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Abstract

A ZyprZyps-additive code, with r < s, is a Zys-submodule of Zpr x ng.
We introduce Z,rZy,s-additive cyclic codes. These codes can be seen as

a,f _ Lprla] Z.,s @]
Zps [z]-submodules of REY = - _9”1> Ze _xl)'

erator polynomials of a code over Rﬁj’f and a minimal spanning set over

pr
ality in the module R‘f”f . Our results generalise those for ZsZ4-additive
cyclic codes.

We determine the gen-

X ng in terms of the generator polynomials. We also study the du-
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1 Introduction

Zs7Z.4-additive codes have been introduced in [4] and intensely studied during
last years. The set of coordinates of a ZyZ4-additive code can be partitioned
into two subsets, the set of coordinates over Zo and the set of coordinates over
Zy4. In recent times, ZoZj4-additive codes were generalized to ZsZos-additive
codes in [2], and later to Z,rZys:-additive codes, in [3]. In [2] and [3], the
authors determine, in particular, the standard forms of generator and parity-
check matrices and present some bounds on the minimum distance.

One of the most studied class of codes is the class of cyclic codes. For
example, the algebraic structure and the generators of cyclic codes over Z,m
have been studied in [7] and [10]. Newly, the concept of double cyclic codes
over rings appeared in the literature. A double cyclic code is a code such that
the set of coordinates can be partitioned into two subsets such that any cyclic
shift of the coordinates of both subsets leaves invariant the code. Notice that
if one of these sets of coordinates is empty then we obtain a cyclic code. We
can find examples of double cyclic codes over the rings Zy and Z4 in [5] and [9],
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respectively. Also, ZoZ4-additive cyclic codes have been defined in [1]. These
codes have the property that a simultaneous cyclic shift of the coordinates over
Zso and the coordinates over Z4 of a codeword is also a codeword. A ZoZ4-
additive cyclic code is identified as a Z,[z]-module of a certain ring. The duality
of ZyZ4-additive cyclic codes has been studied in [6].

After all these papers, it becomes natural the study of Z,-Z,--additive cyclic
codes. On the one hand, as the study of Z,rZ,s-additive codes, presented in
[3], with the cyclic property. And, on the other hand, as a generalization of the
different types of cyclic codes studied in [1, 5, 6, 9, 7, 10].

The aim of this paper is the study of the algebraic structure of Z,rZps-
additive cyclic codes. We will assume that r < s. As Z,rZ,--additive cyclic

é’é:[% x B ] then, Section 2

codes can be identified as Z,-[z]-submodules of Y

reviews cyclic codes over Z,= and details a minimal generating set of a cyclic
code over Zpm as a Zpm-module. In Section 3, we recall definitions and basic
results of Z,rZ,--additive codes, defined in [3]. In Section 4, we give the def-
inition of a Z,rZ,s-additive cyclic code, we discuss the algebraic structure of
these codes, we determine the generator polynomials of a Z,-Z,s-additive cyclic
code, and we describe a minimal generating set for the code as a Z,--module in

terms of the generator polynomials. Finally, in Section 5, we study the duality
Zpr ] % Zyps [z]
(zo=1) = (2F-1)"

of these codes over the Z,: [z]-module

2 Cyclic codes over Z,n

Let p be a prime number and let Z,~ be the ring of integers modulo p™. A
linear code of length n over Z,m is a submodule of Z}.., and a cyclic code of
length n over Z,m is a linear code with the property that if (cg, -, ¢pn—2,Cn_1)
is a codeword then (¢,—1,co," - ,cn—2) is also a codeword.

Let g1, ..., gr be polynomials in a Z,~ [z]-module. We denote by (g1,...,gr)
the Z,m [x]-submodule, resp. (g1,...,9:)z,m the Zyn-submodule, generated by
giy---,9r-

Let C be a cyclic code of length n over Z,~. We can identify C as an ideal of
Zym[x]/{(x™ — 1). We assume that n is a positive integer such that it is coprime
with p. Therefore, the polynomial 2" — 1 has a unique decomposition as a
product of basic irreducible polynomials that are pairwise coprime over Zpm [x].

Theorem 2.1 ([8, Theorem 3.5]). Let C be a cyclic code of length n over
Zym. Then, there exist polynomials go, g1, - .-, Gm—1 N Zym[x] such that C =
m—1

<907pgl7~-~7p gm—1> and Im—1 |gm—2 ‘ ‘ g1 \go ‘ (:Cn - 1)

Let C = (go,pgi,---,P™ 1gm_1) be a cyclic code of length n and let g =

go+pgr+---+p" 'g,_1. Since go is a factor of z* —1 and, fori =1...m—1,

the polynomial g; is a factor of g;_1, we may define the polynomials gy = ””;;1
m—1 A

and g, = g;—fl for i = 1...m — 1. Define G = [[,_, gi- It is clear that

Gg = (H:igl gi) g =0 over Zym[z]/(z" —1).

Lemma 2.2. Let C be a cyclic code of length n over Zym. Let go, g1, .- Gm-1
in Lym[z] such that C = (go,pgi,---,P™ "gm-1) and gm—1 | gm—2 | -~ | g1 |
go | (z" —1), and let g = go +pgi + -+ +p" ' gm-1. Then,

Lp" g =p" g1 g



T i—1 A - ;
2. pm 1 l(H;:()gj)g:pm 1gmflgy forzzl,..wm—l,

Proof. We have that

-1, —1 1 g 9m—3 gm—2
P = P 90y e g g Im—1
— -1 PR N N
= pm gmfl%QZ'”gmegmfl
—1
= pm Im—17-

go’

and 1 holds. For ¢ =1,...,m — 1 we have that

P (0 a9 = P I 8500t
= pm—l—i(H;;B gj)pigi giil % T !gz:::?gm_l
= " 9m_100G1 - §i-1Gi+1 - - - Gm—1
= P g1 g

and statement 2 is proved.

From Theorem 2.1, we get the following result.

Corollary 2.3. Let C be a cyclic code of length n over Z,m such that C =
(90,2915, D" gm—1) with gm—1 | gm—2 -~ g1 | go | (z" —1). Then,

IC| = pXito’ (m—i) deg(g:)

Proof. From the previous definition of g;, these polynomials are the same poly-
nomials described in [8, Theorem 3.4]. O

In [7], it is proved that Z,m [z]/(z™—1) is a principal ideal ring. Furthermore,
they showed how are the generator polynomials of the ideals. Joining these
results we obtain the following.

Theorem 2.4 ([7]). LetC be a cyclic code of length n over Zym . Let go, g1, - - -, Gm—1
polynomials in Zym [x] such that C = (go,pg1, -, 0™ ‘gm-1) and gm-1 | Gm—2 |
-l g1] g0 (z" —1). Then, the polynomial g = go + pgr + -+ + " ' gm—1 is

a generator polynomial of C, i.e., C = (g).

Theorem 2.5. Let C = (g) = (9o +pg1 + -+ + " g2+ 0" "gm-1) be a
cyclic code of length n over Zpm with gm—1 | gm—21---191 | go | (2" —1). We
define the following sets

i leg(g A m— m— deg(g
So = {29} 2B = [ (g0 +pg1 + -+ P 2gmz + P ) JoEE

i A deg(g . . _ R _ R deg(d
S = {l‘zgog}iii(gl) = {xl(pglgo 4o p™ 29m7290 +p™ 19m7190)}ii§)(g1) :

j—1 deg(.@j)
Sj = {xZ(Hgt)g} )
t=0

=0



s~ deg(Gmo1) - deg(im-1)
Sm-1 = {ZUZ( 11 ﬁt)g} = {xb( 1T gt)pm_lgml} -

m—1
s=s;
j=0
forms a minimal generating set for C as a Zy,m-module.

Proof. Let ¢ € C. We have that ¢ = dg with d € Zpm[z]. If deg(d) < deg(Jo)
then dg € (So)z,n and ¢ € (S)z,... Otherwise, compute d = dogo + 7o With
deg(ro) < deg(go), so dg = dogog + rog and rog € (S0)z,m -

If deg(do) < deg(g1), then dogog € (S1)z,. and ¢ € (S)z,... Otherwise,
compute do = d1 g1 +71 with deg(r1) < deg(g1), so dogog = d1G1gog +71gog and
71909 € (51)Z,m -

In the worst case, and reasoning similarly, one obtains that ¢ € <S>me if
dm,g(HZZBQ Gt)g € (S)z,m- It is obvious that if deg(dm—2) < deg(gm—1) then
dm,g(HZZBQ 91)9 € (Sm—1)z,m - If not, dp_2 = dr—1Gm-—1 + rm—1. Therefore,

m—2 m—1 m—2 m—2
dm—2( H Gt)g = dpm—1( H Gt)g+7rm—1( H 91)9 = rm-1( H gi)g € <Sm—1>me
t=0 t=0 t=0 t=0

Since 7—1([17%0> §6)9 € (Sm—1)2,m, we have that ¢ € (S)z,,., and hence S
is a generating set. If one compute |S]| clearly

1S1= 3 (m — i) deg(dy).
1=0

By Corollary 2.3, |C| = |(S})| and S is a minimal generating set. O

3 ZyZy-additive codes

Let Z,~ and Z,- be the rings of integers modulo p” and p*, respectively, with p
prime and r < s. Since the residue field of both Z,- and Z,s is Z,, an element
b of Zyr could be written uniquely as b = by + pby + p?ba + - -+ + p"~b,_1, and
any element a € Z,- as a = ag + pay + p*as + - +p*"las_1, where b;,a; € Z,.
Then we can consider the surjective ring homomorphism

T Lps = Ly
a — a mod?p".

Note that 7(p*) = 0 if 4 > r. Let a be an element of Z,: and b be an element
of Z,. We define a multiplication * as follows: a % b = w(a)b. Then, Z,-
is a Zps-module with the external multiplication * given by m. Since Z,- is
commutative, * has the commutative property. Then, we can generalize this
multiplication over the ring Zg, x ng as follows. Let a be an element of Z,s

and u= (u | u') = (vo,u1,...,Ua—1 | Uy, UY,..., Uz ) € L X ng. Then,
axu= (m(a)ug, m(a)uy, ..., m(a)uq—1 | aug,auy,... auy ).

With this external operation, the ring Zg x ng is also a Z,s-module.



Definition 3.1. A Z,rZy:-additive code C is a Zps-submodule of Zg, x ng.

The structure of the generator matrix in standard form and the type of
Zyr Lps-additive codes are defined and determined in [3].

Let Cx be the canonical projection of C on the first a coordinates and Cy on
the last 3 coordinates. Then, Cx and Cy are Z,- and Zys linear codes of length
« and 3, respectively. A code C is called separable if C is the direct product of
Cx and Cy, i.e.,C =Cx X Cy.

Since r < s, we consider the inclusion map

L ZpT — Zpa‘
b — b

Let u,v € Zg. x Zb., then the inner product is defined in [3] as

a—1 B—1
u-v=—= pS—T Z L(ui’(}i) + Z U;’U; S Zps,
=0 3=0

and the dual code of a Z,-Z,--additive code C is defined in a natural way as
Ct={vers xZ. |u-v=0,VuecC}
Let C be a separable code in Zg. x ng, then C+ is also separable and C+ =
Cx x Cs-.
4 ZyZp-additive cyclic codes

Definition 4.1. Let C C Z, % ng be a ZyrZys-additive code. The code C is
called cyclic if

i / / /
(w0, Uty U2, Ua—1 | U, UY, - - UG_o,ug_q) €C
implies
/ / / li
(ua—la Ug, Uy, .-+, Ua—2 | uﬂ—la Ug, Uy - - 7u,8—2) ecC.
— / ! . .
Let u = (ug,u1,-..,Ua—1 | u07...,u5_1) be a codeword in C and i be an
integer. We then denote by u'® = (ug_;, u1_s,...,Uq_1_i | UGy U 1 ;)

the ith shift of u, where the subscripts are read modulo « and f3, respectively.
Note that if C C Zg, x ng is cyclic, then Cx (resp. Cy) is a cyclic code over
Z8. (vesp. Z.).

We remark that in this paper the definition of a Z,-Zy-additive cyclic code
is well defined as long as Z,~ and Z,s are different rings, since the elements on
the first a coordinates and the ones in the last 8 coordinates belong to different
rings, Z,- and Zjps, respectively. In the particular case that r = s, the cyclic
code in C Z$. x Zgr is known in the literature as double cyclic code, see [5],
[9]. The term double cyclic is given in order to distinguish the cyclic code in
Zg x Zgr from the cyclic code in Z;‘f A

Denote by R$ the ring Zps [z]/(x*—1) x Zys [2] /(x° —1). There is a bijective
map between Zg, X ZZB,S and R;ﬁf given by:

(uo,uty ..., Ua—1 | u{),...7u%_1) — (uo—l—ul:c—&—---—i—ua,lma*l | u6+--~—|—u'5_1m571).



We denote the image of the vector u by u(z). Note that we can extend the
maps ¢ and 7 to the polynomial rings Z,-[z] and Z,- [z] applying these maps to
each of the coefficients of a given polynomial.

Definition 4.2. Define the operation x : Zps[x] x RYP — ReF as

A@) * (t(x) [ ¢(z)) = (r(AM@))t(z) | Ax)q(z)),
where N(z) € Zys[z] and (t(z) | q(z)) € REL.

The ring R with the external operation * is a Zys [z]-module. Let u(z) =
(u(z) | v/(x)) be an element of R;}f Note that if we operate u(z) by = we get

rxu(r) =z * (u(z) | v(2))
= (upT + -+ + Ug 2T Fug_ 17 | upT + -+ u,’g_gxﬁfl + u%_lxﬁ)
= (g1 +uZ + -+ Uq_2z* | ug_y +ugT + -+ u%_Qazﬁ*l).
Hence, 2 * u(z) is the image of the vector u(!). Thus, the operation of u(x) by
xin R, 5 corresponds to a shift of u. In general, 2 * u(x) = u'?(z) for all i.

4.1 Algebraic structure and generators of cyclic codes

In this section, we study submodules of Rﬁjf. We describe the generators of
such submodules and state some properties. From now on, (S) will denote the
Zyps [x]-submodule generated by a subset S of R

For the rest of the discussion we will consider that a and 3 are coprime
integers with p. From this assumption, we know that Z,-[z]/(z* — 1) and
Zyp:[x]/(2” — 1) are principal ideal rings, see [7], [8].

Theorem 4.3. Every submodule C of the Zys[x]-module Rf‘f can be written as

C = ((b(x) [ 0), (¢(x) | a(x))),

where b(x), a(z) are generator polynomials in Zyr[z]/(x*—1) and Zys[z]/(x”—1)
resp., and £(x) € Zyr[z]/(z® — 1).

Proof. Let thx : R&L — Zyr[2]/(x*—1) and ¢y : RYP — Zps[x]/(2” —1) be the
canonical projections, let C be a submodule of R%/. Define C' = {(p(z)|q(z)) €
C | g(x) = 0}. It is easy to check that C' = ¢¥x(C') by (p(z) | 0) — p(x).
Hence, by Theorem 2.4, ¢ x (C') is finitely generated and so is C'. Let b(z) be a
generator of ¥ x(C’), then (b(x) | 0) is a generator of C’.

As Zys[z]/(xP — 1) is also a principal ideal ring, then Cy = 1)y (C) is generated
by one element. Let a(z) € Cy such that Cy = (a(x)), then there exists {(z) €
ZLyr[z] /(x> — 1) such that ({(z) | a(x)) € C.

We claim that
C ={(b(x) | 0), ({(z) | a(x))).

q(x)) € C, then g(x) = ¥y (p(z) | ¢(x)) € Cy. So, there exists
]s

Let (p ( )
» uch that ¢(z) = M(x)a(x). Now,

A(z) €

|
Zops [

(p(z) [ q(2)) = Ma) * (U(z) [ a(z)) = (p(z) = w(A(z))l(x) | 0) € C".



Then, there exists p1(x) € Zps [x] such that (p(z)—7m(A(z))l(x) | 0) = p(x)*(b(z) |
0). Thus,

(p(z) | g(x)) = p(x) * (b(2) [ 0) + (@) * (¢(2) | a()).

So, C is finitely generated by ((b(x) | 0), (¢(x) | a(z))).
O

From the previous results, it is clear that we can identify codes in Z, x ng
that are cyclic as submodules of R?Sﬁ So, any submodule of R,E"’f is a cyclic
code. From now on, we will denote by C indistinctly both the code and the
corresponding submodule.

In the following, a polynomial f(x) € Z,-[x] or Z,:[z] will be denoted simply
by f.

Proposition 4.4. Let C C Zg, % ng be a ZiyrZys-additive cyclic code. Then,
there exist polynomials £ and bolbi|. .. |by_1|(x™—1) over Zyr[z], and polynomials
agla| -+ |as—1|(zP — 1) over Zy:[z] such that

C={((bo+pbr+-+p  "b_110),(¢|ao+par+ - +p° las_1)).

Proof. Let C be a Z,rZys-additive cyclic code. By Theorem 4.3, there exist
polynomials b, £ € Z:[z]/(z® — 1) and a € Zys[z]/(z® — 1) such that C = ((b |
0), (¢ | a)). By Theorem 2.4, one can consider b = by + pby + -+ + p" " 1b._;
and a = ag + pay + - -+ + p*Las_1 such that b,_1|b,._a|...|b1|bo|(x* — 1) and
as—1las_a| ... |ai]aol(z? —1). O

For the rest of the discussion any cyclic code C over Z%. X Zﬁ . is of the
form C = ((b | 0),(¢ | a)), where b = by + pby + -+ +p"~ {)br 1 and a(z) =
ao+pai+---+p°las_1, for polynomials b; and a; as in Proposition 4.4. Since
by is a factor of z® — 1 and for i = 1 r — 1 the polynomial b; is a factor of
b;_1, we will denote 30 = a:(;;l, ZA)l = .r—1, and BT =b,_1. In

. F_1 . .
the same way, we define a9 = “"ao L a; jl_l forj=1...s—1,and G5 = as_1.
J

I|T

Proposition 4.5. Let C C Zy» ¥ ng be a ZprZys-additive cyclic code. Then,

Hat* (] a)€((b]0)).

B_1

Proof. TTiZgav* (€] a) = 2=2+ (¢ ] a) = (r(2=1)¢ | =La) = (w(2=1) |

0). O

Theorem 4.6. Let C C Z, X ng be a ZyrZys-additive cyclic code. Define

deg(b;)—1
= { Hbt (b1]0) } ,
i=0
for0<j3<r—1, and
deg(dk)fl
Ay = { H i) x (€] a) } ,
i=0



for0 <k <s—1. Then,
r—1 s—1
s-(Un)u(Ua)
§=0 t=0
forms a minimal generating set for C as a Zys-module. Moreover,

IC| = pzz‘;}(r—vﬁ) deg(bi)+32575 (s—) deg(ay)

Proof. By Theorem 2.5, it is clear that the elements in S are Zys-linear inde-
pendent since (U;;é Bj)X and (Uf;& At)y are minimal generating sets for
the codes Cx and Cy, respectively. Let ¢ be a codeword of C, then ¢ = ¢ * (b |
0)+dx* (¢ | a). Reasoning similarly as in Theorem 2.5, ¢ (b | 0) € (Ur ! B; )2,

So we have to prove that d* (¢ | a) € (S)z,..

If deg(d) < deg(ao) then d * (¢ | a) € (Ag)z,. and ¢ € (S)z,.. Otherwise,
compute d = doag + o with deg(rg) < deg(ap). Then, d* (¢ | a) = dodg * (¢ |
a)+ro* (L] a)and ro* (€| a) € (Ag)z,. .

In the worst case and reasoning similarly, one obtain that ¢ € (S)z . if
ds—2(IT; 20 at) (E | a) € (S)z,.. It is obvious that if deg(ds—2) < deg(as—1)
then ds_g( t:O at) (é | a) S <As—1>Zps7 if IlOt, ds—2 = ds—lds—l + Ts—1-
Therefore,

(Hat> £|a—d51<Hat> €|a+r51<Hat> (¢ a)

On the one hand, 75_1( f;g &t) (f | a) € (As-1)z,.. On the other hand,

ds,l(Hf;é ar) * (0] a) = ds—1(I1;=, "o dy) * (€] 0) and then dy 1 (J];Z o Ty % (0]
a)=f*(0) € (U;Z, ' B; )2,.- Thus, ¢ € (S)z . and S is a minimal generating
set for C. O

The order of an element v of an abelian group, ord(v), is the smallest
positive integer m such that m-v = 0. Let C be a Z,-Z,--additive code. Define

Cpi ={v=(v|v)€eC]|ord(v)=p"and ord(v') = p'}.

Let ko be the dimension of Cp restricted in the first a coordinates, i.e., kg =
dim((Cpr)x). Define k; = dim((Cpr—i)x) — S2i—gkj, for i = 1,...,r — 1. The
code C is of type (o, B; ko, k1, ..., kr—1;lo,...,ls—1) if it is group isomorphic to
A A Zy ' X 7l x -+ x Zy~'. With this definition, it is clear
that |C] = p=imo "=Dki+Ei0(s=D)Li The type and the generator matrices of
ZLpyr Lps-additive codes were given in [3].

Example 1. In this example, we show the standard form of the generator ma-
triz, according to [3], of a Z4Zs-additive code of type (o, B; ko, k1;lo, 11, 12).

Iy, Boi Bo2 | 0 0 2Tp1 2Tp2
oI, 2Bia| 0 0 0 4Ty,

0
0 Soan So2 | L, Aon Aoz Aogs
0
0

0

0 25| 0 2I, 241, 244
0 0 |0 0 4, 4A4



In this example, Ca2 is generated by

I, Boix DBo2 | O 0 2To1  2Tp2
0 25071 25072 2[[0 2A0,1 2A072 2A0)3 ,
0 0 2S5,| 0 21, 241, 243

and Cq is generated by

QIkO 230}1 230’2 0 0 4T0’1 4Ty o

0 2I; 2Bi,| 0 0 0 4Ty,
0 0 0 4][0 4A071 4A0,2 414073
0 0 0 0 4, 4A;, 443
0 0 0 0 0 A, 44,4

The following result relates the type and the generator polynomials of a
Zypr Lps-additive code when r = 1.

Proposition 4.7. Let C C Z; x ng be a ZpZys-additive cyclic code of type
(aa 5; ko; lo, ey ls—l)- Then

o ko = o — deg(ged(b, Zijzll))’

o [; =deg(ay;) forj€{0,...,s—2},

o I,y = deg(a,—1) + deg(ged(b, £-=11)) — deg(b).

as—2

Proof. By Theorem 4.6, it follows from the sets Ao, ..., As_2 that I; = deg(a,)
for j € {0,...,s —2}. By the definition, ko is the dimension of the space

generated by the firsts a coordinates of By and A;_; that it is generated by the
greatest common divisor of b and gff:zll . Therefore, kg = a—deg(ged(b, ff jzl 1).
Finally, by Theorem 4.6, since |C| = pdeg(aHZj;é(s_j)deg(af) = pk”+zj;3(s_j)lf

and deg(b) = o — deg(b), it is straightforward that

. P —1
ls—1 = deg(as—l) + deg(ng(b7 ) l)) - deg(b)
O
For the general case, it is easy to prove that, for ¢ € {0,...,s —r — 1},

l; = deg(a;). But the computation of the remaining parameters become a really
meticulous and tedious work. This is because one has to obtain the generator
matrix in standard form, described in [3], as the proper linear combination of
the sets B; and A, from Theorem 4.6.

5 Duality for cyclic codes

Let C be a Z,Z,:-additive cyclic code and let C* be the dual code of C. Taking
a vector v of C*, u-v = 0 for all u in C. Since u belongs to C, we know that
ul=Y is also a codeword. So, ut=" . v =u- v =0 for all u from C, therefore
v(D isin C*+ and C* is also a cyclic code. Consequently, we obtain the following
proposition.



Proposition 5.1. Let C C Zg, x ng be a ZyrZys-additive cyclic code. Then,
the dual code of C is also a ZyrZys-additive cyclic code.

Proposition 5.2. Let C C Z;’;,. X ng be a ZyrZLps-additive cyclic code. Then,
|CJ‘| = pZE‘:l ideg(f)i)+25=1 7 deg(dj),

Proof. Tt is well known that |ZS, x Z§S| = [C||C*| = p**B* and that |Ct| = p',

for some [. By Theorem 4.6, |C| = pzzw;ol(r—i) deg(bs)+30525 (s=5) deg (45)  There-
fore,

= ar+fs— 3 (r—i)deg(bs) + Xj2o(s — j) deg (&)
= Yoi_yideg(b) +>75_, j deg (aj).

O

Finally, we exhibit a polynomial operation equivalent to the inner product
of vectors, as in [6].

The reciprocal polynomial of a polynomial p(z) is 298P p(z=1) and is
denoted by p*(x). We denote the polynomial Z;’;l 2% by 0,,(z), and the least
common multiple of a and S by m.

Definition 5.3. Let u(z) = (u(z) | v/(z)) and v(z) = (v(z) | v'(z)) be elements
mn R?f We define the map

o: R,‘{;ﬁ X R,‘?’f — Zps[z]/(z™ — 1),
such that

o(u(z),v(z)) =p* "t (u(z)v* (z))fn (z")z™ 1 -dee(v(@))

+ o/ (z)v"" (2)0n (%)™ =8V () mod (2™ — 1).
The map o is linear in each of its arguments; i.e., if we fix the first entry
of the map invariant, while letting the second entry vary, then the result is a
linear map. Similarly, when fixing the second entry invariant. Then, the map o
is a bilinear map between Z,- [z]-modules.
From now on, we denote o(u(z),v(z)) by u(x)ov(z). Note that u(z)ov(x)
belongs to Zys[z]/(z™ — 1).

Theorem 5.4. Let u and v be vectors in Ly X ng with associated polynomials
u(z) = (u(z) | v(x)) and v(z) = (v(x) | v'(x)), respectively. Then, v is
orthogonal to u and all its shifts if and only if

u(z) ov(z) =0.

izoof, Let u = (uoqiti1yi. . Ua_14i | Uy U/B—H-i) be the ith shift of u.
en,

a—1 B—1
u® . v = 0 if and only if p*~" Z L(UjVj44) + Z RV =0 mod p°.
§=0 k=0
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Let S; = p*~ " Z]O‘;Ol t(ujvj44) + Zf;é up vy ;- One can check that

a—1 a—1
u(z)ov(z)=p°" Z Om (%) L(ujvjpp) ™
n=0 j=0
B—1 B—1
+ (9-2; (z?) Z u%vfﬁtxm_l_t) mod (z™ — 1)
t=0 k=0
a—1la—1
— 9% (xa) Z Zpser(uj,Uj_i_n)mmflfn
n=0 j=0
B—1p-1
+ 0z (z?) (Z Z u%vfﬁtxm_l_t) mod (z™ — 1).
t=0 k=0
Then, arranging the terms one obtains that
m—1
u(z)ov(z) = Z S;z™ 1 mod (2™ — 1).
i=0
Thus, u(z) ov(z) =0if and only if S; =0 for 0 <i <m — 1. O

Theorem 5.4 shows that o is the corresponding polynomial operation to
the inner product of vectors. Finally, the following example illustrates this

correspondence.
Example 2. Let Rg:g = Z3 x Z3, then the inner product is

4—1

5-1
u-v=3>1 Z t(uv;) + Zu;v; € Zy.
i=0 j=0

Letu=(1,1,1,1]1,1,1,1,1) and v = (1,0,1,0 | 2,0,1,0,0). Clearly, all the
shifts of v are orthogonal to u. Then,
u@)ov(z) =@+ +ax+1 |2t +23+22 +ax4+ 1)o@ +1|2°+2)
=3 (P +2® +a+1)(2* +1)%) 020 (z*)2?07172
+ @+t 1) (23 + 2)*9% (”)2?°7173  mod (2%° — 1)
=3(2® + 2% + o+ 1) (2% + 1)05(z*) 2"’
+ (a* +2° + 22 + 2+ 1)(22% + 1)04(2°)2*®  mod (2*° - 1)
=528 + 5237 + 8236 + 4218 + 42 4+ 2% mod (2%° — 1)
=0.
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