + k3 — (265 + B3 — Ky V)
1
—as (3 1 S
Using the formulae (6) we conclude
wi(v) = 2sinh(2arctanv),
1 6_2 arctanu(y _ 1) 62 arctanu(l + 1/)
wQ(V) Ty + 2v B 2v ’
€2arctan1/
M) = (208 + (0 + o) — 1) 5 —
—2arctan v
+ (205 + (a5 +a3)(1+v)) 5
1
+§( — 205 —ap —ay — 20 +af +af +(a; +a5 + o +ai)v)),
200 + (o +a3)(=1+v))(1+
)\2(1/) - _ ( @ <a2 a3 )( U))( V) e2arctanv
4y
(14 ) (209 + (a3 +a3)(1+ 7)) ~2asctan
4y
1
+Z(—a;+o¢§—a2++a§r—2(ﬂg+52++ﬁg+n3+)

+2(ay + g + 285 — 2Ky )V

+(og —ay —ay +af +2(8; — B3 + k3 — K4 ))V?) arctan v
P(v)
A(v+v3)’
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where
P(v)= 205 +a; +a; +2af —of —ai +2(— oy +a; — a3 + 3o
+2(—ai + By + B + 2Ky + Ky — 26 + KT))v
—2(3ag + 205 +205 —of +of +ai +86y + 485 — 4ky )12
+2(30g — a3 + o3 + 30y — 2(ed + By — B3 + 2Ky + Ky
+2r§ — k3))° — (a5 + o5 +af +af )Vt

Now expanding the function M(v) (see (5)) in power series of v we get

8
=> '+ 00
=0

Here the parameters C;, ¢ = 0,...8, are linear combinations of the parameters

o, B ki, 1=1,2,3, B, k¢, and k3. Moreover they are linearly independent.

10 Mg
So we can choose them in order to obtain 8 positive simple zeros of the equation
M(v) = 0. The proof of this theorem follows by applying Theorem A. O

Proof of Proposition 7. The proof of this proposition is analogously the to proof
of Proposition 6, noting that the solutions of (i, 7, )T = X{(x,y, 2) are

Yg (t,0,v,0) = (O, vcosht — sinh ¢, vsinht — cosht + 1),
Wy (¢,0,1,0) = (0, vcosht + sinh ¢, vsinht + cosht — 1),

1 1-—
vt 1) and o, (¢,0,v,0) = log (l—i——Z) Here again,

expanding the function M(v) (see (5)) in power series of v we get
8

ZCV+O ),

=0

and oy (t,0,7,0) = log (

where the parameters CZ, 1=0,...8, are independent linear combinations of the
parameters oF, B, , Ky, i = 1,2, 3 ﬁ2 , kg, and Ky . O

1

4.2. Focus—Focus Center. We consider the unperturbed systems X§(z,y, z) =
(z,—z + sign(z)y, = + y). From statement (ii) of Theorem B it is easy to see
that the origin is a focus—focus center of the unperturbed system (i,7,2)! =
X§(z,y,z) in such way that their periodic orbits fulfil all the plane {x = 0

(see Figure 4). Indeed for both systems S* = 0, bjb; =1 > 0, dy = d; = 0,
x* =3, n¥ = +1 and then v, + 72 = 0.
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FIGURE 4. Phase Portrait of unperturbed vector fields X§.

We study the limit cycles of the following perturbed system

( i:x+5(aa“+afm+ajy+a§fz)

y=—z+y+e(By +0 v+ B5y+p5z) i z>0,

_— ) i=a+y+e(rd +riz+riy+rTz)
Ty, 2 €)
9'c:x+6(045+041_x+o¢2_y+043_z)

y=—z—y+e(fy +Bra+Byy+pyz) i z2<0.
f=a+y+e(ky +r 2+ Ry Y+ Kg2)

So we have the following result.

Proposition 8. If B # 0 then, for |g| # 0 small enough, there is a unique
crossing periodic solution ¢(t,e) of system (21) bifurcating from periodic orbits
contained in {x = 0}, such that

\/§<1+e%)A
»(0,e) - [0, — 5B ,0], when e—0,
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where

A =qop (3 tde VA (e% — 1) — 2 sech (%))

+ag — 2af sech <i> —3(8y + By +2ky) and

V3

m
tanh [ —= ) — 1 " 5 +3(ag 5
_ 2oz tog +3(af +af)) ™ () ~) (o5 +03 + 30 + )

B
() s
2~ V3 (ay + a3
= (\(j% ) +2ray — mag +2v3ad — 2mad +2v3ad — mad
+37By — 2nBy — wB5 — 3mky + 3mKky + TRY — ThA .
Moreover if A # 0 and B = 0 then there are no crossing periodic solutions

bifurcating from periodic orbits contained in {x = 0}.

It is worth to say that even assuming B # 0 and || # 0 small enough this
proposition does not provide the global uniqueness of crossing periodic solutions
of system (21) close to the plane {z = 0}. Indeed some crossing periodic solutions
may bifurcate purely from infinite (see [13]).

Proof of Proposition 8. The proof of the first part of this proposition is analo-
gously to the proof of Proposition 6, noting that the solutions of (i,7,2)T =
XG(2,y,2) are

. B (V3 [VBt V3t \ 2ves (3t
Yy (t,0,1,0) = (0,V€2 <?sm (T) —|—cos( 5 )) " s1n< 5 )),
_ _ V3t N V3t ves . V3t
Yy (¢,0,1,0) = (O, ve (cos (T) — ?Sm ( 5 >> 7 sin (T)) ,
2m

and o (t,0,1,0) = :|:—3. Moreover, in this case, the Melnikov-like function (5)

[SIES

is linear, i.e. M(v) = Cy + Cyv, where

14eva 7
Co= te 3A and C’lzzB.
2 3v3

Clearly if A # 0 and B = 0, then M(v) = Cy # 0 for all v € V. It concludes
this proof. O
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