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ABSTRACT. For planar polynomial vector fields of the form
0 o
ox dy

where X and Y start at least with terms of second order in the variables x and
y, we determine necessary and sufficient conditions under which the origin is
a center or a uniform isochronous centers.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A real planar polynomial differential system is a system of the form

&= P(z,y), y=0Q(zy),

where the dot denotes derivative with respect to an independent variable here called
the time ¢, and P and @ are real coprime polynomials in R[z,y]. We say that the
polynomial differential system (1) has degree m = max {degP, degQ}.

In what follows we assume that origin O := (0,0) is a singular or equilibrium

point, i.e. P(0,0) = Q(0,0) = 0.

The equilibrium point O is a center if there exists an open neighborhood U of

O where all the orbits contained in U \ {O} are periodic.

The study of the centers of polynomial differential systems (1) has a long history.

The first works are due to Dulac [4] and Poincaré [11]. Later on where developed
by Lyapunov [9], Bendixson [2], Frommer [5] and many others.

Assume that the origin of the polynomial differential system (1) is a center. It

is well-known that, after a linear change of variables and a constant scaling of the
time variable (if necessary), system (1) can be written in one of the next three
forms:

(2)

= —y+F(2y), §=1c+F@y),
T = y+F1(IZZ,y), y = FQ(‘T7y)7
T = Fl(l'vy)a Yy = FZ(xvy)v

where Fi(x,y) and Fs(z,y) are polynomials without constant and linear terms
defined in a neighborhood of the origin. Then the origin O of the polynomial
differential system (1) is called linear type, nilpotent or degenerate if after a linear
change of variables and a scaling of the time it can be written as the first, second
and third system of (2), respectively.

2010 Mathematics Subject Classification. 34C07.
Key words and phrases. center-focus problem, polynomial planar differential system, uniform

isochronous centers.

1


10.1007/s10884-018-9672-0

2 J. LLIBRE, R. RAMIREZ, V. RAMIREZ AND N. SADOVSKAIA

A center O of system (1) is a uniform isochronous center if the equality zy—y& =
a(z? 4+ y?) holds with a # 0; or equivalently if in polar coordinates, x = 7 cosf, y =
rsinf, we have that § = a. It is known that isochronous centers and in particular
isochronous uniform centers are linear type centers. This is due to the fact that
blowing up the origin where the center is located for the linear type centers the
origin blows up to a periodic orbit, but for nilpotent and degenerate centers the
origin blows up to a graphic and consequently the periodic orbits near the origin
cannot have constant period. We recall that a graphic is formed by finitely many
singular points and orbits connecting these points in such a way that in one of
the two sides of the graphic a return Poincaré map is defined. To see examples of
isochronous centers which are not uniform, see for instance [8].

The following necessary and sufficient condition in order that the origin O of the
first polynomial differential of system (2) be a center was obtained by Poincaré, and
it was extended to analytic differential systems by Lyapunov (see for more details
[6, 9]).

Theorem 1. A planar polynomial differential system

m

(3) j”:_y"'—ZXj(x’y)v y':x—i—zyvj(;(;,y%

j=2

of degree m has a center at the origin if and only if it has an analytic first integral
of the form

(1) H=Y" Hwy) =567 +9")+ Y Hil.y),

j=2 j=3
where X, Y; and H; are homogenous polynomials of degree j.

One of the main objectives of the present paper is to study the centers and the
uniform isochronous centers using the inverse theory (see for instance [7, 12]). More
precisely, we want to determine the polynomials X; and Y of system (3) in order
that a function of the form (4) be a first integral of the polynomial differential
system (3) in a neighborhood of the origin O.

As usual the Poisson bracket of the functions f(z,y) and g(z,y) is defined as

(= L2 2L20,

 0xdy  Oyox
Our first result provides the expression of the polynomial differential system (3)
in function of its first integral (4).

Theorem 2. Given an analytic function of the form (4) a polynomial differential
system having such function as a first integral can be written as

m—+1
T = ngJrlfj{\Ilj?x} = —y—l—X(.%'),

(5) =

m—+1

g= Y gmr-{ ¥y} =2+ X(y),
=2
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where go = 1 and gm41—; 5 an arbitrary homogenous polynomial of degree m+1 —
7 > 0 satisfying

(6) {Hm+l—17 HQ} :ZXj(Hm-H—j)a l :3345"'3
j=2

where

j=2

I
NE

{Hjt1, } +gu{Hj, } + ...+ gj—1{H2,}),

<
I|
N

J
U= Y Hy for j=2,...,m+1L
k=2

Theorem 2 is proved in section 2.

We remark that Theorem 2 shows that all polynomial differential systems having
a first integral of the form (4) have a center at the origin, because we have proved
that such systems are of the form (3) and consequently they have a focus or a
center at the origin, but the existence of the first integral forces that the origin is
a center. Note that this provides a new proof of the Poincaré—Liapunov Theorem
(i.e. Theorem 1).

On the other hand, if a polynomial differential system has a linear type center
at the origin by Theorem 1 it has an analytic first integral of the form (4), and the
differential system has the structure described in Theorem 2. So this structure is
necessary in order that a polynomial differential system has a center at the origin.

Now we shall put our attention on the uniform isochronous centers by using
Theorem 2.

The following result is well-known, see for instance [3].
Proposition 3. Assume that a planar polynomial differential system of degree m
has a center at the origin of coordinates. Then this center is a uniform isochronous

center if and only if doing a linear change of variables and a scaling of the time the
system can be written as

m m
(7) i:_y+x2@n—1a y:x+y2@n—la
n=2 n=2
where pn_1 = @n_1(x,y) is a homogenous polynomial in x and y of degree n — 1

This result can be improved as follows. Thus, using Theorem 2 we provide a
first characterization of the uniform isochronous centers.

Theorem 4. A polynomial differential system (3) has a uniform isochronous center
at the origin if and only if the system can be written as (7) with

n—1
1
Pn—1 = m ;{HZTnflfjv gj}
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where Hy = (22 4y*)/2, g; and Y; are arbitrary homogenous polynomials of degree
j, and the system has a first integral of the form

(8) H=H1+T1+Ts+...),
in a neighborhood of the origin.

The following result is well-known (see for instance [10]) and give the lineariza-
tion criterion for the isochronocity of a center.

Theorem 5. A center of an analytic system is isochronous if and only if there
exits an analytic change of coordinates X = x + o(|(z,y)]), Y =y + o(|(z,y)]),
reducing the system to the linear isochronous system X = =Y, Y = X.

Corollary 6 (Linearization of uniform isochronous center). Under the assumptions
of Theorem 4 we get that by the analytic change of coordinates

X=ay14+ 1+ To+..., Y=y/1+T 1 +To+...,
the differential system (7) becomes X = =Y, Y = X.

Theorem 4 and Corollary 6 are proved in section 3.
In the next result we provide a second characterization of the uniform isochronous
centers.

Theorem 7. The origin of the polynomial differential system (3) is a uniform
isochronous center if and only if this system can be written as (7) and

o) (o)
z(t) = cos t Zejsj(t), y(t) = sint Zajsj(t),
j=1 j=1

is a periodic solution with the initial conditions (g,0) where € is a small parameter,
and s;j(t) is a convenient 2m—periodic function such that s1(t) = 1, and s;(0) =
5j(2m) =0 for j > 1.

Theorem 7 is proved in section 4.

The next corollary provides a characterization of the linear type centers of poly-

nomial differential systems when their nonlinearities are homogenous polynomials.

Corollary 8. Under the assumptions of Theorem 2 the planar polynomial differ-
ential system of degree m

where X,, and Yy, are homogenous polynomials of degree m, has a center at the

origin if and only if it can be written as
(10) T = {H2+Hm+1,33}+9m—1{H2,$} = _y+Xm(I)a
y: {H2+Hm+17y}+gmfl{H27y} :x+Xm(y)7

where
Xm = {H2 + H’m+17 } + gmfl{H27 }7
and gm—1 = gm—1(x,y) is a homogenous polynomial of degree m — 1 satisfying

(11) X (Hy) + {Hoy Hopypo1} =0 for k=34,....

Corollary 8 is proved in section 5.
In [3] Conti proved the following result.
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Theorem 9. The polynomial differential system (9) with
X’m = x@mfl(mvy)a Y’m = y‘mel(%y)a Spmfl(xay) = Z aijxiyja
i+j=m—1

has a uniform isochronous center at the origin if either m is even, or m is odd and

m—1 27
E Am—1—j,j / cos™ I tsin’ tdt =0,
0

§=0
Conti’s result can be improved as follows.

Theorem 10. The polynomial differential system (9) has a uniform isochronous
center at the origin if and only if this system can be written as

x
= —y+ —— {Hy gml},
x Y+ +1{ 2, 9m—1}
(12) "
) = Hy, gm-1},
Y 33+m+1{ 2,9m—1}

where Hy = (2% +4%)/2 and gm—1 = gm—1(z,y) is an arbitrary homogenous poly-
nomial of degree m — 1 satisfying (11). Moreover this system has the rational first
integral
Hm71
2

Theorem 10 is proved in section 5.

Theorem 10 characterizes the form of the polynomial uniform isochronous centers
with homogeneous nonlinearities.

Note that, under the assumptions of Theorem 10 and using the notation of
Theorem 4, the first integral F'/(™=1 has the following development as the origin
Fl/(mil) :H:H2(1+T1+T2+),

i.e. system (12) has a local first integral at the origin having Hs as a factor, where
T; is a convenient homogenous polynomial of degree j.

Corollary 11 (Linearization of uniform isochronous centers with homogenous non-
linearity). Under the assumptions of Theorem 10 we get that by the analytic change
of coordinates in a neighborhood of the origin

X
= m—1 1/(m—1)’
_ Y
m—1 1/(m—1)’
( + lgml)

the differential system (12) becomes
X=-Y, Y=X.

Corollary 11 is proved in section 5.
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2. PROOF OF THEOREM 2

Proof of Theorem 2. Consider a general polynomial vector field of degree m that
we write as

= 0 i 0
X=|>Y X@y) | 0+ | D Vi) | =
= ]( y) ax = ]( y) ay

where X; and Y for j = 0,1,...,m are homogenous polynomials of degree j. Since
the analytic first integral H starts with Hy = (22 +%2)/2, without loss of generality
this implies that Xo(x,y) = Yo(z,y) = 0, Xy (z,y) = —y and Yi(x,y) = x. Hence
the following infinite number of equations follow

(13)
xXo +yYe = {Hs, Ha},
X5+ yYs + %XQ + aa—TYQ = {Hy, H,},
Xy +yYy + 88];[3 X5+ 8853 Vs 4 881;[4X2 + 68];4 Yo = {Hs, Hs},
X, +yV, + aajf’Xn_l + %Yn_l +. 4+ aa]Z"XZ + a(;z"Yz = {Hui1, Hs},
X p1 + yYni1 + %Xn + 86];[3 Yo+... 4 ag;“Xg + aI;Z“YQ = {Hpi Hy},

The first equation can be rewritten as

0 H. 0 H.
o Xo+ =2 ) 4y (Ya——==2) =0,
dy ox

by solving with respect to X5 and Y5 we obtain the following polynomial solutions
0 H.
Xo= - 3y3 —yg1 = {Hs,z} + g1 {Ha, 2} := Xp(x),
0 Hj
ox

where g1 = gi(x,y) is an arbitrary homogenous polynomial of degree one. By
substituting these polynomials into the second equation of (13) we get

Y, =

+ xrg1 = {H?ny} +91{H27y} = XQ(y)u

8H4 8H3 8H4 aH?)
X Y; — — =
x( 3Ty Ty >+y< R P
By solving this equation with respect to X3 and Y35 we have
0 H. 0 H.

X3 = _87y4 - 91871/3 —yg2 = {Ha, v} + g1{H3, 2} + go{ Ha, x} := X3(2),

0 H. O H.
Y = a—: +ng; +xg2 = {Ha,y} + g1 {Hs,y} + g2{Ha, y} := X3(y),

where go = go(x,y) is an arbitrary homogenous polynomial of degree two. By
continuing this process recursively we obtain X4,Yy, ..., Xin, Y. By substituting



CENTERS AND UNIFORM ISOCHRONOUS CENTERS 7

X, and Y for j = 1,...,m into the rest of equations (13) we deduce the partial
differential equations (6). Introducing the respectively notations we get

m—+1
Y+ X+ Xs+ .+ X =—y+X(@) = > gmi1-{¥;, 2},
j=2
m+1
s+ Yo+ s+ A Y =24+ X)) = Y gmu-i{¥;y},
j=2
with go = 1. Thus the proof of the theorem follows. O

Remark 12. A polynomial differential system having a linear type center at the
origin can written as system (5), consequently this system gives a necessary condi-
tion in order to have a linear type center, but this condition is not sufficient. Indeed
it is known (see [1]) that a quadratic differential system with a center at the origin
can be written as

i= —y— 322+ (22 + As5)2y + Aey?,

g= x4+ Xz + (2X3 + Ag)zy — Aoy,
or equivalently (see (10) for m = 2)

&= {Hy + H3,x} + gi{Ha, 2}, 9= {H2+ Hs,y}+ gi{H2,y},
with )
H3 - g

g1 = My — AsT.
It is well known that there are values of the parameters Ao, A3, A4, As and Ag for
which the origin is a focus.

1
(Ao + X5) 22 + Az22y — g()u; + X6)y® — Aawy?,

Proposition 13. Let U = ¥(x,y) be an arbitrary polynomial and Hy = (x?+y?)/2.
Then the following statements hold.

(a)

27
(14) 0 {\I”H2}|w:cost,y:sintdt =0.
(b) Under the assumptions of Theorem 2 we have that
2m
(15) Xj(Hm+l*j)|z:cost,y:sintdt = 07

0
forj=2....mandl=3,4,....

Proof. From the relations

%\Il(cost,sint) = costw _ sintM

r=cos t,y=sint ’
xr=cost,y=sint

it follows that
27
/ {\I]’ H2}|:c=cost,y:sint = \II(COSt7Sint) gw =0.
p

From (6) and (14) it follow (15). O

The following result is due to Liapunov, see Theorem 1, page 276 of [9].
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Theorem 14. Let U = U(x,y) be a homogenous polynomial of degree k. The linear
partial differential equation

oV ov

has a unique homogenous polynomial solution V' of degree k if k is odd; and if V
is a homogenous polynomial solution when k is even then V + c(x? + y2)k/2 where
c € R are all the homogenous polynomial solutions.

v, 2

Proposition 15. Assuming that system (3) is given and that X; = Xja—x +Y; ay’

then the following statements hold.
(a) Condition (15) are necessary and sufficient in order that the linear first

order partial differential equations (6) for | = 3,4,... in the dependent
variable Hp,i—1(2,y) has solutions.

(b) The homogenous polynomial solution Hy,11—1(x,y) of (6) when m+1—1 is
odd is unique. If Hpyy—1(z,y) is a homogenous polynomial solution of (6)
when m+1—1 is even, then all the other homogenous polynomial solutions
are of the form H,11_1(x,y) + c(a® + y?)™H=D/2 with ¢ € R.

Proof of Proposition 15. Statement (a) follows from Proposition 13. Statement (b)
is an easy consequence of Theorem 14. ([l

3. PROOF OF THEOREM 4 AND COROLLARY 6

First we prove the following lemma.

Lemma 16. Under the assumptions of Theorem 2 and assuming that

Hpi1=— (nngn +(n—1)goHp 1 +...+ 29n71H2),

n+1

forn > 1. Then

n—1
x
X () = nal Z{Hn+1—ja gi} = Tpn-1,
=1
y n—1
Xu(y) = nt1 Z{Hn+1—ja gj} = YPn—1-

Jj=1
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Proof. Substituting the polynomial H,, 1 into &), (z) we obtain

Xn(m) = {Hn+1; SU} + gl{Hna SU} + .o+ gnfl{H%x}
6Hn+1 8Hn

= - dy — g1 By — ..~ Gn-1Y
1 0H, dg1 0H,
- H, 2N (n 41
o 1( 8 g1 +n y (n+1)g oy
0H> Ogn—1 OH,
42, 19H _ 1)g, 1 22
+...+ ﬁyg 1+2H, oy (n+1)g 133/)

B 1 xaHn n 0H,, % B x% n og1\ 0H,
 on+1 oz Y dy ) Oy or Yoy oy oy
1 0H, 0H>\ O0¢n-1 0 gn—-1 Ogn—1\ 0 H>
+'”+n+1(<x8x +y8y> oy —<x oe Y oy ) ay)

n—1
X
= E {Hnt1-5, 95}
1

n+1+
=
L 0y, 9;
Here we use the property of the homogenous polynomial jg; = xa— +y—= By .In a
similar way we obtain the expression for X, (y). O

Proof of Theorem 4. If the origin is a linear type center of a polynomial differential
system then in view of Theorem 2 we obtain that this system can be written as (5),
or equivalently,

t= —-y+X(z)

o 6Hm+1+ 8Hm+ + _ 8Hm+ 8Hm,1+ n

= Yy dy g1 dy cee T Im—1Y dy g1 dy ces T Im—2Y
8H4 5‘H3 8H2 8H3 aHZ
<0y T, e 0y> <0y TNy )

y= z+X(y)

= oy (MmO ia) (Y g O
= R i w0 St g

L (0Hi, OHy  OHy\ (0Hy = 0H
T\ oz "0 TP o oz N or )

This center is uniform isochronous center if and only if 2y — y& = z? + y?, conse-
quently the following relation holds zX (y) — yX(z) = 0, i.e.

OHpmir — OHn OHpmer O H,
x + g1 +...tgm-1z | +y + a1 + ...t gm—1Yy
ox ox dy dy

<8H O0H,,_1 oH,, OH,,_1
+x

6 +gl 8.T +"'+gm2x>+y<8y +gl 6y

b (U, Oy (O O
Tt a gl 333 y 8y 91 ay - Y

+...+gm2y)
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Using the Euler theorem for the homogenous polynomials Hj, of degree k for k =
2,3,...,m+ 1 we obtain

(m + 1)Hm+1 + mngm +...+ 2H2.gm71

erHm + (m — 1)91Hm—1 + ...+ 2Hggm_2

+5Hs + 4H4g1 + 3H3g2 + 2Hag3
+4H, + 391 Hs + 2Ha g0
+3H3 4+ 2H2g, = 0,
consequently
(m+ VHpy1 +mgiHpy + ...+ 2Hsgm-1 = 0,
mH,, + (m—1)g1Hp—1+ ...+ 2Hsg,—2 = 0,

4H, + 391 Hs + 2H392, = 0,
3H3+2H291— 0.

By solving system (16) with respect to Hs, Hy, ..., Hy41 we get

2
Hy= —ZgiH =i,
3 1 1 2
Hy = _191H3 - 592H2 1 (2% — 292) Hy 1= T H,
1
Hs = — (491 Ha + 392 H + 295 H>)
1
= - (298 — 49192 + 293) Hy := Y3Hy,
1
Hg = _6 (591H5 +4g2Hy + 393 H3 + 294H2)
1
T 6 (291 — 69792 + 49193 + 295 — 2g4) Ha := T4 Ho,
j 2
Hypr = ———H,— . =2 g \H
j+1 J1 j+1931 2
—1)J .
m 2
Hypp1= ———Hy - m—1 4
+1 m+ 1 m + 19 1
1™ _
= ( ) (2g{n t- "'_2gm71) = Tm71H27
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where T; is a homogenous polynomial of degree j for j =1,...,m — 1.

In view of Corollary 16 X (z) and X'(y) can be written as

m m 1 n—1

Y@= Y@ =0y S (He 0,
n=2 n=2 j=1
m m 1 n—1

X(y) = ZXn(y) = yz ] Z{Hnﬂfj, 9}
n=2 n=2 7j=1

Substituting X' (z) and X (y) into (5) we get

m n—1 m

. 1

b= —yta)y n+1 Y AHuri—j, 95} =~y +2) 95
n=2 j=1 =2

m n—1 m

. 1

Y= ~T+y§ 7n+1§ {Hn+1fj»gj}::x+y§ ©j.
n=2 j=1 =2

To finish the proof of the theorem we prove that conditions (6) hold. Indeed in
view of the relations

H‘: HgTj,g fOI‘ j:3,...,m+1,

0 0 .
X = gpj_l(x%jtya—y) for j=2,...,m,

Xi(Hpqi1—j) = (m+1— ) Hppi—jpj-1,

T
NE

Xj(Hmvi—j) + {Hz, Hiym-1}

<.
/|
v

(m+1—j§)Hpyi—joj—1 +{Ho, Hip—1}

—
-

I
NE

<.
||
v

m
= HyY (m+1—5)Ymii—j20j 1+ {Ha, Huyi 1},

j=2
for I = 3,4,.... Hence by considering that {Ha, HyYpyy1—3} = Ha{H2, Trryi—3}
we have that the solution of (17) are Hy,, ;-1 = HoYppqq—3, for I = 3,4, ... where
the homogenous polynomial Y,,1;_3 of degree m + [ — 3 is the solution of the first
order partial differential equation

{Topios, Hal = (m+1—j)Ymsr—j2pj1.
j=2

From the previous results it follows that H; = HyY,;_o for j = 3,4,.... Con-
sequently the first integral (4) becomes H = Hy(1 + Y1 + Yo + ...). In view of
Theorem 2 the theorem is proved. ([

Proof of Corollary 6. By Theorem 4 the polynomial differential system (7) of degree
m has the first integral H = Ho(1+ Y1 +...) := Ho®, if and only if the following
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relations hold

dH d dH dd 4P
= — (Hy®) = —2& + Hy— = 2H,®¢p + Hy— i

At dt dt dt =0

dH
where ¢ = Z Yn—1. From T 0, we have in a small neighborhood the origin

n=2
that

dv/ ®
2HE +H22\/5d—\tf _

AVAS
Consequently T\/]; = —V/®yp. Hence

% = (—y+9:sa)\/5+xdd\/5 = —yVP = —
d df

av _ (x+y<p)f+y =2V® = X.

4. PROOF OF THEOREM 7

From Proposition 3 it follows that a differential system with a uniform isochronous
center at the origin can be written as (7). Now we shall compute the solution
(z(t),y(t)) of system (7) satistying that (x(0),y(0)) = (¢,0). where € is a small
parameter.

We use the following complex notation
z(t) = z(t) +ay(t Z el (z(t) + iy, (t Z el z;(t

and we assume that the polynomial ¢ has the following development

p(t) = Y i), yt).e) = Y elm(t)
=1

Hence
7= @i(zi(t),y1(t)),

= p1(22(t), y2(t)) + p2(z1(t), y1(t)),
= @1(a3(t),y3(t)) + ...+ ps(x1(t), v1(1)),

bl

T = (@), y; (D) + - 4+ @i (@1 (), 41 (1)),

)

By substituting ¢(¢) into differential system (7) which now is of the form

5= 2(i+¢(2,2),
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we obtain an infinite number of differential systems, one for each coefficient of the
different powers of ¢ :

2:,1 = iZl,
Zg = 2y + 2171,
Z3 = 23+ 2172 + 2271,
(18)
:5
2k = 12+ 21Tk—1 + 22Tk—2 + ... + 25171,

where k > m, recall that m is the degree of the polynomial differential system. The
solutions of (18) are
2z = e'ti:=ellsy,

2= elq =esy,
— it 1 2 — it
= € |50 +q2 | :=€e"s3,

1 _
= e <3,tﬁ’ +qge + Q3> 1= e'sy,

L1 1 1 1 .
7= et (4,6111 + 59t + s + 545 + q4) = e'lss,

, 1 _ 1 _ ;
2= e <(k_1);qf '+ Wfﬁ St + le) = e'sy,

¢

where ¢; = ¢;(t) = / 7'j(x,y)|I:COSt7y:Smtdt7 for j =1,...,m — 1. Hence system

(7) has a center at the origin if and only if 2;(0) = z;(27) = 0 for j > 1, i.e if and
27

only if s;(0) = s,(2m) = 0, for j > 1 which is equivalent to/ 5%, Y) | pmcos t, y—sint A =
o Y=
0, for j > 1, On the other hand by considering the solution of system (7) is

2(t) = wlt) +iy(t) = D_elz(t) = 3 ls;(8),
j=1 j=1
we get that
x(t) = cos t Zsjsj(t), y(t) =sint Zsjsj(t),
j=1 j=1

and it is periodic if and only if s;(0) = s;(27) = 0 for j > 1. In short the theorem
is proved.
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5. PROOF OF COROLLARIES 8 AND 11, AND THEOREM 10

Proof of Corollary 8. Tt follows from Theorem 2 under the conditions
0 if3<j<m,
H;={ H, if j =2,
Hpr if j=m+1.

0 if 1<j<m-—2
gm-1 if j=m—1.

19 o

O

Proof of Theorem 10. Assume that the differential system (9) has a center at the
origin, then in view of Corollary 8 we get that this system can be written as (10).
If the center is a uniform isochronous center then, from Theorem 4 with g; and
Hj given in (19) we obtain the differential system (12). The reciprocal is obtain as
follows.

From (12) it follows that
dH,  2H,
d  m+1

dgmfl _ 1 agmfl 8gmfl
i <1+m+1<$ o9z T Y By {Ha, gm-1}-

Since g,,,—1 is a homogenous polynomial of degree m — 1, then

{HZa gm—l}a

dHs 2
2 S _Hy{H g 1),
dt g 122 m1)
dgm—l m—1
= 14+ ——gm— Ho, gm—1}-
gt <+m+1g 1){29 1}
—1
Thus the curve H, =0 and 1+ LHgmq = 0 are invariant algebraic curves with
m
2 —1
cofactors 1 {H2,gm-1} and %H{Hg, gm—1} respectively. Therefore a first
integral is
Hy !
F= 5
14+ L_lg
m+ 1 m—1
Consecutively the origin is a center, and the theorem is proved . ([l
Proof of Corollary 11. Since
Fl/m=1) _ H, H,®
1/(m-1)
1+ m-1 g
m+ 1 m—1

dv®

is a first integral of system (12), we have as in the proof of Corollary 6 that T
—V/®. Consequently

dX dv®

— = (ytrp)Votar—— = —yJo =Y,
dt dt

dy dv e

E: (x+y<p)\/$+x7;{:x\/$:)(.
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