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THE CUBIC POLYNOMIAL DIFFERENTIAL SYSTEMS
WITH TWO CIRCLES AS ALGEBRAIC LIMIT
CYCLES

JAUME GINE!, JAUME LLIBRE? AND CLAUDIA VALLS?

ABSTRACT. In this paper we characterize all cubic polynomial dif-
ferential systems in the plane having two circles as invariant alge-
braic limit cycles.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A planar polynomial differential system is a differential system of the
form

t= P(x,y),
(1) i= Q)

where P and () are real polynomials. We say that the polynomial
differential system (1) has degree n, if n is the maximum of the degrees
of the polynomials P and (). Usually a polynomial differential system
of degree 3 is denoted simply as a cubic system. The dot in (1) denotes
derivative with respect to the independent variable ¢.

In this paper we want to analyze all cubic polynomial differential
systems having two circles as algebraic limit cycles.

In [4] the authors proved, first that every planar polynomial vector
field of degree n with n invariant circles is Darboux integrable without
limit cycles, and second that a planar polynomial vector field of degree
n has at most n — 1 invariant circles as algebraic limit cycles. So, in
particular, cubic systems have at most two circles as algebraic limit
cycles.

Our first result is to provide a normal form for all cubic polynomial
differential systems having two circles as invariant algebraic curves.
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Consider two circles on the plane that do not intersect between them.
These circles after a scaling and a rotation of the coordinates around
the origin can be written, without loss of generality, as one of the
following forms:

(D) fi(z,y) = 2> +y* — 1 and fo(z,y) = 2® + y* — r?, with r > 1
(in this case both circles are concentric).

(1) fi(x,y) = 22 +9? — 1 and fo(z,y) = (v — 20)% + y? — r? with
0 < 29 < xo+r < 1 (this is the case in which one circle, f; =0,
contains the other, fo = 0 in the bounded region that it delimits
and both circles are not concentric).

(IT1) fi(z,y) = 22+ y* — 1 and fo(z,y) = (v — 20)* + y* — r* with
xo > r—+1and r > 0 (this is the case in which none of the circles
contains the other in the bounded region that they delimit).

Given a polynomial f = f(z,y) € Clz,y| we say that f = 0 is
an invariant algebraic curve of system (1) if there exists a polynomial
K = K(z,y) € Clz,y] called the cofactor so that

of  of

Py +Qg, = KF

If system (1) has degree n then the cofactor has degree at most n — 1.

Theorem 1. A cubic system having the two invariant circles f; = 0
and fa =0 as in (I) can be written as

= —y(ap+ a1z + agy + azz? + asxy + asy?),

y= x(ao+ arr + ay + azx® + asxy + asy?),

where a; € R fori =0,1,...,5. The cofactors of fi =0 and fy =0
are zero.

(2)

Note that system (2) after a rescaling of time can be written as
# = —y, ¥ = o which has the first integral H = 22 +y2. Since the first
integral is defined in the whole plane, this system has no limit cycles.
So when the two invariant circles of a cubic system are concentric they
cannot be limit cycles.

Theorem 2. A cubic system having the two invariant circles f; = 0
and fo =0 as in (II) or in (III) can be written as
i = Ay + Asxy + Asy® + A’y + Asay® + Agy?,
(3) = By + Biz + Boy + Bsa® — Asxy — Boy® + Bya®
+ Byx’y + Bsay® — By’
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where
A1:—ao—a2(1_r2+$%)7 A2:a2_a1(1—7“2+$(2))7
2.170 2*TO
as(1 —r? + a2
Ag = — 3< 0), Ay =ap+ a1, As=az, A= ao,
21'0
1— 2 2
Bo——aoﬁo—%, B1=Cl0—ﬂ a2 TJF%), BQZ_%u
21‘0 2
ag  a;(1—r?+x3) a; a
B; = -2 By=—ay— -, Bs=—a+
3= GoTo — 5 T ) 4 a0 = 5 5 ap + 5

with ag, ay, as,az € R. The cofactors of f1 =0 and fo =0 are
Ky = ylag + 2apz9 + a1 + azy), Ko =ylas + a1z + asy),
respectively.

Note that when ag = 0 system (3) has the rational first integral
f1/f2, and consequently no limit cycles. Therefore in what follows we
consider that ag # 0.

Now we want to characterize when system (3) has f; =0 and fo =0
as limit cycles.

The following result shows that the two circles f; = fo = 0 are never
both limit cycles of system (3) when az = 0.

Theorem 3. If a3 = 0 and ag # 0, then both circles f{ =0 and fo =0

are not limit cycles of system (3).

By Theorem 3 in order that both f; =0 and f, = 0 are limit cycles
of system (3) we must have az # 0. The following result characterizes
when the circles f; = 0 and fo = 0 are limit cycles of system (3). This
is the main result of this paper because it characterizes when a cubic
polynomial differential system has two circles as invariant algebraic
limit cycles.

Theorem 4. The two circles fi = 0 and fo = 0 are limit cycles for
system (3) if and only if
azag # 0,
Ag=a3+a?—al<0,
Ay = (a +ad)r? — (as + (2a0 + a1)z0)? < 0,
either B? + B2 + B? # 0 if (II) holds, or if (III) holds with
B, =0 then Bs 7é 0 and B% —4ByBs > 0.

The paper has been divided as follows: In section 2 we prove Theo-
rems 1 and 2. In section 3 we give some preliminary results related to
system (3) that will be used in the proofs of Theorems 3 and 4. The



4 J. GINE, J. LLIBRE AND C. VALLS
study of the singular points of system (3) is given in section 4. Finally,
Theorems 3 and 4 are proved in section 5.

Taking into account the results on algebraic limit cycles and algebraic
circle limit cycles of the papers

2. PROOFS OF THEOREMS 1 AND 2

Proof of Theorems 1 and 2. Suppose that a cubic system in the plane
has two invariant circles that do not intersect. As pointed out in the
introduction, two circles on the plane that do not intersect after a
rescaling and a rotation of the coordinates around the origin they can
be written, without loss of generality, as in (I), or as in (II), or as in
(I1T).

We write a cubic planar polynomial differential system in the form

3 3
(4) P= Y agay, g= Y byaly,

i+j=0 i+j=0

where Q5,4 bij € R for ¢ +j = O7 1, 2, 3.
We assume that f; = 0 and f; = 0 are invariant algebraic curves of
system (4), with cofactors k; and ko given, respectively, by

2 2
ky = Z 'y, ke = Z Bijz'y’,
i+j=0 i+j=0
where «;;, 3;; € Rfor i +35=0,1,2.

We recall that f; = 0 and f, = 0 are invariant algebraic curves of
system (4) that is, they satisfy

of.  Of.
(5) 3 9f. 3 9f.
= Y aya'y aiz + Y bya'y’ 8];’ i=1,2.
i+j=0 i+j=0

If fi and fo are as in (I) from (5) we get system (2) where we have
used the notation ap — Aap1 — blo, a; = a1 = bgo, Ay — Qoo — bll;
as = aszy = b30, ay = 19 = b21 and as = agzp = b12. MOI‘GOVGI‘, in this
case K1 = K7 = 0.

If fy and fo are as in case (II) or (III) from (5) we get system (3) with
the corresponding cofactors, where we have used the notation ag = ags,
ay = P, az = PBo1 and az = [Bos. O
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3. PRELIMINARY RESULTS ON SYSTEM (3)

In this section we introduce some preliminary results on system (3)
that will be used in the proof of Theorems 3 and 4.

Lemma 5. System (3) with as = 0 is invariant with respect to the
change (Iayat) - (IE, -y, _t>

Proof. System (3) with a3 = 0 becomes
&= Ay + Agry + Agz’y + Agy’,
= By + Byx + Bsa? — Boy? + Bua® + Bsay?

which is obviously invariant with respect to the change (z,y,t) —
(x,—y, —1). O

Lemma 6. If system (3) has a unique singular point p inside the circle
f1 =0 (resp. the circle fo = 0) which is a limit cycle, then this singular
point cannot be a center.

Proof. We will prove that if the unique singular point inside f; = 0 is
a center, then f; = 0 is not a limit cycle. The proof for the circle f;
can be done in a similar way.

Consider a Poincaré map defined in a transversal section with end-
points the center and a point of the circle f; = 0. This Poincaré map is
analytic because the differential system is polynomial and consequently
analytic. We have a continuum of periodic orbits surrounding the cen-
ter, so the Poincaré map in a neighborhood of the center is the identity,
and by analyticity it is the identity in all the consider transversal sec-
tion, consequently the circle f; = 0 is not a limit cycle. U

We shall need the following result. For the proof of Lemma 7 see for
instance [5].

Lemma 7. Consider a two-dimensional autonomous polynomial differ-
ential system having an invariant algebraic curve g = 0 with cofactor
k. Then all singular points of the differential system are contained in
the union of the sets {g =0} U{k = 0}.

Proposition 8. The two circles f; = 0 and fo = 0 are periodic solu-
tions for system (3) with ag # 0 if and only if

(6) Ag =az+a’—a3 <0, A= (ai+ad)r’—(ay+(2a9+ai)ro)? < 0.
Proof. Note that f; = 0 and f, = 0 are invariant algebraic curves of
system (3) with cofactors K; and Ky, respectively. In view of Lemma
7, the singular points of system (3) are on {f; = 0} U{K; = 0} and on
{fo=0} U{K> =0}



6 J. GINE, J. LLIBRE AND C. VALLS

We first compute the singular points on f; = 0. We obtain the four
points

219 = ($1,2,yl,2), Z3,4 = ($3,4uy3,4>

where
(7) - —agay £ asy/ AO _ —ao03 F a1/ AO
1,2 a% T ag y Y12 a% i a§
and
1— 72+ 22 (1 =72+ a28)?
8 = = - = 1 e ———— = ———
( ) T3 = T4 220 y Ysa=F 4w%

Computing the singular points on f; = 0 we obtain the points z3 =
(x3,y3), 24 = (74, y4) given in (8) and two additional points

256 — (335,67 y5,6)

where
—asa1 — 2a9a1To + agxo F asvA
Ts56 =
(9) OL1 + a3
—QoQ3 — 2&0&31’0 — a1a3xg + CL3\/
Yse =
al + a3

Note that the two singular points z3 and z4 are on the circles f; = fo =
0 and thus they are complex.

By the expressions of K; and Kj given in Theorem 2 we have that
K, = yk being k = as + a12 + 2a0xo + asy and Ky = yk being k=
as + a1z + azy. Computing the singular points of system (3) on k=0
we get the points z5s = (5,¥5), 26 = (%6,Ys) given in (9). So, these
singular points are on fo = 0. Now computing the singular points of
(3) on k = 0 we get the points z; = (21,%1) and 2, = (22,s) given in
(7). So, these singular points are on f; = 0. Finally, on y = 0 we have
that K1 = Ky = 0. Moreover, computing the singular points (z,7) of
(3) on y = 0 we obtain that they satisfy

F(z) = By + B1% + B32® + Byz® = 0.
In summary, conditions (6) together with the condition

F()F(-1)F(xg—r)F(zo+7r) =

(10) (a2 — a2)(ag + 2a00 + a1 (r + 20)) # 0

are equivalent to say that there are no singular points on the two circles
fi =0and fs = 0 (werecall that f; = fo = 0 on y = 0 are, respectively,
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x = =+1 and © = x¢p£r). Note that (10) is automatically satisfied since
condition Ay < 0 implies that

2 2 _ 2., 2 2 _
aj —a; < az+a; —a; =2y <0

and condition A; < 0 implies that
(CLQ + 2a0x0 + a; (7’ + $0))(CL2 + 2@01’0 + aixg — CL1T>
= (ay + 2apz0 + a1z9)* — air?

> (ag + 2a0z0 + a170)* — (af + a3)r® = —A; >0

and consequently ay + 2agxo + a1 (r + x9) # 0. d

4. THE SINGULAR POINTS

In this section we study the singular points of system (3). For this,
we introduce some notation.

Yly—0 = F(x) = By + Bz + Bsa® + Bya®,
A= (r—axzo+1)(r—mzo—1)(r+zo—1)(r+x¢+1),
Dy = —B2B2 + 4ByB3 + AB3B, — 18B, By B3 By + 27B2B2,
D, = B3 — 3B,B;.

(11)

First we note that by the definition of the forms of f; and f; in cases
(IT) and (III) we readily have that Ay # 0. Moreover, under the as-
sumptions Ag < 0, A; < 0 we have already proved that the unique
singular points of system (3) are on y = 0 and F'(z) = 0. Now we will
study them under the assumptions Ay < 0, A; < 0.

We first recall some important observation that will be used all
through the paper.

Lemma 9. Consider system (3) with Ay < 0, Ay <0 and ag # 0. Its
Jacobian matrixz on each of its singular points is of the form

ot 0z
or 0Oy
L pu—
D= o o
(12) oz Jy/ l,—o
0 Al + AQI + A4l‘2
~ \ By +2B3z +3Bs2? By — Asx + Bo? )’

with Ay+Asz+Aux? # 0. Moreover, if ag # 0 then By—Asz+Box? # 0.
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Proof. Compute L(z) as in (12). Doing the resultant between A; +
Ayx + Ayx?® and F(z) with respect to z we get

a
B 162:2‘(@? — a3)(as + 2agxo + arzo + arr)(ag + 2agro + arzg — arr)A;
0
apg ~ «
— AgA1A
1622 010

where Ay and A; are, respectively, Ay and A; restricted to as = 0. By
assumptions we have Ay < 0, Ay < 0, ag # 0 and by definition Ay # 0.
So, Ay + Asx + Ayx? # 0 at the singular points.

If a3 # 0 doing the resultant between By — Asz + Byx? and F(z)
with respect to = we get
ataZr?A,
8rd
which is different from zero because by assumptions ag # 0 and by
definition Ayxg # 0. So, when az # 0, By — Asz + Byx? # 0 at the
singular points. 0

When a3 = 0 then B, = A3z = 0 and in view of Lemma 9 the singular
points can be either hyperbolic, or nilpotent but not linearly zero. In
the next result we study the singular points of system (3) when az = 0.
In this case system (3) becomes

i = Ay + Aszy + A2’y + Aey’,

13
(13) y=F(x)— Boy2 + B5:Ey2.

Lemma 10. Consider system (3) with a3 = 0, Ay < 0, Ay < 0 and
ap # 0 If T is a simple solution of F(x) = 0, then the singular point
(2,0) is either a saddle or a center. If T is a multiple solution of
F(z) =0 (either double or triple), then the singular point (Z,0) will be
nilpotent.

Proof. In view of Lemma 9, the Jacobian matrix at a singular point
(z,0) with F(Z) = 0 is of the form (12) with A; + Ay + A,3% # 0.

If Z is a simple solution of F(x) = 0 then B; + 2B3% + 3B43? =
dF(z)/dx|,—z # 0. Therefore, the singular point (Z,0) will be either
a saddle, or a focus, or a center. Translating the singular point at the
origin, by making the change X = x — z, Y = y we see that system
(13) in the variables (X,Y) is reversible (see Lemma 5), and so the
singular point (z,0) will be either a saddle, or a center. This proves
the first statement in the lemma.
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If # is a multiple solution of F(z) = 0, then By + 2B3% + 3B43? =
dF (z)/dx|,—z = 0, then the singular point (Z, 0) will be nilpotent. This
proves the lemma. O

When B, # 0 we will write F'(x) = B4G(x) and we will talk about
the zeros of G(z) = 0.

We shall need the following result which is the part of the Andreev’s
theorem for nilpotent singular points [1], see also Theorem 3.5 in [2].

Lemma 11. Let (0,0) be an isolated nilpotent singular point of the
vector field X given by

(14) t=y+ Alr,y), y=DB(z,9)

where A, B are analytic in a neighborhood of (0,0) and also A,(0,0) =
A,(0,0) = B,(0,0) = B,(0,0) = 0. Lety = f(x) be the solution of y+
A(z,y) = 0 in a neighborhood of (0,0) and consider F'(z) = B(x, f(x))
and G(x) = (0A/0x + 0B/0y)(x, f(x)). Assume F(z) = az™ + o(a™)
with a # 0 and G(x) = 0. If m is odd and a > 0, then (0,0) is a
saddle. If m is odd and a < 0 then (0,0) is a focus, or a center. If m
is even then (0,0) is a cusp.

Lemma 12. System (3) with a3 =0, ag # 0 and Ay < 0, Ay <0 has
the following singular points:
(a) If By =0 and B3 = 0 then if By = 0 it has no singular points
and if By # 0 it has the unique singular point (zo,0) where

(15) 20 = — 7/

and it is either a saddle or a center.

(b) Assume By = 0 and Bs # 0. If (II) holds, or (III) holds with
B} —4ByB3 > 0, then it has the two singular points (z1,0) and
(22,0) with

— By + /B2 = 4B, B;
2B, '

Both singular points are either saddles or centers. If (II1) holds
with B? — 4ByBs < 0, then either fi = 0, or fo = 0 cannot be
a limat cycle.

(c¢) If By # 0, Dy = Dy = 0, then it has a unique multiple real
solution z3 of G(x) = 0. The singular point (23,0) is either a
saddle or a center.

(d) If By #0, Dy =0 and Dy # 0, then G(x) = 0 has two distinct

real solutions (one simple z4 and one double z5). The singular

(16) 2172 =
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point (z4,0) is a saddle or center and the singular point (zs,0)
1S G CUSp.

(e) If By # 0 and Dy < 0, then G(z) = 0 has three distinct sim-
ple real solutions zg, 27, z5. All of them can only be saddles or
centers.

(f) If B4 # 0 and Dy > 0, then G(x) = 0 has a unique simple real
solution zg. The singular point (29,0) is either a saddle or a
center.

Proof. 1t follows by direct calculations. Note that when By = 0 equa-
tion F'(z) = 0 becomes the quadratic equation Bzz? + Byz + By = 0.

If B3 = 0 then if B; = 0 it has no solutions and if By # 0, then the
solution is as given in (15). It is a simple solution of F'(x) = 0 and by
Lemma 10 it is either a saddle or a center. This proves statement (a).

If By =0 and Bs # 0 then F(z) = 0 has the two solutions (16),
where
16ar?z3 + a3,

B? —4ByB; =
! 43

It is easy to see that if we are under the assumptions (II) then Ay > 0
and if we are under the assumptions (III) then Ay < 0. So, under
the assumptions (IT) the solutions z; and z, are simple because B #
4ByBs > 0 and by Lemma 10 both solutions can only be saddles or
centers. Under the conditions (III), if B — 4ByBs > 0 then again z
and zy are simple and they are either saddles or centers. On the other
hand if B? — 4ByBs < 0 then either we have no singular points or one
singular point. But in this case since none of the circles f; = 0 and
f2 = 0 contains the other in the bounded region that they delimit, and
inside one limit cycle there must be a singular point, we conclude that
either fi =0, or fo = 0 cannot be a limit cycle. This proves statement

(b).

If By # 0 and Dy = D; = 0 we have a unique triple solution for
G(x) = 0, that we call z3. This means that F(z) = By(z — z3)3. With
a parametrization of the time we can rewrite equation (13) as

&= Ay + Ay + A2’y + Agy®,

a7 i
y = (x — 23)° — Boy® + Bswy?,

where A; = A;/By and B; = B;/B, for i = 1,2,4,6 and j = 0,5. We
introduce the change of variables X = — 23 and Y = y. Then system
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(17) becomes
i=AY + A XY + A X?Y + AgY?,

(18) R 5
= X3 — Byy® + Bs XY?,

where Al = 1211 + /IQZg + 1214232), 1212 = 1212 + 2[1423 and BO = By — Bszs.
Note that in view of Lemma 9 we have that A, # 0. Now we introduce
a scaling of time of the form 7 = ¢/A; and we have that system (18)
becomes
t=Y + A, XY + A, XY + AgY3,
(19) Y= 1 X3 - ByY?+ B;XY?,
1

where
A=z g, g e g Bop B
Al Al Al Al Al

Note that (0,0) is a nilpotent singular point and that system (19) is
precisely system (14) with

A(X,Y) = A XY + AL XPY 4+ AgY?3,

B(X,)Y) = 2 X3 — BoY? + B;XY?.
1
The solution Y+ f(X) of Y + A(X,Y) =01is f(X) = 0. Then F(X) =
B(X,0) = 4-X? and G(X) = (A2 + 244X — 2ByY +2B5XY )y = 0.
So we are under the assumptions of Lemma 11 with m = 3 and a =
1/ A;. In view of Lemma 11 we have that it is either a saddle or a focus
or a center. Since the system is reversible it can only be a saddle or a
center. This proves statement (c).

If By # 0 and Dy = 0 and D; # 0 we have a single solution and a
double solution for G(x) = 0, that we call respectively z4 and z5. The
solution z, is simple and thus by Lemma 10 it is either a saddle or a
center.

The solution z5 is double. This means that F(z) = By(x — 24)(z —
25)?. With a parametrization of the time we can rewrite equation (13)
as

i = Ay + Agzy + Aga®y + Agy®,
y=(r—2z)(x— z5)2 — ngf + B5xy2,

where A; = A;/By and B; = B;/B, for i = 1,2,4,6 and j = 0,5. We
introduce the change of variables X = 2 — 25 and Y = y. Then system

(20)



12 J. GINE, J. LLIBRE AND C. VALLS

(20) becomes

o i=AY + XY + A4XfY + [16~Y3,
J= (25— 20)X>+ X® — ByY? + B; XY?,

where Al = A, + /1225 + 1214Z§, Ag = A, + 2/1425 and Bo = By — Bszs.

Note that in view of Lemma 9 we have that A; # 0. Now we introduce

a scaling of time of the form 7 = ¢/A; and we have that system (21)
becomes

T =Y + AXY + A XY + AgY?,

22 — 1 = —
( ) y:Z5AZ4X2+TX3—BOY2+B5XY2,
Ay Ay
where
— A - Ay — A 5 By 5 B
AQZA—2, A4:T4, AﬁZTG, B5:TS, Bgz A8-
A Ay A Ay A

Note that (0,0) is a nilpotent singular point and that system (22) is
precisely system (14) with
A(X,Y) = A XY + A X?Y + AgY?,
_ 1 _ _
BX,Y)=22""x2 X = BoY? + BpX Y
1 1
The solution Y + f(X) of Y + A(X,Y) =0is f(X) =0. Then

— 1
F(X)=DB(X,0)=2_""y24 _ x3

A Ay
and G(X) = (Ay +2A,X —2ByY +2B5XY )y—o = 0. So we are under
the assumptions of Lemma 11 with m = 2 and a = (25 — z4)/A;. In
view of Lemma 11 we have that it is a cusp. This proves statement
(d).

If By # 0 and Dy < 0 then G(z) = 0 has three simple real solutions:

zg, 27 and zg, and so by Lemma 10 they can only be saddles or centers.
This proves statement (e).

If By # 0 and Dy > 0 then G(z) = 0 has a unique simple real
solution that we call z9. Again, by Lemma 10 it can only be a saddle
or a center. This proves statement (f). O

Note that in view of Lemma 12 all singular points of system (3) with
as = 0 have either topological index —1 (and then they are saddles),
or topological index 0 (and they the can only be cusps), or topological
index 1 (and they can only be centers). Now we use this information
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to obtain a restriction on the shape of the singular points when f; =0
and fo = 0 are both limit cycles of system (3) with az = 0.

To prove Corollary 14 we shall need the following result. For a proof
of it see, for instance, Proposition 6.26, Example 6.17 and Proposition
6.7 in [2].

Lemma 13. In the interior of a limit cycle there must be singular
points so that the sum of their topological indices is one.

Corollary 14. System (3) with a3 = 0 and having f; =0 and fo =0
as limit cycles can have only three real singular points: (—z,0), (0,0)
and (x,0). Moreover, (£x,0) are centers and (0,0) is a saddle.

Proof. In order to prove that fi = 0 and f; = 0 be limit cycles we must
have that ag # 0, Ay < 0 and A; < 0, see Proposition 8. Also inside
the proof of Proposition 8 we show that the singular points of system
(3) are of the form (z,0) with F/(z) = 0. In view of Lemma 5, system
(3) with a3 = 0 is symmetric with respect to the y-axis. So, if system
(3) has a unique singular point then this singular point must be the
origin (0,0). By Lemma 13 it must have topological index one and by
the statements of Lemma 12 it must be a center, and consequently by
Lemma 6 the circle surrounding this singular point cannot be a limit
cycle. So, statements (a), (c¢) and (f) of Lemma 12 cannot hold.

Now assume that there are only two singular points of system (3)
with ag = 0. By the symmetry they are of the form (£x,0) and both
of them must have the same index. In view of Lemma 12 the only
possibility is statement (b) (because in statement (d) both singular
points have different index). But statement (b) is also not possible,
because both points have topological index either 1, or —1, so in view
of Lemma 13 in at least inside the region delimited by one of the circles
fi = 0or fy = 0 there is a unique singular point, with topological index
1. Therefore, by the statement (b) of Lemma 12 such a singular point
must be a center, and consequently by Lemma 6 that circle cannot be
a limit cycle. So statement (b) cannot hold.

In short, the unique possibility is that statement (e) of Lemma 12
holds, i.e. there are three singular points of system (3) with ag = 0.
By symmetry these singular points must be of the form (4x,0) and
(0,0). Moreover, (£x,0) have the same index. In view of statement
(e) of Lemma 12 and the existence of the two invariant circles which
are periodic orbits, we must have that (+z,0) are centers and (0, 0) is
a saddle. This completes the proof of the corollary. O

Now we study the singular points of system (3) when ag # 0. In this
case, in view of Lemma 9, the singular points can be either hyperbolic,
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or semi-hyperbolic. More concretely, let Z be a double zero of F(x),
then By + 2Bs7 + 3B4&? = 0, and the singular point (7,0) is either a
saddle, or a node, or a saddle-node. Now we introduce the notation
Ho(x) = (Al + AQLE + A4SL’2>(Bl + 233]7 + 3B4$2),
(BQ — Ag.%’ + 321'2)2
4

If  is a simple zero of F(z), then the singular point (Z,0) is a saddle
if Hy(Z) > 0, a node if H,(Z) > 0 and a focus if H,(z) < 0.

Hy(z) = + Ho(z).

Lemma 15. System (3) with ag # 0, ag # 0 Ag < 0, Ay < 0 has the
following singular points.

(a) If By =0 and Bs =0, then if By = 0 it has no singular points,
and if By # 0 it has the unique singular point (zy,0) where zy is
given in (15). It is a saddle if Ho(z) > 0, a node if Hi(z) > 0
and a focus if Hy(z) < 0.

(b) If By =0 and By # 0, then it has the two singular points (z1,0)
and (z9,0) with z; and zo given in (16) when either (I1) holds,
or (II1) holds with B} —4ByBs > 0. For j = 1,2, z; is a saddle
if Ho(z;) > 0, a node if Hi(z;) > 0 and a focus if Hi(z;) < 0.
If (IT1) holds with B? —4ByBs < 0, then either fi =0 or fo =0
cannot be a limit cycle.

(¢) If By # 0 and Dy = Dy =0, then F(x) =0 has a unique triple
solution z3. The singular point (z3,0) is semi-hyperbolic, and
consequently it is either a saddle, a node, or a saddle-node.

(d) If By # 0, Dy = 0 and Dy # 0, then F(x) =0 has two distinct
real solutions (one simple z4 and one double z5). The singular
point (24,0) is a saddle if Ho(z4) > 0, a node if Hi(z4) > 0
and a focus if Hi(z4) < 0. The singular point (z5,0) is semi-
hyperbolic.

(e) If By # 0 and Dy > 0, then F(x) has three distinct simple real
solutions zg, 27, 2z3. The singular point (z;,0) for j = 6,7,8 is
either a saddle if Hy(z;) > 0, a node if H(z;) > 0, and a focus
’Lf Hl(Zj) < 0.

(f) If B4 # 0 and Do < 0, then it has a unique simple real solution
z9. The singular point (29,0) is a saddle if Hy(zg) > 0, a node
if Hi(z9) > 0, and a focus if Hy(z9) < 0.

Proof. Tt follows by direct calculations. Note that when B, = 0 equa-
tion F(z) = 0 becomes the quadratic equation Bzz? + Bz + By = 0.
If B3 = 0 then if B; = 0 it has no solutions and if B; # 0 then the
solution is the zy given in (15). It is a simple solution of F(z) = 0
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and so it is hyperbolic. Therefore, by the explanation before the state-
ment of Lemma 15 we have that it is a saddle if Hy(z9) > 0, a node if
Hi(z) > 0 and a focus if Hy(z9) < 0. This proves statement (a).

If By =0 and Bs # 0 then F(x) = 0 has the two solutions given
in (16). Proceeding as in statement (b) in the proof of Lemma 12 we
conclude that only when condition (IIT) holds with B — 4ByB3 < 0
both solutions collide or disappear, so never they are simple solutions,
but in this case the same arguments imply that either f; = 0, or fo =0
cannot be a limit cycle. On the other cases, z; and 2z, are hyperbolic.
Therefore, for j = 1,2, z; is asaddle if Hy(z;) > 0, anode if Hy(z;) > 0,
and a focus if H;(z;) < 0. This proves statement (b).

If By #0 and Dy = D; = 0, we have a unique triple solution z3 for
F(z) = 0. In this case the singular point (z3,0) is semi-hyperbolic and
by Theorem 2.19 in [2] it is either a saddle (if it has index —1), a node
(if it has index 1), or a saddle-node (if it has index 0). This proves
statement (c).

If By #20, Dy = 0 and D; # 0, we have a simple solution z; and
a double solution z; for F'(z) = 0. The singular point (z5,0) is semi-
hyperbolic and thus it is either a saddle, a node, or a saddle-node. The
singular point (zy4,0) is simple and it can be a saddle if Hy(z4) > 0, a
node if Hy(z4) > 0, and a focus if Hy(z4) < 0. This proves statement
().
The proof of statements (e) and (f) are similar to the previous ones.
U

5. PROOF OF THEOREMS 3 AND 4
In this section we prove Theorems 3 and 4 separately.

Proof of Theorem 3. In view of Corollary 14 the unique possible distri-
bution for the singular points is (£, 0) and (0, 0), being (£x, 0) centers
and (0,0) a saddle.

Assume first we are under the assumptions (III). By Lemma 13 each
circle fi = 0 and f; = 0 surrounds a center, and by Lemma 6 these
circles cannot be limit cycles.

Now assume we are on the assumptions (IT). All the three singular
points must be contained in the limited region of the circle fo = 0,
otherwise that circle would be inside the period annulus of a center,
and consequently it would not be a limit cycle (see Lemma 6). Since
f1 = 0 must be a limit cycle, the orbit around it must spiral, but this
is not possible due to the symmetry with respect to the y-axis (see
Lemma 5). O
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Proof of Theorem 4. Assume that f; = 0 and fo = 0 are limit cycles.
Then by Theorem 3 and the arguments in the introduction agaz # 0.
Since they are periodic orbits in view of Proposition 8 we must have
A0<0andA1<O.

If (IT) holds and B2+ B2+ B? = 0 then, by Lemma 15(a) there are no
singular points and thus f; = 0 and f, = 0 cannot be limit cycles. So,
if we are under the assumptions (II) we must have B3 + BZ + B? # 0.
On the other hand, if (III) holds with B, = 0, and either B3 = 0 or
Bz # 0 with B? — 4ByB3 < 0, then by Lemma 15(b), f; = 0 and
fo = 0 cannot be limit cycles. So in order that both fi =0 and fo =0
are limit cycles if (III) holds and By = 0 we must have B; # 0 and
B? —4ByBs > 0. This proves the “only if” part of Theorem 4.

Now assume that agaz # 0, Ag < 0, A; < 0 and either B3+ B2+ B3} #
0 if (IT) holds, or (III) holds and By = 0, B3 # 0 and B} — 4B Bs > 0.
In view of Proposition 8 we have that f; = 0 and f; = 0 are periodic
orbits. Moreover, since az # 0 by Lemma 15 all singular points are
either hyperbolic or semi-hyperbolic, and thus they must be either a
focus, or a node, or a saddle, or a saddle-node (see Lemma 2.19 in
[2]). In order to prove that f; = 0 and fo = 0 are limit cycles it only
remains to prove that they are isolated in the set of all periodic orbits
of the differential system. We proceed by contradiction. Assume that
they are non-isolated. Since the Poincaré map defined in a transversal
section in each of the two circles is analytic (the differential system is
polynomial and consequently analytical), it must be the identity. In
short, we have a continuum of periodic orbits surrounding a focus, a
node, a saddle or a saddle-node, but this is a contradiction because it
cannot exist the closest periodic orbit of this continuum either to the
focus, or to the node, or to the saddle, or to the saddle-node, because if
such closest periodic orbit 7 exist applying again the argument of the
analyticity of the Poincaré map defined in a transversal section to « it
follows that ~ is not the closest periodic orbit to the focus, to the node,
to the saddle or to the saddle-node, a contradiction. This completes
the “if” part of Theorem 4. O
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