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First principles kinetic-collective thermal conductivity of semiconductors
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A fully predictive kinetic-collective model using first principles phonon spectra and relaxation times is
presented. Thermal conductivity values obtained for Si, Ge, C (diamond), and GaAs in a wide range of sizes and
temperatures are in good agreement with experimental data without the use of any fitting parameter. These results
open the door to discuss how the precise combination of kinetic and collective contributions to heat transport
could provide a useful framework to interpret recent complex experiments displaying non-Fourier behavior.

DOI: 10.1103/PhysRevB.95.165407

I. INTRODUCTION

Recent experiments of thermal transport in semiconductors
since the appearance of ultrafast laser techniques, measuring
the effective thermal conductivity using heaters with different
sizes and working in different excitation frequency ranges,
have shown that the Fourier law breaks down at reduced size
and time scales [1–7]. To understand the origin of this new
behavior, the authors try to obtain the thermal conductivity
spectral distribution (TCSD) in terms of the phonon relaxation
times or the phonon mean free paths (MFP) [2–9].

To extract the TCSD from experiments, a microscopic
insight is needed. In the standard kinetic framework, thermal
conductivity is obtained by adding independent single mode
contributions [6]. This approach is known to be valid for
highly resistive materials at large size scales. Although normal
scattering (N scattering) does not directly contribute to the
thermal resistivity, it can cause qualitative differences in
heat flow [10,11]: Momentum conservation does not allow
a rapid relaxation of thermal disturbances, and heat flux can
change to a regime where phonons are highly correlated
(collective regime) [12]. In this case the contribution of
the participating modes to the total thermal transport can
change dramatically [13]. Several works have focused on
obtaining a proper framework to address the effect of N

scattering, either iteratively solving the Boltzmann transport
equation (BTE) [14–16] or keeping the kinetic description
and changing to a different quasiparticle like relaxons [17].
Another approach is the kinetic-collective model (KCM),
derived from the solution to the Boltzmann transport equation
(BTE) [12] expanded in terms of eigenstates of the N collision
operator [18]. Thus, the KCM is a natural framework to
understand and analyze systems where phenomena related to
momentum conservation are expected to be important, such as
graphene [15,19] or light group IV semiconductors [20].

The purpose of this work is to show that the KCM provides
a useful framework to describe heat transport at all length
scales. On one hand, KCM in combination with first principles
calculations of harmonic and anharmonic interatomic force
constants (IFC) is able to predict the thermal conductivity of a
wide range of semiconductor samples from bulk to nanoscale
without using any fitting parameter. On the other hand, we
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argue that differences between the kinetic and collective
contributions to heat transport can be important to interpret
recent results in ultrafast heating experiments as size and
temperature change.

II. THE KINETIC-COLLECTIVE MODEL

According to the KCM not all the energy is carried
kinetically by independent collisions, but part of this energy
is carried by collective modes, which have their origin in
N collisions. The collective behavior appears as a result of
a coupling of modes generated through N processes. As a
consequence, phonons of different modes perform as a whole
resistive (R) collision, therefore all modes share the same
collision mean free time (MFT), the so-called collective MFT,
τc. A complete description of the model can be obtained
elsewhere [12,20,21]. The thermal conductivity thus can be
split into a kinetic and a collective contribution weighed by a
switching factor � ∈ [0,1] measuring the relative importance
of the N and R scattering through the relaxation times, τN and
τRB , where the latter refers to R processes including boundary
scattering. In contrast to the kinetic contribution, where
every mode has its own MFT, τk , the collective contribution
is characterized by the same MFT for all modes, τc. In
addition, the boundary effects are treated differently in the
two contributions. While boundary scattering τB is included
through the Mathiessen rule in the kinetic contribution, a form
factor F , determined by the sample geometry alone through
an effective length Leff , describes size effects in the collective
term. Thus, in the calculation of τc only Umklapp (U) and
impurity scattering processes are considered. In bulk materials
τB → ∞ and, F = 1, then the thermal conductivity only
depends on intrinsic scattering events. The KCM equations
are the following:

κ = κk + κc , (1)

κk = (1 − �)
∫

h̄ω
∂f

∂T
v2τkDdω , (2)

κc = �F

∫
h̄ω

∂f

∂T
v2τcDdω , (3)

� = 1

1 + τN

τRB

, (4)
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where κk(Leff,T ) and κc(Leff,T ) are the kinetic and collective
contributions, respectively, f is the Bose-Einstein distribution
function, v(ω) the mode velocity, and D(ω) the density of
states (DOS) of each mode. Notice that N scattering does
not play any resistive role, but just weigh the contribution of
each regime through the switching factor �(Leff,T ). When
R collisions are dominant, τRB � τN , one has � → 0 and
only the kinetic mechanism is at play. When τN becomes
comparable to τRB both contributions are at work. The
Appendix supplies the explicit expressions for the calculation
of τk(Leff,T ,ω), τc(T ), τN (T ), τRB(Leff,T ), and F (Leff,T )
provided by the KCM.

III. FIRST PRINCIPLES CALCULATIONS

All the needed magnitudes in Eqs. (1)–(4) are calcu-
lated from first principles using the QUANTUM ESPRESSO

package [22], which implements density functional theory
(DFT) [23,24] under the local density approximation in the
parametrization of Perdew and Zunger [25]. Core electrons
were accounted for with norm-conserving pseudopotentials
of the Von Barth-Car type [26,27]. Plane waves were cut off
at an energy of 60 Hartree and Born effective charges and
dielectric tensor were employed for GaAs to account for its
polar behavior. Finally, small atomic cartesian displacements
in a 3 × 3 × 3 supercell with 216 atoms up to third neighbours
were performed to compute second and third order force
constants. A 20 × 20 × 20 q-point grid is used for phonon
Brillouin zone sampling in such calculations, while a 160 ×
160 × 160 mesh is used for the DOS calculations. N and U

phonon relaxation times are obtained through the anharmonic
IFC. For this the open code package ALAMODE [28] is
used, where splitting of N and U events has been manually
implemented in the code. Extrapolation of the latter values has
been done for low frequencies in the DOS mesh sampling.

For the boundary collision rates in the kinetic contribution
we use the Casimir expression [29] τB = Leff/v, where Leff =
dwire is the wire diameter, Leff = 2.25h for thin films, with h

the film thickness, and Leff = 1.12
√

A for square rods of cross
section A [12].

For the impurity collision rate, we use Tamura’s expres-
sion [30,31]

τ−1
I = π

6
�ω2D, (5)

where � is the mass variance of the sample depending on
the isotopic abundance of the sample. Notice that all these
magnitudes are calculated and no free parameters are used.

Figure 1 represents the obtained frequency dependent
phonon relaxation times for all the considered scattering
mechanisms in a 2.8 mm bulk Si sample (the N and U

scattering curves correspond to binning of the points from
the inset in Fig. 1). At low frequencies, in the interval from
1.6 × 10−7 THz to 0.75 THz, we use theoretically derived
expressions as follows. We employ Han’s expressions [32]
for the U processes, providing a transition from τ−1

U ∝ ω3 to
τ−1
U ∝ ω2. For N processes, Herring’s expression [33] where

τ−1
N ∝ ω2T 3 is used. Using analytical expressions for low

frequencies, accurate results can be achieved even with a
coarse q-point grid to compute the scattering rates.
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FIG. 1. Impurity, boundary, normal, and Umklapp relaxation
times for 2.8 mm silicon rod in terms of frequency at T =
300 K. Impurity is obtained with Eq. (5), the boundary curve
following Ref. [29], and Umklapp and normal curves are calculated
averaging the ab initio results over bins. Raw ab initio data are plotted
in the inset together with the analytic approximations.

IV. THERMAL CONDUCTIVITY PREDICTIONS

The calculated thermal conductivities of KCM compared
to experimental measurements for bulk Si, Ge, diamond, and
GaAs samples in a range of temperatures are plotted in Fig. 2
top. The good agreement between predictions and experiments
without any adjustable parameter shows that the model is
set on solid grounds. Similar results for bulk samples have
also been obtained using a different approach based on an
iterative solution of the BTE [14]. In the latter approach, the
effect of the N processes is included through the iterative
process, whereas in KCM this is determined by �. Thermal
conductivity predictions of several bulk samples like silicon
or germanium can also be obtained under relaxation time
approximation (RTA). However, in this approach N processes
are not correctly included [10,11], since they are treated
as resistive processes. As a consequence, in samples where
N scattering is important, like diamond or graphene, RTA
underestimates the thermal conductivity [16].

Figure 2 bottom shows the KCM predictions of the thermal
conductivity for nanowires and films. Good predictions are
obtained for both kind of samples at sizes bigger than Leff =
50 nm. The strong reduction observed in the experimental data
of the 22 nm NW could be associated with an enhancement of
the boundary effects due to the high roughness of the surface.
This effect is not captured in the simple diffuse model used in
the present paper. Let us note that comparison to experimental
data for silicon nanowires using a parameter free approach as
a function of temperature and size has not been previously
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FIG. 2. Top: KCM prediction of thermal conductivity for bulk
Si, Ge, diamond, and GaAs from Eqs. (1)–(4) using ab initio
scattering rates compared to experimental data. Bottom: KCM
predictions of thermal conductivity for thin films and nanowires.
Points represent experimental data from Refs. [34,44–46] for bulk
and from Refs. [35,42,43] for nano/micro samples. Lines describe
the theoretical predictions.

published. In the case of thin films, good predictions have
been obtained in previous works as a function of size [36].
Some N -as-resistive based descriptions like RTA have also
provided good fits to data at the nanoscale by including a form
factor and by using different isotope relaxation times from the
ones corresponding to bulk [37,38]. In contrast, KCM uses a
diffuse scattering model in the kinetic regime and a form factor
F in the collective one accounting for boundary effects. This
allows KCM to make nanoscale predictions without modifying
bulk parameters. In this case, the form factor F is derived
ensuring the conservation of energy and momentum of the
whole phonon distribution [21,39], in contrast to form factors
derived from N -as-resistive standpoints.

Figure 3 compares thermal conductivity predictions for bulk
natural diamond and a 56 nm silicon nanowire in KCM and
RTA. For bulk diamond, the importance of N processes makes
RTA to underestimate the thermal conductivity, as reported
by Li et al. [16,40] and Ward et al. [41] for isotopically
enriched diamond. On the other side, RTA with a simple
diffuse boundary scattering model [29] overestimates the
experimental data for small wire diameters. The KCM, that
properly accounts for N processes and boundary effects in both
transport regimes (kinetic and collective), is able to correctly
predict the thermal conductivity in a simple way in both cases.

Figure 4 presents KCM calculations of the thermal conduc-
tivity from bulk to 22 nm wires at 300 K and a comparison to
RTA and iterative BTE predictions [16]. KCM provides good
predictions without any fitting parameter for wires as small
as 56 nm. The overprediction of the smallest wires, as seen in
Fig. 2 bottom, could be associated with an increased roughness
effect [38,47]. This behavior has also been observed for thin
films at similar scales [36]. The green zone in Fig. 4 displays
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FIG. 3. Comparison of KCM and RTA predictions for bulk
natural diamond (top) and 56 nm Si nanowire (bottom). Experimental
data (symbols) are taken from Refs. [42,46].

the kinetic contribution to thermal conductivity, namely κk .
The difference between the black line and the green zone is
the collective contribution (red zone), κc. While the agreement
to data using only kinetic transport is good for the smallest
diameters (where the red zone vanishes), for bigger sizes
and bulk the collective contribution is required. It is thus the
right combination of kinetic and collective contributions as
expressed by Eqs. (1)–(4) that yields good predictions in the
whole size range.

V. COLLECTIVE BEHAVIOR

As indicated above, the relative weight of collective and
kinetic transport included in the value of the switching factor
� could be the reason behind the previous difficulties to
consistently predict the thermal conductivity at all sizes and
temperatures. Thus, the dependence of � on those magnitudes
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FIG. 4. Theoretical predictions and experimental data for thermal
conductivity of silicon wires at T = 300 K as a function of the
wire diameter. Kinetic (green), collective (red), and total thermal
conductivity predicted by KCM (black solid line), RTA (blue dot),
and iterative BTE predictions from Ref. [16] (blue dashed line).
Experimental data (symbols) are taken from Refs. [42,43,45].
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FIG. 5. Switching factor � for bulk silicon, 2.8 mm rod, 830 nm
film, and 56 nm wire as a function of temperature. The purple region
indicates the effect of the impurity scattering.

could be key to interpret experiments at different temperatures
and sizes [2,48]. Indeed, the collective contribution, which
is the contribution to heat transport due to momentum
conservation, is probably responsible for the hydrodynamic
behavior proposed recently to describe thermal conduction in
recent works [15,19]. Then, we expect hydrodynamic effects
to be relevant for finite values of �.

The dependence of � on size and temperature can be
directly obtained by examining how R and N processes change
as those parameters are modified. Since we have introduced
the boundary scattering τB in the resistive term τRB , as size
is reduced, the rate of boundary collisions increases (and so
the resistive collision rates), meanwhile N scattering rates
do not change. As a result, as size is reduced R collisions
become dominant and the parameter � tends to zero. This
explains the convergence of κtot to κk for small samples
displayed in Fig. 4. Figure 5 shows the value of �, as
defined in Eq. (4), for 2.8 mm silicon rod, 830 nm thin film,
and 56 nm nanowire in terms of temperature. The observed
reduction of � as temperature decreases has the same origin:
At low temperatures, anharmonicities become less important
in front of boundary and impurity scattering rates, which
are temperature independent, and this reduces the collective
contribution. At high temperatures, � increases in all cases
tending to a constant value.

Figure 5 also includes the bulk value �bulk that represents
the intrinsic collective behavior for silicon at 300 K. From this
representation it can be observed that when no boundaries are
considered the collective behavior becomes more important
as the temperature decreases. This increase is due to the fact
that at low temperatures, although anharmonicities decrease,
the N scattering is dominant in front of U processes. In recent
theoretical works the appearance of a hydrodynamic behavior
at low temperatures has been reported in 2D materials like
graphene [15,19], in agreement with the behavior predicted by
�bulk . It is expected that when materials intrinsically exhibit
collective behavior, as found in silicon, hydrodynamic heat
flux equations can be used with suitable boundary conditions to

FIG. 6. Top: Thermal conductivity spectral distribution (TCSD)
in terms of frequency for bulk silicon at T = 300 K. Filled curves are
the kinetic and collective contributions to TCSD. Blue line represents
the total thermal conductivity accumulation function (TCAF), that
is, the integral of TCSD. The green line represents the accumulated
kinetic thermal conductivity, thus the difference between both is the
collective contribution. Bottom: Mode kinetic and collective MFP in
terms of frequency.

compute the thermal conductivity as a function of temperature
and size [18].

VI. THERMAL CONDUCTIVITY SPECTRAL
DISTRIBUTION

In the last years, several works have pointed out the
importance of long MFP (i.e., low frequency) phonons in
thermal conductivity. It is widely accepted that these phonons
have a very important contribution to heat transport, but current
DFT calculations seem to provide larger contributions of long
MFP phonons than experimental observations [49,50]. To be
able to predict correctly the thermal conductivity from such ab
initio calculations, Akhiezer damping has been proposed. This
macroscopic relaxation mechanism has been phenomenolog-
ically used to reduce the first principles obtained MFT as an
extra scattering mechanism in the Mathiessen rule [50]. KCM
may provide an alternative explanation for the reduction in the
contribution of low frequency phonons to thermal conductivity
based on the effects of the collective regime and on the
calculation of low energy relaxation times.

Figure 6 top displays the kinetic and collective TCSD
predicted by KCM for bulk silicon as a function of frequency
at 300 K, where one observes that both contributions span the
whole range of the spectrum. While at low frequencies the
kinetic regime dominates, the collective contribution becomes
more important at high frequencies. A direct correspondence
with the MFP spectral distribution (Fig. 6 bottom) can be done
through this representation.

Figure 6 bottom shows the MFP in terms of frequency for
the kinetic and collective terms. From the KCM, 	k(ω) = vτk

is the kinetic MFP, and 	c(T ) = v̄τc is the collective MFP,
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FIG. 7. TCAF in terms of MFP for bulk silicon at T = 300 K in
KCM compared to that of Li et al. [16] and Jiang et al. [50]. KCM
predictions for 830 nm film and 56 nm wire are also included.

where

v̄ =
∫

v h̄ω
∂f

∂T
Ddω∫

h̄ω
∂f

∂T
Ddω

(6)

is the mean phonon velocity (independent of ω). It is important
to notice that while the kinetic MFP is different for all the
modes, the collective MFP is the same for all of them. An
effective MFP (blue asterisk) has been included to show
the effect of the collective phonons from a pure kinetic
point of view, where 	eff (ω) = (1 − �)	k(ω) + �	c. From this
representation one can appreciate a reduction of the MFP
of long MFP phonons at low frequencies and an increase
for the smaller ones at high frequencies [13]. This effect
of the collective regime is a consequence of the energy and
momentum conservation of the whole distribution introduced
through � [21].

In Fig. 7 the accumulated thermal conductivity in terms
of MFP for bulk silicon at 300 K is represented to show
the differences between KCM and current kinetic models. It
can be observed that in the KCM the largest MFP phonon
that contributes to κ is 	k ∼ 20 μm, in agreement with
experimental observations [50]. This is due to the fact that
for low frequency phonons, the use of Han’s expressions [32]
provides a τ−1

U ∝ ω2 dependence for the U processes instead
of the widely used approximation τ−1

U ∝ ω3. Note that the
use of an analytical expression allows us to avoid the
over/underestimations provided by DFT calculations at these
frequency ranges [49]. Differences on the slope of κacc between
100 nm and 10 μm in the KCM have its origin in that
N scattering does not appear in the integral expressions of
resistive terms.

A characteristic feature of the KCM accumulation function
is the appearance of a step at the collective MFP, 	c. From
Fig. 7 it can be seen that while the kinetic contribution spans all
the distribution the collective one occurs only at a fixed MFP,
	c ∼ 20 nm for natural silicon at 300 K. The height of this step
is proportional to the value of � and, as the switching factor
depends on the size of the sample, it will be different for each
Leff , according to Fig. 5. Comparing the curves for different

sizes (56 nm nanowire, 830 nm thin film, and bulk) in Fig. 7 one
can conclude that the TCAF of a sample cannot be obtained by
just removing from the bulk curve the contribution of phonons
with MFP larger than its characteristic length Leff [36].

The position of the step at 	c in the thermal conductivity
accumulation function (TCAF) can be related to a charac-
teristic nonlocal scale 	 = √

	c	N/5 that is associated with
hydrodynamic effects like Poiseuille flow or second sound,
where 	N = v̄τN is the normal MFP [21]. A direct detection
of this step would be difficult for small samples because at
these scales � is small. From our calculations the nonlocal
scale for silicon at 300 K is 	 ∼ 100 nm. Recent experiments
carried out on bulk silicon by Hoogeboom-Pot et. al [7] show
that collective effects appear when characteristic scales of the
order of 102 nm are considered in the experiment, in agreement
with the obtained nonlocal length 	. It is important to remark
that the consequences of collective effects on the measured
thermal conductivity will depend on each experimental setup.

VII. CONCLUSIONS

We have introduced the collective behavior as a fun-
damental piece to understand thermal conductivity when
normal scattering plays an important role. This new transport
mechanism is combined with the kinetic transport in the
KCM, providing a way to calculate the thermal conductivity
without treating normal scattering as a resistive mechanism, in
contrast to N -as-resistive approaches like RTA. By using first
principles calculations, we have seen that KCM provides good
agreement with experimental data for a number of samples
without free parameters. They include several bulk materials
and micro/nano silicon films and wires in a wide range of
temperatures. While thermal conductivity of some samples
can be predicted by RTA, KCM additionally provides good
predictions for bulk diamond and silicon nanowires thanks to
the correct treatment of normal processes and the form factor
used in the collective regime.

The importance of collective behavior in a specific sample
is determined by the parameter �, calculated from the ratio of
normal to resistive scattering times. As boundary scattering is
included in the resistive term, when size is reduced � → 0,
and � also vanishes at low temperatures. In bulk samples,
where boundaries are not considered, the collective behavior
is relevant at all temperatures, becoming more important as
temperature decreases. Since the collective regime is expected
to be responsible for the appearance of hydrodynamic effects,
for finite values of � hydrodynamic equations can be used to
study heat transport.

In the last years the role of low energy phonons has been
demonstrated to be important in order to compute the thermal
conductivity and to analyze the thermal conductivity accu-
mulation function in terms of mean free path. KCM supplies
an explanation for the reduction of the contribution of long
mean free paths phonons based on the effect of the collective
regime and the calculation of low frequency relaxation times.
In addition, in the KCM accumulation function the emergence
of a collective characteristic length provides information of
the scales where deviations from Fourier will be relevant,
which are not visible from classical representations. Finally,
the dependence of � on the characteristic size Leff changes the
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shape of this function, and therefore the general belief that the
thermal conductivity for a certain size Leff can be obtained by
removing the contribution from phonons with mean free path
greater than it.

In summary, the collective regime defined in KCM intro-
duces relevant information on phonon transport that could be
useful to describe experiments where non-Fourier behavior
has been reported, as in high temperature gradients or ultra-
fast experiments using pump-probe and/or thermoreflectance
setups.
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APPENDIX

In this appendix we supply explicit expressions for the
parameters τc, τN , τRB , and F used in Eqs. (1)–(4). A derivation
of these equations from the Boltzmann transport equation
can be obtained in the original manuscript of Guyer and
Krumhansl [18], which has been used recently for the specific
case of graphene [15]. For the sake of simplicity, we express
the different projections of the phonon distribution function
in the momentum space found in these equations in terms of
function Ci(ω) defined as:

Ci(ω) =
(

v|q|)
ω

)2i

h̄ω
∂f

∂T
D , (A1)

where v(ω) denotes the phonon mode velocity and |q(ω)| is
the modulus wave vector. Note that C0 directly represents the
specific heat of mode ω.

The kinetic contribution is

κk(Leff,T ) = (1 − �)
∫

C0v
2τkdω, (A2)

where

τ−1
k (Leff,ω,T ) = τ−1

B + τ−1
int (A3)

is the total kinetic relaxation time. This is calculated with
the Mathiessen rule combining the boundary scattering time

τB(Leff,ω) and the intrinsic relaxation time:

τ−1
int (ω,T ) = τ−1

I + τ−1
U , (A4)

where τI (ω) and τU (ω,T ) are the impurity and Umklapp
relaxation times, respectively.

The collective contribution is

κc(Leff,T ) = �F

∫
C0v

2τcdω , (A5)

where the collective mean free time is an average over the
whole distribution obtained as

τc(T ) =
∫

C1dω∫
1

τint
C1dω

. (A6)

Notice that in the collective mean free time boundary scattering
is not included, but only intrinsic scattering rates are used. The
form factor F for a generalized geometry can be approximated
by [39]

F (Leff) = 1

2π2

L2
eff

	2

(√
1 + 4π2

	2

L2
eff

− 1

)
, (A7)

where Leff is the effective length of the sample depending on its
geometry and 	 the characteristic nonlocal scale [21] defined
in the main paper.

The switching factor � [Eq. (4)] that determines the relative
importance of the kinetic and collective contributions and
ensures the momentum conservation [21] depends on the
integrated R and N scattering mean free times, τRB and τN .
Their expressions are:

τRB(Leff,T ) =
∫

C1τkdω∫
C1dω

(A8)

and

τN (T ) =
∫

C0τNdω∫
C0dω

. (A9)

Note that the resistive mean free time, τRB , as given in Eq. (A8)
depends on Leff through the boundary scattering rate in τk .
From the definition of these time constants, let us remark
that, if phonon scattering is only due to normal collisions, the
thermal conductivity predicted by KCM goes to infinity, as it
should, since τk and τc diverge.
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