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Abstract

We consider different classes of functions of two variables that satisfy general
monotonicity conditions, and obtain necessary and sufficient conditions for the
uniform convergence in the regular sense and in the sense of Pringsheim of
double sine transforms of functions of such classes.

1 Convergence of double integrals in ]R%r

In this paper we consider the double sine transform
F(u,v) = / / f(z,y) sinuzx sinvydedy, u,v € R, (1)
o Jo

whenever it exists in the improper sense, where f : Ri — C is a Lebesgue
measurable function (here Ry := [0,+00)) that vanishes at infinity (that is,
f(z,y) — 0 as max{z,y} — 00). We also assume that f satisfies the so-called
Hardy bounded variation condition on R? (or on a certain subset of R? ), and
a:yf(x,y) € Llloc(Ri)

The convergence of a double integral

/000 /000 g(s,t)dsdt, (2)

has more than one interpretation, which is not the case in one dimension. If
g € L}, .(R%), we say that (2) converges in Pringsheim’s sense if the partial

loc
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integrals
Ty
I(g;x,y)=/ / g(s,t)dsdt,
o Jo

converge to a finite limit as min{z, y} — oco. It is easy to check that the Cauchy
convergence criterion for Pringsheim convergence of double integrals holds. In
other words, a necessary and sufficient condition for (2) to converge in the sense
of Pringsheim is that for every € > 0, there exists z = z(¢) such that

[I(g;w1,y1) — I(g; 2, 92)| <&, if min{zy,y1, 22,92} > 2. (3)

On the other hand, we say that (2) converges in the regular sense if
Z2 Y2
/ / g(s,t)dsdt — 0 as max{xi,y1} — 00, T2 > 1, Y2 > Y1.
Z1 Y1

Convergence in the regular sense was first introduced by Hardy in [12] (see also
[23]). Tt is useful to observe [24] that convergence in the sense of Pringsheim is
equivalent to the following two conditions:

T2 Y
/ / g(s,t)dsdt -0 as x1 — 00, T2 > 1, Y — 00,
1 0

T Y2
/ / g(s,t)dsdt =0 asy; — 00, ya > Y1, T — 00,
0 Y1
whilst regular convergence is equivalent to

T2 Yy
/ / g(s,t)dsdt - 0 as xq — 00, x2 > x1, y € Ry,
Xy 0

z Y2
/ / g(s,t)dsdt -0 asy; — 00, Y2 > y1, ¢ € Ry.
0 Jun

Thus, it is clear that if a double integral converges in the regular sense, then it
converges in the sense of Pringsheim. However, the converse is not true. Indeed,
consider the following example from [22]:

koo (2.y) € (k+ 2,k + 3] x (0,1],

r (0,1] x (k+2,k+ 3], k € N,
g(z,y) =< —k, if (z,y) € (k+2,k+ 3] x (1,2],
r (1,2 x (k+2,k+3], k €N,

0, otherwise.

Then, for every z,y > 2, it is easy to verify that I(g;x,y) = 0. Hence, in
this case, (2) converges to 0 in the sense of Pringsheim, even though ¢ is an
unbounded function. However, (2) does not converge in the regular sense, since
for any k € N,

1 pk+3
/ / g(s,t)dsdt =k »0 ask — oo.
0 Jk+2



For a more detailed discussion of these two types of convergence (also defined
for double series) and examples, we refer to [22].
For M, N > 0, we denote the partial double integral of (1) as

M N
San(u,v) = Sy N (f;u,v) ::/ / f(z,y) sinuzx sinvy dx dy.
o Jo

Then, by (3), we observe that uniform convergence of (1) in the sense of Pring-
sheim is equivalent to

|Sa,n (u,v) — S v (u,v)| < e, if min {M,N,M',N'} > z,

uniformly in w,v, whilst uniform convergence of (1) in the regular sense is
equivalent to

/ / f(z,y) sinuzx sinvy dx dy — 0,
M JN

as max{M,N} — oo, and M’ > M, N’ > N.

2 Bounded variation in ]1%2+

We recall the concept of bounded variation for functions of one variable. Given
g:Ry — C,and I := [a,b] C Ry, g is then said to be of bounded variation on
I (ge BV())if

n—1
Vi(g) :=sup Y |g(wx) — g(wri1)| < 00,
k=0

where the supremum is taken over all partitions of I, i.e., all the finite sequences
a=1zp <z < <xy,=>. We define V;(g) the variation of g over I. It can
be proved that whenever such a variation is finite, it equals the Stieltjes integral

b n—1
| 1dats) = fimy 3 lo(r1) ~ e

where the maxg{zri1 — zr} < 0 (cf. [27, pp. 26-28]). Moreover, if g is

differentiable, then
b b
[ st = [ o1as
a a

We can also extend the concept of bounded variation to the whole R ; we define
the variation of g over Ry as

Ve, (9) == sup Vi(9).
[a,b]CR+



If Vg, (g) is finite we say that g is of bounded variation on R, and in this case
one can check that such variation equals the improper Stieltjes integral

| st

For functions of two variables, there are several definitions for the concept of
bounded variation (cf. [5]). We will focus on the so-called Hardy-BV condition,
but first, we introduce some notation: for any increasing sequences {x, }, {y,} C
R, we define

Avof(zivy) = f(zi,y) — f(@it1, ),
ANorf(,y5) = f(x,y5) — f(@,Y541)s
Avif(zisy;) = Dor(Avof(i,y5)) = Aro(Dor f(24,9;))
= f(zi,y5) — f(@iv1,95) — F(@isyj401) + [(@it1,y541)-

If J :=[a,b] X [c,d] C R% is a compact rectangle, we define the Hardy variation
of f over J as

m—1n—1

HV;(f) :=sup > > |An f(wi,y;)l,

i=0 j=0

where the supremum is taken over all partitions of J, that is,
PJ)={{a=z0<z1 < - <azm=blx{c=yo<y1 < - <yn=d}}.

Similarly, as in the one-dimensional case, we can show that if HV;(f) is finite,
it coincides with the double Stieltjes integral

b d m—1n—1
a ¢ =0 j=0
where {z;} x {y;} € P(J), and
max { m?X{IHl -z}, mjax{yjH —yi}} <. (4)

Definition 1. 1. We say that f is of Hardy bounded variation on J (f €
HBV(J)) if HV;(f) < oo and, in addition, the functions f(zo,-) and
f(-,y0) are of bounded variation on [c,d] and [a, b] respectively, for some
xo € [a,b] and yo € [c, d].

2. We say that f is of Hardy bounded variation on R (f € HBV(R%))
if f(xo,-), f(-,y0) are of bounded variation on R for any zg,yo € Ry,
HV;(f) < oo for any compact rectangle J C R?, and

HVRi(f) = sup HV;(f) < oo.
JCRZ



If f € HBV(R3), it holds that

e ()= [ [ (ool

as an improper Stieltjes integral. Several additional properties of the single and
double Stieltjes integral are discussed in [26].

Remark 1. Originally, Definition 1 (for compact rectangles J) required that
the restrictions of f over lines satisfy the following conditions:

fg” = f(an‘) GBV([CvdD’ {Jo = f('vyO) GBV([a’b])v (5)

for all zg € [a,b] and all yy € [e,d], respectively. However, W. H. Young [30]
proved that the original definition was redundant, i.e., it is sufficient that (5)
holds for only one ¢ and one yg, provided that HV;(f) is finite, since in this
case, it follows that (5) holds for any choice of xg,yo. For further discussion,
see [13, §254].

Remark 2. The Hardy bounded variation property on Ri is rather restrictive:
in particular, if f € HBV (R2), then it follows that f must be bounded (since all
the marginal functions are of bounded variation on R ). Under this definition,
we neglect functions such as

(xy)~t ifxy <1,
Y) = 6
f@.y) {e_(“‘y) otherwise, ©)

which may have a good behaviour at infinity in the sense that they decrease
rapidly. We show in Sections 5 and 6 that we can relax the condition of bounded

variation to some subset
RI\[0,¢)?, ¢>0,

instead of the whole Ri. This condition allows functions to be unbounded near
the origin. For simplicity, we will consider functions of Hardy bounded variation
on ]Ra_, but always keeping in mind that the presented results in Sections 5 and 6
are also valid for functions satisfying the following definition:

Definition 1°. Let ¢ > 0. We say that f : R?._ — C is of Hardy bounded
variation on R2\ [0, ¢)? if

sup  HV;(f), sup  HV;(f),
JCRy X[c,+00) JC[e,+o0) xRy

are finite, and moreover, the functions f(xo,-), f(-,yo) are of bounded variation
on Ry for all g, yg > ¢, respectively.

Under this definition, the functions are required to be bounded only on
R2\[0, ). Thus, functions such as (6) satisfy the latter definition.

In the follow-up to this paper we refer to functions of Hardy bounded vari-
ation just as functions of bounded variation.



3 Uniform convergence of sine series and inte-
grals: General monotonicity

The uniform convergence of sine series and integral transforms is a problem
that has recently attracted several authors. In this section we present some of
the known results on uniform convergence of sine series and integrals. We also
introduce a new class of functions in order to generalize these results.

3.1 Sine series and general monotone sequences

In general it is difficult to prove whether a sine series

Z ap sin nx (7)
n=1

converges uniformly or not, besides the case when »_ |a,,| < oo, which is a trivial
sufficient condition to guarantee uniform convergence. However, there are cases
for which we can characterize the sequences {a,, } whose corresponding series (7)
converge uniformly. For example, in 1916, Chaundy and Jolliffe proved their
well-known theorem (cf. [3] and [31, V. II, p. 182)):

Theorem A (Chaundy and Jolliffe). Let {a,} be a non-negative sequence
monotonically decreasing to zero. Then, the series (7) converges uniformly in
x if and only if

na, -0 asn — oo.

In view of this result, we note that imposing certain conditions on {a,}
can help to characterise sequences whose sine series converge uniformly. Since
the monotonicity condition is too restrictive, one may consider if this result is
still true if we assume a weaker hypothesis on {a,}. Several efforts have been
made in order to generalize Chaundy and Jolliffe’s theorem for quasi-monotone
sequences [28], or sequences with rest of bounded variation [17], among others.
Moreover, a new class has recently been introduced: the so-called S-general
monotone sequences [19, 29], i.e., those that satisfy

2n

Z lan, — ant1] < CB,, for all n, (8)
k=n

where 3, is a sequence of positive numbers that depend on {a,}, and C is a
constant independent of n. If {a,} satisfies (8) for a certain § := {f,}, then
we write {a,} € GMS(B), where the S denotes sequences. Thus, the general
monotonicity condition expresses quantitative characteristics for sequences of
bounded variation. Some examples of such 3 are

1. B :=lanl,

2. 32 = %E;Zn//\ |ag|, with A > 1,



3. B2 = %sumen/)\ Zi:m lak|, with A > 1,

4. B .= %sumebn Zi:m |ak|, where b,, can be any sequence that increases
towards infinity, as for example b,, = v/n or b, = logn.

Remark 3. By writing o := {a,} € GMS(S) we encounter a problematic
notational issue because of the dependence of {3, } on {a,}. One way to solve
this problem is to write (a, 8) € GM S instead of a € GMS(8), as in [19, Def.
1.1]. For simplicity, we will stick to the notation {a,} € GMS(5).

Let M denote the class of monotone sequences. It is known [9, 14, 19, 29]
that
M C GMS(B') C GMS(5%) C GMS(8%) C GMS(5Y).

Furthermore, Theorem A is also true for positive sequences that belong to the
class GM S(*) (see [14]). On the other hand, in the definition of 8! we already
consider sequences that are not only non-negative, contrarily to the case of
monotone sequences. Thus, when studying the uniform convergence of (7) we
can also consider real sequences {a,} that vary their sign, or even complex
sequences. In the case of real sequences, Theorem A is still true for the class
GMS(8?%) (cf. [10]), but if we try to extend the proof of the latter fact to the
class GM S(33), we need an extra assumption, namely

2n

ap = Z la]

k=n

is bounded. Moreover, this hypothesis is essential, i.e., there exists a sequence
{an} € GMS(3?) such that a, is unbounded, but its corresponding sine series
(7) converges uniformly even though na, - 0 (see [8]).

General monotonicity is a useful property, not only to study uniform con-
vergence of sine series and transforms, but also in other topics of Fourier anal-
ysis such as summability [2] or pointwise convergence [11] of trigonometric se-
ries. With respect to functions, general monotonicity has been used to obtain
weighted Fourier inequalities [7, 20], among other applications.

3.2 Sine integrals and general monotone functions

The concept of general monotonicity for functions is defined in a similar way as
for sequences [20, 21]: we say that g : Ry — C is a 8-general monotone function
if

2x
/ |dg(s)| < CB(x), forall x>0,

where 3 : (0,400) — Ry, C is a constant independent of x, and the majorant 3
depends on g. In this case we say that g € GM F(3), where F' denotes functions.
We observe that the class of monotone functions is a subclass of GM F'(3), with
B(x) = g(z) and C =1 (this also occurs in the case of GMS).

As one may expect, there is a version of Chaundy and Jolliffe’s theorem for
sine transforms of monotone functions [25]:



Theorem B. Let f : Ry — Ry be monotonically decreasing and such that
xf(z) € L'(0,1). Then, the sine transform

/ f(z)sinuz dz, 9)
0
converges uniformly in u if and only if

zf(z) -0 asz— oco.

We note that there is a slight difference between the latter result and Chaundy
and Jolliffe’s theorem: we need to assume z f(z) € L*(0,1) in order to ensure
the existence of the improper integral (9) near the origin.

Similarly as in the case of sine series, we can obtain a number of generaliza-
tions of Theorem B by considering wider classes of general monotone functions
(cf. [9, 25]). For each one of the classes GM S(3?), i = 1,2, 3, appearing in Sub-
section 3.1, we can define a converse class of functions GM F(/3;) in a natural
way, that is, replacing sequences by functions and sums by integrals. We can
also define a similar class GM F'(84), but we would need some conditions that
do not appear in the definition of GMS(3*), due to the fact that we work with
functions instead of sequences. We will focus on the class GM F(83) introduced
in [7], where

1 2s
falo) = 1 swp [ I70ldn A> 1. (10)
S

T s>x/2
If we denote I(x) := I(z, f) = fjm |f(t)] dt, then the expression

B(z) := B(xz,I(-)) = sup I(s),
s>z /A

satisfies the following properties:
(a) If I(x) vanishes at infinity, B(z) also vanishes.
(b) If I(z) is bounded at infinity!, B(z) is also bounded.
(¢) For every z > 0, I(z) < B(z).
(d) B(z) is decreasing on x.

We call any operator B(z) = B(xz,I(-)) admissible if properties (a)—(d) hold.
Also, we define the following class of functions: if f : R, — C and there exists
an admissible operator B such that f € GMF(3), with

then we say that f € GM F,q,. It is clear from the definition that GMF(83) C
GMF,4m, and the inclusion is proper. Moreover, we have the following result

[6]:

I'We say that a function ¢ is bounded at infinity if there exist C, zg > 0 such that |o(z)| < C
for all x > xq.




Theorem C. Let f : Ry — R be such that zf(x) € L'(0,1), and assume that
f € GMF,4p,. Furthermore, suppose that I(x) is bounded at infinity. Then, the
sine transform (9) converges uniformly if and only if

zf(x) >0 asxz— oo.

It is important to note that if we assume that f is non-negative, then we do
not need the hypothesis of I(x) being bounded at infinity. Moreover, as in the
case of sequences discussed in the previous subsection, the result is sharp with
respect to the hypothesis “I(z) bounded at infinity”, i.e., there exists a function

g such that
2x
[ o)l

is not bounded at infinity, but its corresponding sine integral

o0
/ g(x) sinux d,
0

converges uniformly although z|g(x)] — oo as © — oo (cf. [6]).

We can also define a class of sequences GM Syqm, similarly as we defined
GMF,4,. In this case there is also a re-statement of Theorem C for sequences
[8], and as mentioned previously, it is also sharp with respect to the hypothesis

2" |ax| bounded.

4 Double sine integrals and general monotone
functions of two variables

We can extend the theory of general monotone sequences and functions to the
two-dimensional framework.

Our definition of general monotonicity for functions of two variables is the
following:

Definition 2. We say that a function f : R — C belongs to GM F?(f), where
B:(0,+00)% — R, if there exists C' > 0 such that for any x,y > 0,

2z 2y
/ / lday (s, 0)] < CB(a,y). (1)

Here the superscript 2 represents the dimension.

Comparing Definition 2 to the previous definitions for general monotone
functions and sequences in two dimensions (see, for example, [16] and [18, Def-
inition 4]), we also require the existence of 51 and Sz such that

/ | (59)] < Chi(ary), / Ny f@,0)] < Chalay). (12)



Instead of choosing these (1, 82 arbitrarily, we use the following intrinsic ex-
pressions that can be obtained from (11): since
o0
[ dearten)|
xr

Ahwdwwﬂ=théx%J®ﬁw Awwﬁu¢>=éw

we can define
o0
=) Bz, 2y), Bal,y): ZB ,y),
7=0

and (12) follows.
The widest class of general monotone functions that has been introduced so
far is given by

1 Az Ay

Blz,y) = 7/ / s D)ldsdt, A> 1. (13)
TY Jo/Xx Jy/x

n [15, 16], the authors consider locally absolutely continuous functions from

this class (see [1]), and they obtain a two-dimensional version of Chaundy and

Jolliffe’s theorem, among others:

Theorem D. Let f:R2 — Ry, f € ACioc(R2), be such that f € GMF?(j3),
where 8 is defined by (13). Then, the double sine transform (1) converges
uniformly in the reqular sense if and only if

zyf(z,y) > 0 as max{z,y} — oo.

Thus, our goal is not only to extend Theorem D for a wider class containing
GMF?(B), where (3 is defined by (13), but also to prove it for functions that
are only of bounded variation, instead of absolutely continuous.

Motivated by the GM F4,, class we have mentioned before, we proceed to

define a similar class of functions of two variables, namely GMF?2, .

Definition 3. Let h : (0,+00)? — R,. We say that an operator B = B(h) :
(0,4+0)? — R, is admissible if the following hold:

(a) If h(zo, yo) — 0 as max{zg,yo} — oo, then B(z,y, h(-,-)) — 0 as max{z,y} —
0.

(b) For all z,y > 0, h(z,y) < B(z,y,h(-,-)).

Noteworthy is the fact that property (b) does not make us lose generality:
Indeed, if B is an operator that satisfies (a), then we can define a new operator
B as

B(z,y,h(-,)) = max {h(z,y), B(z,y,h(-,")) },
which is clearly admissible. Also, we could require that B is monotone in each
variable; we would not lose generality neither, and it would simplify the com-
putations. For instance, equation (25) would read as

|fu,v)] < %B(m,y,[m(f’ 59)

10



under the monotonicity assumption of B. Thus, broadly speaking, monotonicity
on B is optional here (and we will not use it). The essential property that B
should satisfy is (a) of Definition 3. Here we list some operators that satisfy
both properties (a) and (b) of Definition 3:

(i) Bi(z,y,h( ")) = h(z,y),
(ii) Bg (z, y, h(-, )) = h(z,y)%, with o > 0,
(iti) Bs(z,y,h(-,-)) = f f /(st)dsdt < f f h(s,t)dsdt,
where A > 1,
(iv) f4>(a;0, Y, h(-,) = (xy)® f;;\ fyo/o)\ h(s,t)/(st)**1dsdt, where A > 1 and

(v) Bs(z,y,h(-,")) = SUDg 44> (aty) /A 118, 1), Wwhere A > 1,

(VI) Bg (SE, Y, h(7 )) = Sups+t210g(m+y+1) h(S, t)

(vii) The composition of admissible operators is admissible. That is, if C' and
D are admissible operators, then

B7(:c, y, h(-, )) =(CoD) (x, y, h(-, )) = C’(x, Y, D(~,  h(-, )))
is admissible.

Remark 4. We cannot allow a = 0 in By, since the operator would not be
admissible. Indeed, if we consider

0, ifx ory <2,
h(z,y) ={ .

(logzlogy)~", otherwise,

then h(z,y) — 0 as max{z,y} — oo, but

/ / ﬁdsdt:/ ds/ dt = +o0,
wfeJyje St z/c Slogs y/c tlogt

for any x,y > 2¢, so that condition (a) of Definition 3 fails to be true.

Now we introduce the new class of functions we will deal with:

Definition 4. We say that f : R2 — C belongs to the class GMF2,  if
f € GMF?(B), with
1
ﬂ(xay) = ;yB($7ya112(f7 Kl ))7 (14)
where B is admissible, and
2x 2y
ha(foey) = Ia(Fo)i= [ [ 150l deds (15)
z Jy

11



To conclude this section, we will rewrite the functions S(x,y) from certain
known GM F?(j3) classes in terms of admissible operators. In Definition 4, the
operator B is acting on the function I, but we can also choose a different one,
such as

(1) hl(f7x7y) :«Ty|f($,y)|,
(i) ho(f,z,y) = f f |f(s,t)| dsdt, where X > 1.

For instance, a two-dimensional version for functions of the original class of
GM sequences, introduced in [29], is given by B(z,y) = |f(z,y)|. In terms of
the previous admissible operators, this can be written as

B(LU, y) = Iinl (l'u Y, hl(fﬂ ) ))

Furthermore, the GM F?(3) class introduced in [16], whose 3 is defined by
(13), can be written as

ﬁww=$&@%M%w»

and finally, the two-dimensional version of the GM F(33) class (cf. (10)), intro-
duced in [7], can also be expressed by means of an admissible operator:

B(xvy) = 535(l‘,y,112(f7 “ ))

5 Main results

Here we present necessary and sufficient conditions for the uniform convergence
of the double sine transform (1).

The following result is a two-dimensional version of [7, Theorem 3, (1)]. The
counterpart for a double sine series can be found in [18, Theorem 1].

Theorem 1. Let f : R3 — C, f € GMF?*(B). If
B(z,y) = o((zy)™") as max{z,y} — oco. (16)
Then, (1) converges uniformly in the reqular sense, and moreover,
| F(u,v) — Sarn (u,v) oo < 9(erro +con +Emn), (17)

where

(oo} oo
p= 5w ' [ [y p(s.0) (18)
W>p wo I
v/ >v

12



Remark 5. Condition (16) can be rewritten as

/; /yoo \dyaf(s,t)| = o((zy) ) as max{z,y} — oo,

since they are equivalent. Indeed, if the latter holds, then (16) is obviously true.
For the other implication, note that since

/:x /:y \dyaf(s,8)] = o((zy)™")  as max{z,y} — oo,

then
oo 00 00 omtly antly
[ o= [ g (5, )
x Yy —0n=0Y2Mz ny
sczzm r29) =0 Y o g
m=0n=0 m=0n=0

1
= 0() as max{z,y} — oo.
Ty

The next result of this section is a corollary of Theorem 1, which establishes

sufficient conditions for the uniform convergence of (1) whenever f belongs to
the GMF2,  class.

adm

Corollary 2. Let f € GMF?,  be such that
zylf(z,y)| = 0 as max{z,y} — occ.

Then, (1) converges uniformly in the reqular sense, and moreover,

H}'(u, ’U) — SM,N(UaU)”oo < 90(5]\470 + (50’1\[ + 5M,N)» (19)
where?
(SIL,V = sup B(.ul71/,7]12(f7 *y ))7
ugu

and C is the constant from the GM condition given by (11).

Note that the condition xy|f(z,y)] — 0 as max{:z: y} — oo always implies
8up — 0 as max{u, v} — oo whenever f € GMF?, .

Finally, we obtain necessary conditions for the uniform convergence in the
regular sense, and in the sense of Pringsheim. However, in this case we have to
restrict ourselves to the case of f being non-negative.

Theorem 3. Let f € GMF?,  be non-negative. A necessary condition for the
uniform reqular convergence of (1) is that

zyf(z,y) = 0 as max{z,y} - .

2Since B(:):,y, Ii2(f, ,)) is not defined for x = 0 or y = 0, then we define 0., as the
supremum over g’ > 0 or v/ > 0, whenever y = 0 or v = 0.

13



Theorem 4. Let f € GMF, adm be non-negative, and suppose that the oper-
ator B satisfies, instead of property (a) of Definition 3, the following weaker
condition: if Iia(f,z,y) — 0 as min{z,y} — oo, then B(m,y,[lg(f, . )) -0
as min{x,y} — oco. Then, a necessary condition for the uniform Pringsheim
convergence of (1) is that

zyf(z,y) > 0 as min{z,y} — oo.

Combining Corollary 2 and Theorem 3, we obtain a version of Chaundy and
Jolliffe’s criterion for functions of two variables:

Theorem 5. Let f € GMFfdm be non-negative. Then, the double sine integral
(1) converges uniformly in the reqular sense if and only if

zyf(z,y) > 0 as max{z,y} — oo.

Summarizing, we have presented necessary and sufficient conditions for the
double sine transform (1) to converge uniformly in the regular sense, and also
necessary conditions that follow from the uniform convergence in the sense of
Pringsheim. However, it is likely that the necessary condition stated in Theo-
rem 4 should not be sufficient in this case.

Open Problem. Find sufficient conditions to guarantee the uniform conver-
gence in the sense of Pringsheim of the double sine transform (1), besides the
trivial sufficient condition that ensures uniform convergence in the regular sense
(cf. Corollary 2).

6 Auxiliary results

We can represent any function f : Ri — C of bounded variation that vanishes
at infinity as an improper Stieltjes integral (defined in the usual way), as follows
(see [4]):

fla) = [ duf(o) = / EACYE / "y (d, f(5,)
[ s [ [ s

z’ n—1
|t = 3 Bvaf 1) = Fa) = ')

with

m—1

/ dyf (1) = lim Z Aorf(w,yk) = flz.y) — fla,y),
Y

n—1m-—1

// TyfstfhmZZAnfx],yk

7=0 k=0

:f(xay)_f($7y)_f('r7y)+f(x/7y/)a
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where {2} and {yx} are partitions of [z,2’] and [y, y'] respectively, and satis-
fying (4). Moreover, all of these integrals are absolutely convergent due to the
bounded variation condition (cf. Section 2).

Lemma 6. Let M, N > 0 and let f : Rf_ — C be of bounded variation on Rﬁ_.
Then,

o 0 oo e3¢} s t
/ / f(z,y) sinuxsinvydxdy:/ / dyxf(s,t)/ sinuxda:/ sin vy dy.
N Jm M JN M N

Proof. Since f is of bounded variation,

/:O /yoo |dey f(5,)] = 0o(1) as max{w,y} — ooc.

Now let M’ > M, N’ > N, and u,v > 0. Also, let us denote

s t
¢u(s):/ sin uz dz, z/Jy(t):/Nsinvydy.

M

Notice that for every s,t € Ry, |¢u(s)| < 2/u, |1, (t)| < 2/v. Rewriting f as an
improper Stieltjes integral, we have the following equality:

/ / f(z,y) sinux sinvy dx dy

/ /M (/Ood f(s y)) sinuz sin vy dz dy. (20)

The latter integral converges absolutely for all values of M’ > M and N’ > N.
Thus, we can switch the order of integration, and obtain that (20) is equal to

[ / st smoydy +0u00) [ [ austo, ) simoydy
~ [ ot / (.9} sinoydy + 000" [ / 4o f(5,9) sim vy dy
/ o) [ ( /OO e (5:1) ) sino dy

oM // (/ dysz?f)Slnvydy

- A0 a0+ ) [ o /:dyxﬂm
+ouM /M/ ult) e (5.0) + 0OV [ [ s,

15



Now it is clear that the first term of (21) tends to

/MOO /N " Gu(s ety f (5,) = /Moo /N "y f(s,1) /Nt sin vy dy /N I sin uz do

as M', N' — co. Therefore, the statement of Lemma 6 follows if we prove that
the three remaining terms of (21) vanish as M’, N’ — oo. For the second term,

we have
! 9] M’ 9]
s [ o) [ s <2 [T [ lo0 dustsn
o [ et = o)

as M + N’ — oco. The third term of (21) is estimated similarly:

o) [ [ s dssn| <2 [ [ w0 deson)
- /Mm /: e (s, 1)] = —o(1),

as M’ + N — oo. Finally, the last term of (21) is estimated as follows:

/,N/dylfst’</,//|dwfst ~o(1),

as M’ + N’ — oo, which concludes the proof. O

IN

IN

IN

IN

Lemma 7. Let f : Ri — C be of bounded variation on Ri. Then, for M, N >
0,

oo oo
H/ / f(w,y)sinuxsinvydccdyH < 9en,N,s
M N %S

where ¢, ,, s defined by (18).

Proof. Assume that u,v # 0, and let M, N > 0. By Lemma 6, we can write

e} o) o) o} t s
/ / f(z,y) sinux sin vy dz dy :/ / dymf(s,t)/ sin vy dy/ sinux dx.
N Jm M JN N M

Now we distinguish four cases:

1. If 1/u < M, and 1/v < N, then

o] o] t s
‘/ / dwa(s,t)/ sinvydy/ sinux dz| <
M JN N M
4 o0 o0
7/ / \dwa(s,t)\ §45M,N-
vJ/Mm JN
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2. If 1/u< M, and 1/v > N, then
/ / f(z,y) sinux sinvy dz dy‘
N Jum
1/v  poo 0o oo
:/ / f(:c,y)sinuxsinvydxdy—l—/ / f(x,y) sinux sinvy dz dy
N Jm 1/vJM

1/v oo oS}
/N /M <_/JJ dxf(S,y)> sinuxsinvyd:rdy‘ (22)

/ / f(z,y) sin ux sin vy dx dy‘. (23)
1/vJ M

IA

+

We note that integral (23) is covered by Case 1, and therefore it is bounded
above by 4eps n. An argument similar to the one of Lemma 6 shows us that
(22) can be written as

1/v  poo s
‘/ / dxf(s,y)/ sinuz dr sinvy dy
N Jm M

which can be estimated above by

9 1/v  poo . 1/v 0o poo
*/ / |do f(s,y) sinvy| dy < 2Mv/ y/ / |y f (s, y)]
U JN M N M Jy

jg 25A4JV~

)

Collecting these estimates, we obtain
o0 o0
H/ / f(ay)sinua:sinvydwdyH < 6ep,N- (24)
M N 0o

3. If 1/u > M and 1/v < N, a similar argument as in Case 2 yields (24) again.
4. If1/u> M and 1/v > N:

’ / / f(z,y) sinux sin vy dx dy‘
N Jm

1/v pl/u 1/v  poo oo pl/u 0o poo
_’/ / +/ / +/ / +/ f(z,y) sinux sinvy dz dy
N M N 1/u 1/vJM 1/vJ1/u

= |11 (u,v) + Lo (u,v) + I3(u,v) + I4(u,v)|.

We will estimate each of these four integrals separately. First of all, for Iy,
we have

1/v pl/u
T (u,0)] < / / |, p)luz vy de dy
N M

1/v rl/u oo 00
§uv/ / xy/ / |dya(s,t)|dedy < e N
N M T Yy
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For I, the estimate is obtained similarly as in Case 2:

1/v  poo s
|I2(u,v)| = ‘/ dg;f(s,y)/ sin ux sin vy dz dy
N 1/u 1/u

2 1/v oo 0o
2y [ et 0y < 2200
u JN 1/uJy

The estimate for I3 is computed in a similar way as the one for Is, yielding
|Ig(u,’())‘ S 25M,N-

Finally, by Lemma 6, we can write

oo 00 t s
[Ty (u,v)| = ‘/ dyxf(s,t)/ sinvydy/ sin ux dx
1/uJ1/v 1/v 1/u

4 0o poo
7/ / |dymf(s7t)| < 4fM,N-
UV J1jud1jv

Collecting all the estimates for the integrals I;(u,v), j = 1,...,4, we conclude
that in this case

IN

o0 o0
H/ / f(a:,y)sinumsinvydxdyH < 9en,N-
M JN oo

O

Remark 6. As it was already mentioned in Section 2, we emphasize that Lem-
mas 6 and 7 have their corresponding reformulation for functions in H BV (Ri\[o, 0)2)
(cf. Definition 1°). In other words, if f € HBV (R%\[0,c)?), these results also
hold under the restriction max{M, N} > c.

The following lemma provides an estimate for functions of the class GM F?,

Lemma 8. Let f € GMF,
v € [y,2y],

and z,y > 0. Then, for any u € [z,2x] and

adm7

| ‘T72jya112(f7'7'))7 (25)

where I12 is defined in (15).

Proof. Let us consider uy,us € [x,2x] and vy, vs € [y, 2y]. Then,

|f(ur,v1)] = | f(uz,v1)| = [f(ur,v2)| = [f(u2, v2)| < |Agrf(ur,v1)]

2z 2y
/ / |dey f(5,1)]
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Hence,
Flun,00)| < %B(x,y,fu(ﬁ ) |f g vn)] + [f ar, v2)] + [f (g 00).

Integrating both sides with respect to us over [z,2z], and ve over [y, 2y], and
using property (b) of the operator B, we obtain

l’y|f(ul,1)1)| < CB($7y7[12(f, ) )) + xIQ(fay;ul) +y.71(f,x;v1) + IlQ(faxvy);

|f(ug,v1)| < %B(%yahz(f» 5)) + 512(10,9;111) + éIl(fvm”H)a (26)

where
2z 2y
Li(f,z;v) = so)lds,  L(f,y;u) = ,t)] dt.
\(f, ) / s 0)lds, D(f.yuw) / )]

Finally, we estimate the terms Is(f,y;u1)/y and Iy (f, z;v1)/x:

1 1 (%
~L(f,y;u —_7/ up,w)| dw = = /
yZ(fy 1) v/, | ( 1 | :

1 /2y

dfsw)’w

U1

[ wea)in-t [ (| s

IA
< |

/\/\

1

<y ), (L[] asten o [ [ st
X > 2itly  Loitly | |

- ;jzo/ﬂw /2jy |day f(s,8)] < C;;ﬂ(wx’yy)

- %ZZ 2212]'8(2 T, 2/ y7[12(f, ,)) (27)

s
I

<
<
I

o

Similarly, we have the same bound for the term I (f, x;v1)/x. Therefore, com-
bining (26) and (27), we obtain (25). O

7 Proofs

Proof of Theorem 1. To prove the uniform regular convergence of (1), we must
verify that

Y1
/ / f(z,y)sinuxsinvydrdy — 0 as max{zg,yo} — 00, o < 1, Yo < Y1-

Let us denote, for a,b > 0, the residual rectangular integral as

Ryy(f;a,b) = / / f(z,y) sin ux sinvy dz dy.
a b
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Then,

Y1 T1
‘ / / f(x,y) sinuz sinvy dz dy
Yo Zo

= |Ruv(f:%0,50) — Ruv(f120,41) — Ruw(f;21,90) + Ruu(fi21,51)]
< |Ruw(f; 0, 90)| + | Run (f5 0, y1) | + | Ruw (f5 21, 90) | + | Ruw (f5 21, 91)|- (28)

By Lemma 7, we can estimate (28) above by 4-9¢5, ,,. By (16) and Remark 5,
E€30,y0 tends to zero uniformly in u, v as max{zo,yo} — o0, and thus the uniform
convergence of (1) in the regular sense follows. Finally, it remains to estimate
the L* error when approximating F(u, v) by S, n(u, v):

| F (w, v) = Sap,v (1, 0) || = Buw (£30, N) + Ruw (3 M,0) = Ry (f3 M, N)||__
<[|Ruw (f;0, N)|| , + || Ruww (f; M, 0) |
+ [ Run (£ M, N) [
<9(eo,n + €m0 +EMN);
where the last inequality follows from Lemma 7. O

Proof of Corollary 2. Since zy|f(x,y)| — 0 as max{z,y} — oo, we have that

2z 2y
Lo(f,ay) = / / (s, 0)] ds dt
z Jy

<uzy sup |f(s,t)] = 0 as max{x,y} — oco. (29)
(s,t)€[w,22]x[y,2y]

Since the operator B is admissible, by property (a) of Definition 3 and (29), we
have that
B(:U,y,]lg(f, : )) — 0 as max{z,y} — oc.

The latter condition precisely means that

Blx,y) = o(zly> as max{z,y} — oo.

Hence, we are under the conditions of Theorem 1, and the uniform convergence
of (1) in the regular sense follows, and moreover the estimate (17) holds. Finally,
since f € GMF?, . combining (14) and (18), we have that for any M, N > 0

dm>
I AT/

em,n <C sup B(M',N', I2(f,-,)) = Céun-

My MIN'
N'>N

Thus, substituting the latter inequality into (17), we obtain (19). O

Proof of Theorem 3. Let € > 0. From the uniform regular convergence of (1),
we have that there exists z > 0 such that

Z1 Y1
/ / f(z,y)sinuxsinvydydz| <e, VYu,v € R,
Zo Yo
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whenever max{xo,y0} > z, and zg < w1, yo < wy1- If zg,yo > 0, setting
x1 = 2x0, Y1 = 2y, and choosing u = 7/4xg, v = 7/4yp, we obtain

[¢]

2z0  r2y0

€ > ’/ f(z,y) sinuzx sinvy dy dz

Zo Y

4 2z0  r2y0 1 2z0  r2yo0

>4 fenietdvdyz g [ [ fewdedy
™ Jao  Jyo 4o 4yo ey Jyo

1
= 1112(f73007y0)-

Since € > 0 is arbitrary, we deduce that I12(f,z,y) — 0 as max{z,y} — oo,
and consequently, by property (a) of the operator B,

B(x,yJu(f, : )) — 0 as max{z,y} — oc.

Finally, the result follows by Lemma 8, since

i=0 j=0

< CsupB(2'z,2%y, [12(f,-,-)) = 0 as max{z,y} — oo.
i>0
j=>0

O

Proof of Theorem 4. From the uniform Pringsheim convergence of (1), applying
the Cauchy criterion, it follows that for every € > 0, there exists z > 0 such
that

Z1 Y1
/ / f(z,y)sinuxsinvydydz| <e, Vu,v € R,
Zo Yo

whenever min{zg, y0} > 2z, and z¢ < 21, yo < y1. The rest of the proof is the
same as for Theorem 3, replacing max{x, y} for min{z, y}, and using the weaker
property of B stated in Theorem 4, instead of property (a) of Definition 3. O
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