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Abstract

We obtain necessary and sufficient conditions for the uniform convergence of
sine integrals

/Oo g(t) sin &t dt,
0

where g satisfies general monotonicity conditions. In contrast with the previous
results on this topic, here we do not assume g > 0.

1 Introduction
Throughout this paper we denote by F(£) the cosine transform
FQ = [ fOoosetar, ¢er (1)
0

and by G(§) the sine transform

G = /000 g(t)sinétdt, & eR, (2)

whenever they exist in the improper sense. We assume that f,g : Ry — C
(here Ry := (0,400)) are locally of bounded variation. Moreover, in order to
guarantee the existence of integrals (1) and (2) near the origin, we suppose that
f(t) € L*(0,1) and tg(t) € L*(0,1).
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First, let us summarize some known results related to uniform convergence
of trigonometric series, which in part motivates our work. In general, we can
only guarantee the uniform convergence of

Z ap sinnz, (3)
n=1

in the trivial case > |a,| < co. However, imposing restrictions on {a,} has
proved to be convenient, not only to study pointwise convergence of (3), but
also its uniform convergence, or integrability, among other topics.

The study of uniform convergence of sine series and integrals has recently
attracted several authors due to the number of generalizations of sequence and
function classes during the last years. However, it was back in 1916 when this
problem was first considered: Chaundy and Jolliffe [1], [19, V. I, p. 182] obtained
the following characterization for monotone sequences.

Theorem 1.1. Let a,, > 0 be monotonically decreasing to zero. Then, the series

oo
E ay, sin nx
n=1

converges uniformly in [0, 27] if and only if na, — 0.

In view of this result, one may ask whether the hypothesis of {a,} being
monotone can be weakened in order to generalize Theorem 1.1. In [8], Leindler
introduced the class of sequences with rest of bounded variation, in short RBV'S.
These sequences satisfy

Z lakx — ag41] < Clay| for all n, (4)
k=n

where C' > 0 is independent of n. This idea was generalized by Tikhonov [18],
replacing the infinite sum of (4) by Zi’;n |ak, — ag+1]- Such sequences are called
general monotone sequences, in short GM S. Later on, the GM S condition was
further generalized by considering non-negative sequences (,, instead of |a,| on
the right hand side of (4). A sequence {a,} satisfying

2n

Z lax — ak41] < CB,  for all n. (5)

k=n

is called B-general monotone sequence (or {a,} € GMS(B), to shorten). Such
an extension of monotone sequences, as mentioned earlier, has led to several
generalizations of Theorem 1.1 in the past few years (c.f. [4], [17], [18], and
[5], among others). Very recently, Feng, Totik, and Zhou proved an analogue of
Theorem 1.1 [5, Theorem 3.1] for the GM S(8) class defined by

n
1
= — , A> 2,
Ié] - k_E . lak|, for some



without assuming that a; > 0 (in fact, the same result with a; > 0 was proved
earlier in [17]).

We also mention the generalization of GMS(f) introduced by Szal [16],
where he considered differences |ax — ag4r| with 7 € N in place of |ar — ag+1|
on the left hand side of (5).

As one could expect, there is an analogue of Theorem 1.1 for sine integrals
(see [12]).

Theorem 1.2. Let g : Ry — Ry be a monotonically decreasing function. Then,
integral (2) converges uniformly if and only if zg(x) — 0 as ¢ — oo.

The concept of general monotonicity for functions was introduced in [11], and
it is further discussed together with the known generalizations of Theorem 1.2
in Section 2. We say that a function g belongs to GM () if

2x
/ |dg(s)] < CpB(z) for all x >0,

where

b n—1
Vo) = [ ldg(o)li=sup 3 lg(os) ~ gl
a P k=0
is the total variation of g in [a,b], and P is the set of all partitions {a =
zo < -+ < xy = b} of [a,b]. For a survey of general monotone functions and
sequences, we refer to [9].

Our main goal is to generalize Theorem 1.2 for functions of a larger GM
class containing the ones already considered in [2] or [9]. To this end, we rely
on the technique developed in [5] that we mentioned before.

The paper is organized as follows. In Section 2 we review the known gen-
eralizations of Theorem 1.2 and introduce a new GM class of functions. In
Section 3, we present our main result (Theorem 3.1), and discuss its sharpness.
Section 4 is devoted to the proofs of main results. Finally, we give in Section 5
several examples of GM () classes we deal with, as well as we prove that the
new GM class is strictly larger than the previously known ones.

2 A new class of general monotone functions
Let us consider the GM (5y) class of functions defined by

2s
Bo(z) = L sup / lg(t)|dt, c>1.

T s>ax/c

Such class was introduced by Dyachenko, Liflyand and Tikhonov in [2], where
they proved the following criteria.

Theorem 2.1. [2, Theorem 2] Let f € GM(B). If either
(i) f =0, or



(ii) B(x) =o0(1/x) asx — oo,
then (1) converges uniformly on R if and only if fooo f(t)dt < oo.
Theorem 2.2. [2, Theorem 3]

(i) Letg € GM(B). If B(x) = o(1/x) as x — oo, then (2) converges uniformly
on R.

(ii) If g € GM(Bo) is a non-negative function and (2) converges uniformly,
then xg(x) — 0 as © — oo.

It is not hard to see that if So(z) = o(1/z) as © — oo, then zg(z) — 0 as
x — oo (it actually follows from Lemma 4.1 below). Combining this fact with
Theorem 2.2 we have the following extension of Theorem 1.2.

Corollary 2.3. [2] Let g € GM(By) be non-negative. Then, a necessary and
sufficient condition for integral (2) to converge uniformly is that xg(xz) — 0 as
T — Q.

We now proceed to define a class of functions extending GM (By).

Definition 2.4. Let M be the space of nonnegative functions defined on R .
We say that an operator B : M — M is admissible if for any ¢ € M, the
function B(-, ) satisfies the following properties:

(i) If ¢ vanishes at infinity, B(:, ) also vanishes at infinity.

(ii) If ¢ is bounded at infinity, B(-,¢) is also bounded at infinity.
(iii) For every z > 0, ¢(x) < B(z, ).

)

(iv) B(z, ) is decreasing on x.

Let us denote, for simplicity, I(x) := I(z,g9) = sz |g(t)| dt. Then, we can
rewrite [y as

Bolx) = 1 sup I(s),

T s>x/c

and note that B(z, ) = sup,>,,. [(s) is an admissible operator.
The GM class we aim to define is obtained by means of admissible operators.

Definition 2.5. We say that g € GM,qyy if there exists an admissible operator
B such that ¢ € GM(B), where

B(z) = éB(x,z).

It is clear that GM(By) C GMaam, whilst GM (8y) € GMaam is shown in
Proposition 5.2. Also, if we define, for any admissible B,
B(z, I
Bp(x) = M,

X



then it is clear that

GMadm = U GM(BB)

B admissible

Remark 2.6. In Definition 2.4, we do not lose generality by assuming conditions
(iii)—(iv). Indeed, if ¢ is non-negative and we define

B(z,¢) = sgpmaX{so(y),B(y,w)L

then B(x, ¢) satisfies (i)—(iv) whenever B(x, ¢) satisfies (i)—(ii). Therefore, de-
noting

B) = 2B D), ) = 2B,

one has GM(B) C GM ().

In Section 5 the reader can find several examples of admissible B.

3 Main results

3.1 Uniform convergence of sine transforms

The counterpart of Theorem 1.1 for the class GM,q, reads as follows.

Theorem 3.1. Let g € GMuam, and assume that I(x) is bounded at infinity.
Then, a necessary and sufficient condition for (2) to converge uniformly on R
is that

zlg(x)] =0 asx — oo.

As it is noted in Remark 4.2 below, the hypothesis of I(z) being bounded at
infinity is not needed if we assume that ¢ is non-negative. The following result
is an analogue of [3, Theorem 3], and shows the sharpness of Theorem 3.1 with
respect to the aforementioned hypothesis.

Theorem 3.2. There ezists a uniformly converging sine integral fooo g(t)sin &t dt
such that
zlg(z)] = 0 asxz — 0

and

2x
/ lg(t)|dt = 00 as z — 0.
x

Note that if g is such that fng lg(t)| dt is not bounded at infinity, then for-
mally g € GM(By).

For the sake of completeness, we present an analogue of [5, Theorem 3.1],
though we omit its proof since it can be derived easily by combining the proofs
of the result we just cited and Theorem 3.1.



Theorem 3.3. Let g € GM(B) be a real-valued function, where

Az
Blz) = = / l9(t)] dt. (6)

T Jg/x

Then, a necessary and sufficient condition for the sine integral (2) to converge
uniformly on R is that

zlg(z)] = 0 asx — oo.

In contrast with Theorem 3.1, we do not need to assume that integrals
S )‘/xA |g(t)| dt are bounded at infinity in Theorem 3.3. We emphasize that the

x

GM () class with 8 as in (6) has proved to be very convenient to replace the
class of monotone functions, for instance, to prove Boas’ conjecture (cf. [6, 10]),
or to prove Theorem 3.3, where we do not even need to assume that g > 0.

4 Proofs

In order to prove Theorem 3.1, we need the following estimate.
Lemma 4.1. Let g € GMaam- Then, for every x > 0 and u € [z, 2x],

o] < 6, 28T

Proof. Let u,v € [z, 2x]. It is clear that

9] ~ lo(@)| < lgtw) — o)) < [ lag(s)] < ¢ ZEL

- x

Integrating both sides with respect to v over [z, 2z], and using property (iii) of
BI(x), we get

2x
tlg(w)| < CB(z,I) + / l9(v)| dv = CB(x, 1) + I(x) < CoB(x. T),

x

which establishes the estimate. O

Proof of Theorem 3.1. Sufficiency immediately follows from (i) of Theorem 2.2,
together with property (i) of BI(z). In order to prove necessity, we adapt the
technique developed for trigonometric series in [5, Theorem 3.1] to the context
of trigonometric integrals. Our goal is to prove that I(z) — 0 as x — oo.
Once this is done, the result will simply follow by property (i) of BI(x) and
Lemma 4.1.

For any x > 0, let

Ax) == {y € [z,24] : [g(y)| > I(z)/2x}



By definition of A(z) and Lemma 4.1, we have the following estimate for I(z):

_ ()
() = ( IR G |g<t>|dt> S L
<10, cyja 2L,

where |A(x)| denotes the measure of the set A(x). It follows from the latter
estimate that

and consequently,
I(x) 1 I(z)?
t)dt > |A _— > — . 7
[ ooz 4@ 50 2 g 5y 7)

Since the integral fooo g(t) sin &t dt converges uniformly, for a fixed € > 0 there
exists y > 0 such that

<e ify<y; <wyy, E€R. (8)

Y2
/ g(t)sin&tdt

Y1

Now we can choose z > y such that I(x) > 0. Indeed, if such z did not exist,
it would mean that I(z) = 0 for all x > y, and our assertion would be trivial.
Notice that g(x) is bounded at infinity; this follows from Lemma 4.1, along with
the fact that I(z) is bounded at infinity and property (ii) of BI(x). Thus, there
exists d = (e, z) such that

w—+4d
/ lg(t)]| dt < e, for all w > x. 9)

w

For example, take 6 = min{d’, z}, where ¢’ = ¢/ sup;~, |g(t)|-

Our next goal is, roughly speaking, to “cover” the set A(x) by almost disjoint
intervals S;. More precisely, we look for a collection {S;}7_; (here and from now
on n = n(z)) such that |S;NSk| = 0 whenever j # k and |A(:E)\(51U. . .USn)| =

0, or in other words,
Az) C ( U sj> U E(z),
j=1

where |E(z)| = 0. For such a collection, one has

/A ol < g /S oo

We proceed to construct the intervals S; = [u;, v;] as follows: let u; = inf A(x).



(1) If there exists u; < vy < 2z such that g has constant sign' in (uq,v1], and
lg(2)| > I(x)/4x for every z € (uy,v1), while |g(v1)| < I(z)/4x, we define
vy = vy + 6, with § as above.

(2) If there is no vy € (ug, 2z] satisfying all the properties described in (1), let
z1 = inf{w € [u1,22] : g(u1)g(w) < 0}.
If such z; exists, we define v; = 21 + 0.
(3) If neither vy nor z exist, let v; = 2.

We set S; = [ug,v1], and if A(x)\S; has positive measure, we define us =
inf A(x)\S;. By the same procedure, we find v» and define Ss = [us, v2], and so
on until we reach n such that

|[A(#)\(S1U...US,)|=0.

Let 1 < j <n. We now prove that

INCCIEE=3

J

which will allow us to obtain an upper estimate for n.

(1) Assume first v; was chosen by case (1). Note that there exists? y € [u;,v;)
such that |g(y)| > I(z)/2z, whilst |g(v;)| < I(x)/4z. Thus,

/Vj ldg(s)] > 19(y) — g(v;)| = l9(y)] = lg(v;)| > %'

j
(2) Assume v; was chosen by case (2). Similarly as in case (1), there exists
y € [uj,u; + 6) such that |g(y)| > I(z)/2z. Since
zj = inf{w € [u;,2z] : g(u;)g(w) < 0},

there must exist z € [uj, z; + J) such that g(z)g(y) < 0. Indeed, if this z
does not exist, then g(y)g(z) > 0 for all z € [u;, z; +§), and in particular,
g(y)g(u;) > 0. But this implies that g(u;)g(z) > 0 for all z € [u;, z; +9),
or in other words, g has constant sign in the latter interval. Hence,

inf{w € [u;,22] : g(u;)g(w) <0} > 25,
which is a contradiction. Therefore, we conclude

I(z) _ I(x)

[ ae 2 latw) —gte 2 57 2 T

I1We will always consider that g has constant sign in a set X if and only if g(z1)g(z2) > 0
for all 1,22 € X.

2For any set A C R, we have that m = inf A if and only if (a) m is a lower bound of A, and
(b) for every m’ > m there exists @ € A such that & < m’. In our case, we can find y > u;
with y € A(z), ie., [g(y)| > I(z)/22.



Finally, it is only left to remark that if v; is chosen by case (3), then j = n. We
can now proceed estimating n from above (when n > 1). By the GM property,
property (iv) of BI(x), and the fact that § < x, we have

4z

293(33,1) >

c
x 2

$B(2x,1) + gB(x,I) > /2 |dg(s)] —|—/ ’ |dg(s)|

2x+0
I(z
> | m\>2/w9wn4Q;

Thus,
8Cx B(x,I) B(x,I)
< == 1<9C

"= I(x) ti= I(x)

We note that if n = 1, inequality (10) is trivially true.
Let now & = 7/8x. Then, it holds that £t < 7/2 for all t € [z, 4x], so that
sin &t > 1/4 on the latter interval. By (9) and the fact that for any 1 < j <mn,
g has constant sign in (u;,v; —d) (by construction), it follows from (8) and (9)

that
1 vj 1 vj—0 vj
S o= oolde+ [ lgolar
Uj U5 vj -4

J J

Vj*(g
/ g(t)sin&t dt

J

(10)

€ €
+ - <e+-.

<
- 4 4

Therefore, for any 1 < j < n,

/Vj lg(t)] dt < 5e. (11)

J

Since |A(z)\(S1 U...US,)| = 0, summing up on j the integrals of (11), it
follows together with (10) that

I
/A(m \dt<z/ (t)| dt < 5ne < 45C ((m))e. (12)

Finally, combining (7) and (12), we obtain

1 I(z)? B(z,1) I(x)3
R < . <
1Cy @l S 45C ) €; Ty = 180C Cye,

so that the left-hand side tends to zero as x tends to infinity. Moreover, since
BI(z) is bounded for z large enough (by property (ii) of B(z,I)), then I(x)3 — 0
as x — 00, as required. O



Remark 4.2. Notice that if the function g satisfies g(z) > 0 for all x > ¢, then
we do not need to assume the boundedness of I(x): if £ = 7/4x, it follows from
(8) that

>

. /:w g(t)dt

e >
-2

2z
5 [ lawlan= 12,

2x
T
t)sin —tdt
/w g(t)sin — 5

which, moreover, trivially proves that I(z) — 0 as # — oo. Thus, it is easier
to prove Theorem 3.1 if we assume g > 0. On the other hand, the sufficiency
condition of Theorem 2.2 does not require any assumption on the sign of ¢ (in
this case g can even be complex-valued).

In order to prove Theorem 3.2, we make use of the Rudin-Shapiro sequence
[7, 13, 15]. The following is a well-known result [13, Theorem 1], also referred
to as Rudin-Shapiro’s lemma:

Lemma 4.3. There exists a sequence {e,}, €, = £1, such that

N
E eneimt
n=0

for all € €]0,27] and N € N.

<5/N+1 (13)

The sequence {e,} from the previous lemma is the aforementioned Rudin-
Shapiro sequence, and the trigonometric polynomials on the left hand side of
(13) are known as the Rudin-Shapiro polynomials. We need the following coun-
terpart of Lemma 4.3 for trigonometric integrals.

Lemma 4.4 (Rudin-Shapiro’s lemma for Fourier integrals). There exists a func-
tion h : [0,400) = {—1,1} such that

M .
/ h(z)e dx
0

for every € € R and M > 0.

< 6vVM (14)

Proof. The function h we are looking for is obtained by means of the Rudin-
Shapiro sequence: for n € NU {0}, we define

h(z) =¢€n, ifzenn+1l).

Our assertion is trivial for M < 1, so we can assume that M > 1. Also, observe
that we only need to consider the case £ > 0. Let N = [M], where [-] denotes
the floor function. If £ = 0, it follows from Lemma 4.3 that

‘/OMh(sc)dx —l—‘/NMh(x)d:c

N-1

>

n=0

< 6V M.

<

10



On the other hand, if £ > 0, we have the following identity.

/ h zxgdx_z:/ zxgd 65_125”

Thus, by Lemma 4.3 we have

x)e'™ da| < 5\/N‘ 612 1‘ <5VN,
Finally,
‘/ )e'™€ dx| < ‘/ )e'€ da| + ‘/ )e'™¢ da| < 6V/M,
which completes the proof. O

Remark 4.5. Note that estimate (14) is not optimal; we could improve it, for
instance, by considering sharper estimates of (13). It is known that if we write
C+v/N +1 on the right hand side of (13), then the optimal C' lies between /6
and (2 +v/2)1/3/5 (see [14], as well as the references therein).

Proof of Theorem 3.2. Let us define ¢, = n=227"/2 and let h be the Rudin-
Shapiro function (i.e., the function we defined in Lemma 4.4). We prove that
the Fourier integral given by

/ h(t ”fdt+zcn/ t)elt dt = / g(t)e™ dt, (15)
2n-1 0

converges uniformly, where g(t) = ¢, h(t) for all ¢ € [2"1,2") with n > 1, and
g(t) = h(t) for t € [0,1). Fix n > 1 and let 2"7! < 2z; < 2o < 2". Then, by
Lemma 4.4,

z2 . zZ1 . z2 .
‘/ g(t)e's dt’ <cn<‘/ h(t)e's dt’+‘/ h(t)e”fdt‘)
zZ1 0 0

S n—22—n/2 . 2n/2 — 'fl_2.

Thus, for arbitrary y; < y2, we have

ny

Y2 ) 1
’/ g(t)e”g dt‘ < 72 —0 asys >y — oo,
Y1

k=nq

where ny = max{n € N: 2" < y;} and ny = min{n € N: 2" > y,}. Thus, the
uniform convergence of (15) follows. However, the integrals

2z
/ o(t)] dt

11



are not bounded at infinity. Indeed, fix > 1 and let n € NU {0} be such that
2" < x < 27+l Then,

2z
/ lg(t)| dt > zepp1 = n 22" 5 00 as n — .
x

Furthermore, with n and z as above, we have
zlg(x)] > 2%, =n722Y% 5 00 asn — oco.

To conclude the proof we only have to note that since (15) converges uniformly,

the integral
/ g(t)sin&tdt
0

also converges uniformly, as desired. O

5 Examples

Let us present some examples of admissible operators (cf. Definition 2.4). Note
that for the operators B; appearing here we only require that the functions
B;(-,¢), ¢ € M, satisfy properties (i)—(ii) (see Remark 2.6).

(1) Bi(z,¢) = ¢(x),

2) Ba(z,¢) = p(x)®, with a > 0,

3) Bs(z,¢) = fm/A @(t)/tdt, where A > 1,
(z,0) =
()

By(z, ¢ 1/A¢(t)/ta+1,whereA> 1 and a >0,

Bs(z,¢) = sup,s,/» ¢(s), where A > 1,
BG(J;’ SO) = Supleog(m—i—l) 90(5)

The composition of two admissible operators is an admissible operator,
i.e., if C and D are admissible, then the function

B7($, QO) = C(l‘, D(a (,0))
satisfies properties (i)—(iv).

Remark 5.1. We cannot allow o = 0, in By, since the operator would not be
admissible. Indeed, if

() 0, ifx <2

€T) =

7 %, otherwise,
ogx

then ¢ clearly vanishes at infinity, but for any > 2\, one has

/ @dt:/ Lt = oo,
x/)\t I/)\tlogt

and therefore Byp does not satisfy condition (ii) whenever a = 0.

12



To conclude, we show that the class G M,qy is strictly larger than GM (fp).
Proposition 5.2. GM(8y) € GM gam.-
Proof. The inclusion is clear. Thus, we only need to find a function f €

GMaam \GM (Bo). Let 0 < a < 1, and nj = 49. We define the function

_1
fz) = n;, 7%, ifny; <z <n;+1, jeEN,
0, otherwise,

and the admissible operator B, (7, ¢) 1= sup,s, ¢(s)*. For any = € (n;_1 +
1,n; 4+ 1] it holds that

2x 1
RS Tt

Moreover, since n;y1 = 4n;, we have, for I(z) = fjx |f(®)|dt (and j large
enough),

1— -«

1 a 1 2
Bo(z, 1) xn; " =n; """ 2/ ldf (s)],

lBa(:v, I)>

x nj +1

so that f € GM(B,), where B,(x) = 2 'B,(z,I), and therefore f € GMum-
On the other hand,

1 1 _2-a

1 2 e =
—sup/ lf@)]dt =n; "% =mn; """,

U s>nj/c
However,
2n; _ 1 _2-a
1— 1—
[l =2 T s
nj

implies that 2 — o < 1, which is a contradiction since 0 < a < 1. Thus,
f € GM(By), and our claim follows. O
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