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Abstract: This paper reviews the existing literature on the combination of metaheuristics with machine learning
methods and then introduces the concept of learnheuristics, a novel type of hybrid algorithms. Learnheuristics can
be used to solve combinatorial optimization problems with dynamic inputs (COPDIs). In these COPDIs, the problem
inputs (elements either located in the objective function or in the constraints set) are not fixed in advance as usual.
On the contrary, they might vary in a predictable (non-random) way as the solution is partially built according to
some heuristic-based iterative process. For instance, a consumer’s willingness to spend on a specific product might
change as the availability of this product decreases and its price rises. Thus, these inputs might take different values
depending on the current solution configuration. These variations in the inputs might require from a coordination
between the learning mechanism and the metaheuristic algorithm: at each iteration, the learning method updates the
inputs model used by the metaheuristic.
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1 Introduction

Operations Research (OR) is a well-established field with a huge and active research community. One of its
main goals is to support decision-making processes in complex scenarios, i.e., providing optimal (or near-optimal)
solutions to combinatorial optimization problems (COPs) defined by a given objective function and a set of
realistic constraints. The number of applications is immense, e.g.: transportation and logistics, finance, production,
telecommunication systems, etc. A noticeable part of the efforts developed by the OR community has focused on
developing exact methods to find optimal solutions to a wide range of COPs. When dealing with NP-hard COPs,
this usually requires simplifying somewhat the model and/or addressing only small- and medium-sized instances to
avoid incurring in prohibitive computing times. Another noticeable part of the efforts has been invested in developing
heuristic and metaheuristic approaches that cannot guarantee optimality of the provided solutions but are usually
more powerful in terms of the size of the instances they can solve in reasonable computing times [1]. Additionally,
these approximated methods are quite flexible, which makes them suitable for tackling more realistic and rich
models. While heuristics are simple and fast procedures based on the specific COP being addressed, metaheuristics
are general templates that can be easily adapted to a huge variety of COPs.
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The OR community shows a growing interest in coping with increasingly challenging COPs, such as stochastic
COPs (in which some of the problem inputs are random variables) and dynamic COPs (in which some of the
problem inputs evolve over time). This might be due to several factors, including: (i) the rich characteristics of
real-life problems frequently faced by modern companies in sectors such as logistics and transportation [2]; (ii) the
technological development; (iii) the availability of vast amounts of Internet-based data; and (iv) a shift to a more
data-driven culture. During the last years, hybrid approaches have been extensively employed due to their success
when dealing with realistic problems, among others: those combining different metaheuristics [3], matheuristics (i.e.,
metaheuristics combined with mathematical programming) [4], and simheuristics (i.e., metaheuristics combined with
simulation) [5].

The hybridization of metaheuristics with machine learning techniques is an emerging research field in the OR
community. In this context, the main contributions of this paper are: (i) providing a survey on the existing works
combining metaheuristics with machine learning techniques, as well as a classification of the most relevant ones; and
(ii) proposing a novel ‘learnheuristic’ framework, combining a heuristic-based constructive procedure with machine
learning, to deal with a special kind of COPs with dynamic inputs (COPDIs). In these COPDIs, the inputs are
deterministic (i.e., non-stochastic) but, instead of being fixed in advance, they vary according to the structure of
the solution (i.e., they change as the solution is being constructed following a heuristic-based iterative process). In
this sense, these COPDIs represent an extension of the classical deterministic COPs in which all inputs are given in
advance and are immutable. An example of such a COPDI is given next for illustrative purposes. Suppose there is
a set of heterogeneous radio access technologies (RATs) that provide pay-per-use services to a group of users. Each
user has to be assigned to just one RAT, and each RAT can serve only a limited number of users. Being a pay-per-use
service, the goal here is to maximize the total benefit, which depends on the customers’ demands. Several scenarios
may be described based on the nature of the customers’ demands (Figure 1): (i) they are deterministic, static (do
not change over time), and can be computed or accurately estimated; (ii) they contain some degree of uncertainty
but can be modeled as random variables or using fuzzy techniques; and (iii) they are dynamic in the sense that they
depend on the solution characteristics (e.g., the number of users connected to the same RAT, which has an effect on
the service quality and, therefore, on the customers’ demands of that service).

Fig. 1. Different scenarios according to the nature of the inputs.

While the first case corresponds to a classical deterministic COP, the second case introduces a level of uncertainty
that usually requires the use of stochastic programming, simulation-optimization, or fuzzy methods. In this paper we
focus on the third case, and propose the use of learnheuristic algorithms, in which the learning mechanism updates
the input values as the solution is iteratively constructed using the heuristic logic [6]. Notice, however, that not all the
metaheuristics rely on constructive procedures to generate new solutions. Thus, for instance, evolutionary algorithms
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or scatter search algorithms typically generate new solutions by simply combining already existing solutions, which
might have been generated at random.

The rest of the paper is structured as follows: Section 2 provides a brief introduction to metaheuristics and
machine learning, and proposes a classification of hybrid works combining both methodologies. Section 3 presents
an overview of works in which machine learning techniques have been used to enhance the performance of
metaheuristics, while Section 4 reviews publications in which metaheuristics have been used to improve machine
learning methods. Section 5 provides a formal description of the COPDIs we aim to solve and explains the main
ideas behind our learnheuristics solving framework. Section 6 discusses potential applications of learnheuristics in
different fields. Section 7 provides a numerical experiment that illustrates the use of learnheuristics in a vehicle
routing problem with dynamic demands. Finally, Section 8 summarizes the main conclusions and identifies some
future research lines.

2 Metaheuristics and machine learning

2.1 Definitions and evolution of the number of works

Metaheuristics represent a heterogeneous family of algorithms designed to solve a high number of complex COPs
without having to deeply adapt them to each problem. They do not guarantee optimal solutions, but may provide near-
optimal ones in a reasonable amount of computing time. A number of them are nature-inspired, include stochastic
components, and have several parameters that must be fine-tuned and may interact [7]. Figure 2 includes some of the
most popular metaheuristics (first works are cited): ant colony optimization (ACO) [8], artificial immune systems
(AIS) [9], genetic algorithms (GA) [10], greedy randomized adaptive search procedure (GRASP) [11], iterated local
search (ILS) [12], particle swarm optimization (PSO) [13], scatter search (SS) [14], simulated annealing (SA) [15],
tabu search (TS) [16] and variable neighborhood search (VNS) [17]. They are grouped according to the following
criteria: (i) single-solution versus population-based metaheuristics (SMs and PMs, respectively); (ii) whether they
use memory; and (iii) whether they are nature-inspired. The success of the first implementations of metaheuristics
aroused the interest of journals in new versions of these methods, which increased the number of authors exploring
this topic. Unfortunately, some publications add only marginal contributions to the already existing frameworks [18].
As stated in [19], the effectiveness of a given metaheuristic depends upon its ability to adapt to a particular instance
problem, avoid entrapment at local optima, and exploit the structure of the problem. In addition, the authors highlight
the potential benefit of restart procedures, controlled randomization, efficient data structures, and pre-processing. A
few fields where they are commonly applied are: logistics and transportation, telecommunications, production and
scheduling, bioinformatics, finance, smart cities, cryptology, and nutrition, among many others. The reader interested
in a complete review of metaheuristics is referred to [20].

Machine learning is a subfield of computer science and artificial intelligence that encompasses a number of
algorithms which learn from a dataset composed of examples or observations and are capable of making predictions
[21, 22]. There are three styles of learning: supervised, unsupervised, and semi-supervised. The first relies on a
set of procedures for function approximation. Based on a database of labelled samples, the goal is to predict
a response variable (or output) from the explanatory variables (or inputs). Supervised methods are used in the
following tasks: regression, classification, dimension reduction, time-series prediction, and reinforcement learning.
In contrast, unsupervised learning does not include any response variable, and attempts to find compact descriptions
of the data. The main tasks are: anomaly detection, dimension reduction, time-series modeling, and latent variable
models. Finally, semi-supervised learning is similar to supervised learning but, in this case, not all the examples
have associated an output value. Semi-supervised methods are very useful in problems where large amounts of
unlabelled samples are available, and only a few of them can be manually labelled. Typical examples are visual
object recognition, where milions of untagged images are publicly available, or natural language processing. The
most popular applications of machine learning techniques include search engines, robotics, computer vision, finance,
bioinformatics, finance, insurance, etc.
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Fig. 2. Main metaheuristics grouped by different criteria. Circles’ size is proportional to the number of Google Scholar indexed articles,
from 2006 to 2015, that include the complete name of the specific metaheuristic and “metaheuristics” or “heuristics” in the article
(March 15, 2016).

According to data from Google Scholar, both fields may be considered young (Figure 3). Although the use of
machine learning techniques is much more extended, metaheuristics are more employed in the context of COPs. An
example of machine learning applied to solve these problems is the work developed in neural networks for solving
COPs, mainly in vehicle routing problems [23, 24].

Fig. 3. Evolution of the number of works in Google Scholar (March 15, 2016). The number of works from the fields of metaheuristics
and statistics or data mining were 1880 and 785 in 2015, respectively.

2.2 Reviews on the combination of metaheuristics and machine learning

The existing literature analyzing the hybridization of metaheuristics and machine learning may be mainly divided
into two groups: works where machine learning is employed to enhance metaheuristics, and those in which
metaheuristics are used to improve the performance of machine learning techniques.

Regarding the first group, there are several works providing overviews from different points of view. For
instance, the emergence of hybrid metaheuristics is studied in [3], which includes the combination of metaheuristics
and: (i) complementary metaheuristics; (ii) exact methods; (iii) constraint programming; or (iv) machine learning.
The author proposes a general two-level classification. In this sense, it is possible to distinguish between low-level
hybridizations, in which a given internal function of a metaheuristic is replaced by another optimization method,
and high-level hybridizations, where the different optimization methods are self-contained. In a second phase, these
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algorithms can be further classified into relay or teamwork hybridization. While in the former the techniques are
applied one after another (each using the output of the previous as its input), the latter represents cooperative
optimization models. In [25], authors describe applications of data mining techniques to help metaheuristics. Finally,
a survey on the integration of machine learning in evolutionary computation can be found in [26]. The work presented
in [27] gathers the synergies between OR and data mining, remarking the growing importance of multi-objective
approaches. The authors highlight three benefits of employing data mining in OR: (i) increasing the quality of the
results of OR algorithms; (ii) speeding up OR algorithms; and (iii) selecting an OR algorithm based on instance
properties.

Our work builds on the classification in [25] and extends it by proposing more categories and analyzing a
higher number of works. In our view, the classification in [25] is more suitable for works where machine learning
is employed to enhance metaheuristics than the one presented in [3], which was designed to be more general and
to include other hybridizations. In particular, works are classified into specifically-located hybridizations (where
machine learning is applied in a specific procedure) and global hybridizations (in which machine learning has a
higher effect on the metaheuristic design). As part of the first group, the following categories are defined: parameter
fine-tuning, initialization, evaluation, population management, operators, and local search. On the other hand, the
second one includes: reduction of search space, algorithm selection, hyperheuristics, cooperative strategies, and new
types of metaheuristics.

Similarly, there are a few reviews on works where metaheuristics are used to improve the performance of
machine learning techniques. For instance, [28] focuses on two evolutionary algorithms (EAs), namely GAs and
genetic programming (GP), and discusses their application to discovery of classification rules, clustering, attribute
selection and attribute construction. [27] analyzes the role of OR in data mining discussing the relevance of exact
methods, heuristics and metaheuristics in supervised classification, unsupervised classification, rule mining and
feature selection. More recently, [29] provides an overview of the use of optimization in Big Data, focusing on
metaheuristics. The book introduces the role of metaheuristics in clustering, association rules, classification, and
feature selection in classification. It also includes a chapter listing all available frameworks for metaheuristics, data
mining, and the combination of both. Building on these reviews, we arrange the literature works into the following
categories: classification, regression, clustering, and rule mining.

Figure 4 shows the classification scheme we use. Some relevant and representative works, both considering
machine learning for enhancing metaheuristics and metaheuristics in machine learning, are reviewed in Sections 3
and 4, respectively.

3 Using machine learning for enhancing metaheuristics

In order to improve clarity, the review on how machine learning techniques have been used to enhance metaheuristics
has been divided into two sub-sections: the first one analyzes local-level hybridizations while the second one
discusses global-level hybridizations. Each of these, in turn, have been classified by the corresponding topic.

3.1 Specifically-located hybridizations

The fine-tuning of metaheuristic parameters is known to have a significant effect on the algorithm performance.
However, this issue is not always properly addressed and many researchers still continue selecting parameter values
by performing exhaustive testing or copying values recommended for similar instances or problems.

Basically, there are three approaches:

1. Parameter control strategies [30] apply a dynamic fine-tuning of the parameters by controlling and adapting
the parameter values during the solving of an instance. The main types of control are: (i) deterministic, which
modifies the parameter values by some deterministic rule; and (ii) adaptive, which employs feedback from the
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Fig. 4. Classification of works combining metaheuristics and machine learning.

search. For instance, there are works relying on fuzzy logic [31], support vector machine (SVM) [32], and linear
and SVM regression [33].

2. Parameter tuning strategies assume that the algorithms are robust enough to provide good results for a set of
instances of the same problem with a fixed set of parameter values. Frequently, researchers focus on a subset
of the instances and analyze their fitness landscapes. Popular techniques are: response surface [34], logistic
regression [35], and tree-based regression [36].

3. Instance-specific parameter tuning strategies present characteristics from the previous approaches. While the
parameter values are constant as in the second approach, they are specific for each instance as in the first. These
strategies employ a learning mechanism able to return recommended sets of parameter values given a number of
instance features. Techniques employed are: Bayesian networks [37], case-based reasoning (CBR) [38], fuzzy
logic [39], linear regression [40], and neural networks [41].

A highly popular approach related to the first category is known as reactive search [42]. It proposes the integration
of sub-symbolic machine learning techniques into heuristics, in order to allow the algorithm for self-tuning.

Typically, metaheuristics generate their initial solutions randomly, using design of experiments [43], or via a
fast heuristic. There are also works employing machine learning techniques. For instance, some of them apply CBR
to initialize GAs [44–46], while others explore the use of Hopfield neural networks [47]. In [48] the authors suggest
using the Q-learning algorithm in the constructive phase of a GRASP and a reactive GRASP metaheuristics. In this
line, the hybridization of data mining and the GRASP metaheuristic is discussed in [49].

In real-life applications it is common to find objective functions and constraints that are computationally
expensive to evaluate [50, 51]. In these cases, it is required to build an approximation model to assess solutions
employing polynomial regression [52], neural networks [53–55], SVM [56], Markov fitness models [57], kriging
[58] or radial basis functions [59], for example. Some authors combine their use with that of real objective functions
[60, 61]. An interesting survey of model approximation in evolutionary computation may be found in [62]. Another
option to reduce evaluation costs is to evaluate only representative solutions. Following this idea, in [63] the authors
apply fuzzy clustering. Similarly, in [64] the authors suggest using clustering techniques and neural networks
ensembles.



Learnheuristics for dynamic optimization 267

Regarding population management, many authors attempt to extract information from solutions already visited
and employ it to build new ones, aiming to explore more promising search spaces. A number of works rely on the
Apriori algorithm (to identify interesting subsolutions) [65–68] or on CBR [69]. Another important issue in PMs
is the population diversity, since maintaining it may lead to better performances. The most common technique for
promoting diversity is clustering analysis. In [70], for instance, individuals in a GA are separated in different sub-
populations based on their features and only those in the same cluster compete for survival. The selection operator
is applied independently to each cluster. In contrast, in [71] the authors allow interactions among sub-populations of
an evolutionary strategy when selecting candidates for recombination. Other works relying on clustering analysis,
but in the context of multi-objective metaheuristics, are [72] and [73].

The search of a metaheuristic may be improved by introducing knowledge in operators such as mutation
or crossover operators in PMs. For example, [74] propose a coevolutionary GA that incorporates an extraction
mechanism to be employed in the crossover. Two classification algorithms are tested: C4.5 and CN2. In [75], the
authors design a class of evolutionary computation processes called learnable evolution model (LEM), which uses
symbolic learning methods to create rules that explain why certain individuals are superior to others. These rules are
then employed to create new populations by avoiding past failures, using recommendations or generating variants.
In [76], this class is extended to address multi-objective problems seeking rules to identify why some individuals
dominate others.

Some machine learning techniques have been used as local searches. For instance, [77] employ a multi-objective
EA combined with an inverse neural network. This neural network is a local search aiming to discover better
individuals from previous generations. In particular, it is trained considering parameters and criteria as inputs and
outputs, respectively. First, the criteria obtained from individuals of the present generation are slightly modified.
Then, the parameters for the new individuals are obtained using the neural network in a reverse way. The authors test
their approach on a set of benchmark bi-objective functions. A similar approach is suggested in [54] to be applied to
an aircraft control system design application.

3.2 Global hybridizations

A few works have attempted to reduce the search space in order to make more effective and efficient searches.
Machine learning techniques used are: clustering techniques [78–81], neural networks [82, 83] and principal
component analysis [84].

The algorithm selection problem (ASP) aims to predict the algorithm from a portfolio that will perform best,
employing a given set of instance features. The framework for this problem was initially proposed by [85], where
it was applied to partial differential equation solvers. More recently, [86] presents it in the context of optimization
algorithms. There are four basic elements in the framework: (i) the problem space P represents the set of problem
instances; (ii) the feature space F includes instance characteristics; (iii) the algorithm space A is the portfolio of
available algorithms; and (iv) the performance space Y is the mapping of each algorithm to the performance metrics.
Accordingly, the ASP can be stated as follows [87]: given a problem instance x 2 P with feature vector f .x/ 2 F ,
the ASP searches the selection mapping S.f .x// into algorithm space A such that the selected algorithm ˛ 2 A

maximizes the performance mapping y.˛; x/ 2 Y . Thus, for instance, [88] develops a methodology to predict
the performance of metaheuristics and acquire insights into the relation between search space characteristics of
an instance and algorithm performance. The author tests the ILS and the robust TS metaheuristics, as well as the
max-min ant system for solving the quadratic assignment problem. A neural network implementing genetic adaptive
smoothing parameter selection is trained to predict which algorithm will perform best. Also, in [89], an approach
is designed to select the best optimization method for solving a given travelling salesman problem (TSP) instance.
Initially, 14 TSP properties and the performance values obtained with each metaheuristic analyzed (GRASP, TS,
SA and GA) are stored. Then, a rank of metaheuristics is determined by using a multi-layer perceptron network.
Several network architectures are assessed. In [87], the authors construct a methodology to compare the strengths and
weaknesses of a set of optimization algorithms. First, the instance space is generated. This step includes selecting
a subset of features to obtain a two-dimensional instance space (for a better visualization) and provide a good
separation of easy and hard instances. Afterwards, classification techniques are used to identify the regions where
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an algorithm performs well or poorly. Finally, an analysis of the algorithmic power is performed considering the
size and location of each algorithm footprint. The experiment is carried out with 8 algorithms for solving the graph
coloring problem.

According to [90], hyperheuristics may be described as search methods or learning mechanisms for selecting or
generating heuristics to solve computational search problems. Typically, these methods do not aim to obtain better
results than problem-specific metaheuristics, but to be able to automate the design of heuristic methods and/or deal
with a wide range of problems. The authors propose a basic classification, which takes into account the following
dimensions: (i) the nature of the heuristic search space (either heuristic selection or generation); and (ii) the feedback,
since hyperheuristics may learn (following online or offline learning strategies) or not. Whereas online learning refers
to methods that learn during the solving of a problem instance, offline learning methods try to extract information
from a set of training instances to be applied for solving new instances. A comprehensive survey on hyper-heuristics
may be found in [91]. In [92], the authors explore the potential of associative classifiers in a hyperheuristic approach
for solving the training scheduling problem. The classifiers have to choose the low-level heuristic (which represents
a given local search neighborhood) to employ at each step while constructing a solution. Reinforcement learning is
highly popular in methodologies selecting heuristics employing an online learning strategy (e.g., see [93]). In this
case, each heuristic has associated a score that determines the probability of being selected. These scores are updated
according to the intermediate solutions obtained with each heuristic. There are also a number of works employing
regression techniques. For instance, related to the evaluation category, [94] suggest employing neural networks
and logistic regression to predict objective function values of solutions in a hyperheuristic search. It is also worth
mentioning the approach described in [95], where CBR is used for selecting heuristics when addressing course and
exam timetabling problems. In [96], the authors address a constraint satisfaction problem, where the order in which
the variables are selected affects the complexity of the search. The authors present a hyperheuristic based on a logistic
regression model that decides which variable ordering heuristic should be applied given the features of an instance at
different steps of the search. In [97] an apprenticeship learning hyperheuristic is proposed for vehicle routing. Taking
a state-of-the-art hyperheuristic as an expert, the authors follow a learning approach that yields various classifiers,
which capture different actions that the expert performs during the search. While this approach relies on a C4.5
algorithm, in [98] it is improved by using a multilayer perceptron. Another approach is presented in [99], where a
tensor-based online learning selection hyperheuristic is designed for nurse rostering. The proposed approach consists
of the consecutive iteration of four stages: during the first and second stage, two tensors are constructed considering
different heuristic selection and move acceptance methods; at the end of the second stage, each tensor is subjected
to factorization and, using the information of both tensors, the heuristic space is partitioned; the third is a parameter
control phase for the heuristics; and the final stage performs the search switching between heuristics periodically,
using appropriate heuristic parameter values.

During the last decades, a new trend in optimization has emerged as a consequence of the technological
development based on cooperative strategies. It consists in combining several algorithms/agents to produce a hybrid
strategy in which they cooperate in parallel or sequentially. Communication among them can be either many-to-
many (direct) or memory-based (indirect). Agents may share partial or complete solutions and models, among
others. It is broadly accepted that strategies based on agents with unrestricted access to shared information may
experiment premature convergence. Commonly, there is an agent that coordinates the search of the others, organizing
the communication. This strategy attempts to develop a robust methodology that provides high-quality solutions by
exploiting the specific advantages of each algorithm. For example, [100] develop a centralized hybrid metaheuristic
cooperative strategy, where knowledge is incorporated into the coordinator agent through fuzzy rules. These rules
have been defined from a knowledge extraction process applied to the results obtained by each metaheuristic. Then,
the coordinator agent collects information and sends orders to each solver agent that will affect its search behaviour
(such as re-initiate the search with a specific initial solution, or change the parameter values). The strategy is tested
on the knapsack problem, employing a TS, a SA, and a GA. In [101], the author describes an approach to deal
with the permutation flow shop scheduling problem (PFSP), where a set of agents run in parallel, each applying
a given metaheuristic. The best solutions are stored and employed to form a tensor. This tensor is factorized and
the pattern obtained is sent to all agents, which will use it to try to build better solutions. In [102], a cooperative
strategy relying on different metaheuristic / local search combinations is put forward. The architecture makes use
of two types of agents: the launcher and the metaheuristic agent. The launcher conducts the following tasks: queue
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instances, configure other agents and gather solutions. Metaheuristic agents execute one of the metaheuristic / local
search heuristic combinations. Each of them continuously adapts itself according to a cooperation protocol based on
reinforcement learning and pattern matching. This proposal is tested on the PFSP and the capacitated vehicle routing
problem.

There are several new metaheuristics based on learning procedures. Most rely on the fact that a set of pseudo-
optimal solutions may be considered a sample drawn from an unknown probability distribution. This distribution
may be estimated by employing a selected set of promising solutions and used to generate new solutions. A review
of these metaheuristics, called estimation of distribution algorithms (EDAs), can be found in [103]. Typically,
authors employ these algorithms using fixed-length strings over a finite alphabet to represent solutions. They may be
classified into three groups depending on whether no interactions are considered, or only pairwise or multiple ones.
From the first group, the most popular are: the population-based incremental learning (PBIL) [104], the compact
genetic algorithm (cGA) [105], and the univariate marginal distribution algorithm (UMDA) [106]. Some well-known
algorithms assuming only pairwise interactions are: the mutual-information-maximizing input clustering (MIMIC)
[107] algorithm and the bivariate marginal distribution algorithm (BMDA) [108]. Considering multiple interactions,
there are: the extended compact genetic algorithm (ECGA) [109], the factorized distribution algorithm (FDA) [110],
and the Bayesian optimization algorithm (BOA) [111]. These metaheuristics have been employed in a wide range of
fields such as routing [112, 113], scheduling [114], and nutrition [115].

4 Using metaheuristics to improve machine learning

Metaheuristics have been extensively employed to improve machine learning tasks. Briefly, we review some of
the most successful approaches in the supervised learning topic, both in classification and regression, and in the
unsupervised learning topic, including clustering and rule mining.

Classification is a popular problem in supervised learning, consisting in identifying to which of a set of
categories a new observation belongs, on the basis of a training set of data containing observations whose category
membership is known. In this context, metaheuristics have been mainly applied for feature selection, feature
extraction and parameter fine-tuning. In [116] authors suggest that the bags of visual words algorithm could be
improved when non linear combinations of weighted features obtained with GP are considered. The approach has
successfully been applied to the object recognition field, learning both the weights of each visual word (feature)
and the non linear combination of them. Similar approaches have been presented for large feature sets. Thus, [117]
employ GAs to select discriminant features applied to intrusion detection using a decision trees classifier. Also
studying classification trees, [118] implements a GA to generate a set of diverse trees, each with a large explanatory
power. In [119], the authors present a multi-classification algorithm relying on multi-layer perceptron neural network
models. In order to obtain high levels of sensitivity and accuracy (which may be conflicting measures), a Pareto-based
multi-objective optimization methodology based on a memetic EA is proposed. In [120], the use of GAs is proposed
to simultaneously optimize the parameters of the SVM algorithm and perform a feature selection process. In [121],
a GA performs feature selection on electroencephalogram signals (EEG) applying non linear classifiers (SVM and
neural networks). Working on cancer diagnosis, [122] selects gene by applying a GA combined with SVM. The
approach focuses on sensitivity, specificity and number of genes. A comparison between approaches with different
criteria and one relying on the k-means algorithm is put forward. In [123] different metaheuristics are evaluated also
in the context of feature selection. The authors implement a TS, a memetic algorithm, a GRASP and a GA, and
compare their effectiveness with sequential forward feature selection. Different niching GAs for feature selection
are proposed in [124], which are applied to the design of fuzzy rule-based classification systems. In [125] two multi-
objective PSO algorithms are designed for feature selection, which aim to maximize the classification performance
while minimizing the number of features. They are compared against several conventional methods and three well-
known multi-objective EAs using the k-nearest neighbor algorithm as classifier. In [126], the author employs a GA,
a TS and an ACO for parameter fine-tuning of a single classifier and classifiers ensemble optimization, working with
SVM.
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Regression aims to estimate the relationships among a response variable and one or more explanatory variables,
and has a wide range of applications. Typically, the use of machine learning is related to the training of complex
regression models. Neuroevolution is an emergent field which employs EAs to train neural networks. Thus,
[127] provides a literature review focusing on elements evolved: connection weights, architectures, learning rules,
and input features. In [128], the authors develop the neuroevolution of augmenting topologies (NEAT) method,
which evolves topologies and weights at the same time. They claim that its efficiency resides in: (i) employing a
principled method of crossover of different topologies; (ii) protecting structural innovation using speciation; and
(iii) incrementally growing from minimal structure. More recently, [129] has shown the benefits of optimizing each
neuron’s transfer function, creating heterogeneous networks. In a similar approach, [130] present a methodology to
find the best architecture of a neural network using metaheuristics. The authors tested the following ones: generalized
extremal optimization, VNS, SA, and canonical GA.

Clustering refers to grouping a set of objects in such a way that objects in the same group are more
similar to each other than to those in other groups. This vague definition encompasses a high number of models.
Centroid models are based on an NP-hard optimization problem (thus, only approximated solving methods such
as metaheuristics may be employed). In [131] differential evolution algorithms are applied to clustering problems
(single and multi-objective). In [132] a TS metaheuristic is implemented to computationally deal with the non convex
optimization problem of the unsupervised clustering of data samples. Similarly, [133] use ACO to cluster objects,
obtaining faster results in terms of the number of needed operations (i.e., objective functions evaluations). Other
authors use GAs for the same task [134–136]. In [137], a PSO metaheuristic is applied to the clustering problem,
improving the results obtained using a TS and classic unsupervised learning methods. In [138], the authors also use
a PSO metaheuristic to automatically cluster data from students in a learning management system (LMS) to adapt
teaching resources to specific students’ needs. Gene clustering is performed in [139], where a comparative study
is presented based on the following metaheuristics: GA, PSO, cuckoo search and levy flight cuckoo search. More
recently, [140] present a GRASP metaheuristic for biclustering (i.e., considering both genes and conditions) of gene
expression data. A validation is completed with different synthetic datasets. The reader can find more details in the
applications of metaheuristics to unsupervised learning in the surveys [141, 142].

Rule mining gathers methods for discovering relevant relations between variables in large databases. For
example, a hybrid approach is presented in [143] for discovering small-disjunct rules combining a decision tree
algorithm (C4.5) and a GA. While the first is employed for large-disjuncts rules, the metaheuristic works on small
ones. This hybrid approach achieves better predictive accuracy. In the book [144], in addition to present data mining
tasks and paradigms, the author describes the application of GAs and GP for rule discovery, and EAs for generating
fuzzy rules. After modeling association rules discovery as an optimization problem, [145] explore the use of a GA
to obtain associations between genes from DNA microarray data. Noticing that most approaches tend to seek only
frequent rules, [146] propose a multi-objective approach combining a GA and exact methods to discover interesting
rules in large search spaces. A public micro-array database is employed to carry out computational experiments. A
multi-objective metaheuristic approach is proposed in [147] to create rules and build a Pareto front considering the
sensitivity and specificity criteria. A GRASP with path-relinking is implemented.

5 Our learnheuristic framework for solving COPDIs

After reviewing in Sections 3 and 4 works where machine learning may enhance metaheuristics or metaheuristics
may improve machine learning, this section presents our learnheuristic framework. It integrates both fields, making
it possible to address a specific kind of COP.

As previously described, our learnheuristic framework aims at solving COPs in which the model inputs (either
located in the objective function or in the set of constraints) are not fixed in advance. Instead, these inputs (e.g.,
customers’ demands, serving times, etc.) might vary in a predictable way according to the current status of the



Learnheuristics for dynamic optimization 271

Fig. 5. Basic scheme of a learnheuristic framework.

partially-built solution at each iteration of the constructive heuristic. More formally, these problems might be
represented as follows:

Min C.s; IOF .s// or, alternatively,
Max B.s; IOF .s//

(1)

subject to: Qj .s; IC .s// � rj 8j 2 J (2)

s 2 S (3)

where: (i) S refers to a discrete space of possible solutions s; (ii) C.s/ represents a cost function (alternatively, B.s/
represents a benefits function); (iii) IOF .s/ and IC .s/ refer to inputs in the objective function or the constraints,
respectively; and (iv) Equations 2 represent a set of constraints. Thus, the aim of this type of problems is to minimize
a function of costs (or, alternatively, maximize a function of benefits) subject to a number of constraints. The novel
characteristic is that inputs in the objective function and/or the constraints may depend on the solution structure,
which makes them to be dynamic as the partially-built solution evolves, and not fixed in advance. This is a basic case
of dynamic inputs, which could be easily extended to deal with multi-objective and/or stochastic problems [148].

In order to deal with these COPDIs, we propose the use of a learnheuristic framework as explained next in detail.
Figure 5 shows the basic scheme of this approach. Initially, historical data on different system states (e.g., different
assignments of users to RATs) and their associated inputs (e.g., users’ demands observed for the corresponding
assignments) are employed to generate machine-learning predictive models (e.g., regression models, neural network
models, etc.). Then, these predictive models are iteratively used during the heuristic-based constructive process in
order to obtain updated estimates of the problem inputs (e.g., users’ demands) as the structure of the solution (e.g.,
users-to-RAT assignment map) varies. Eventually, once the construction process is finished, a complete solution is
generated. Without the use of the learning mechanism, the heuristic-based construction process will not take into
account the variations in the inputs due to changes in the solution structure, which will lead to sub-optimal solutions.

Pseudo-code 1 contains a more detailed description of the basic learnheuristic framework. Notice that the
main loop iterates over a list of elements that are provided by the constructive heuristic (e.g., next user-to-RAT
assignment). At each iteration, the algorithm evaluates the current status of the partially-built solution, makes use
of the predictive model to update the problem inputs according to this status, and follows the heuristic logic to take
another solution-building step based on the new problem inputs. This basic scheme could be extended in different
ways, e.g.: (i) by employing an online approach, where new inputs are used to update and improve the predictive
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model; and (ii) by using an “assembled” or blending approach, in which several models are built and then combined
in order to generate the inputs estimates.

Learnheuristics(historicalData, inputs)
% historicalData: historical data on different system states and their associated inputs
% inputs: problem instance

model  buildPredictiveModel.historicalData/
sol  empty

while (sol is not completely built) do % iterative learning-heuristic process
inputs  updateInputs(model; inputs; sol)
sol  nextHeuristicStep.inputs; sol/

end while
return sol

Pseudo-code 1. Basic scheme of learnheuristic algorithms.

As any other heuristic procedure, the aforementioned learnheuristic approach can be integrated into a more complex
metaheuristic framework. For instance, it can be easily integrated into multi-start, GRASP, or ILS frameworks.
In order to do so, the learnheuristic algorithm may be combined with biased-randomization strategies as the ones
proposed in [149], which allow for generating a number of high quality solutions from a deterministic heuristic (i.e.,
one that does not include any random behavior, thus providing always the same solution, as opposed to a randomized
heuristic). Pseudo-code 2 gives an example of how this integration could be made in the case of a simple multi-start
framework.

Multi-start(historicalData, inputs, dist ribution, maxT ime)
% dist ribution: probability distribution and parameters for the biased-randomization process
% maxT ime: maximum computing time allowed

ini tInputs  inputs % copy of initial inputs
elapsedT ime  0

initT ime  currentT ime

bestSol  biasedRandLearnheuristic(historicalData, inputs, dist ribution)
inputs  ini tInputs % reset inputs
while (elapsedT ime � maxT ime) do

newSol  biasedRandLearnheuristic(historicalData, inputs, dist ribution)
newSol  localSearch.newSol/
if (cost(newSol) � cost(bestSol)) then

bestSol  newSol

end if
inputs  ini tInputs % reset inputs
elapsedT ime  currentTime�ini tT ime

end while
return bestSol

Pseudo-code 2. Multi-start metaheuristic integrating a learnheuristic algorithm with biased-randomization.
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6 Potential applications in different fields

This section provides a series of examples, belonging to different optimization areas, in which the use of
learnheuristics might facilitate the solving process of more realistic and rich models.
– Transportation: In the transportation area and, in particular, in vehicle and arc routing problems, inputs such

as the customers’ demands might be dynamic in the sense that they might depend upon the delivery time and
whether or not certain time-windows are satisfied. It is a function of the solution structure, e.g., the order in
which the customers are visited, the number and type of vehicles employed, etc. Similarly, the traveling times,
which affect the distribution cost, might also be dynamic and dependent on the solution structure, specially in
large cities where traffic jams occur frequently.

– Logistics: As discussed in [6], the assignment of customers to certain distribution centers might have a
significant effect on the customers’ willingness to spend (i.e., on their demands). Therefore, in realistic facility
location problems and similar ones, modelers might have to face dynamic inputs influenced by the shape of the
solution (i.e., which facilities are open and how customers are assigned to them).

– Production: In scheduling problems, for instance, processing times of jobs into machines might not be fixed but,
instead, they may be a function of the order in which they are processed by the machine (e.g., due to ‘fatigue’
issues or to breaks). A similar situation can happen in project scheduling, where some working teams might be
more efficient than others and assigning them to a given sub-project could cause the delay of others.

– Finance: In problems such as portfolio optimization, the covariance matrix that measures the risk associated
with each pair of assets could also be a function of the current portfolio structure (i.e., which other assets
are already included and which percentage of investment has been assigned to each of them). Likewise, the
expected return for each asset might depend on the current composition of the portfolio. This dynamic behavior
of the inputs can be extended to different risk-management problems which include some sort of portfolio
optimization.

7 A numerical experiment

This section describes a simple numerical experiment that illustrates the use of a learnheuristic approach. We consider
a vehicle routing problem in which each customer’s demand will depend on the order in which the customer is
visited. For each customer, its initial demand value is an upper-bound of the real demand. In other words, this value
will be valid only if the customer is visited by a vehicle as the first stop in its route. Then, as the position in which
the customer is visited increases, the customer’s demand will be reduced (i.e., higher service times imply lower
demands). Therefore, if we use a constructive heuristic to solve the vehicle routing problem considering the initial
demands as fixed inputs, the solution will be overestimating the real demands. This, in turn, will lead to higher costs,
since the number of routes employed to satisfy the real demands will be higher than necessary. Likewise, vehicles
will be carrying more load than strictly required. On the contrary, if we are able to forecast the real customers’
demands based on their position inside a route, then each route might be able to cover additional customers and the
total distance-based costs will be reduced.

In order to compare both cases, the Clarke and Wright constructive heuristic [150] has been applied to a random
instance belonging to the well known benchmarks for the vehicle routing problem, particularly to the instance P-n70-
k10 (http://neo.lcc.uma.es/vrp/wp-content/data/instances/Augerat/P-VRP.zip). This instance consists of 12 vehicles
with the same capacity – 135 units – and 70 customers. The customers are scattered in an area with x axis ranging
from -34 to 30, and y axis ranging from -36 to 36. The depot is located at coordinates (0,0). Initial customers
demands range from 5 to 37.

On the one hand, we have considered fixed demands, i.e., the original demands provided by the instance are used
to obtain the solution through the heuristic in the standard way. On the other hand, we have created a predictive model
to calculate dynamic demands in order to apply a learnheuristic algorithm following the scheme in Pseudo-code 1.
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Fig. 6. Routes obtained considering fixed demands.

In this case, for illustrative purposes, the following linear regression model has been considered:

d D maxfk1 � d0; d0 � k2 � d0 � .p � 1/g (4)

where d is the predicted demand of a given customer, d0 is the initial demand of the same customer, k1 and k2

2 (0, 1), and p is the position order in the route of the aforementioned customer. In particular, we have applied
k1 D 0:20 and k2 D 0:05. The regression model aims at predicting a customer’s demand taking into account the
position in which the customer is served in the route, so that the demand decreases as the position increases or until
a certain demand lower-bound is reached. Once we have the model, the heuristic starts the loop building routes until
a solution is obtained. Thus, each time the heuristic performs a step, incorporating a new customer in a route or
moving a customer from one route to another, the customer’s demand is predicted and updated according to its new
position in the corresponding route. As mentioned before, the total demand in a route is limited by the capacity of
the vehicle. Therefore, this prediction affects the next steps that can be performed.

Accordingly, we have performed two experiments using these two versions of the Clarke and Wright heuristic,
both in its standard way and using the learnheuristic framework. When fixed demands are considered, the best
solution the constructive heuristic is able to obtain has an associated cost of 896.86, and it involves 11 routes (see
Figure 6). However, if demands are predicted taking into account the delivery order, the same heuristic obtains a
solution with 8 routes and a cost of 791.26 (see Figure 7). Therefore, the savings might be noticeable when dynamic
demands are considered.

8 Conclusions and future research

Real-life problems faced by companies are becoming increasingly complex. This can be due, among other factors, to
the existence of more competitive markets as well as to larger and more interconnected supply chain systems. On the
other hand, the technological development of the last few decades allows the implementation of more powerful and
faster algorithms, and the analysis of huge amounts of diverse types of data. As a consequence, hybrid approaches
for addressing hard combinatorial optimization problems (COPs) are highly popular.

This paper has focused on the combination of metaheuristics and machine learning. An overview of the different
approaches and a general classification have been provided. We have presented a specific type of realistic COP
which requires this hybridization. In particular, these problems are characterized by inputs (located either in the
objective function or the set of constraints) that are not fixed in advance, but may vary according to the solution
characteristics. Then we propose a new solving approach, learnheuristic algorithms, to cope with these dynamic
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Fig. 7. Routes obtained considering dynamic demands.

optimization problems. This approach relies on machine learning techniques to learn the relationships between
inputs and solution characteristics from historical data, and a constructive heuristic (which may be embedded in
a metaheuristic algorithm), to build a high quality solution using predictions. Different extensions of this approach
can be considered, e.g.: (i) online version, in which information regarding new inputs can be used to improve the
predictive modeland (ii) blended version, in which predictions from several models are averaged, not necessarily
giving the same weight to each of them. Finally, some potential applications to a variety of fields have been also
pointed out.

From the work developed, we foresee several open research lines that could be explored: (i) implement the
methodologies proposed to specific fields/problems testing several techniques of machine learning; (ii) extend the
methodology to stochastic and/or multi-objective optimization problems; and (iii) study the use of distributed and
parallel computing paradigms to allow for real-time decision-making.
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