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Abstract

We study the maximum number of limit cycles that can bifurcate from a
degenerate center of a cubic homogeneous polynomial differential system.
Using the averaging method of second order and perturbing inside the class
of all cubic polynomial differential systems we prove that at most three limit
cycles can bifurcate from the degenerate center. As far as we know this is the
first time that a complete study up to second order in the small parameter
of the perturbation is done for studying the limit cycles which bifurcate from
the periodic orbits surrounding a degenerate center (a center whose linear
part is identically zero) having neither a Hamiltonian first integral nor a
rational one. This study needs many computations, which have been verified
with the help of the algebraic manipulator Maple.
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1. Introduction

Hilbert in (16) asked for the maximum number of limit cycles which
real polynomial differential systems in the plane of a given degree can have.
This is actually the well known 16th Hilbert Problem, see for example the
surveys (17; 18) and references therein. Recall that a limit cycle of a planar
polynomial differential system is a periodic orbit of the system isolated in
the set of all periodic orbits of the system.
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Poincaré in (22) was the first to introduce the notion of a center for a
vector field defined on the real plane. So according to Poincaré a center is
a singular point surrounded by a neighborhood filled of periodic orbits with
the unique exception of the singular point.

Consider the polynomial differential system

a'c:P(x,y), ZJZQ(Z',:U)’ <1>

and as usually we denote by "= d/dt. Assume that system (1) has a center
located at the origin. Then after a linear change of variables and a possible
scaling of time system (1) can be written in one of the following forms

&= —y+ Fi(x,y), i =y+ Fi(z,y), i = F(z,y),
(A> y:$+F2(x7y)> (B) y:F2<zay)7 (C) y:FZ(l.vy))

with £} and F5 polynomials without constant and linear terms. When system
(1) can be written into the form (A) we say that the center is of linear type.
When system (1) can take the form (B) the center is nilpotent, and when
system (1) can be transformed into the form (C) the center is degenerate.

Due to the difficulty of this problem mathematicians have consider simpler
versions. Thus Arnold (1) considered the weakened 16th Hilbert Problem,
which consists in determining an upper bound for the number of limit cycles
which can bifurcate from the periodic orbits of a polynomial Hamiltonian
center when it is perturbed inside a class of polynomial differential systems,
see for instance (9) and the hundred of references quoted therein. It is known
that in a neighborhood of a center always there is a first integral, see (21).
When this first integral is not polynomial the computations become more
difficult. Moreover, if the center is degenerate the computations become
even harder.

In the literature we can basically find the following methods for studying
the limit cycles that bifurcate from a center:

e The method that uses the Poincaré return map, like the articles (4; 8).

e The one that uses the Abelian integrals or Melnikov integrals (note
that for systems in the plane the two notions are equivalent), see for
example section 5 of Chapter 6 of (2) and section 6 of Chapter 4 of
(15).



e The one that uses the inverse integrating factor, see (11; 12; 13; 25).
e The averaging theory (6; 14; 19; 23; 24).

The first two methods provide information about the number of limit cycles
whereas the last two methods additionally give the shape of the bifurcated
limit cycle up to any order in the perturbation parameter.

Almost all the papers studying how many limit cycles can bifurcate from
the periodic orbits of a center, work with centers of linear type. There are
very few papers studying this problem for nilpotent or degenerate centers.
In fact, for degenerate centers as far as we known the bifurcation of limit
cycles from the periodic orbits of a degenerate center only have been study-
ing completely using formulas of first order in the small parameter of the
perturbation. Here we will provide a complete study of this problem using
formulas of second order, and as it occurs with the formulas of second order
applied to linear centers that they provide in general more limit cycles than
the formulas of first order, the same occurs for the formulas of second order
applied to degenerate centers. Of course, the computations from first order
to second order increases almost exponentially.

This paper deals with the weakened 16th Hilbert’s problem but perturb-
ing non—Hamiltonian degenerate centers using the technique of the averaging
method of second order, see (14), and Section 2 for a summary of the results
that we need here.

Since we want to study the perturbation of a degenerate center with
averaging of second order, from the homogeneous centers the first ones that
are degenerate, are the cubic homogeneous centers, see for instance (7). In
this class in (20) the authors studied the perturbation of the following cubic
homogeneous center

i=—yB?+y?),  g=x(®—y), (2)

inside the class of all cubic polynomial differential systems, using averaging
theory of first order. Here we study this problem but using averaging theory
of second order.

System (2) has a global center at the origin (i.e. all the orbits contained
in R?\ {(0,0)} are periodic), and it admits the non-rational first integral

222
/9 2
H(z,y) = (2" +y°) exp (—m) :
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The limit cycles bifurcating from the periodic orbits of the global center
(2) have already been studied in the following two results, see (20) and (5),
respectively.

Theorem 1. We deal with differential system (2). Then the polynomial
differential system

T = —yBa?+y?) +e < > aij:ciyj> ,

0<i+j5<3

gy = x@—y*)+e| > by |,
0<i+5<3
has at most one limit cycle bifurcating from the periodic orbits of the center of
system (2) using averaging theory of first order. Moreover, there are examples
with 1 and 0 limit cycles.

Proposition 2. We consider the homogeneous polynomial differential system
(2). Let Pi(x,y) and Q;(x,y) for i = 1,2 be polynomials of degree at most
3. Then for convenient polynomials P; and @Q;, the polynomial differential
system

&= —y(32®+y?) +ePi(z,y) +*Pa(x,y),

v = z(2? —y*) +eQi(z,y) +2Qx(z, y),

has at first order averaging one limit cycle, and at second order averaging
two limit cycles bifurcating from the periodic solutions of the global center

2).

Our main result is the following one and it do by first time the complete
study of the averaging method of second order for a degenerate center having
neither a Hamiltonian first integral nor a rational one.

Theorem 3. We consider the cubic homogeneous differential system (2).
Then the perturbation of system (2) inside the class of all cubic polynomial
systems

0<i+5<3 0<i+j<3

T = —yBz?+y}) +e < 3 aijxiyj> +e2 ( > bijxiyj) ,
(3)
gy = z(@®—yH) +e¢ ( > cijxiyj> +e? ( > dijxiyj> ,

0<i+;5<3 0<i+5<3
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has at most three limit cycles bifurcating from the periodic orbits of the center
of system (2) using averaging theory of second order. Moreover, there are
examples with 3, 2, 1 and 0 limit cycles.

The paper is organized as follows: In section 2 we present a summary
of the averaging method of second order following (14). Next in section 3
we provide the proof of our main Theorem 3. In section 4 we provide three
examples, of systems (3) with 0, 1, 2 and 3 limit cycles bifurcating from the
degenerate center. At the end we present the Appendices A, B and C.

2. The averaging method of second order

In this section we present the averaging method of second order following
(14). In that paper the averaging theory for differential equations of one
variable is done up to any order in the small parameter of the perturbation.
We consider the analytic differential equation

dr

i = Co0.0) + G, (W

with 7 € R, 6 € S! and ¢ € (—¢&g,&9) with gy a small positive real value,
and the functions G(6,r) are 2r—periodic in the variable 6. Note that for
e = 0 system (4) is unperturbed. Let r¢(6,ry) be the solution of system (4)
with ¢ = 0 satisfying r5(0,79) = 79 and r5(0,r¢) is 27 periodic for ry € 7
with Z a real open interval. We are interested in the limit cycles of equation
(4) which bifurcate from the periodic orbits of the unperturbed system with
initial condition rq € Z. So, we define by r.(#, 1) the solution of equation
(4) satisfying 7.(0,ry) = ro.

In what follows we denote by u = u(#,ry) the solution of the variational
equation

du  9G,

0= W(@,rs(ﬁ,ro))u,

satisfying u(0,79) = 1.



We define

Gut = | Gl<%<;“f£f;7“°”dea )
Gnlr) 7 (Gg(i(gsifﬂr())) %G L0, 7,(6,70)) ua(6, 7o)
| 2832G20(9 rs(0,10)) Ul(eﬂ”o)z) do.

In statement (b) of Corollary 5 of (14) it is proved the following result.

Theorem 4. Assume that the solution r4(0,1q) of the unperturbed equation
(4) such that rs(0,79) = 19 is 2m—periodic for ro € T with T a real open
interval. If Gio(ro) is identically zero in Z and Gao(ro) is not identically zero
in I, then for each simple zero r* € T of Goy(r9) = 0 there ezists a periodic
solution r(0,10) of (4) such that r-(0,79) — r* when ¢ — 0.

3. Proof of Theorem 3

System (2) in polar coordinates becomes
7 = —2r® cos fsin 6, 0=r2 (6)

or equivalently,

d
& —2rcosfsinf,

do

and it has the solution r,(0, 1) = roexp(— sin® ) satisfying that r,(0,7¢) =
To.

Now we perturb system (2) inside the class of all cubic polynomial dif-
ferential systems as in (3). System (3) in polar coordinates give rise to the
differential equation

% = Go(0,7) + Gy (6,7) + £2Ga(0,7) + O(%),



with
Go(0,r) = —2rcosfsind,

1 1
Gi(0,7) = ¢1.1(0) 2 + g1.2(0) - + g13(0) + g1,4(0) 1,

1 1 1 1
Ga(0,7) = g2.1(0) e + g2.2(0) ! + g2.3(0) 3 + g2.4(0) )
1
+925(0) — + 92,6(0) + g2,7(0)
where the expressions of the coefficients g1,() for i = 1,2,3,4 and g, ;(0)
for j =1,2,---,7 are given in the Appendix A.
Additionally, we consider the variational equation

ou 8G0

00 W(eﬂas(euro))a

and its solution u(6, ry) satisfying u(0,79) = 1, namely u,(#) = exp(—sin? ).
We define

2

I = / exp(2sin®6) cos' § df = 3.572403292...,

o

s

I, = [ exp(2sin®6) cos® 6 df = 5.985557563..., (7)

o\

2

I; = /exp(2 sin ) df = 21.62373221...

0

Lemma 5. Consider Iy, Iy, I3 defined in (7). Then for ajg = —(I3 — 211 +
L) /(211 — I))cor and azg = —2co3 — 21 we have that the function Gio(ro)
defined in (5) is identically zero.

Proof. We have

Gl(i’(gsfsro)) — A(6) ;12 + B(0) % +C(0) +D(9) o,



with
A(0) = [sin 6 (2 cos? 0 + 1) cgo + cos O (—1 + 2 cos? 0) ago) €* ¢,

B(6) = [cosfsinf (—1 + 2 cos? ) ag + cos? 0 (—1 + 2 cos? 6) ayg
—(—cos?0 +2 cos* 0 — 1) cop + cosOsin (2 cos? 0 + 1) ¢10] €2 577,

C(0) =[—cosf (=3 cos? 0 + 1+ 2 cos? 0) agg + cos® 6 (—1 + 2 cos® ) agg
+cos? @sinf (—1 + 2 cos® ) ayy + sin® 0 (2 cos? 6 + 1) coo
+cos?fsinf (2 cos®f + 1) cag — cos B (— cos? 0 + 2 cos? § — 1) ¢y 9,

D(6) = cosfsin®6 (—1 + 2 cos? 6) ags + cos* 6 (—1 + 2 cos? ) asy
+cos? Osinf (—1 + 2 cos? 0) ag; — cos® 0 (—3 cos® 0 + 1+ 2 cos? ) ayy
+ (1 — 3 cos? 0 + 2 cos® ) o3 + cos® Osin O (2 cos? 0 + 1) 30

— 08?0 (—cos® 0 + 2 cos* 0 — 1) cay + cosOsin® 0 (2 cos? 6 + 1) cia.

Now

2m

Cholro) = / 16,750 10)) gy _ 7(A(0) L Boy L 1cwe Do) 7’0> o,

u(f,ro) T3 To

and considering the change of coordinates # = ¢ + 7 in the interval [0, 27]
and the symmetries

sin(f 4+ w) = —sin 4, cos(f +m) = —cos¥, ()
we have that
o ™ 2 ™
/A(@)dé’ = /A(gb)d(b =0, /C(@)d& = /C(gb)dqﬁ =0.
0 -7 0 -7
So we have
2 o
Gulr) = [ 20+ [ o)roas
0 0
= [(2a10 — 2co1) 11 + (cor — ar0) L2 + cor13] 7’_10 + g (2c03 + aso + ca1) 7o,



and therefore G = 0 if

Is =2 + I
ailp = —3—1_|_2001 = —1765322447601, asp — —2603 — Co1.
2l — I,
This completes the proof of the lemma. l

Now we have

G2(97T5<0,T0)) . 1 1 1 1 1 ~
u(&, TO) - A5 (9) 7,5, +A4<9) 7’% +A3(9) Tg +A2 (9) 7‘% +A1(0) To +A0(9> +A1(9> To,

with A5(9) ,A4(9) ,A3(9) ,AQ(G) ,Al (9) ,AQ(G) ,Al (9) are given in the Ap-
pendix B.

We note that

27 2 2T
/A4(9) df =0, /Ag(ﬁ) df =0, /AO(G) df =0,
0 0 0
because of the symmetries (8). So we have
G 0 9 27 2 2
/ 2(6,s(6, 7o) de_l/ d9+l/A3(«9)d0+l AL(6) do+ /Al(e)de o,
u(6, 1) o e To
0 0 0 0
(9)

and we recall that the expressions of As(6), As(6), A1(0), A1(#) are given in
the Appendix B. We have

21
27 2w 27
/A5(9) do = (—4/ 8 50° 0 cost 0 + 2/ 850 0052 070 1 / o8 sin’ "d@) a00C00
0 0 0
0

= 665.2264930..(100600,

2

/Ag(e) dd = 239.0000390..(101601 -+ 97.83745135..&000@2 + 97.83745135..@02000
0

—257.2692783..601610 + 12.93483815..&00020 — 7.99641945..@00@11
—|—12.93483815..6L20600 — 28.92767705..C00011,



21

/Al(e) df = 1.159249021..b19 + 20.46448319..dy; + 2.318498043..a;11¢11

0
—4.73165232..002011 —+ 2.318498043..@2000’2 -+ 2.318498045..@02020
—3.761715750..011(320 + 14.47892563..&02C02 — 1.253905250..&02&11
"‘0.189312456..&20020 + 0.094656226..a11a20 —+ 0.647510463..&21001
—5.110277230..003610 + 2.318498043..(112610 + 2.22384182..(101621
—{—36.6143963..@03001 - 3.95102821..610021 - 1.25390525..&010,12
—45.6606188..c1c12 — 7.1036910..co1c30 + 14.28961317..a¢1co3,

/1211(9) df = —0.3926990817..c50c21 + 0.1963495408..c50a12 + 2.159844949..ag3¢03

—0.1963495408..ap3a12 — 0.7853981634..c12c91 + 0.3926990817..ap3c21
—1.178097245..cosc12 4+ 0.3926990817..c12a19 4+ 0.9817477042..co3¢30
+1.570796327..d2; + 3.141592654.. dog + 1.570796327..b30.

Remark 6. (a) Looking at the expressions of As, Ay, Ay in the Appendiz B
we can have the exact definition for the numerical coefficients which appear
in the previous integrals. Thus for instance

239.0000390 - - - = —

27 .
/e4 %0 (cos2f — 1) (21, — 415 cos*  + 215 cos® 6 — IQ)d@

2L — 1
0

and Iy, I, I3 satisfying relations (7).

(b) All the computations of this paper have been verified with the algebraic
manipulator Maple.

We additionally have

0G, By (0) By (0)
W(e’ 7s(0,70)) = Bo(0) + 2 + o

with

Bo(0) = cos?0 (1 +2 cos®0 — 4 cos 0) coy
+ (=2 cos® 0 + 1 — cos* ) co3
+ cos 6 (sinf cos® 6 — 2 cos? Osin O + sin ) ¢y
+cos® 0 (sin 6 + 2 cos? O sin 0) c3
+sin 6 cos B (3 cos? § — 1 — 2 cos* 0) ap3
+cos? 0 (=1 + 3 cos? 0 — 2 cos’ 0) ays
+ sinf cos® 0 (=1 + 2 cos® ) as,
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Bi(0) = (—1—18.65322447... cos® f + 37.30644894... cos* ) e?5™ ¥y
—sinfcosf (2 cos? 0+ 1)e 2sin?6;,
+sinf cosf (—2 cos® 0 + 1) e25* P,

By(0) = —2sinf (2 cos?0 + 1) coo + 2 (—2 + e35i0°0 g 9) aoo-
Now we have

Gi(w, ro(w,m))  Co(w) = Ci(w) ~

= C C ;
u(w,rg) 7“(2) + ro + o(w) + 1(11)) To
with
Colw) = ¥ [cosw (2 cos® w — 1) agy + sinw (1 4 2 cos? w) ¢l ,
Ci(w) = [coswsinw (=1 + 2 cos? w) agy
I3
- (1 + T 1, (cos? w — 2 cos* w)) Co1
+coswsinw (14 2 cos®w) clg] e2sinw,
Co(w) = [cos®w (2 cos? w — 1) agy — cosw (—3 cos? w + 2 cos* w + 1) agy
+sinw cos® w (2 cos® w — 1) ayy + sinw cos? w (1 + 2 cos? w) ¢y
+coo 8in® w (1 + 2 cos? w) — cosw (2 cos* w — 1 — cos? w) ¢19] e,
Ci(w) = — (cos*w + 2 cos®w — 1) c3 + sin® w cosw (1 + 2 cos? w) 12

—cos?w (—1 — 2 cos? w + 4 cos w) cay + cos® wsinw (1 + 2 cos? w) c39
+sin® w cosw (2 cos? w — 1) ags + sin® w cos® w (2 cos? w — 1) aro

+ cosP wsinw (2 cos? w — 1) ay;.

Additionally, from (5) we obtain

0 0
1 ~
w1 (6, 7o) :ﬁ/ dw—i——/Cl dw+/C’o(w)dw+r0/ 1(w) dw,
0
0 0

and so
oG 1 1 1 1 1 .
0, 7(0,70)) s (8, 70) = 55(6) ~+51(8) ~1-+53(0) Z5+52(6) +51(6) —+s0(6) +51(6) o,

(10)

11



and the explicit expressions of s;(f) for ¢ = 0,1,--- ;5 and §(#) are given
in the Appendix C.
2

: 0
Since o2 = 0 from (5) we have that
T (Ga(0, ra(0,70))  OG
. 2\U, Ts\U,To 1
Gatro) = [ (LTI T 10, wal0,10) ) a
0

and we obtain
5 6 4 2
TOGQ()(T’()) = VgTy + V4T + V2T + 2o,

with

vg = —0.3926990800 - - - co1c30 + 0.1963495397 - - - ajac30 + 2.159844949 - - - agscos
—0.1963495365 - - - agza12 — 0.7853981634 - - - c19¢91 + 0.3926990817 - - - agzcor
—1.178097245 - - - co3c12 + 0.3926990817 - - - aq9c12 + 0.9817477042 - - - cozcs0
+1.570796327 - - - dgy + 3.141592654 - - - dpg + 1.570796327 - - - by,

Vyq = —3.155691751 - - - a921Cp1 + 6.612510180 - - - Co3C10 + 1.786201647 - - - a12C10
+2413154277 <+ ap1Co1 + 38.88726613 - - - ap3Co1 — 1.253905255 - - - C10C21
—1.206577137 - - - ap112 — 68.30745733 - - - Cp1C12 — 38.88726635 - - - Cp1C30
+13.27234849 - - - ap1Co3 + 2.318498043 - - - a11C11 — 4.73165232 - - - Cp2C11
—|—2318498043 c 0 A20Cn2 + 2.318498045 - - - Qp2C20 — 3.761715750 - - - C11C20
+14.47892563 - - - apaco2 — 1.253905250 - - - apeai; 4+ 0.189312456 - - - agpcap

Vg = 95.95703341 - - - aoCo2 + 105.7377762 - - - ap2Co0 + 239.0000390 - - - a01Co1
—7.649140220 - - - Qopod11 + 16.68739736 - - - apoCa0 — 110.9164314 - - - CooC11
—257.2692783 - - - cgrc19 — 0.000001 - - - co12 — 31.79348852 - - - agcoo,

Vo = 665.2264933 - - - apoCoo-

We have that the coefficients vg, v4, v2, vg are independent because dyz only
appears in vg, big only appears in vy, agyCoz only appears in vy, and aggcoo
only appears in .

Now we are going to use Descartes Theorem:

Theorem 7 (Descartes Theorem). Consider the real polynomial p(x) =
a;, 1+ a2+ a, " with 0 < iy < iy < -+ < 4, and ai; # 0 real

12



constants for j € {1,2,---,r}. When a;;a;,,, <0, we say that a;, and a;,,,
have a variation of sign. If the number of variations of signs is m, then p(x)
has at most m positive real roots. Moreover, it is always possible to choose
the coefficients of p(x) in such a way that p(x) has exactly r — 1 positive real
T001S.

For a proof of Descartes Theorem see pages 82-83 of (3).

So from Descartes Theorem we can choose vg, v4, V2, Vg in order that the
G9o has 3,2,1 or 0 real positive roots. This completes the proof of the first
part of Theorem 3.

Remark 8. Again the exact definition for the numerical coefficients which
appear in vg, Vg, Vo and vy are given in Appendices B and C. For instance

2 2T 2

vy = /A5d9 + /55,3d9 = /A5d0 = 665.2264933...
0 0 0
For completing the proof of Theorem 3 we shall provide examples of

system (3) with 3, 2, 1 and 0 limit cycles. In fact, strictly speaking it is not
necessary to provide examples with 3, 2, 1 and 0 limit cycles but we want to
provide such examples.

4. Examples

Example with 3 limit cycles
In Figure 1 we see that for ¢ = 0.001 the system

i = —y(322+y?) + e + £2(3570.576292z — 752.88238062°)
= (322 + ) + 0.001 + 0.003570576292 — 0.000752882380623,

g = a(z?—y?) +e(1 — 37.74385845y2)
= z(22 — y2) + 0.001 — 0.037743858452,
(11)

has three limit cycles, since for system (11) we have

1 1 1
Gao(ro) = —1182.624878 r9+4139.187071 ——3621.788686 — +665.2264933 —

and from Gao(rg) = 0 we obtain the three positive roots near to ry =
0.5,1,1.5.

13
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e=0 e =0.001

Figure 1: For ¢ = 0 we have the degenerate center of system (2), and for e = 0.001 the
perturbed system (11) has three limit cycles.

We have used the program P4 described in Chapters 9 and 10 of (10) for
doing the phase portraits in the Poincaré disc which appear in this paper.

Example with 2 limit cycles
For € = 0.001 the system

= —yBz*+y?) +e(l+y+2%y) + *(—856.6373973z + y°)
= —y(322 + y?) + 0.001 + 0.001y + 0.00122y — 0.0008566373973z + 0.000001y?,

y= x(@®—y*) +e(l+y*) +e*(x + 73.80732101y°)
= z(2? — y?) + 0.001 + 0.001y> + 0.000001z + 0.00007380732101¢?,
(12)
gives

1 1 1
Gao(ro) = 231.872537575—993.0560642 —+95.95703341 — +665.2264933 —,

o o o
and Goo(rg) = 0 has the two positive zeros rg = 1 and 1y = 2. In Figure
2 we see the two limit cycles bifurcated from the degenerate center of the

unperturbed system (12).

e =0.001

Figure 2: Two limit cycles bifurcate from the degenerate center of the unperturbed system
(12).

Example with 1 limit cycle
For ¢ = 0.001 the system

i = —y(32% +y?) + (1 — 176.5322447x) + *(z + 2°)
= —y (322 +32) +0.001 — 0.1765312447 x + 0.000001 3,
(13)

v (2% — y?) + (10 + 10y + 5zy) + 2(y — )
2

= 2 (22 — y?) + 0.010 + 0.010001 y + 0.005 2y — 0.000001 3,

14



has

1 1 1
Gao(ro) = —1.570796327r+21.62373221 — —5545.821670— +6652.264933 — .
From relation Gag(rg) = 0 we obtain —1.097575824, 1.097575824, —5.725902515—
5.148324797i, 5.725902515+4-5.148324797i,—5.725902515+5.148324797:,5.725902515—
5.148324797i. So only one limit cycle can bifurcate from a periodic orbit of
the center of the unperturbed system (13), as we can see in Figure 3.

e =0.001

Figure 3: The limit cycle bifurcated from the degenerate center of the unperturbed system

(13).

Example with zero limit cycles
Now for e = 0.001 we consider system

i =—y@Br?+y?) +e+ex
= —y (322 +y*) + 0.001 + 0.000001 z,
(14)
(2 = *) +e(1+¢?) + %y’
(2% — 3?) + 0.001 4 0.001 3 + 0.000001 3/°,

with

1 1 1
Gao(ro) = 3.14159265471) + 1.159249021T— + 95.95703341; + 665.22649335.
0 0 0

We have that G (r0) = 0 has solutions —2.116012294—1.5703598314, 2.116012294+
1.570359831¢, —2.0956995201, 2.0956995207, —2.116012294+1.570359831¢, 2.116012294—
1.570359831:. So no limit cycles can bifurcate from the degenerate center, see

also Figure 4.
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e =0.001

Figure 4: No limit cycle bifurcates from the degenerate center of the unperturbed system
(14).

5. Appendix A

g11(0) = cosB (2 cos® 0 — 1) ago + sinf (1 + 2 cos? 9)2 €00,

g1,2(0) = sin? 6 (1 + 2 cos? 9) co1 + sinf cos 8 (1 + 2 cos? 0) 10
+sinf cosf (2 cos? 6 — 1) agy + cos? 0 (2 cos? 0 — 1) ayo,

g1,3(0) = sin® 6 (1 + 2 cos? 9) Co2 + (—2 cos® 6 + cos® 8 + cos 9) c11
+ cos? @ sin 6 (1 + 2 cos? 0) coo + (72 cos® @ + 3 cos® 0 — cos 9) aga+
cos?0sinf (2 cos? 0 — 1) a1y + cos® 0 (2 cos? 0 — 1) ag,

g1.4(0) = sin? 6 (1 + 2 cos? 9) o3 + sin® 6 cos 6 (1 + 2 cos? 9) C12
+sin® 0 cos? 0 (1 +2 cos? 0) ca1 + sin b cos® 0 (1 + 2 cos? §) eso
+sin® 6 cos 6 (2 cos® 6 — 1) aos + sin? 0 cos? 0 (2 cos® 0 — 1) ar2
+sinfcos® 0 (2 cos? @ — 1) azy + cos* 0 (2 cos? 6 — 1) ag,

92’1(9) = (2 COS2 0+1—-4 COS4 0) apoCoo — 6002 sin 6 cos 6 (2 COS2 0+ 1) 6002
+sinfcosf (2 cos? 0 — 1) ago?,

g2,2(0) = —cosb (—2 cos?0 — 1+ 4 cos? 9) C10a00 — 2 cos? @ sin @ (2 cos? 6 + 1) €10C00
+2cos? fsinb (2 cos? 6 — 1) a10@0p — Sin 6 (72 cos?0 — 1+ 4 cos* 0) Co1Q00
—sin6 (=2 cos? 6 — 1 + 4 cos* ) copanr — cosd (—2 cos? 6 — 1 + 4 cos* 0) cooaro
+ (4 cos® § — 2 cos 6 — 2 cos® ) co1co0 + (6 cos® @ — 4 cos® § — 2 cos §) agyaoo,

g2,3(0) = (C082 0 +4 cos® — 6 cos? 6 + 1) ap1Co1 + (C082 6 +4 cos®f — 6 cos*d + 1) appCo2
+ (Cos2 6 +4 cos®f —6 cos*d + 1) p2Coo — C11a00 Sin @ cos 0 (72 cos20 — 1+ 4 cos? 9)
—copary sinf cos 0 (—2 cos? 6 — 1 + 4 cos* 0) — 2 cac00 sin 6 cos® § (2 cos? 6 + 1)
+2 asoaoo sin 0 cos® 0 (2 cos? 6 — 1) + 2 agaago sin® 6 cos 6 (2 cos? 6 — 1)
—2 coacoo sin® @ cos 0 (2 cos? 0 + 1) — cipao sin 6 cosd (—2 cos? § — 1 + 4 cos* §)
—cp1a10sin 6 cos 6 (—2 cos?f — 1+ 4 cos* 9) — Ca0agp cos> 0 (—2 cos?f — 1+ 4 cos* 9)
—Cooa20 cos> @ (—2 cos?f — 1+ 4 cos* 9) + (—4 cos® @ + 6 cos? 6 — 2 cos? 9) a11ago
+ (4 cos® 0 — 2 cos? 6 — 2 cos? 9) €11Co0 — C10G10 COS2 0 (72 cos?6 — 1+ 4 cos? 9)
+ (—4 cos® 6 + 6 cos* 6 — 2 cos? 0) arpaor + (4 cos® 0 — 2 cos® § — 2 cos* ) croco1
+a10?sinf cos® 0 (2 cos? 6 — 1) — cp1 2 sin® @ cos 0 (2 cos?6+1)
+ag12 sin® 0 cos 6 (2 cos? — 1) — cro?sinfcos® f (2 cos?  + 1),

92,4(0) =  —cozaoosin® @ (—2 cos? @ — 1+ 4 cos* ) — copaps sin® @ (—2 cos? § — 1 + 4 cos §)
—c30a00 cos® 0 (—2 cos? 6 — 1 + 4 cos® §) — cooagg cos® 6 (=2 cos? § — 1+ 4 cos? §)
+doo sin§ (2 cos? 0 + 1) + bog cos 6 (2 cos? § — 1) — cagarg cos® § (=2 cos? § — 1 4 4 cos* §)
—c10a90 COS® 0 (—2 cos? @ — 1 + Ubeos? 9) — Co2a01 sin® 0 (—2 cos?f — 1+ 4 cos? 6’)
—co1a02 8in® @ (—2 cos? 6 — 1+ 4 cos* 0) — ca1a00 cos? Osin @ (—2 cos® § — 1 + 4 cos* §)
—cooay cos? sin 6 (—2 cos® § — 1 + 4 cos? §) — 2 c1ac00 sin® 0 cos? 0 (2 cos? 6 +1)
—2¢c30c00 cos? Osin @ (2 cos? 0 + 1) + 2 ar2ag0 sin® 6 cos? 0 (2 cos? 6 — 1)
+2 agsaoo sin? 6 cos 0 (2 cos?f — 1) + 2 agpagp cos* O sin 6 (2 cos? ) — 1)
+2 agaao sin’ 0 cos @ (2 cos? 6 — 1
—2cioco2 sin® 0 cos? 0 (2 cos? 0 + 1) — 2 eaperg cos® Osin 6 (2 cos? 0 + 1)
+2a11a01 sin® O cos? 0 (2 cos? 0 — 1) — copag cos? Osin (—2 cos?2 0 — 1 + 4 cos? 6)



—4 cos” 8 — 2 cos® § + 6 cos® 9) as1ag0 + (72 cos® @ — 2 cos® 0 + 4 cos” 9) €21C00
—2 cosf + 6 cos® 6 — 4 cos” 0) cozcoo + (4 cos” § — 6 cos® 6 + cos® 6 + cos §) ciya01

—4 cos” 0 — 2 cos® 0 + 6 cos® 0) azoaor + (—4 cos” 6 — 2 cos® 6 + 6 cos® 0) ar1a10

+
+
+ (4 cos™ 6 — 6 cos® § + cos® § + cos 0) croao + (4 cos” 6 — 6 cos® 6 + cos® § + cos §) coaaip
+ (4 cos™ 6 — 6 cos® 6 + cos® § + cos§) corary + (—2 cosf + 6 cos® § — 4 cos” 6) cozcor

+(

+(

—2 cos® 0 — 2 cos® 0 + 4 cos” 0) capcor + (=2 cos® 0 — 2 cos® 0 + 4 cos” 0) c11¢10,

92,6(0) =

—c1pasg cos? 0 (—2 cos? 6 — 1+ 4 cos* 0) — czparo cos 0 (—2 cos®§ — 1 + 4 cos? §) ,

—cg2? sin® 0 cos 0 (2 cos? 0 + 1) — ¢112sin® @ cos® 0 (2 cos?f+1

—c902 cos® Osin 0 (2 cos? 6 + 1) + age? sin® 0 cos 0 (2 cos?6 —1

+ (=7 cos* @ + 1 — 4 cos®f + 10 cos® 0) apicos + (—7 cos 6 + 1 — 4 cos® 6 + 10 cos® §) apscor
+ (=7 cos? @+ 1 —4 cos® 0 + 10 cos® ) agacoz + digsinf cos 0 (2 cos? 6 + 1)

+b1gcos? 6 (2 cos? 0 — 1) + dos sin? 62 (2 cos? 6 +1) + a1 ? sin® 6 cos? 0 (2 cos? 6 — 1)
—cp1aq2 sin® 0 cos 0 (=2 cos? 0 — 1+ 4 cos* 0) — c3pao; sinf cos® 0 (—2 cos? 6 — 1 + 4 cos* 6
—c91a10 sin 6 cos® (—2 cos20 — 1+ 4 cos? 9) — ¢90a11 sin B cos® 0 (—2 cos20 —1+4 cos* 0
—c11a90sinfcos® 0 (—2 cos? 0 — 1+ 4 cos? 0) + 2 ajpaps sin? 6 cos? 9 (2 cos? 6 — 1)
—c10a21 sinf cos® 6 (—2 cos? 6 — 1 + 4 cos* 9§ — corazosinf cos® 6 (—2 cos® § — 1+ 4 cos* §
—cy2a01 sin® 0 cos 0 (=2 cos?0 — 1+ 4 cos*0) — cr1a02 sin® 6 cos 0 (-2 cos?—1+4 cos? 0
—¢10a03 sin® 0 cos 0 (—2 cos?f — 1+ 4 cos* 9) — ¢o3a10 sin® 0 cos 6 (—2 cos?0 —1+4 cos*d
—cgaai1 sin® 0 cos § (—2 cos20 — 1+ 4 cos? 9) + 2 aysa9; sin* 0 cos? 6 (2 cos? 6 — 1)
+2ar1ap2sin” 0 cos? 0 (2 cos? @ — 1) + ay? cos® fsinf (2 cos? 6 — 1)

+2 as1apy sin® 6 cos® @ (2 cos® 6 — 1) + 2 asoae sin® @ cos> 0 (2 cos?6—1)

+2 agpaio cos® Osin b (2 cos? 6 — 1) — 2 csgcyg cos® Osinf (2 cos? § + 1)

—2¢p3¢01 Sin® 0 cos 0 (2 cos? 0 + 1) — C90agp cost 6 (—2 cos2f — 1+ 4 cos? 9)

—2¢91¢01 sin® 6 cos® 9 (2 cos? 6 + 1) — 2 ¢90Co2 sin® 6 cos? 9 (2 cos? 6 + 1)

—2c12c108in° § cos® 0 (2 cos? 0 + 1) + 2arza10sin® 6 cos® 0 (2 cos? § — 1)

+2 agsaor sin® 0 cos O (2 cos? 6 — 1) + (6 cos® 6 — 4 cos® § — 2 cos? ) crocos

+ (=4 cos® — 2 cos* 0 + 6 cos® 0) azoaor + (—4 cos®§ — 2 cos* § + 6 cos® 0) asaio

+ (—4 cos® @ — 2 cos? 0 + 6 cos® 9) asoai1 + (cos2 0 — 6 cos® @ + cos* 0 + 4 cos® 0) c11a11
(C082 0 — 6 cos® 6 + cos* 0 + 4 cos® 9) Co1021 + (—2 cos® @ — 2 cos? 0 + 4 cos® 6’) €30C01

(—2 cos® 0 — 2 cos* 0 + 4 cos® 6’) C21C10 + (—2 cos® 0 — 2 cos* 0 + 4 cos® 9) C20C11

(cos? 6 — 6 cos® 6 + cos® 0 + 4 cos® ) capags + (cos? @ — 6 cos® 6 + cos* 6 + 4 cos® 0) c12a10
(

(

(

)
)
)
)
)

cosZ 6 — 6 cos® 0 + cos* @ + 4 cos® 0) cipa12 + (cos? 0 — 6 cos® O + cos* @ + 4 cos® 0) cpaaa0
cos?§ — 6 cos® f + cos? 0 + 4 cos® 0) carao + (6 cos® 6 — 4 cos® § — 2 cos? 6) crac01
6 cos® 6 — 4 cos® 6 — 2 cos® 6) c11co2 + boy sinfcosf (2 cos?§ — 1),

—2cg1011 sin® G cos? 0 (2 cos? 0 + 1) — 2 czc128in° 0 cos? 0 (2 cos? 0 + 1)

—2¢c30C20 cos® Osin @ (2 cos? 0 + 1) — eapaos sin® O cos? @ (—2 cos? 6 — 1 + 4 cos* 0)
+2as1ayy sin® 0 cost 0 (2 cos? 6 — 1)

+2 asoaqs sin® 6 cos? 9 (2 cos? 6 — 1) — ¢3paz0 cos® 0 (—2 cos?60 — 1+ 4 cos* 9)
—co0as0 cos® 0 (72 cos?f — 1+ 4 cos* 9) + (cos3 0+ cosf — 2 cos® 9) di1

+ (—cos0 + 3 cos® 0 — 2 cos® ) bos + do sin® 0 (2 cos? 6 + 1)

—C20a91 cos? 0sin 6 (—2 cos® 6 — 1 + 4 cos® ) + 2az a0 sin? 0 cos3 9 (2 cos?6 — 1)
+2 asgaos sin? 0 cos® 0 (2 cos? 6 — 1) + 2ay9a11 sin 6 cos® 0 (2 cos? 6 — 1)
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+2 apsags sin® 6 cos 6 (2 cos? 6 — 1) — 2 cp3Co2 sin® 6 cos 6 (2 cos? 6 + 1)

+2ar1a03 sin® 0 cos? 0 (2 cos? @ — 1) — 2 cy1co3 sin® O cos® 0 (2 cos? 0 + 1)

—2 ¢30C02 sin® 0 cost 0 (2 cos® 6 + 1) + 2ar2a02 sin® 6 cos? 0 (2 cos?6—1)

—c11a30 cos* O sin 6 (—2 cos?f — 1+ 4 cos* 0)

—cq1a19 sin® 0 cos? 6 (—2 cos20 — 1+ 4 cos? 9) — Coraps sin® 6 cos? 6 (—2 cos260 — 1+ 4 cos? 0)

+bag cos® 0 (2 cos? 6 — 1) — 2 ¢1ac2 sin° 0 cos? 0 (2 cos? 6 + 1)

—c10aq7 sin® O cos? 0 (=2 cos? 0 — 1+ 4 cos? 0) — c3pa1q cos? fsind (—2 cos? 6 — 1 + 4 cos* 6)

—Ca1as0 cos? Osin 0 (—2 cos? § — 1 + 4 cos® ) + 2azpasz cos® Osin 6 (2 cos? 6 — 1)

—cp3as90 sin® 6 cos? 6 (—2 cos?f — 1+ 4 cos* 9) — Coaasy sin® 0 cos? 0 (—2 cos?f — 1+ 4 cos? 0)

+2 aspagy sin® 6 cos* 0 (2 cos? 6 — 1) — Cp3a02 sin® 0 (72 cos20 — 1+ 4 cos? 9)

+dao cos® §sin 6 (2 cos® § + 1) + by cos® fsin 6 (2 cos? 6 — 1)

—co2a038in° 0 (—2 cos? 0 — 1+ 4 cos* 0) + (cosf + 10 cos” 0 — 7 cos® § — 4 cos® ) cr1a03

+ (cosf + 10 cos” 6 — 7 cos® 6 — 4 cos® ) cozarr + (cos® @ — 6 cos” 0 + 4 cos® 6 + cos® ) cara1:
+ (cos® — 6 cos” 0 + 4 cos? § + cos® 0) c11a91 + (cos® § — 6 cos” § + 4 cos® § + cos® 0) capai2

+ (0085 0 —6 cos” @+ 4 cos® @ + cos® 9) C12020 + (0085 0 —6 cos” @+ 4 cos® @ + cos® 9) C02030

+ (cosG +10 cos” @ — 7 cos® 6 — 4 cos? 9) C12a02 + (0089 +10 cos” @ — 7 cos® 6 — 4 cos? 9) Co2a12

+ (cos® 6 — 6 cos” 6 + 4 cos? 6 + cos® 9) c30a02 + (—2 cos® @ + 6 cos” 6 — 4 cos® 9) C21C02

+ (=2 cos® 8 + 6 cos” 6 — 4 cos? 0) capcos + (—2 cos® 0 + 6 cos” § — 4 cos® ) crac1y

—4 c0s? 0 4 6 cos” § — 2 cos® 0) agoary + (—4 cos® § + 6 cos” 6 — 2 cos® 0) azraz

+ (4 cos® § — 2 cos® § — 2 cos” 6) czpcrr + (4 cos? @ — 2 cos® 0 — 2 cos” 0) o120,

+

g27(0) = —ca? sin® 6 cos® 0 (2 cos? 6 + 1) + a192 sin® 6 cos® 0 (—1 + 2 cos? 9)

—co32sin” O cos 0 (2 cos? 6 + 1) + ap3? sin” @ cos 6 (—=1+2 cos?6)

+as12 sin® 0 cos® 0 (=142 cos?6) — c122 sin® @ cos3 0 (2 cos? 6 + 1) — c30°

cos” fsinf (2 cos? 0 + 1) + 2 agoarz sin® 6 cos® § (=142 cos?0)

—cp3a1s sin® 0 cos § (4 cos* 0 — 2 cos? 0 — 1) — ¢3pa21 cos® Osin 6 (4 cos?0 — 2 cos? 6 — 1)

—c12a21 8in® @ cos® 0 (4 cos® 0 — 2 cos? 6 — 1) — cspap3 sin® 0 cos® 0 (4 cos? 6 — 2 cos? 6 — 1)

—2¢91¢03 sin® 6 cos® @ (2 cos? 6 + 1) — 2cr2c03 sin® 6 cos? 9 (2 cos® 6 +1)

+2 azoaoz sin 0 cos? 0 (—1 + 2 cos? ) + 2 ai2ap3 (sin 9)° cos? 6 (—1+2 cos?6)

+2as1a15 sin 6 cos? 9 (=142 cos?0) — carazp cos® fsin 0 (4 cos? § — 2 cos?  — 1)

—cp3aso sin® 0 cos® 0 (4 cos*h — 2 cos? 0 — 1) — ¢o1a12 sin® 0 cos® 0 (4 cos* — 2 cos? 0 — 1)

+bgs sin® 0 cos 0 (71 + 2 cos? 0) + byosin® @ cos? 0 (71 + 2 cos? 9)

—cg0a30 cos® 0 (4 cos* @ — 2 cos? 0 — 1) — agscoz sin® 0 (4 cos* 6 — 2 cos? § — 1)

+dq5 sin® 0 cos § (2 cos® 0+ 1) + dan sin® 6 cos? 0 (2 cos? 6 +1)

+ds0 sinf cos® 6 (2 cos? 0 + 1) — 2¢5pc128in® 0 cos® 0 (2 cos? 6 + 1)

+2 as1aps sin® 6 cos® 9 (71 + 2 cos? 9) — ¢19a03 sin® @ cos 0 (4 cos? O — 2 cos? 6 — 1)

+dg3 sin* 0 (2 cos? 0 4 1) + bsg cos* § (—1 + 2 cos? ) + aze? cos” Osinf (—1 + 2 cos? 6)

+ (6 cos®§ — 4 cos'®0 — 2 cos* 0) c3pco3 + (6 cos® 6 — 4 cos'® 0 — 2 cos* 0) o112
+ (4 cos'®0 —2 0058 6 — 2 cos® ) c3oca1 + oy sinfcos® 0 (—1 + 2 cos? §)
(—6 cos® 0 + cos 0 + cos® 0 + 4 cos'® 0) caraz + (—4 cos'® 0 — 2 cos® 6 + 6 cos® 0) agpan:
(0082 0 — 7 cos® 0+ 10 cos® § — 4 cos'® 9) Co3021 + ( 6 cos® 0 + cos* 0 + cos® @ + 4 cos'® 0) C12030
(C082 6 — 7 cos® 6 + 10 cos® 0 — 4 cos'®8) croa12 + ( 6 cos® 0 + cos? 0 + cos® 6§ + 4 cos'® 9) €30012
(0052 6 — 7 cos® 6 + 10 cos® 6 — 4 cos'®8) caraps.
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6. Appendix B

We present the expressions of Ay, Ao, Ag, As, As, A1, Al that appear in equation (9).

A4(9) _ 65 sin2 0 . (4 a01(50012 — 8[1 ap1Coo — 8[1 CooC10 — 4a00(:01I3 + 4000610[2) COS4 0
I, —21
(=411 copcio + 2 apocorls — 2 apicoola + 2 copciola + 4 It agicoo) cos? 6
a L—21
~ (=ao1coola + 211 agicoo + 2 11 agocor — agocorl2) sin @
I, —21

~ (4cooco1ls +4agociolz — 811 agoaor — 811 agocio + 4 aooaoi I2) (cos 0)°

I, —21
_ (12 Il apoaol + 4[1 appC10 — 2000001[3 — 2 a00010I2 — 6&00(101[2) (COS 0)3

I, —-21
~ (=2co0co111 + coocorl> — 411 apoao + 2 agoao1l2 + 211 agocio — cooco1ls — agociolz) cost

I —21; ’

As(0) = [Ag7cos”+ Ay geos®Osind + Ay 5 cos® O + As 4 cos? Osinf + Ay 5 cos® § + Az 5 cos® Osin f
+ Ag1 cosf + Ay o0 sin 0] exp(3sin? 0),

A7 = 4agsapo — 4a21a00 — 4 c30a00 + 4 c12a00 — 4 azpaor + 4 ag2a01 + 41011%1 — 4 cipan
a11¢911: Co1C
4 er0a0n + 4 -2 4 degoans + 4 cozcon + 8 earcop + 4 02
I 21, — I 21, — I
C01€0213
—4——= 14
5 — I + 4 c11¢10, .
a20Co143
Ass = —4aipage — 4coszaoo — 8cataop — 4aiiaor — 4 ca0ao1 + 4 co2aor — 4 YA A
1— 1
agaCo1 !
+4 % —4ayicio +4apzcoo — 4az1coo — 4 c30c00 + 4 c12¢00
1— I
co1c11l3
4 ———— — 4copc10 + 4 croco2,
+ o, — I, 20C10 10€02
Ass = —10ap3apo + 6 az1ap0 + 2 czpapo — 6 c12a00 + 6 az0apr — 10 a02a01I— 6 c11a01 + 2 croa20
ay1co1ls co1¢2013
—6 cigags — 6 ———— — 6 cgoai1z + 2 cozco0 — 4 ca1Cog — 2 —————
10 02] 5l — 1, 00012 03C00 21C00 5l — 1,
C01€0213
6 ——m— —2 ,
+ 5 — I €11€10 .
a20C0143
Ay = 6agoaiz — 2agocos + 4 apoc21 + 6 aprair + 2 ap1c20 — 6 apicoz + 2 5T — T
1— 1
ap2co113 co1c1113
—6 ——— 4+ 2aq1¢10 — 6 ap3coo + 2 a21c00 — 2 copC30 — 2 CopC12 — 2 ————
51,1, 11€10 03€00 21C00 00C30 00C12 5 1,
—2cypc20 — 2 cp2ci0,
Azs = 2boo + 8apoaos — 2 apoas1 + aoocso + aoociz — 2 ao1az0 + 8 ao1aoz + aoici1 + a20cio
—213— 15 +21)cora11
+agp2c10 — ( 2 57 T ) ~+ a12¢pp — 2 copCo3 — 3 CopCa1
1— 1
(=L +2h +13)coicpo | (211 — I3 — ) coacon e
21 — I, —L+21, 1oH
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Azo = 2doo — 2ap0a12 + agoCos + aooC21 — 2 ao1011 + Go1¢20 + Ao1C02 + G20C01
B (—2 I3 — Ir + 2[1) 01002

51, — + aj1¢10 + ap3coo + az1co0 — 2 CooCi2
(=l + 211 + Is) cricon

- 5T, — 1, — 2co2¢10,
Az = —boo — 2ap0a03 + aoocCi2 — 2 ap1@o2 + o111 + Ao2C10 + a11C01 + @12¢00 — 2 CooCo3
(=L + 21 + I3) corco2
21 — I ’
Az o= ap3coo + doo + apocos + ao1co2 + ao2co1-

Now we have

Ao(g) = Ao’g COS9 0 + Ao’g COS8 0 + A0’7 COS7 0 -+ Ao’ﬁ 0086 0 + A0’5 COS5 0 + A0’4 COS4 0
+A¢,3c08% 0 4+ Ag 2 cos? 6 4+ Ag 1 cosl + Ao,

with

Apo(0) = —(—4agicin + 4coacos + 8coacar — 4 cozc0 +4crici2 — 4 criesg — 8 c0c21
—8ai1co1 + 4aiaco2 — 4aiacog + 4aspas — 4daspciz + 4asgcsg + 4 agaaosz — 4 agaaz1
4 agacrs — 4agacso — 4agzasy + 4agzenn — 4ariars — 4ajicos) e Y,

Apg(0) = —(—4aoscao +4aiiaz —4aiicia +4aiaazn — 4apacos — 8apacar — 4 ag3ain
+4 agzco2 — 8cr1ca1 — 4 c1aca0 + 4 ca0c30 + 4a11c30 — 4agea12 — 4aiacin
+4 azocoz + 8agocar — 4agicoz + 4azicao + 4 coacia — 4 coaczp — 4cpzenn

Ag7(0) = —(2cri1c30 + 4 caocar — 14 ap2a03 + 10 agaazr — 10 agacia + 6 agacso + 10 apsazo
—10apsc11 + 10 a11a12 + 2 a11¢c03 + 12 a11¢01 — 10 a2co2 + 6 aracag — 6 azpazr + 6 azoci2
—2agpc30 + 6 az1c11 — 2 coaco3 — 12 coacar — 2 co3ca0 — 6 cr1¢12) esinf,

Ape(0) = —(2ca0c30 + 2a02c03 + 6arzci1 + 2 az0c03 — 4azoca1 + 6 az1coz — 2 az1¢20 — 6 co2c12
+2co2c30 — 2co3c11 +4cr1ca1 +2c12¢20 — 6aria +6ar1c12 — 2a11¢630 — 6 araaz
+6ap3ca0 + 12 apacar + 10 agzary + 10 agaara — 10 agscon) e ?

§nZ0
)esin" 9 sin g,

sin 6,

Aps(0) = —[—2bgo + 18ap2a0s — 8arraiz + 2boz — azoci2 — a20C30 — az1¢11 — 4 co2co3 + Co2c21
+2cp3c20 + 2 ¢1,1C30 + 3c20C21 + 3 a11c03 — 3aiicer + 7aiacoe — ajaco + 2 azpaz
+7 apac12 — ap2¢30 + 2 d11 — 8 apaaz1 — 8agsaz + 7 apscii] i’ o

A0,4(9) = - [7 a03Co2 — A03C20 — 8 Ap3A11 — A11C30 + 2 A12G20 — A12C11 — A11C12 — G20C21
—8ap2a12 + 3 ap2co,3 — 3apac21 + 2cp3ci1 + 3 cr1ca1 + 212620 + 2a11021 — a20C03
—2b11 + 2do2 — 2da,0 + 2 coac30 — G21C02 — A21C20) esin’ 0 gin g,

Aps(0) = —[—a11c21 — di1 — a12¢20 — 3bo2 + bag + 2 a11a12 + 3 coaca1 + 2 co3¢20 — A20C12

sin?

—asic11 — 10 agaaos + 2 agaa1 + 2 cr1c12 + 2 ap3azo — ap2csol € )

Ap2(0) = —[2ap3a11 — ao3Ca0 — Gp2C21 — A20Co3 — A21C02 — G11C12 — A12€11 — do2 — dao
.2 .
+2 cpac1a + 2 cozcr1 + bir + 2apgarz] e Y sin 6,
.2

_ 0

Ap1(0) = —(2co2co3 — apaciz + boz — di1 + 2 ap2a0s — ap3c11 — a11co3 — G12C02) €™ Y,
.2

p— 0 .

A070(9) = — [—doz — ap2Cp3 — aogcog] esn sin 6.
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Additionally, we have

As(0) = [sinfcosO (—1 + 2 cos®6) ago? + (—4 cos® § + 2 cos? § + 1) copano
—sinf cos (2 cos? 6 + 1) 0002} b sin” 0,

A3(f) = 2 cos®@sin6 (—1 + 2 cos® 6) agoazo — 2 cosBsinf (cos®§ — 1) (—1 4 2 cos? ) agoaos
—2 cos? 0 (cos® 6 — 1) (=142 cos? 0) agoarr — cos? 6 (4 cos* 6 — 1 — 2 cos? ) apocao
+ (cos? — 1) (4 cos? @ — 1 — 2 cos? 0) agpco2 — cosfsind (4 cos* § — 1 — 2 cos? 0) c11a00
—cos@sinf (cos> — 1) (=1 + 2 cos?0) ap1? — (cos? § — 1) 2=4 0054%?73 cos® 03Iy g oo
—cosfsinf (4 cos*f — 1 —2 cos? 9) c10a01 — cos> 6 (4 cos*f — 1 — 2 cos? ) copazn
+ (cos2 0 — 1) (4 cos?d — 1 — 2 cos? 0) Cooo2 — cos B sin O (4 cos* — 1 — 2 cos? 9) CooQ11
—2 cos® @sin 6 (2 cos? 6 + 1) CooC20 + 2 cos B sin b (cos2 06— 1) (2 cos? 6 + 1) C00Co2

. _ 2 _ 4
+2 cos? 6 (cos 0 — 1) (2 cos? 0 + 1) ¢11¢00 — cos fsin 6 I 24 I2+°35119_I?I’2 2 cos” Ol 2

— cos? g 2htlst2 <5 16131212 4 cos" 01 €10C01 — cos® fsin 6 (2 cos? 0 + 1) 6102] exp(4 sin? 0),
AL(0) = {— cost g2 Litls+2 COSQI‘?I31212 4 cos” 01 co1cs0 + cos 0 (8 cos 0 — 3 — 4 cos? ) cipca

+2 cos? 6 (2 cos? 6 — ) (cos 0 — 1) agaail + cos® 6 (0052 0 — 1) (4 cos*f — 1 — 2 cos? 9) a20Co2
+sinfcosf (2 cos?§ — 1) (cos® 6 — 1)2 ap2? — sin 6 cos®  (cos? @ — 1) (2 cos? 6 — 1) ay1?

—2 cos* @ (0052 0 — 1) (2 cosZ 6 — 1) a11a90

+e2sin?0 cog2 ¢ (cos?6 — 1) (8 cos? @ — 4 cos? 0 — 1) agican

+2 cos? 0 (2 cos? 0 — 1) (cos® 6 — 1)2 aprarz + cos? 0 (2 cos? 6 — 1) byg

+cos? 6 (cos? 0 — 1) (4 cos 0 — 1 — 2 cos? ) croarz + 2 cos? 0 (cos? 0 — 1) (2 cos® 6 + 1) cr1c20
—sinfcos6 (2 cos? 6+ 1) (cos?  — 1)2 co2? — 2 cos? 0 (2 cos? 0 + 1) (cos? § — 1)2 €11€02
+sinfcos®§ (cos? 6 — 1) (2 cos? 6 + 1) c11% + cos? 0 (cos? § — 1) (4 cos? @ — 1 — 2 cos? 0) crran1
+cos? 6 (cos? 0 — 1) (4 cos* 6§ — 1 — 2 cos? ) apacao

—sinfcosf (cos2 0 — ) 21, =4 cos g}‘f? cos? 03— 1 a12601

—sinfcosh= —4 cos® 0I3—I>+2 11 +2 cos® GQI}j»c?zs 0I3+15—2 cos® 013 —cos? 012601603

—sinfcos® § (2 cosZ 6 + 1) 202 — sin 0 cos® 64 cos” 61344 112 18 CIOS Os4T3=2T2 01 0oy

+2 cos? 0 (cos* 6 — cos? 6 — 1 + 2 cos® 6) cozcr0 + sin 6 cos® 6 (—1 + 2 cos? §) az?

—cos? 0 (4 cos* 0 — 1 — 2 cos? 0) asgean + (cos? 6 — )2 25, =4 Cos4g{ff122°052 O3=15 02 con

— (cos2 60— 1) (2 cos? 6 + 1) do1 +sinf cos (2 cos? 6 + 1) dig + sinf cos 6 (—1 + 2 cos? 0) bo1
—sinf cos® 6 (4 cos* — 1 — 2 cos? 9) a11C20 — sin 0 cos® 6 (4 cos?d — 1 —2 cos? 0) ap1C30

+ (cos? 6 — 1) (4 cos8 0 + 2 cos*  — (cos 0)® — 1) 401C03

— 4 52 —
_ C082 0 (0082 0 — 1) 21;—4 cos 291113;0—?2005 0I3—15 a21¢01

— (4 cos* — 1 —2 cos? ) (cos? 6 — 1)2 aop2co2 — sin 6 cos® 0 (4 cos 6 — 1 — 2 cos® 6) cr1a20

2 g 497,
+ 0082 0 (C052 0 — 1) 21, +1342 cos2I§)IjIZIZ 4 cos” 0I5 €12C01

—sinf cos® 6 (4 cos*f — 1 — 2 cos? 9) C10021 — 2 sin @ cos® 0 (2 cos? 6 + 1) €10C30
+sin 6 cos 6 (cos2 60— 1) (4 cos*d — 1 — 2 cos? 9) C12a01
—2 sinf cos® 0 (cos? 0 — 1) (2 cos? 6 — 1) apraz:
+2 sin 6 cos 6 (71 + 2 cos? 9) (0052 60— 1)2 Gp1003 — 2 sin 6 cos® @ (cos2 0 — 1) (2 cos? 6 — 1) ap2a20
+sinfcosf (cos? 0 — 1) (4 cos 0 — 1 — 2 cos? ) c11a02
+sinfcos (cos? 6 — 1) (4 cos* 0 — 1 — 2 cos? ) ay1coo
+sinfcosf (cos? 6 — 1) (4 cos* @ — 1 — 2 cos? ) croaos
+2 sinf cos® 0 (cos? 6 — 1) (2 cos? § + 1) c1ac10
+2 sin 6 cos® 0 (cos? § — 1) (2 cos? 0 + 1) cozczo] €2 sin 0
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Ai(0) = cos@sinf (cos? 0 — cos? 6 + 2 cos® 0 + 3 cos® 6 — 1) cp3?

— (4 cos® 6 + 2 cos? 0 — cos? — 1) (cos? 6 — 1)2 a03C03

—cos®fsin6 (4 cos® 0 — 1 — 2 cos? 0) asicz0 + cos® 0 (8 cos 0 — 3 — 4 cos? ) ca1¢30

+2 cos? 0 (cos* 6 — cos® 6 — 1 + 2 cos® 6) cozcao

+cos® sinf (2 cos? 0 + 1) dso + cos® Osin (—1 + 2 cos? 0) by,

+2¢912 cos® Bsin @ (4 cos?h — 1 —2 cos? 9) + a192 sin® @ cos® 6 (—1 + 2 cos? 9)

—cos” Osinf (2 cos? 6 + 1) cz0% + (2 cos? 6 + 1) (cos? § — 1)2 dos

+ cos® fsin 6 (4 cos? @ + 8 cos® 0 — 3 — 3 cos? 9) Co3C21 — cos> 0 (0052 0 — 1) (2 cos? 0 + 1) do1
—cos? 6 (C082 0 — 1) (—1 + 2 cos? 0) b1 + cos* 0 (—1 + 2 cos? 9) b3o

—cosfsinf (—1 + 2 cos? 9) (cos2 0 — 1)3 ap3® + cos* 6 (0052 0 — 1) (4 cos*f — 1 —2 cos? 9) a12C30
—2 cos? 6 (C082 0 — 1) cos?0 — cos?0 — 1 + 2 cos® 9) Co3C12

—cosfsind (cos2 0—1 (2 cos? 6 + 1) di2

—cosfsind (0082 60— 1) (—1 + 2 cos? 0) bos + 2 cos* @ (—1 + 2 cos? 9) (0082 0 — 1)2 a12a21
+cos* 6 (cos2 0—1) (8 cos*d —4 cos?8 — 1) asco;

—cos* 6 (cos? 0 — 1% 28 cos? @ —3 — 4 cos?0) craca

—2 cos? 6 (71 + 2 cos? 9) (cos2 0 — 1)‘3 ag3aiy — cos> 6 (8 cos*f — 4 cos? 6 — 1) (0052 0 — 1)2 ap3Ca1
—cos? 6 (4 cos?h — 1 —2 cos? 9) (C082 0 — 1)2 a12€12

+cos? 6 (cos2 0 — 1) (4 cos® 6 + 2 cos* @ — cos? 6 — 1) a21€03

—cos® fsinf (cos?f — 1) (—1 + 2 cos® §) a?

—cos® fsind (2 cos? 6 + 1) (0052 0 — 1)2 c122 + 2 cos® Osin 6 (0052 60— 1) (2 cos? 6 + 1) C12C30
+2 cos® fsin 6 (—1 + 2 cos? 9) (cos2 0 — 1)2 ap3a21

+cos®0sinb (cos? 0 — 1) (4 cos* § — 1 — 2 cos? 6) agpscso

+cos®0sinb (cos?H — 1) (8 cos* @ — 4 cos? 0 — 1) a1aca1

+cos®0sinb (cos?f — 1) (4 cos*§ — 1 — 2 cos?0) azcia

—cosBsinf (4 cos* 6 — 1 — 2 cos?6) (cos? 6 — 1)2 G03C12

+cosfsinf (cos? 6 — 1) (4 cos® 6 + 2 cos* § — cos? § — 1) aracos.

7. Appendix C

Here we present the explicit expressions of s5(8),s4(6), s3(6), s2(0), s1(6), 51(6) that
appear in relation (10). Thus s5(0) = s5.1(0)c3o + s5.2(0)ad, + s5.3(0)agocoo, with

0 0
2 20y . 2
s51(0) = —2¢3s0 /e3 s wsmwdw—i—Q/ 3 S W gin 4 cos? wdw)
0 0

(sinf + 2 sinf cos? ),

0 0
) .2 a2
s52(0) = —2e3570 (—/ e3 S o wdw + 2 / 3 S W o83 wdw)
0 0

—cosf +2cos®8),
(
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0 0
s53(0) = —2¢3 sin® 0 / e 50" gin wdw + 2 / e 50" W sin w cos? wdw
0 0
(— cos @ + 2 cos® 9)
3 sin? 0 o 3 sin? 0 3 sin? 3
—2¢° S0 —/e s wcoswdw+2/ e’ "M Y cos” wdw
0 0
(Sin 6 + 2 sin 6 cos? 6’) .
Additionally, we have

54(0) = s4,1(8)agocr0—54,2(0)aooao1 —54,3(8)concor —54,4(0)cooc10—54,5(8)aoocor — 54,6 () ao1 coo,
and s4,(0) for i =1---,6 are the following:
2 0 .2 0 02
s41(0) = — | —sinfe 5" 9/ e S coswdw + 4 cos? 9/ e? S gin w cos wdw
0 0
0 2 0,
+2 sinfe~ sin? ¢ f 3 sin® w (063 1pdaw + 4 cos? 0 sin e~ 50 9/ e 1 ¥ cog3 wdw

0
[

0
.2 . ) a2 .2
+8 cos? 0/ e2 S0 W 093 4 sin wdw — 2 cos? O sin e S0 ‘9/ e SV cogwdw
0 0

0 2
a2
— 4/ 2sin® w o063 ) sin wdw — 2/ 2sin® w i 4 cos wdw | €3 51279 cos 0,
0 0

0 0
. _ain2 Q win . _ain2 2
Sa2(0) = — |sinfe™ ™ 9/ e3SI"W coswdw — 2 sin fe 5 9/ e3 S cos3 wdw
0 0
9 2 o 2
—4 cos? 0/ e? S gin w cos wdw — 4/ e? S 053 w sin wdw
0 ) 0

. 2 s 2
—2 cos? 6 sin fe~ sin 9/ e SV g wdw
0

0 0
. w2 o 2 . 2 .
+4 cos? O sin fe~ s e/ e3 S 6053 wdw + 2/ e? 51 Y gin w cos wdw

0 0

0
.2
+8 cos? 9/ 2 sin® w 063 4 sin wdw | €3 597 ¢ cos 0,
0
2 sin? 0 sin? 0 2 . 0 2 sin? w
s43(0) = —e 8e I, cos*fsinf | e dw
0
0 0
7212/ 3 sin” W gin 4 cos? wdw+2[1/ 8 sin” w i wdw
20 9 2 0 0 2
—2e8i" 0], sin@/ e2 5 Wy — 2 cost 015 / e S W gin wdw
0 0 0
.2 . ] .2 .2 . 22
—4 e8in 9[2 C082 951n0f0 e2 sin® w ) 4 9 esin 9[3 sin 9/ 62 sin wCOSQ wdw
0 9 70
.2 A .2 A .2
+4 I / &3 507 W gin 4 cos? wdw — 45" 9[3 51119/ e2 51 ¥ cost wdw
0 0

0 0
+2 cos? 015 / 8 sin® i 41y cos? wdw +4 esin’ 975 cos® 0 sin 9/ 2sin® w o062
0 0
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8474 (0) =

84’5(0) =

54,6(9) =

0 0
in2 . in? inZw .
44esin 0 sm@/ e2 31" Wi + cos? 0[3/ e s ¥ gin wdw
0 0

0 0
Co
—IQ/ 8 sin® w g andw — 4 cos 013/ 3 8in”W gin w cos® wdw
0 0 1

) . 2] 2
—8eS 0I5 cos? Bsinf [ e? S v cos? wdw) —
21, — I

)
.2 02 .
— [ 8e%in" 9 g2 0/ e2 810" ¥ 063 1 sin wdw
0
2 0 s 2 o 2
448070 g2 9/ e2 s W gin w cos wdw + 2 / e3 31" ¥ gin w cos? wdw | cos 6
0 0

p 0
.2 . .2 in2 .
e S W gin wdw | cos§ + 2esin 9/ e? S W gin 4y cos wdw
o 0

R
|

0
o
+2 /e3 sin® w gin wdw | cos®w | e 5% sin 0,
0

9
. o . i02 in2 .
/ e =" W sin  cos® wdw | cos® O + 4 e 9/ e? S cos® w sin wdw
o 0

0 0
.2
—g2sin” 0 7211/ 3sin® w o0 ndw + 2 cos 913/ 3sin® w o og andw
0 0

0 0
a2 2
—21, / €3 51 oog® wdw + 4% 0T cos@/ 2sin® w o6t
0 0 o 0
.2 .2 .2
—2e51"7 01, cos 9/ e2 5% oo wdw — 4 cost 015 / &3 517 063 wdw
0 0

0
a2 ) a2
4261070, cosh | €2 5in wdw+12/63 ST cos wdw
L) 0 )
) ) .2 .2
—4e* 0], cog? w/ e Wy — 8™ 1, cos® w/ e2 S eogt wdw
0 0

9
.2 2
+4 e80T cog? w/ e2 ST W g2 wdw+4[l/ 8 sin® w o063
0 0
0

0
2 p 2 2
+8e8n 0T, cog? w/ e2 S Wy + 2 cos? 9]3/63 sin”w 033 pdw
0 0
6 4 L 1
— cos? 913/ 3sin® w o osndw — 48070, COSO/ R [V Pa—
0 0 2[1 — IQ

0 [4
) . _ain2 in2 .
— <4/ e S0 0063w sin wdw + 4 cos® we™ ™ 0 [ 357 gin 4y cos® wdw
0 0

) - A ) .
+8 cos? 9/ e2 S 683 w sin wdw — 4 cos? 9/ e2 S W gin w cos wdw
.92 o .92 .92 0 )
+2 cos? we™ SN ‘9/ &3 57V gin wdw — cos Pe” S 9/ &3 507 W gin wdw
y 70
w2 yin2 . in2 .
— 2 cosfe s 9/ 3 sin® w i 4 cos? wdw — 2/ g2 sin “’smwcoswdw) e3 50 gin g,
0 0
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Now we have

s3(0) = s3,1(8)aoocoz + s3,2(8)ao2co0 + s3,3(0)ap1co1 + s3.4(0)agoar1 + s3,5(0)aooc20
+53.6(0)cooc11 + $3,7(0)co1c10 + $3,5(0)aooaoz + $3,9(0)agoazo

+53.10(0)acoci1 + s3.11(0)aoicio + s3,12(0)ar1co0 + s3,13(8)coocoz + 53,14 (8)cooc20
+53715(9)(1(2)1 + 83,16(9)6%0 + 83’17<9)C(2)1 + 53,18(9)@0000,

and sz ;(0) for i =1--- 18 satisfying the following expressions:

0
s31(0) = —2e350°0cos {(4/ e gind 4 cos wdw> cos? 0
0

0 0 0
—2/ sin® w i3 4 cos? wdw + 2 / S0 W gin3 wdw | cos? 6 — / 10 W gin3 ,
0 0 0
2 e .2
s32(0) = 25 fging |2 / ™ " coswdw | cos? 0
0
0 0 0
sin? w 5 sin? w 5 2 sin? w?
+2 [ e cos” wdw + 4 e cos’ wdw | cos® 0+ | e cos wdw
0 0 0

0 0
.2 2
-6 (/ S W cogd wdw) cos?h — 3/ S W cog3 wdw) ,
0 0

0 0
2 . in2 2 .
s33(0)= —e2si 0|27 cos951n9/ g2 sin wdw+411/e2 sin®w 063 0 sin wdw
0 0

0 )
-2 Il/ 2sin® w i 0 cos wdw +41; sinf (/ o2 sin’ wdw) cos® 0
0 0

0

. 51 2
+9215 cosfsinf | 5™ ¥ cost wdw
0

6 9
+2 15 sinf (/ 2sin® w g wdw) cos® 0+ 215 (/ e 5in° W 0063 ) sin wdw) cos? 6
0 0

0 0
)
—212/ 2sin® w 0068 1) sin wdw + I cos€s1n9/ 2sinw gy,
0 0
o o
—4 I3 sin @ / e2 5 oot wdw | cos® 6 — I3 cosfsin 9/ e2 5" W o082 wdw
0 0
o o
+215 /62 SIN" W gin w cos wdw | cos* @ — 2 I, sin 6 /62 SIN" W | cosd @
0 0

6 6
—4 14 / ? 5i0” W 0063 4 6in wdw) cos® wcos* 0 — I (/ ? 510° W gipy 4 cos wdw) cos? 6
0 0

1

0
+1o /O o2 sin? w sin w cos wdw] m,
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8374 (9) =

53,5(9) =

53,6(9) =

8377(9) =

0
. 2 a2 .
9e3sin” 0 o0 0 2 / %1 W 052 w sin wdw | cos? 6
0

0 0
2 . in? i
—/ "™ cos? w sin wdw + 2 / e cos™ wsin wdw
0 0

sin? )
—4 / e cost wsin wdw | cos? 0] ,
0

0
L 02 .
—2e38in" 0 o650 |2 / e ¥ cos? wsin wdw | cos? 6
0

9
) .
+4 /es‘“ v cost w sin wdw | cos? 6
0

0 0
in2 . in2 .
— / S ¢os? w sin wdw — 2/ S W cost wsinwdw | |
0 0

0 0
0 2 . 2 2
—9¢e3sin" O gin g /e“n Y ecos wdw — 2/ S cos® wdw
0 0

0 0
.2 a2
+/ S cog® wdw + 2 / S Y coswdw | cos? 6
0 0

0 0
.2 a2
+2 / SV cosd wdw | cos? 0 — 4 / S cos® wdw | cos? 0],
0 0

0 0
2 A 2 . 2
—e2sin”0 o, cos&smH/ e2 5 W + 41, sinf /e2 sin”w gy | cos® 0
0 0
0

0
L2 . 102 .
+2[1/e2 s w51nwcoswdw+4ll/62 SIn" W 6053 w sin wdw
0 0

0 6
. 12 . .2
+13 cosfsin 9/ e S cos? wdw — Iy Cos@sm€/ e? S Wy
o, 0

0
. M 2 31 2 .
—213 cosGsmH/ e2 5 oot wdw — I / e? 5" W gin w cos wdw
0 0
0

6
a2 . . a2
+15 / e2 S W gin wcoswdw | cos?2 0 — 215 sin 6 / e2 s Wy | cos® @
0 0

0 0
<in2 . . .2
—21, / €21 W 0063 1 sinwdw — 4 I3 sin 6 / e2 s cost wdw | cos® 6
0 0

0 )
. 31 2 21 2 .
+2 15 sin6 / €251 ¥ cos? wdw | cos3 6 + 2 I3 / e2 31" ¥ 083 1 sin wdw | cos? 9
0 0

0 )
sin2 : . sin2 .
—413 / e2 5" W oog3 wsinwdw | cost 6 — 2 I, / e? S Wgin w cos wdw | cos? 6
0 0
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0 0

L2 02 2

s3.8(0) = —2e35" 0 o0 —3/ e cos® wdw — 2 / e coswdw | cos® 0

0 0
9

0
.2 .2 2

+6 /es‘“ v cos? wdw 00520+2/ &S0 0o8® wdw

0 0

] 0

a2 2

—l—/esm Y coswdw — 4 /esm v cos® wdw | cos? 6|
0 0
0 0

2 02 2
s3,9(0) =2e351" 9 cog 0 2/ e cos® wdw — 4 / S cos® wdw | cos? 0
0 0

) 0
2 2
- / S cog® wdw + 2 /esm v cos® wdw | cos® ,
0 0

0
.2 2
s3.10(0) = 235070 650 |2 /esm W cos® wdw | cos? @
0

0 0
L 2 i 2
+2 /emw cos wdw cos297/eb‘n v cos wdw
0

0
o 0 0
—4 / e cog® wdw | cos? 6 — / e Y coswdw + 2/ eV cog® wdw | |
0 0 0
2 4 2
s311(0) = 22" sinfcosh | —4 / e? S cos® w sin wdw | cos? 6
0
4 .2
+ / e? S W gin w cos wdw | |
0
2 0 i2
s3.12(0) = 2e3%" Psing (2 / S cos? wsin wdw | cos? 0
0

0 0
o . .2 .
+/ S W cos? w sin wdw — 2/ S cos? w sin wdw
0 0

9
L2 .
—4 /es‘“ W cost wsinwdw | cos? 0|,
0

0
.2 . 2 .
s313(0) = —2e*5m fging 2/ e sin® w cos® wdw
0
o 2 o 2
+/ S W gind wdw + 4 / &S0 % gind w cos? wdw | cos® @
0 0

0
.2 .
+2 /esm sin® wdw | cos? 0|,
0
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0
in20 - in2 .
s3,14(0) = —9e3sin" 0 gipy 2/esln W cos? w sin wdw
0

0 0
in2 . in2 .
+4 / SV cost wsinwdw | cos? 6 + / S W 0082 w sin wdw
0 0

0
.2 .
+2 / SV cos? wsinwdw | cos? 0] ,
0

0
2o Gin? .
s3.15(0) = 25" ?sinfcosd 74/ €21 W 0063 1 sinwdw | cos? @
0

0 0
—/ 2 sin® w iy 1)) cos wdw +2 / 2 sin® w g 4 cos wdw | cos? 0
0 0
9 2
+ 2/ e2 5" o83 w sin wdw | |
0

0
) .
s316(0) = —e?s Osinfcosf |4 / 2 510° W 6063 ) sin wdw | cos? 0
0

0 0
0w - 0w -
+/ e 5" W gin w cos wdw + 2 / e 5" W gin w cos wdw | cos? 0
0 0

0
sin2 3 .
+2/e2 sin" w663 w sin wdw | |
0

0 0
2 2 2
s317(0) = —e?s O1-41, _[2/62 ST oy — 9 [52 /62 sin®w oot wdw | cos? @
0 0

0 0
in2
—IQ 1'3/ 2 sin? wCOS wdw + 1'2 /62 sin® w g,
0 6 s 0 [4 .
420 I5 | €250 Y eos? wdw + 21515 | €25 % cos? wdw
o ) o .2
+21 I3 /62 sin®w gy | cos? 0 + I52 /62 sinw o062 wdw | cos? @
0 0
o, 0
—Ir I3 /e2 S dw c0829+4112f @2 sin® Wy, 41 3/e2 sin w ¢t
0 0
)
.2
—2 1,2 /e2 sin”w o0s2 wdw | cost 6 + 215 I /62 sin wdw) cos*
0 0

1

0 0
—41 Iy / 25" W | cost 0 + 4 1,2 / €2 Sin* W cost tnduw | cost 0 —_,
0 0 (=Is+21)

0 0
s318(0) = 2¢° sin” 0 gin g | —2 / W cos® wdw + / W cos3 wdw
0 0

6 0
.2 a2
+2 / SV cog® wdw | cos? 0 — 4 / SV cos® wdw | cos? 0
0 0
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Now we have

s2(0) = s2,1(0) agocso + s2,2(0) azocio + 52.3(0) agociz + s2,4(8) agacio + s2,5(0) ar2co,0 + 52,6(0) apoaz1
+52.7(0) agrazo + s2,8(0) ap1c11 + $2,0(0) ar1¢o1 + s2,10(0) cooca1 + 52,11(0) corca0 + $2,12(0) croc11
+52.13(0) agoaos + s2,14(0) ao1ao2 + s2,15(6) coocos + s2,16(0) co1co2 + 52.17(0) agoaiz + s2,18(0) aoscoo

+52.19(0) a11¢10 + S2,20(0) ao1co2 + $2.21(0) ag1c20 + S2,22(0) ao1a11 + $2.23(0) agocos

+52.24(0) agoca1 + 52,25(0) aozcor + 52,26(60) azocor + s2,27(0) az1co0

+52,28(0) coociz + $2,29(6) cooczo + 52,30(8) corci1 + 52,31 (0) coaci0 + 52,32(0) cr0¢20,

and s ;(0) for i =1,--- , 32 satisfying the following expressions:

1 : 0 o, :
s2,1(0) = 6 (12 cos? fsinfe—3 Sm29/ e 510* W ¢og8 dw — 12 cos? Osin 6 (/ o3 sin® @ oog wdw) o3 sin?0
0 0

0
+2 cos® 9 — 14 cos? 0 — 6 cos? Osin b (/ e3 sin” w cos wdw) o3 sin”0
0

0
. a2 o2 a2
+24 cos? fsin e3 sin 0/ ¢3S 6053 wdw — 3 cos* 0 + 7 + 8 cos® 9) e3 510 cog g,
0

0 0

S2,2(0) = —2/ sin w (065 wdw+/ sin w 068 wdw
0 0
0 0 L,
+2 /esm W cos® wdw | cos? 0 — 4 /esm W cos® wdw | cos? 0 | e2 527 9 gin 6 cos 6,
0 0
1 : —3 sin? 6 o 3 sin?w 3 4
$2.3(0) = 6 —12 sin e ¥" e cos” wdw — 9 cos™ ¢
0

) 0
. 2 _ 2 . . _ 2
—12 cos* @sin 6 / e3 5 W cogwdw | e73 5070 4 6 cos? O sin f / e sin? wcoswdw | e=3 s ¢
0 0
0 0

. g2 L2 . .2 a2
—10 cos® § — 12 cos? fsin fe 3 sin ‘9/ e3 S 0053 wdw + 6 sin § (/ g3 sin wcoswdw) g3 sin"0
0 0

0
. a2 . 2 . 2
+8 cos® 0 + 16 cos? 6 + 24 cos? sin he3 sin ‘9/ e 5 eogd wdw — 5 | €3 5070 cos 6,
0

0 0 0
s24(0) = — (—4 (/ i W cog wdw) cos? 6 + 3/ sin® w063 wdw + 6 (/ S W og wdw> cos? 0
0 0 0

0 0 0
2 i 2 in2 2 .
f/ e v coswdw — 2 (/ e v cos wdw) cos? 0 — 2/ SV ¢ogd wdw) e? 5179 gin h cos @,
0 0 0

1 0 2 . .2 9
s25(0) = —3 6 cos 0 [ 5" ¥ sinwdw + 435 % cos™ 0 — 18 &3 50 W gin 4 cos® wdw | cos?
0 0
22 0 b 2 .2 9 b .2
—6e35m 0 cos® ) — 9 (/ e sin “’sinwdw) cos? ) + 2e3 5 90059+3/e3 S sin wdw
0 0

6
sin2 . in2 .
+ 12 cos* 0 [ € 5™ ¥ sin w cos?® wdw + 6/ e3 17 gin w cos? wdw) cos? 6,
0
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8276(9) =

8277(9) =

8278 (9) =

5279 (9) =

s2,10(0) =

82,11(9) =

0

1 . o
G —12 cos? § sin fe—3 sin’ 9/ 3 510" W 6063 4pdw 4+ 1 — 2 cos? 0
0

0
. ) a2
—10 cos® 9 — 12 cos* @ sin 6 /e3 S cogwdw | e 350 43 cost 0
0

s -
+24 cos* 0 sin fe—3 sin 9/ e 1V 063 wdw
0

0
. in?2 g win2 9 w2
+ 6 cos? fsin 6 / e3 S W cogwdw | e 3510 18 cos® 6 | €3 5 9 cos 6,
0
o 2 o 2
2/ SV cos® wdw — 4 /es‘n ¥ cos® wdw | cos? 6
0 0

0 6
.2 .2 i 2 .
_ / S W o063 wndw + 2 / eV cos wdw | cos? 0 | e 57" P 5in @ cos ¥,
0 0

0 0 0
.2 L2 in2
—12 / e 003 wdw | cos? 6 + 2 / S Y coswdw | cos? f — / S W cog3 wdw
0 0 0

0
52 2 02 2 .
—4 / S cog® wdw | cos? 0 f/ S Y cos wdw + 2/ SV cos® wdw | €250 9 gin f cos 0,
0 0 0
2 sin? 0 0 sin? w 2 : o sin? w 2 :
e” —Iy [ € cos“wsinwdw +21; | e cos” w sin wdw
0 0

0 0
31 2 . 31 2 .
—41 / e cos? w sin wdw — 2 I cos? 9/ S ot 1w sin wdw
0 0
6 .y 6 Ly
+1I5 cos? 9/ e8I 0082 wsin wdw — 2 I cos* 9/ 51" W 00s? w sin wdw
0 0
o o 1
44715 costO | ™ Y costwsinwdw + 215 [ €™ ¥ cos* wsinwdw | ———,
0 0 2[1 — _[2
1 O 2 2 2
-3 cos?d | —6 / e3 S W gin wdw | cos? 8 — 2351 9 cosf — 3/ e3 S0 gin wdw
0 0

0 0
.2 . .2 . .2
—6/ e S W gin g cos? wdw — 12 /63 sin®w gin w cos® wdw | cos? 0 — 63 5™ 9 cos? 0
0 0

0 0
2 L2 L2
+8e? 51070 057 9 + 12 cos? 9/ e S W gin wdw + 24 cos? 9/ e3 5" W gin w cos® wdw | ,
0 0

0 4
) 2 . sa2 .
_g2sin”0 QIl/eE'm ¥ cos? w sin wdw + 2 I cos® 9/ e cos? w sin wdw
0 0

0 0

02 . sin? .

—1I5 / S W cos? w sin wdw + I3 cos? 9/ e cos? w sin wdw
0 0
9 2 0 2
—215 cos* 9/ &S c082 wsin wdw — 4 I cos* 0/ 5" W cost w sin wdw
0 0

o, o 1

— 20 | e Yceostwsinwdw + 41 [ ™ Y cos* wsinwdw | ———,
0 0 2 Il — IQ
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82,12(9) =

82,13(9) =

52714(9) =

52,15(0) =

82,16(9) =

s2,17(0) =

0 0 0
- /csm Y cos wdw — 2/ sin’ w 65 wdw—|—/ sin w 063 4y daw
0 0 0

0 0
2 .2
+2 / S W coswdw | cos? 0 + 2 / e cos® wdw | cos? 6
0 0

.2 2 .
—4 / S cos® wdw | cos? 6 | €25 0 cosfsin b,
0
1 0 0
% -12 0054051110/ 3sin® w oo ndw — 6 sm€/ 3sin® w o0 andw
0 0

0 0
+24 cos* 0sin 9/ 3sin® w o068 i + 12 sin 0/ 3 sin® w o068 4
0 0

0

. 2 win2 . 2 o 2

—36 cos? fsin 9/ 3507 053 wdw — 223 5 ¢ogb 9 4 3 570
0

0
.2 s 02 .
—8e3sin" 005529 4 8e3sin” 0 558 9 4 18 sin ) cos? 9/ 3sin® w o0 andw
0

.2
+ 213517 9 cos* ) cos b,

0 0 0
- 73/ S0 W 063 yndu — 2 /esm w coswdw | cos? 0 + 6 /esm “ cos3 wdw | cos? 0
0 0 0

0 0 0
2 2 L2 in? .
+2/ S W ¢ogd wder/ebm Y coswdw —4 /esm W cos® wdw | cos? 6 | €25 9 cosfsin b,
0 0 0

0
a2
—92e3807 0 6579 _ cog? 9/ 3 sin® w sinwdw — 2 cos 9/ 3 sin® w sin wdw
0 0

0
L2 in2 .
9350”0 065 P _ 9 cogh 9/ €3 5" W gin w cos? wdw
0

0
+? 35070 0063 9 — 4 cos® 0/ e sin” w sin w cos® wdw — é cos” fe3 sin” 0
0

0 0
.2 ) ) . 2 .
423570 o560 + / e S W gin wdw + 2/ e3 SI” W gin w cos? wdw,
0 0
6 0
2 sin? 0 sm w 3 2 sin? w 3
—e —215 sin® w cos? wdw + 215 cos26 | ¢ sin® w cos? wdw
0 0
9 .2 9 .2 9 .2
+21; / S gind wdw +4 14 / e ¥ gin® w cos® wdw — 4 Iy cos? 0/ ¥ gin3 w cos? wdw
0 0 0

1

0 0 0
2 s 2 B a2 -
+1I5 cos? 9/ S W sin® wdw — I, / e W sin® wdw — 2 I3 cos? 9/ e W sin® wdw YA
0 0 0 1— 12

0 0
1 o .
Z (=6 [ 350" w cosd wdw +3 /€3 sin w o6 adw +2e3517 9 052 P sin O
3 0 0
0 .2 L2 22
+6 cos* 0/ e 57 cogwdw + 43 5 ¥ cos® Osin 6 — 6e3 5 ¥ cost fsin b

0 0
-9 cos? 9/ 3 510° W coswdw + (18 cos? 0 — 12 cos* 0) / &3 5i0* v 0083 wdw | cos? 0,
0 0
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)
1 P 9 w2 8 2 9 win2 .
s2.18(0) = % (8 @357 0 cos8 9 — 1435 O cos0 9 — 2570 112 cos® 0 [ 5 ¥ sin wdw
6 0 [4
124 cos5 0 [ &3 50° W gin  cos® wdw + 4¢3 57”9 cos? § — 36 cos 0/ 3 sin w i 4 cos? wdw
0

0

0
. 2 .
—18 cos® 6 | €™ Ysinwdw + 6 cos 0/ 3 sin® w sin wdw
0

S—

0
.2 . in2 .
+ 12 cose/ 35107 gin w cos® wdw + 335 % cos? 6 | sin ),
0

0 0
10”0052 4y sin wdw | cos? 6 + / sin w 062 4 sin wdw
0

82719(9) = 2 <

S—

0 0
in? .
— 2/ S10° W coct oy sin wdw — 4 / S10° W o6 4 sinwdw | cos? @ | €2 5170 cos @ sin 0,
0 0
0 0
s920(0)= — |4 / S sin® w cos® wdw | cos? 6 — 2/ e sin® w cos® wdw
0 0
o 2 o 2 2
—/ S W gind wdw + 2 / S Y sin® wdw | cos? 6 | €25 9 cos O sin 6,
0 0
6 s (4 .
s201(0) = — (2 / ¥V cos? wsinwdw | cos? 0 + 4 / S cost w sin wdw | cos? 0
0 0
0 2 2
— / e50* ¥ 082 4 sin wdw — 2 / sin"w st w sin wdw | €2 5" ¢ cos O sin @
0 0
0 0
Sg,22(0) = 2 / e cos? wsinwdw | cos? 6 — / S cos? w sin wdw
0 0
0 s 2 g i 2 2
+2 / S cost w sin wdw — 4 / S W cost wsinwdw | cos? 0 | €2 5™ cosfsin b,
0 0
0

2 w2 . . 4 ... 2 . 0 w2 . 8 4.2 .
82723(9) — 263 sin“ 6 COSO 0sin@ 4 g e5 sin“ 0 C088 0 sin 0 ) ed sin® w COSS wdw + § ed sin“ 6 COS4 0sin @
0

0 0
2 .
—2 cos? 0/ 3sin® w o068 1y — 263 5107 0 os? B gin O +2 cos® 9/ 8 sin® w ¢oq andw
Y i o, 90 L
—4 cos’® 6’/ ¢3S 053 wdw — / e3 51 cos wdw + cos® 9/ e3 5 cog wdw,
0 0 0
1 0 0 0
S2.04(0) = = 6/ 3 510% W 063 1 duw + 12 cos 9/ 3 sin’w o0 andw + 12 cos? 9/ 3 sinw 063 00 dw
0 0 0
0 L o
73/ 3sin® w o og andw + 85179 0058 9 gin O — 24 cos* 9/ e S W 083 wdw
0 0

0
g w2 0 i 2 .
—6 cos? 0/ &3S coswdw — 23 5™ 9 cos? Osin 6 | cos? 6,
0
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0 0
. 2 s2 .2
s9.05(0) = —e25" 9 [ 313 cos? 9/ S cos? wdw + 2 I cos? 9/ ™ cos wdw
0 0
0 o, o
+6[1/esm W cos? wdw—411/es““ W cos® wdw + 4 I cos? 9/ S cos® wdw
0, g 9 g 00_ ]
+2 Ig/es‘“ v cos® wdw+I2/eS“‘ v coswdw — 6 I3 cos* 0/ S ¢og3 wdw
0 0 0
0 L
—2 15 cos? 0/ &SN W o8P wdw—Z[l/eS‘n v cos wdw
0 0

0 0
2 s2 1
—315 | M ¥ cos®P wdw — I cos® 0 [ Y coswdw | ———,
0 0 2 Il — 12

0 0
.2 a2 2
s206(0) = e?°in 0| —2 I3 cos? 9/ e cosd wdw + 4 I3 cos? 9/ S cog® wdw
0 0

0 0 0
2 2 2
—1I / S o83 wdw — 2 I5 cos? 9/ e cos® wdw + 2 Iy / e ¥ cos® wdw
0 0

) o " 0
.2 2 02 1
+21; / 1V cosd wdw — 414 / &S0 W 008% wdw + Iy cos? 0/ SV cosd wdw | ———,
0 0 0 211 — I
1 3 ¢ 3 sin?w _: 5 o 3 sin?w _: 3 sinZ 6 4
S2,27(0) = G —6cos?0 [ e sinwdw + 12 cos® 0 | e sinwdw — 3e cos* 0
0 0

0
s 2 2 2 o2 .
7263 sin 9008297263 sin 9C0860763 sin 9+24 COS50/ 63 sin wsmwcos2wdw
0
4 2 2
— 12 cos® 9/ 35107 gin w cos® wdw + 835 ¥ cos® 0 | sin ),
0

0
1 i2 in? .
$2.28(0) = 5 5e35n°0 4 94 cog® 0 [ €25 ¥ ginw cos® wdw
0
0

0
in2 . in2 .
—12 cos® 9/ e S W gin g cos® wdw — 12 cos 9/ e S W gin g cos® wdw
8 .2 s2 ’ 0 in2
—6 cos® 6’/ e 517 W gin wdw — 15e° ¥ ¢ cos? § — 6 cos 6’/ e3 81 W gin wdw
0 0
2 2 0 s 2
+4e3 51070 052 9 4+ 8e 51070 g8 9 + 12 cos® 9/ e S W gin wdw
0
) .
—2¢3 51070 g6 9) sin 6,
1 3 sin? 6 2 3 sin? 6 6 5 o 3 sin?w
Sg,29(0) = G (7146 cos?0+10e cos® @ +12 cos 0 | e sin wdw
0 .2 o .2 0 in2
+6 COSS 0/ e& sin“ w sin wdw + 12 COSd 9/ ed sin“ w sinwc0s2 wdw 4 863 sin 0(}088 9
0 0
2 2 o a2
+3e3507 0 cogt ) — Te3 50 124 cos® 9/ e3 50" W gin w cos? wdw | sin @,
0
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0 0
o2 o2 o2
s930(0) = —e?sin? —4[1/e“n ® cos® wdw — 2 I3 cos® 0/ ¥ v cos wdw
0 0

) ) )
.2 - .2 = .2
—2 15 cos? 9/ e Y cos® wdw—l—Zlg/eS‘n W cos® wdw — 2 I3 cos® 0/ &S o83 wdw
0 0 0

0 0 0
.2 .2 22
+21; / S Y coswdw — Ig/ &S 0083 wdw + I cos? 9/ S Y cos wdw
0 0 0

0
2 p 2
+21; / e g3 wdw + I3 cos? 9/ e o83 wdw
0 0

0 )
2 2 1
- Ig/e““ Yeoswdw + 4 I3 cos49/ S cos® wdw | ———
0 0 2[1 — Ig
o o, 0
s231(0) = — 2/6Sln ¥ sin® w cos? wder/esm @ sin® wdw + 4 /esm ® sin® w cos? wdw | cos? 0
0 0 0

0
x 2 . N 2 .
+2 / e W gind wdw | cos? 0 | €251 ¢ cogfsin b,
0

0 )
sin2 . sin2 .
s2.32(0) = — 2/ SV cos? w sin wdw + 4 / e cos? w sin wdw | cos? 6
0 0

0 0
.2 . .2 . i 2 .
+ / S W cos? w sin wdw + 2 / &S c08? wsin wdw | cos? 6 | e2 5 9 cos Psin 6.
0 0

We also have

51(0) = s1,1(0)aoscio + s1,2(0)ao1cos + s1,3(0)aoscor + s1,4(0)ao1cs0 + s1,5(0)croc21 + s1,6(0)ao1a12
+51.7(0)coic12 + 51,8(0)co1a11 + 51,0(0)coscio + s1,10(0)a12¢10 + 51,11 (0)co1c21
+s1.12(0)c10c12 + s1,13(0)az1c10 + s1,14(0)aora21 + s1,15(0)c10¢30 + 51,16(60)ao1c21
+s1,17(0)ao1aos + s1,18(8)ag1c12 + s1,19(0)arzcor + 51,20(8)co1co3 + 51,21(0)azicor,

and s1,;(0) for i =1---,21 are given in the following expressions:
1 92'in2 ; 4 2 sin® 0 02‘in21-
s1,1(0) = T 24 e ¥ Ysinwcoswdw | cos®§ —e” ¥ Y 412 [ e % “sinw cos wdw
0 0

in? 2w 0 9 sin? :
+4e? 570 cos? § — 36 / e? 5™ ¥ gin w cos wdw | cos? 6 — 72 <f0 e? 5" W ¢os3 w sin wdw) cos? 0
0

0 6
.2 . 2 02 .
+24/ e 57 0683 w sin wdw + 82 ¥ 9 cos® 6 + 48 / e? 5" W 053 wsin wdw | cos* 6
0 0

o 2 .
+3e2 570 cost  — 142 57 0 cosb 9) cosfsind,
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0

1 2 a2 2 o2

s1,2(0) = —3 €250 o509 + 2 cos® 0 | €25 ¥ sinw cos wdw — = €2 5 9 cos'0 g
0

0
-2 / 2 510° W 068 1 sin wdw | cos?h — f e2 50 W gin 4 cos wdw
0
0 7 2 0 in2
+ / 2 sin® w i 0 cos wdw | cos? @ —+ 3 e2 50”0 0ogt 9 — 4 cogb 9/ €2 1" W 0063 4 sin wdw
0 0

0
1 2
2 sin2 0 oS 0 3 82 sin“ 0 COSS 6 + 2 2 sin? w COS3 wsin wdw

s15(0) = 25”0 (cosf — 1) (cosf + 1) (—8 cos® 913 + 14 cos® 0I5 — 7 cos* 013 + 8 cos* O3
0

. o w2 .2
—4 cos* 0I5 + 24 I5 cos® 0 sin fe—2 sin 9/ e2 s v 0062 wdw
0 0 0
. Lo w2 L2 . Lo win? .2
+48 I; cos® @ sin fe2 sin 9/ e2 S Wiy — 48 I cos® § sin e 2 Sin 9/ e2 5 oot wdw
0 0
9

—24 T, cos® Osinfe2 5070 [ o2si® w602 0T 10 cos? O, + 5 cos 01,

O

0
+121, cosfsinfe—2 sin® 9/ e?sin’ Wi, 19 I5 cos 0 sin fe 2 sin® 9/ e? 510" W 0062 1y
0, 0

—24 I, cosOsinfe 2 Sin29/ 2 sin’ v,
s 2 ’ 0 s 2
+ 2415 cosOsinfPe=2s70 [ Zsin"w el — I, + 214 m,
0
1 4 in? 9 0 2 sin?w 4
s1,4(0) = T 24 cos* fe~2 sin /e S Wsin w coswdw — 7 + 3 cos* 6
0

)
. 2 . 2 .
—8 cos® O + 14 cos? § — 24 cos? fe—2 sin 9/ e2 S W (063 4 sin wdw
) 0
i 2 in2 .
—2 cos® 6 + 12 cos? Pe~2 sin 9/ €2 1" ¥ gin w cos wdw
0

0

L2 102 . 2 .

—48 cos? fe—2 sin 6/ e? 5" o83 w sin wdw | €2 5™ ¢ sin 6 cos 6,
0

0
1 2
s150) = —= |—e?s™ Pcos?f + 12 e2 510°  gin 4 cos wdw | cost 0
0

0 0
+24 / e 510° W 063 01 sin wdw | cos® 6 — 3/ 2 sin® w g 4 cos wdw
0 0
) )
—6 / 2sin® w g o cos wdw | cos? 6 — 6 / 2 sin® w 068 1) sin wdw
0 0

0
2 P . 2
—12 / e2 31" W 053w sin wdw | cos? 6 + 4e2 5078 ¢os8 §
0

— 3e2sin"0 cog 0} cos? 8,
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1 o : (P
s1,6(0) = —3 (12/ €2 510° W 053 4y sin wdw cos § + 9 (/ e2 5" W gin 4y cos wdw) cos? 6
0 0
9 0 a2 a2
+6/ €2 SIn* W (063 1 sin wdw — 3 / 2 sin” W gin w cos wdw + 4e% 5 9 cost 0
0 0
0
—6 (/ ? 5I0* W gin 4 cos wdw) cos? 0 — 5e2 50" 0 056§ 4 262 570 ¢os8 ¢
0
0 .2
—18 / e2 50”0663 1 sinwdw | cos? 6 — e2 57" 9 cos? 0 | cos? 0,
0
1 2 .2 0 2 si 2
s17(0) = ——e25" 9 [ 12], cosfsinfe=2 50 9/ e” S YW
12 0
0
—12I5 cos? @ sin fe—2 sin” 9/ 250w 00200y — 24 T, cos Bsinfe=2 51070 [ o2 sin’ wy,,
0 0
0 0
112 I, cos? fsin fe—2 sin” 9/ 2 510° Wy 4 94 Ty cos® O sin fe—2 S0 9/ 2 510° W cocd
0 0
+24 I cos 6 sin fe—2 sin® 9/ e 510" W oot pnduy — 12 I5 cos 6 sin fe 2 sin®0 [ o2 sin® w0624,y
0 0
6 6
—24 1, cos? fsin fe—2 sin” 9/ 2 s’ Wy 4 24 I cos® O sin P2 50 9/ o2 sin® w (cos* w)2 dw
0 0
0 0
+48 I cos® @ sin fe2 sin” 9/ Y I, cos® §sin fe 2 sin” 9/ o2 sin® w
0 0
6
—48 I3 cos® Osin fe—2 5070 [ o2 s0®w ool iidny 16 cos? O3 + 9 cos® O3 + 5 cos® 015
0
—12 cos? I, — 815 cos'®0 + 8 cos® I, — 4 cos %I, — 51, + 1011 + 6 cos? 01,
—6 cos* 01 + 3 cos? 01, + 10 cos® 0[3) 5T 1.
1— 12
1 . . 0
s1.8(0) = 5 2 sin¢? (—4 cos® 01, — 48 I5 cos® A sin fe=2 sin 9/ 2 sin® w o
0

0
—3 cos? 0T, + 14 cos? 0I5 — 24 I5 cos® O sin fe—2 sin” 9/ 2 510° W ooty

+3 cos® 0I5 — 2 cos® 0I5 + 24 I cos® O sin fe 2 sin® 9/ 2 510" W 0062 1y
0

6
16 costOI; + 8 cos® OI, + 71, — 24 I, cos® fsin fe—2 sin* 0/ o2 sinw g,
0
0
—121, cos® fsin fe~2 sin” gfoee2 sin w gy + 48 I; cos® @ sin fe~2 sin? 0/ 2 sin*w gy, 8 I3 cos'? 6
0
0
—7 cos 0I5 + 12 I5 cos® O sin fe—2 sin” 9/ 2 510° W 6062y
0

_|_24I 39 : 9—23in20/02sin2wd 14T 1

1 cos® @sin fe Oc w V) Sn e
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o o
L2 . in2 .
s10(0) = — / e? S0 % gin w cos wdw | cos* 6 + / e? S0 gin w cos wdw
0 0

.2 .2 . .2
—e25i070 0058 9 — 2 cogl 6/ e 5" ¥ gin w cos wdw — €2 5™ ¥ cos® §
0
2 0 s 2
+5/3 e? sin 9c0549+2/62 SN 6053 w sin wdw
0

9
.2 E . 2 )
—4 cos0 [ €25V cos® wsinwdw — = €25 ¥ cos'0 9
0 3
2 o a2
42570 o529 — 2 / e2 5" W o083 wsin wdw | cos? 6,
0

9
1 .2 L2 . .2
51,10(0) = —3 e? 50" cos?2 9 + 12 e? 5" W o0g3 wsinwdw | cost O — 3e2 51070 056
0

0 0
21 2 . 31 2 .
-9 / e 31" W gin wcoswdw | cos? 6 + 6 / e2 s W gin w cos wdw | cos? 6
0 0

0 0
) . ) .
+6/ e2 SV 0063 4 sin wdw — 18 / e S W 0093 1y sin wdw | cos® @
0 0
0 .2 .2
+3/ e S W gin w cos wdw + 2 5™ 9 cos® 0 | cos? 6,
0

1. ot
s1.11(0) = -3 250”0029 | 6 [, o2 sin? 9/ 2 SIn* Wiy 1 4 cos” Osin O3
0

0
. o 2 .2
—4 cos® 0sin 01, + 6 I cos? e 2 sin 9/ e2 5wy,
0

0 9
.2 .2 o w2 2
—121; cos?fPe=2sin 9/ e2 S Wiy — 3 [;e2in 9/ €2 5107 052 wdw
0 0

0 0
12 cos® Osin Ol + 24 T, cos* fe—2 sin’ 9/ 2% Wy 119 [y cos? fe—2 sin” 9/ 2 510° W ooty

) 0 0
o2 02 .
+12I5 cos* fe=2 sin 9/ e2 5" 0052 wdw — 2 cos O sin 01
0
2 9 2
—12 15 cos* fe—2sint / €2 1" oy + cos O sin 015
) 0
) 2
+6 IS e—2 sin 9/ 62 sin wCOS4 wdw
0

0 0
.2 .2 o oain?2 .2
—24 I cos* he=2sin0 /62 sin"w oost wdw + 3 I, e~ 2 5 9/ e? S W gy
0 0

0
. L2 a2 1
— cos? 0sin0l; — 6 I3 cos? fe=25n° 0 [ @28 w o 20y | ——
0 2]1 _IQ
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0
1 o s
s1.12(0) = —— [ —12e725070 [ o250 Wgin g cos wdw — 15 cos § — 2 cos® 0

12

> S—

0
.2 .2 . o ain2 .2 .
+24 cos* fe=2 570 [ 2SI W gin 4 cos wdw — 24 cos? e 2 S 6/ e? 5" W o83 w sin wdw
0

(=}

0
2 2 .
—24¢~2sin 9/ e2 31" ¥ 093 sin wdw + 8 cos® 6 + 4 cos? 0
9
+48 cos? fe—2 sin? / €2 5I0° W 0663 41 sin wdw
0

0
.2 .
—12 cos? fe2sin 9/ ? 50" W gin o cos wdw + 5 | 2 50 cos fsin g,
0
1 —2 sin? 0 2 sin® w
s113(0) = — | —12 cos? fe e sin w cos wdw
12 o
9
: 2 .2 2 .
+24 cos? fe—2 sin 0/ e 31" W gin w cos wdw + 8 cos® O — 3 cos* 9
o 0
.2 .2 . Lo w2 2 .
—24 cos? fe25in70 [ o287 W 003 0 6in wdw + 48 cos? fe2 S 0/ e2 S W 0063 4 sin wdw
0 0
a2 .
—1—2cos?6 —2 cos® 9) e2sin" 0 0a3 9 in g,
0
1 .o .2 .
s1,14(0) = E 1+ 48 cos fe=25n" 0 [ 2807w (3 sinwdw + 8 cos® 6
0
0
.2
—24 cos? fe2 sin ‘9/ 2 510° W 063 1 sin wdw — 10 cos® 0
Y
L2
—24 cos fte—2 sin 9/ 2sin® w g o cos wdw — 2 cos? 0
0
.2 a2 . 2 .
+12 cos? fe—2 sin 0/ e s Wgin wcos wdw + 3 cos* 0 | €257 ¢ cosfsin b,
0
1 o, 7
s1.15(0) = 5 24 cos? fe~2 sin 0/ €2 5i0° W 0663 1 sin wdw + 10 cos® @
0
)
4 —2sin? @ 2 sin?w -
+24 cos* fe e sin w cos wdw
0

9
.2 2 - .
+48 cos?* fe~2 sin 9/ e2 S W 663 1 sin wdw
0

0

+3 cos® f + 12 cos? fe—2 sin* 9/ 2sin® w i 4 cos wdw + 8 cos® 0
0

—14 cos? 0 — 7) €? sin” 0 0050 sin 0,
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9 9
1 a2 “ . 2 .
s1,16(0) = —3 —6 [ 5" W og? wsin wdw — 12 e2 5" W gin w cos wdw | cos* 0
0 0

9
2 2 .2 .
425070 o520 4 425070 cog® 9 — 12 / e2 S W 0063 1y sin wdw | cos? @
0

0
.2 . 2

+24 / e2 S W 063wy sinwdw | cos* @ — 4e2 5070 ¢og6 §

0

4 a2 2
+6 / e 31" W gin weos wdw | cos? 6 — 2 5070 ¢ogt §

0
o
+3 / e 51 Y gin w cos wdw | cos? 0,
0

0
1 2 o2 P .
s1,17(0) = T 48 cost fe=2 5070 [ o2 ST W 0663 4 sin wdw
0
2 9 2 2 9 2
—12¢728in ‘9/ e2 50" W gin w cos wdw — 24 cos* e 2 s 0/ e2 S W gin 4y cos wdw
0 0

0

+36 cos? fe—2 sin 92/ 2 510° W i 4 cos wdw + 8 cos® O + 1+ 21 cos* 6
0

0
2 2 3 o w2 2 .
+94e2sin"0 [ o287 w (30 ginwdw — T2 cos® e 2 SN 0/ e2 31" W 083 1 sin wdw — 8 cos® 6
o, 0
—22 cos® 0) e2 50" cosfsin b,
1

9

2 2 A

s1,18(0) = T —24 cos* fe=2 sin 9/ e? S gin w cos wdw
0

)
.2 .2 - .
—24 e 25sin 9/ e2 S W 0053 sin wdw + 16 cos? 6 — 5
0
2 0 a2
+12 cos? fe—2 sin 9/ €2 1" W gin w cos wdw
0

0

2 2 .

—9 cos* 6 — 24 cos? he—2 sin 9/ e? 57 W 0083 w sin wdw — 10 cos® 6
0

0
L2 02 .
+12¢ 2 sin 0/ e2 S W gin 4 cos wdw + 8 cos® O
0

0
o2 Gin2 . 02 .
+48 cos?* fe—2 sin 9/ €2 1" W 0063 1 sin wdw | 2 5P ¥ cosfsin 6,
0
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s1,10(0) =

81,20(9) =

0
1 .2 . o .2
-3 e251n0” 00520 [ 2 cosfsin@I; — 18 I; cos? fe=25in70 [ o2 sin"wq,,
0

—cosfOsin Bl — 3 cos® Osin 0I5 + cos® A sin 01,
0 0
2 ) o w2 2
+9 12 COS2 96_2 sin 0/ 62 sin wdw + 18 _[3 0082 96 2 sin 0/ 62 sin“ w COS4 wdw
0 . 0
. . 2 .2
+cos® 0sin 0I5 — 6 I cos* fe—2 sin 9/ e2 S Wy,
0

% 0
w2 s 2 o w2 2
+6 15 cos? ge—2 sin 9/ e2 sin® w C082 wdw + 61, ¢ 2 sin 0/ e2 sin” w g,
0 0

0 0
. o 2 2 o w2 .2
+2 cos07sinfI5 — 3 I, e 25 9/ e2 S W — 9 I3 cos? fe=2 50 9/ e2 S 6052 wdw

) 0 )0
.2 .2 _ .2 )
—12 I3 cos* fe—2sin 9/ e2 S W ot wdw + 12 1, cos? fe~2 50 0/ e2 s Wy
0 0
0 0 1
—2 cos® OsinfI;, —6I3e2 sin® 9/ 2 Sin* W ost 4 313¢72 sin® 9/ o2 SIn* W 06 1day Sy
0 0 1— 12

0
1 -2 -2 2
—Z 280 | G cogthe28in70 [ o287 w ool day
3 0
0

. o w2 2
+2 cos® Osin I, + 12 I; cos® ge—2 sin 9/ e2 s Wy,
6 pp—2 sin? 0 02Sin2w ’ 4 p . —2sin? 6 92sin2w
—6 15 cos® fe—= s e dw — 3 15 cos™ fe e dw
0 0
. 2 0 02
—3 cos® 0sin 0I5 — 12 I3 cosb fe—2 sinf / e2 s v oot wdw
4 —2sin? 0 o 2 sin? w ’ —2sin? 6 o 2 sin? w 5 .
+6 I; cos* fe—= s e dw—61Ie e dw + cos® #sin 61,
0 0
+4 cos® 0sinfI3 + 3 cosfsin bl + 3 cos’ Osinf15

0 0
2 2 o w2 2
—3[ze2sin 9/ e 5 cos2 wdw + 3 I3 cos* fe2 S 9/ e2 31 o682 wdw
0 0

0
13 [y e 2 sin? 9/ 250 W, 6 cos @ sinOI; — 2 cos® 0 sin 01,

00

+61I5e72 Sinzg/ 2 5in* W ost nduy — 4 cos® Osin 01 + 215 cos® Osin @
0

oy [0 s 1
+6 I3 cos® fe=2 sin 0/ e? S eos? wdw | ———
0 2[1 _IQ
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1 . - . o
s1,21(0) = 5 2 sin¢? (2 cos* 013 — 48 I5 cos® O sin fe~2 sin’ 6/ 2 sin” w ooed
0
. 2 9 .2
—3 cos® 0I5 — 4 cosb 0I5 + I, — 12 I3 cos® O sin fe—2 5in? / e2 S 00g2 dw
0

0
—6 cos* O, — 8 I cos'0 9 — 21, + 24 I5 cos® O sin fe—2 sin’ 9/ 2 510° W ooty
0

0 0
= . _ 9 ain g2 2 . 9 ain2 .2
—924 I, cos® 0 sin fe—2 sin? /e2 ST W gy 4+ 12 I cos® O sin fe =2 5 9/ e2 S W oy

0 0

—24 T, cos® fsin fe—2 5in” 9/ 2 510° Wy 410 cos® 01
0

0
+8 cosS 011 — cos? 013 + 24 I5 cos® O sinfe=250° 0 [ o2 sin® w0062 11 daw
3 3
0
.o o . 2 1
+3 cost 0I5 + 48 I1 cos® O sin fe=2 5in 9/ e2sin*w g,
0 2 Il I2

Now we present the expression of so(6).

50(0) = s0,1(8)ar2c11 + s0,2(0)azocos + s0,3(0)azoc21 + S0,4(8)az1¢11 + s0,5(0)az1co2 + 50,6(0)az1c20
+50,7(0)co2¢30 + S0,8(0)ao2a12 + S0,9(0)ao2¢03 + S0,10(0)a02¢21 + S0,11(0)aozar1 + so,12(0)aoscoz
+50,13(0)aozc20 + 50,14(0)a11a21 + s0,15(0)ar1c12 + s0,16(8)a11¢30 + 50,17(0)a12a20
+s50,18(0)a11a12 + s0,19(8)ao3a20 + 50,20(0)a02a21 + S0,21(8)ar1c21 + s0,22(0)c20¢30
+50,23(0)c11c03 + 50,24(0)co2c03 + S0,25(0)cr1c21 + 50,26(0)c12¢20 + 50,27(0)co2¢12 + S0,28(0)aozc12
+50,29G02¢30 + 50,30(0) @02a03 + S0,31(0)az0a21 + S0,32(0)c11¢30 + S0,33(0)c20¢21 + S0,34(0)co2¢21
+50,35(8) coscao + 50,36(0)c11¢12 + S0,37(0)az0c30 + S0,38(8)aizca0 + s0,39(0)azociz
+50.40(0)a11¢03 + S0,41(0)a12c02 + S0,42(8)aoscii-

and sg;(0) for i =1---,42 are the following:

0 4 0
.2 L2 P02
s0,1(0) = —cos? [ 2 cos? 0/ S cos wdw + / S cos wdw — 3 cos? 9/ " ¥ cos wdw
0 0
0 g 0
—4 cos* / sin w0065 wdw — 2/ SN cos% wdw + 6 cos? 0/ sin w0085 wdw
0 ¢ X
4 sin? w 51n2 w 3 2 sin? w 3
+2 cos* @ | €° cos® wdw + cos® wdw —3 cos“ 6 | € cos” wdw | ,
0 0 0
0 o o
s02(0) = —4 cos® 6’/ S W co8® wdw + 2/ ST cos® wdw — 2 cos® 6’/ S cos® wdw
0 0 0

0 0 0
+2 cos® 0/ 10 W 063y — /esm w cos® wdw + cos 9/ sin w53 wdw,
0 0

O

0 0
2 2 .
s03(0) = cos®0 ( / sin’ w o065 1w + 4 cos 9/ I W 6085 wdw — 8 cos? 9/ e ¥ cos” wdw
0 0

0 0
.2 2
—/ Sin” W 0063 wdw — 2 cos? 9/ S cog wdw 44 cos? 6/ 57 W oog3 wdw) ,
0 0 0
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0 0 0
. 2 2 2 [
s04(0) = cos®Osind | 2 cos? 0/ S ¥ cos wdw — / S W coswdw — 4 cos? 9/ S ¥ cos® wdw
0 0 0

6 6 0
.2 L2 02
+2/ S cos wdw 42 cos? 9/ S cos3 wdw — / S cogd wdw |
0 0 0

0 0

. s2 o )
s05(0) = cos?Osind | 2 cos? 0/ S sin® wdw — / e sin® wdw
0 0

0
14 cos2 6 | e % sin® w cos® wdw — 2 / 10 W gin3 4 cos? wdw | |
0
0 0
s06(0) = cos®Osinf [ 2 cos? 0/ sin® w0662 1) sin wdw — / 1 W 0052 1 sin wdw
0 0
0 0
+4 cos? 9/ S0 W cog y sin wdw —2 / 510" W cog 4y sin wdw ,
0 0

0 0
. in2 . in2 .
so7(0) = cos®Osind / S gind wdw + 2 cos? 0/ S ¥ sin® wdw
0 0

0 0
L2 .
+2/ 5" W gin3 w cos? wdw + 4 cos? 9/ sin® w o313 4y cos? wdw ,
0 0

0 0 0
) 2 2
sos(0) = —cos?0 |6 cos 9/ S cos® wdw + 3/ e cos® wdw — 9 cos? 9/ e cos® wdw
0 0 0
0 0 0
2 2 2
—4 cos?* 0/ S 0% wdw — 2/ S 0% wdw + 6 cos? 0/ S ¢og® wdw
% 6’ )
.2 2 in2
—2 cos? 0/ e Y cos wdw —/ SV cos wdw + 3 cos? 9/ e Y coswdw | ,
0 0 0
o .2 4 s2 o in?
s09(0) =  —6 cos® 9/ SV cos® wdw + 3/ e Y cos® wdw — 3 cos? 0/ S cos wdw
Y % Y
+4 cos® 0/ 10 W 665 1y — 2/ sin® w 065 4w + 2 cos 0/ sin® w 0065 4w
0, g0 , 0
.2 L2 in2
+2 cos’ 0/ e Y coswdw — / S ¥ cos wdw + cos? 0/ e ¥ cos wdw,
0 0 0
o o 0
s0.10(0) = —cos?0 73/ S ¥ 083 wdw — 6 cos? 0/ S o3 wdw + 12 cost 0/ 510 W o8 pdu
0 0 0
0 0 0
—|—2/ sin” w 0065 4w + 4 cos 9/ sin® w 6065 4pdw — 8 cos 6’/ sin® w 06,65 4w
0 0 0
o sin? w 2 o sin? w 4 o sin? w
+ [ e coswdw + 2 cos“ 0 [ e coswdw — 4 cos™ 0 [ e coswdw | ,
0 0 0
0 o,
s0.11(0) = cosfsinf | 2 cos? 9/ sin w 062 4 sin wdw +/ sin” w 0062w sin wdw
0 0
o o
—3 cos? 0/ S ¥ ¢os? wsinwdw — 4 cos? 0/ S cogt 4 sin wdw
0 0

0 0
in2 . in2 .
—2/ e Y cost w sin wdw +6 cos? 0/ S cost wsinwdw |
0 0
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0 0
. in2 . in2 .
s0,12(0) = —cosfsinf | 2 cos? 9/ e ¥ gin® wdw + / e W gind wdw
0 0

0 0
. 2, - in2 .
—3 cos? 0/ S gind wdw + 4 cos* 9/ e ¥ gin® w cos? wdw
0 0

0
: 2 . 2 .
+2/ e ¥ gind 4w cos? wdw — 6 cos? 9/ S v sind w cos? wdw | |
0 0

0 0
. 51 2 . 51 2 .
s0.13(0) = —cosfsinb | 2 cos? 0/ S cos? w sin wdw + / S cos? w sin wdw
0 0
0

0
<1 2 . <1 2 .
—3 cos? 9/ e ¥ cos? w sin wdw + 4 cos* 6’/ S ¥ cos? w sin wdw
0 0
)

0
+2 / 510 W 0064 1 sin wdw —6 cos? 9/ 10”0 o0 4y sin wdw ,
0 0
0 0
30 2 sin w? 2, sinw 2,
S0,14(0) = —cos® Osind | 2 cos 9/ e cos” w sin wdw — / e cos” w sin wdw
0 0
0 <in2 0 .2
—4 cos? 6 fo eSin” W cogt w sin wdw +2/ S ¥ cost wsinwdw | |
0
4 .2 4 .2
50.15(0) = cosfsinf | —cos? 9/ S cos? w sin wdw — / e Y cos? w sin wdw
0 0
0

0
in2 . in2 .
+2 cos? 0/ 5" W 0082 w sin wdw + 2 cos? 0/ S ¥ ¢og? w sin wdw
0 0
a2 4 a2
+2/ S ¥ cos? w sinwdw —4 cos* 0/ e cogt w sin wdw | |
0 0

0 0
. in2 . 2 .
s0.16(0) = —cosfsind / S cos® wsin wdw + 2 cos? 9/ e ¥ cos? w sin wdw
0 0

0 0
-2 / 510" W cog 1 sin wdw —4 cos? 9/ 810”0 cog 4y sin wdw ,
0 0
9 .2 9 a2
s0,17(0) = cos?0 | —4 cos? 9/ S cos® wdw — 2/ S cos® wdw
0 0
0 0

0
.2 L2 in2
+6 cos? 0/ S cos® wdw + 2 cos? 0/ S cog® wdw + / 5" W o083 wdw
0 0 0

0
o2
—3 cos? 0/ S cos® wdw |
0
o 2
s0.18(0) = cos?6 [ 2 cos? 9/ e Y cos? w sin wdw |
0

0 0
in2 . in2 .
+/ 51" W 682 w sin wdw — 3 cos? 9/ 5" W 0082 w sin wdw
0 0 0
4 sin? w A4 o3 sin? w 4 3
—4 cos*0 | e coswsinwdw — 2 | e cos™ w sin wdw
0 0
2 sin? w 4 :
46 cos“ 0 | € cos” wsinwdw | ,
0
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50,19(0) =

50,20(0) =

80,21(9) =

80722(9) =

50,23(9) =

50,24(8) =

50,25(0) =

9 0
. in2 in2
cosfsinf [ —4 cos? 9/ &S cog® wdw — 2/ &S cog® wdw
0 0
9 2 9 2 9 2
+6 cos? 0/ S ¢o8% wdw + 2 cos? 9/ S W cog3 wdw + / 5" 0083 wdw
0 0 0

0
22
—3 cos? 0/ S cogd wdw | |
0
0

. = 2 «
cos®0sinf | 6 cos? 6 / e cosd wdw
0

0 0
e 2 2
—3/ S cog? wdw — 4 cos? 9/ S cog® wdw
0 0

0 0 0
.2 L2 T2
+2/ S0 W cos® wdw — 2 cos® 9/ S Y cos wdw + / e Y ecoswdw |,
0 0

0
)

0 in2 . in2 .

cos?f | — fo 5" W 082 4 sin wdw — 2 cos? 0/ S ¥ cos? w sin wdw
0

o o

+4 cos?* 6’/ S W cos? w sin wdw + 2 / e ¥ cost w sin wdw
0 0

0
.2 a2
+4 cos? 9/ &S cost w sin wdw — 8 cos? 9/ S cost w sin wdw | |
0 0

0 0
. in2 . in2 .
cos® 0 sin 0 / S cos? w sin wdw + 2 cos? 9/ S cos? w sin wdw
0 0

0 0
.2 . 02, .
+2/ SV cos? w sin wdw +4 cos? 0/ S cogt w sin wdw | |
0 0

0 0 0
2 2 2
—2 cos® 6’/ e Y coswdw + / e ¥ cos wdw — cost 9/ e Y cos wdw
0 0 0
0 . 0 . 9 o s 2
+4 cos® 0/ S W 0og® wdw — 2/ 5" W cos® wdw + 2 cos* 9/ 5" W cog® wdw
Y L J i 0 92
—2 cos® 0/ S o3 wdw + / S o3 wdw — cos 94/ SV o83 wdw,
0 0 0
9 2 0 2 9 2
-2 / &S gind wdw | cos® 0 + / e v gind wdw — cos 04/ e gind wdw
0 0 0
6

)
2 . B 2
—4 / S W gin3 w cos? wdw | cos® 6 + 2 / S gin3 w cos? wdw
0 0

9
.2 .
—2 cos? 9/ S ¥ gind w cos? wdw,
0
9 0

0
2 - 2 .2
—cos? 6 —/ e Y coswdw — 2 cos 92/ S coswdw + 4 cos? 9/ ™ Y cos wdw
0 0 0

0 0 0
L2 .2 2
+2/ S ¢og® wdw + 4 cos? 9/ S ¢os® wdw — 8 cos? 0/ S Y ¢og® wdw
6 6 0
.2 2 02
—/ S ¥ cos? wdw — 2 cos? 9/ eI cos® wdw +4 cos? 9/ SV cos? wdw |
0

9 0
4



0 0
. in2 . in2 .
s0.26(0) = —cosfsinf | —cos? 6’/ S Y cos? w sin wdw — / e cos? w sin wdw
0 0
0 0

0
in2 . in2 . in2 .
+2 cos?* 0/ ¥ ¥ ¢og? w sin wdw — 2 cos? 0/ S Y cos? w sin wdw — 2/ S ¥ cogt w sin wdw
0 0 0

.2 .
+4 cos? 0/ S cogt w sin wdw | |
0

0 )
. inZ w - a2
s0.27(0) = —cosfsind | — cos? 6’/ S W gin® wdw | — / e gind wdw
0 0

0 0 0
5 2 . 5in? . sin? :
+2 cos? 9/ S gind wdw — 2 cos? 0/ S % gin3 w cos? wdw — 2 / S % gin3 w cos? wdw
0 0 0

9
L2 .
+4 cos? 0/ S gind w cos® wdw | |
0

0 0
. G2 2

s0.28(0) = —cosfsinf | —3 cos? 0/ S cog3 wdw — 3/ S ¢og3 wdw

0 0

0 0
2 2

+6 cos* 6’/ S ¥ cosd wdw + 2 cos? 0/ S cos® wdw

[ 0 6 0 0

sin? w 5 4 sin? w 5 2 sin? w
+2 [ € cos” wdw — 4 cos™ 0 | e cos” wdw + cos“ 0 [ € cos wdw
; 3 :

2 a2

—l—/ S coswdw — 2 cos? 0/ e Y coswdw |,
0 0
0

0 0
P . 2 .2 2
s0.20(0) = cos®Osinf 3/ e % cos wdw + 6 cos? 9/ S cos3 wdw — 2/ S cos® wdw
0 0 0

) 0 )
i 2 = L2 .2
—4 cos? 9/ e Y cos® wdw — / S coswdw — 2 cos? 0/ e Y eoswdw |,
0 0 0
0 0
s0.30(0) = —cosfsinb | 6 cos? 9/ &S 0083 wdw + 3/ S Y cos? wdw
0 0
o o o
—9 cos? 0/ S cogd wdw — 4 cos? 0/ S cog® wdw — 2/ S cos® wdw
0 0 0

) ) 0
2 2 2
+6 cos? 6’/ S 0% wdw — 2 cos? 0/ e Y coswdw — / e Y cos wdw
0 0 0

0 <2
+3 cos? 0 [ e v cos wdw) :

0 0
. . 2 - .2 -
s031(0) = —cos®Osinf | —4 cos? 9/ e cos® wdw + 2/ e Y cos® wdw
0 0

)

0 0
.2 a2
+2 cos? 9/ &SI 083 wdw — / 5" 0083 wdw
0 0
0 2 o 2 o 2
s0.32(0) = cos®Osinf /esm ¥ cos wdw + 2 cos? 9/ S Y coswdw — 2/ S cos® wdw
0 0 0

0 ) 0
2 w2 <in2
—4 cos? 0/ S ¥ os® wdw +/ ¥ o83 wdw + 2 cos? 9/ SV cog? wdw | |
0 0 0
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0
0 4 . sin2 .
s0.33(0) = —cos?0 f e5in* W 082 4 sin wdw — 2 cos? 9/ e ¢0s? w sin wdw
0

sm w

0
. in2 .
+4 cos* 6 cos? wsin wdw — 2/ 5" W cost w sin wdw
0

2 / sin? w 4

0
1 2 .
—4 cos cos? wsin wdw + 8 cos* 0/ " cos? w sin wdw ,
0

0 0
L2 . in? .
s034(0) = —cos?0 —/ S sind wdw — 2 cos? 6/ S sin® wdw
0 0
o .2 6 . 2
+4 cos* 0/ S sin® wdw — 2 / S gind w cos® wdw
0 0

0 0
in2 . sin? .
—4 cos? 0/ ¥ gind w cos? wdw + 8 cos 6 / e gin? w cos? wdw ,
0 0

0 0
31 2 . 21 2 .
s035(0) = —2 cos® 6’/ S W cos? w sin wdw + / S ¥ cos? w sin wdw
90 o 4
.2 a2
—cos?0 | ™ ¥ cos? wsinwdw — 4 cos® 0/ 51" W oot w sin wdw
0 0

0 0
42 / 510” W et 4 sin wdw — 2 cos? 9/ sin w 064 4 sin wdw,
0 0
4 .2 o . 2
s0.36(0) = —cosfsind | — cos? 0/ e ¥ cos wdw — / S cos wdw
0 0
0 0 0

+2 cos* 0/ sin w o5 awdw + 2 cos 0/ sin® w 6,665 4w + 2/ sin’ w 065 wdw

0, 9 0
—4 cos? 6’/ sin” w cos® wdw — cos 9/

0 0

9
.2
+2 cos? 9/ eSSV cos? wdw |
0

0
. 2
sin® w 0,063 1w — / S cos?® wdw
0

0 0
so.37(0) = —cos?@sind 72/ 10 W o8 wdw — 4 cos? 9/ sin w 065 wdw
0 0

0 0
.2 in2 o
+/ SV o3 wdw +2 cos? 0/ e cog? wdw | |
0 0
0 0
2 4 sin? w 2 : sin? w 2 :
s0,38(0) = —cos®0|2cos*f [ € cos”“ wsinwdw + [ € cos” w sin wdw
0 0
0 0
2 sinw 2, 4 sinw . 4,
—3cos“f | e cos” wsinwdw + 4 cos™ 0 | e cos” w sin wdw
0 0

0 0
+2/ sin® w oo 4y sin wdw —6 cos 9/ sin® w o064 4y sin wdw ,
0 0

0 0 0
. .2 .2 . 2
50.39(0) = cosfsinf | 2 cos? 9/ 5" co8® wdw + 2/ &S co8% wdw — 4 cos? 9/ S cos® wdw
0 0 0

0 0 0
— cos? 0/ sin® w 0663 4w /esm ¥ cos® wdw 4 2 cos 9/ sin® w 6063 4w ,
0 0 0
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50,40(0)

50,41(0) =

80,42(9) =

0 0 0
sin2 . sin2 . sin2 .
2 cos® 9/ e ¥ cos? w sin wdw — / e ¥ ¢os? w sin wdw + cos® 6’/ ¥ ¢os? w sin wdw
0 4 0 6 0 4
6 sin? w 4 . sin? w 4 . 4 sin? w 4 .
—4 cos® 0 [ e cos“wsinwdw +2 | € cos” wsinwdw — 2 cos™ 0 | e cos™ w sin wdw,
0

0 0
6 0 6

in® w in®w in® w
—cos? 6 (2 cos* 0/ S W sin® wdw + / e W gin® wdw — 3 cos? 9/ e W sin® wdw
0 0 0

0
+(4cos* 0 +2 — 6 cos®0) / e gin3 4 cos? wdw,
0

0 0

0
. 2 oo 2
—cosfsinf [ 2 cos? 9/ S cos wdw + / S coswdw — 3 cos? 9/ S cos wdw
0 0 0
0

) )
2 2 2
—4 cos* 0/ S W cog® wdw — 2/ S ¥ cos® wdw + 6 cos? 0/ S Y cog® wdw
0, p /0
.2 .2 in2
+2 cos?* 0/ 5" 0083 wdw + / 5" cog3 wdw —3 cos? 9/ &SN W oog3 wdw) .
0 0 0

Now we have

51(0) =

51,1(0)cozc12 + 51,2(0)coscso + 51,3(0)aozcos + 51,4(0)azicos + 51,5(0)cs0c12 + 51,6(0)c12a21
+351.7(0)c30a21 + $1.8(0)aozaz1 + 51.9(0)aoscso + 51,10(0)aosciz + 51,11 (0)a1zcos + 51,12(8)a12¢21
+51,13(0)cozca1 + 51,14(0)az1c21 + 51,15(0)az1a12 + 51,16 (0)cr2a12 + 51,17(0)aoscan
+51.18(0)aozaiz + 51,19(0)cs0c21 + 51.20(0)csoaia + §1.21(0)crzc21 + 51,22(0)ai,

+51,23(0)c3; + 51,24(0)30 + 51,25(0)ads + 51,26(0) s + 51,27(0)a3;, + 51,25(0)cty,

and §;,;(0) for i =1---,28 satisfying the following expressions:

1

12 (16 cos® 0 + 34 cos® 0 + 37 cos* 0 + 8 cos? 6 — 5) (c0s29 - 1)27

1

12 (C082 0— 1) (16 cos'9 0 + 38 cos® 0 + 53 cos® 0 + 15 cos* § — 7 cos? 0 — 7) ,
1

12 (16 cos® 0 4 14 cos® 0 + 15 cos* § — 16 cos? 0 + 1) (0052 0 — 1)2,

1
12 (c052 0 — 1) (16 cos' 0 + 18 cos® 6 + 19 cos® @ — 15 cos? 6 — cos? 6 — 1) ,

2 cosfsin® 0 (2 00529+1) (8 cos*f + 12 cos2(9—i-7)7

(
D cosfsin® 0 (16 cos® 6 + 12 cos* 6 — 2 cos? 0 + 1) ,
—~ cos 0sin” 0 (8 cos® 0 + 8 cos? § + 5 cos? 6 — 3),
li cosfsin® 6 (—1+2 cos?6) (8 cos? 0+ 1),

5 cosfsin® 0 (16 cos® 0 + 12 cos* 6 + 6 cos? 0 — 7) ,

51.10(0) G cosfsin” 0 (8 cos* 0 + 4 cos®§ — 3)

5111(0) = —= cos®Osin® 0 (Cos6 6+ cos?f +cos?0 — 1),

51.12(0) = —= cos®fsin® 0 (4 cos? —cos? 9 — 1),

5113(0) = = cos®Osing (=5 cos?f —2+5 cos® 0 + 4 cos* 6 + 4 cos®6)
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1]

2]

3]

51,14(0) = 71—12 sin? 6 cos? 0 (32 cos® @ — 4 cos®0 — 6 cos* § — 3 cos? 0 — 1) ,
51,15(0) = li sin* 6 cos? 0 (—1 + 2 cos? 0) (8 cos? @ + cos? 0 + 1) ,

51,16(0) = 3 sin® 0 cos? 0 (16 cos* @ + 10 cos® 6 — 5) ,

51,17(0) = —% sin 0 cos? 0 (32 cos® 6 — 12 cos* @ — 6 cos? 0 + 1),

51,18(0) = % sin® 0 cos? 6 (8 cos? — 1) (—1+ 2 cos?0) ,

51.19(0) = —% sin® 6 cos? 0 (32 cos® 0 + 36 cos® f + 14 cos* 6 — 21 cos? 6 — 7)
§1.20(0) = % sin? 0 cos? 0 (16 cos® 0 + 14 cos* 0 + 7 cos? 0 — 7)

5121(0) = —1—12 sin? 6 cos? 0 (32 cos® 6 + 28 cos* § — 10 cos? 6 — 5) ,

§1.22(0) = 1 cos® @ sin® 0 (—142cos?0),

5123(0) = 3 cos® fsin 6 (2 cos? 6+ 1) (4 cos* — 1 — 2 cos® ) ,

5124(0) = % cos® 0sin® 0 (2 cos? 0 + 1) (4 cos* 0 + 7 cos? 0 +7),

S1,25(0) = 9 cosfsin” 0 (2 cosf +1) (2 cosd — 1) (=142 cos?6),
51.26(0) = 3 cosfsinf (cos* 6 + 2 cos? 0 + 3) (2 cos® 0 — 1 + cos* 6)
§1.27(0) = li cos® Osin® 0 (—1 + 2 cos? 0) (4 cos* 0 + cos? 0 + 1) ,

S1,28(0) = T cosfsin” 6 (4 cos? 6 + 5) (2 cos? 6 + 1) .
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