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Abstract

We show that for periodic non-autonomous discrete dynamical systems, even when
a common fixed point for each of the autonomous associated dynamical systems is
repeller, this fixed point can became a local attractor for the whole system, giving rise

to a Parrondo’s dynamic type paradox.
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1 Introduction and main results

The study of periodic discrete dynamical systems is a classical topic that has attracted the
researcher’s interest in the last years, among other reasons, because they are good models
for describing the dynamics of biological systems under periodic fluctuations whether due
to external disturbances or effects of seasonality, see [4, 15, 16, 17, 25, 26, 27] and the
references therein.

These k-periodic systems can be written as
Tn+1 = fn+1($n)a (1)

with initial condition x, and a set of maps {f, }men such that f,, = f if m = ¢ (mod k).
For short, the set {f1,..., fr} will be called periodic set. We also will assume that all
fm :U CR™ — U being U an open set of R™.
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It is well-known that given a periodic discrete dynamical system (1), it can be studied
via the composition map frr—1,.1 = fro fx—10---o f1. For instance, if all maps f,, €
{f1, f2y.-., fr} share a common fixed point p, the nature of the steady state x = p can be
studied through the nature of the fixed point p of fi x—1,. 1. In the same way, the attractor
of a periodic discrete dynamical system (1) is the union of attractors of some composition
maps, see [17, Thms. 3 and 6].

A specially interesting case occurs when all the maps in the periodic set have a fixed
point which is a global asymptotically stable (GAS) and the periodic system has a global
asymptotically stable periodic orbit [1, 4, 6, 15]. In this setting, the simplest situation
corresponds to the case when all the autonomous maps share the same fixed point which
is GAS for all of them and it is also a GAS fixed point for composition map, see [31]. It is
known this is not a general phenomenon, see for instance Examples 5 or 6 of next section.

We will focus on studying the stability of fixed points of k-periodic systems which are
common fixed points of all the maps in the periodic set. We restrict ourselves to this setting
because it is the simplest type of “periodic orbit” that a periodic dynamical system can
have.

Notice that given two stable 2 x 2 matrices*, A; and Ag, it holds that | det(A4;)| < 1
and hence | det(A2A1)| = |det(Asz)det(A1)] < 1. As a consequence, the fixed point of any
composition map f 1 in R™ (linear or non-linear) resulting of the composition of £ maps
fj with a common hyperbolic fixed point, which is asymptotically stable for all them, must
be generically either asymptotically stable or a saddle, but it can never be repeller. A
similar result happens with maps with a common hyperbolic repeller: generically this point
is either repeller or a saddle for the composition map, but never a local asymptotically stable
(LAS) fixed point. Hence, in this paper, to show that this third possibility may happen
in both situations, we will need to deal with non-hyperbolic fixed points. We recall the
definitions of LAS, GAS, repeller and semi-AS fixed point in Section 2.

The so called Parrondo’s paradoxr is a paradox in game theory, that essentially says
that a combination of losing strategies becomes a winning strategy, see [18, 23]. We will
prove that in the non-hyperbolic case the periodicity can destroy the repeller character of
the common fized points, giving rise to attracting points for the complete non-autonomous
system, showing, in consequence, the existence of a kind of Parrondo’s dynamic type paradox
for periodic discrete dynamical systems. The phenomenon that we will show is in a simpler
setting than the one presented in [7], because there the authors combine periodically one-
dimensional maps fi and f5 to give rise to chaos or order.

We start studying the one-dimensional case. The tools for determining the stability of

*All their eigenvalues have modulus smaller than 1.



non-hyperbolic fixed points for one-dimensional analytical maps are well established, see
Section 3.1. As we will see, one the key points is the computation of the so called stability
constants for studying the stability of non-hyperbolic fixed points of one-dimensional non-
orientable analytic maps.

Using these tools, in the periodic case we prove the following result which implies that,
contrary to what we will show that happens in even dimensions, it is impossible to find two
one-dimensional maps sharing a fixed point which is repeller, and such that the composition
map has a LAS fixed point. However, it is possible to find a LAS fixed point when three or
more maps sharing a repeller fixed point are composed (that is for k-periodic systems with

k > 3) giving rise to the Parrondo’s dynamic paradox.
Theorem A. The following statements hold:

(a) Consider two analytic maps f; : U C R — U, i = 1,2 having a common fized point
p € U which is LAS (resp. repeller). Then, the point p is either LAS (resp. repeller)

or semi-AS for the composition map fo1 and both possibilities may happen.

(b) There are k > 3 polynomial maps f; : U4 CR — U, i =1,2,...,k sharing a common
fized point p € U which is LAS (resp. repeller) for all them and such that p is a
repeller (resp. a LAS) fized point for the composition map frr—1,. 1.

The situations stated in item (b) of the above theorem when k£ = 3, happen for instance
in Examples 1 and 2 of Section 2.

Next we consider the same problem for planar maps. Again we must pay attention
to the stable/repeller character for non-hyperbolic fixed points. We restrict ourselves to
maps with elliptic fixed points. These points are fixed points for which the eigenvalues
of the associated linear part lie in the unit circle, but excluding the values +1. For most
of them it is possible to get their Birkhoff normal form, which permits to compute the so
called Birkhoff constants and from them the Birkhoff stability constants. Using these last
constants it is possible to distinguish between LAS and repeller fixed points. We recall all
these concepts in Section 4.1.

The problem of the local stability of parabolic fixed points (eigenvalues £1) is much
more involved, see [3, 22, 28, 29] for instance, but we do not need to use them to get our
results.

Now we can state our main result for the planar case, that presents again a Parrondo’s
type paradox in the two-periodic setting. Some simple examples of maps fi1 and fo illus-

trating it are given in Examples 7 and 8 of the next section.



Theorem B. There exist polynomial maps fi and fo in R? sharing a common fized point
p which is a LAS (resp. a repeller) fized point for both of them, and such that p is repeller
(resp. LAS) for the composition map fa,.

Combining the maps that allow to prove item (b) of Theorem A and Theorem B we can

prove the following result that extends these theorems to arbitrary dimensions.

Theorem C. The following statements hold.

(a) For all n > 1 there exist k > 3 polynomial maps f; : U CR™ — R", fori € {1,...,k},
sharing a common fized point p which is LAS (resp. repeller) for each map, and such
that p is repeller (resp. LAS) for the composition map fip—1,.. 1. Furthermore, for
one-dimensional maps (n = 1), this result is optimal on k, that is, it is not possible to
find only two of such maps such that the corresponding composition map fo1 satisfies

the given properties.

(b) For all m = 2m > 2 there exist 2 polynomial maps f1, fo : U C R?*™ — R>™_ sharing a
common fized point p which is LAS (resp. repeller) for both maps, and such that p is
repeller (resp. LAS) for the composition map fa1.

Although the above theorem is stated for polynomial maps, using similar techniques, it
is easy to construct examples with the same properties but with less regularity, say of class
C™ for any m > 6 (resp. m > 4) in item (a) (resp. item (b)). As we will see, this restriction
comes from the use of normal forms and Taylor expansions involving terms until order five
(resp. order three) in the construction of our examples.

From its statement it is natural to wonder if item (a) of the theorem could be improved
for n > 3, odd, taking k£ > 2. We continue thinking on this question.

The paper is structured as follows. In Section 2 we collect all the explicit examples
used to prove Theorems A and B and other that help to contextualize the problem that
we consider. Section 3 is devoted to prove the results in the one-dimensional case. In
particular, in Subsection 3.1 we give the expression of the first stability constants and we

prove Theorem A. Section 4 is devoted to prove Theorems B and C.

2 Examples and some definitions

We start recalling some definitions, see [13, 14, 21].

Definition 1. A fized point p of a map f:U CR"™ — U is said to be:



(i) Locally asymptotically stable (LAS) if it is stable and it is locally attractive. That is,
if given € > 0, there exists 6 > 0 such that if ||zo—p|| < 0 then ||f"(x0) —p|| < € for all
n > 1 (estable), and there exists n > 0 such that if ||z —p|| < n then nh_>Hgo f™(zo) =p
(attractive). The point is globally asymptotically stable in U (GAS), if it is LAS and
nh_)rglo f"(xo) =p for all zy € U.

(ii) Repeller if there exists €9 > 0 such that for any 0 < € < g9 and for all xog # p such
that ||zo — p|| < €, there exists n = n(xg) € N such that || f™(zo) — p|| > €.

If f is a one-dimensional map, the fized point is called:

(i4i) Semi-asymptotically stablel (semi-AS) from the left (resp. right) if given € > 0, there
exists & such that if g € (p — 0,p) (resp. xo € (p,p +9)) then |f"(xo) — p| < € for
all m > 1, and there exists n > 0 such that if zo € (p — n,p) (resp. zo € (p,p+ 1))
then nh_{rolo f™(zo) = p, and there exists n > 0 such that if xy € (p,p +n) (resp.
xo € (p —n,p)) then there exists n € N such that |f™(xz¢) — p| > n.

We remark that for invertible maps, instead of definition (i7) it is simpler to say that a
fixed point p is a repeller for f if p is an attractor for f~1.
Next we collect several examples that illustrate the main results of this paper. We start

with a one-dimensional example that gives the clue for proving item (b) of Theorem A.

Example 1. Consider the maps:

fi(z) = —z + 32% — 9% + 1642°,
fo(x) = —x + 5a? — 252° 4+ 125927,
fa(x) = —x + 227 — 4o + 3325.

These maps have been chosen using the expressions of the stability constants given in
Proposition 5 of next section, in such a way that they satisfy V3(f;) = 0 and V5(f;) < 0 for
i € {1,2,3}. Then, they have a LAS fixed point at the origin (see Theorem 4). Moreover,
f32.1(x) = —x + 90z* — 482° + O(6). Computing the stability constants for this map we
obtain that V3(f32,1) = 0 and V5(f32,1) = 96 > 0. Hence, using again Theorem 4, we get
that the origin is a repeller fixed point of f32 1. In the proof of item (b) of Theorem A we

will explain their whole process of construction.

Clearly, taking the local inverses of these maps at the origin until order five we will have
an example of the other situation stated in item (b) of Theorem A, which precisely is the

one that gives rise to the Parrondo’s dynamic paradox. We present it in the next example.

tAlso named saddle-node or shunt.



Example 2. Consider the maps

g1(x) = T5(f5 H(x)) = —2 + 22% — 42° 4 312°,
g2(x) = Ts(fy () = —x + 5x? — 2523 4+ 12412°,
g3(x) = Ts(f; () = —x + 32 — 92 + 16025,

where the f; are the maps given in Example 1 and 75 means the Taylor polynomial of
degree 5 at the origin. These maps have a local repeller at the origin but the composition
map g32.1(r) = —z + 90z 4 4825 + O(6) has an attractor at the origin, because its Taylor
polynomial of degree 5 coincide with the one of the inverse of f32 1. In fact the origin is

LAS.

Remark 2. 1t is interesting to observe that the order in the periodic set is very important.
For instance, in Example 2, we have seen that the origin of the composition map g321
is LAS. Nevertheless, by using the stability constants, it can be seen that the origin of
g12,3(z) = —x + 9021 — 722° + O(6) is repeller.

Next example shows that even when two maps have a common GAS fixed point, the

corresponding composition map does not need to have a LAS fixed point.

Example 3. Consider the maps

—x+22 <1, —x + 222 x<1/2,
) = - and x) = -
fite) {0 r>1, ) {0 r>1/2.

It is easy to check that the origin is a GAS fixed point for both of them. Their corresponding

composition map is

0 r < 15V3,
fo1(z) = fao fi(x) = o+ 22— 42+ 224 [ ]
0 z>1

It is not difficult to see that the origin is a fixed point, semi-AS from the left for the
composition map (see the Theorem 3 in next section). Moreover this map also has another
fixed point at z = 1 —+/2/2. Hence the origin is neither a global attractor of f2,1 nor stable.
Gluing the three pieces of this example with some suitable bump functions, it is possible to

obtain differentiable or C*° examples with the same features.

To end with the one-dimensional examples, and although it is out of the periodic systems

framework, we consider non-periodic, non-autonomous system

Tnt+1 = fn+l($n)7 (2)



with a non-hyperbolic fixed point p. We will show that it is possible to find maps f,, sharing
this common fixed point p, which is a GAS for each of them, and such that the system has

an unbounded solution.

Example 4. We will construct a family of functions { fy, }n>0 such that the origin is GAS
for each f,, but the unbounded sequence y,, = (—1)"(n + 1) for n > 0 is a solution of (2).

Consider the following auxiliary map g,(z) = a (exp(—z/a) — 1). Let ag be the solution
of the equation g,(1) = —2. That is,

2
_ ~ —0.7959,
T oW (= exp(—1/2)/2) + 1

where W_;(z) is the secondary branch of the Lambert W-function, [12, 24].

Now we take fy := gq,. The map fo has a GAS fixed point at the origint which is
non-hyperbolic, since f{(0) = —1, and it satisfies fo(1) = —2.

In order to construct the maps f,, for n > 1, we consider the following linear conjugations

hn(x) := (_;)n (2n+3)z +n).

These maps are chosen in such a way that h,(—2) = (—=1)""}(n+2) = y,41 and b, ' (y,) = 1.
Now, we define
fn(@) :=hpo fooh,(z), n>1.

Obviously each map has a GAS point at the origin, because they are conjugate to fp.
Finally, observe that for all n € N,

fn(yn) = hpo fO © hgl(yn) = hpo fO(l) = hn(fz) = Yn+1-
Hence the unbounded sequence {y, }nen is a solution of (2) with initial condition z¢ = 1.

We continue this section with some simple linear two-dimensional examples.

Example 5. This first example shows two linear maps such that for each of them the
origin which is GAS (in fact a super-attracting point), but the origin is a saddle point
of the composition map f2 1. Hence the origin is an unstable steady state of the periodic

system, but not repeller. Set x = (z,y) and f;(x) = 4; - x!, where

0 10
A1: and AQI 2 .
0 2 0

Since fo(—00,0) C (0,400) and fo(0,4+00) C (—00,0) it is enough to check that if x > 0, then for
k > 1 we have fgk([O,x]) C [0,ax), where limg— 400 ar = 0F; and if x < 0, then for £ > 1 we have
2110, 2]) C [0, bg), where limy_, 40 by, = 0.

Nl= DN




Observe that Spec (A1) = Spec(Asz) = {0,1/2}, so the origin is GAS for the dynamical
systems associated to f; and fs. The corresponding composition map associated to the

2-periodic system is fo1(x) = Ag - x' where

0 1
A=Ay - A1 = .
2,1 2+ A1 (04)

Since Spec (A21) = {0, 4}, the origin is a saddle point for fo .

Example 6. In [5] the authors consider the maps f;(x) = A; - x', i = 1,2 where

11 1 0
Al =« and Ay =« ,
01 11

with |a| < 1. Both maps have the origin as a GAS point because Spec (A1) = Spec (4z2) =

{a}. Then the composition map is fo1(x) = Az - x* with

1 1
Az,l =a? )
1 2

and it is such that Spec (A21) = {(3 = Vv/5) a?/2}. Hence the origin is either GAS if |a| <
(v/5 —1)/2 =~ 0.618, or a saddle point if (v/5 —1)/2 < |a| < 1. Again the stability can be

lost but again no repeller fixed points appear.

Another nice linear example is given in [20, p. 8]. There the author shows two linear
maps, both with a stable focus at the origin, and such that the corresponding composition
map has again a saddle at the origin.

We end this section with two planar examples that show that taking a periodic set with
only two elements with non-hyperbolic fixed points, the stabilities of the common fixed
point can be reversed for the corresponding composition maps. In fact they allow to prove

Theorem B. Their constructions are detailed in Section 4.2.

Example 7. Consider the maps

fi(z,y) = (—y + 22° + 6ay,x — 32° + 22y + 3y?),

T \/§ \/§ 1
By =5 - 5y—z@®+y?), Tr+ sy —y @@ +9°) | .
2 2 2 2
As we will see in the proof of Theorem B in Section 4, the origin is a LAS fixed point
for both maps f1 and f2, because their Birkhoff stability constants are Vi(f1) = Vi(f2) =
—1/2 < 0. However the origin is a repeller fixed point for the composition map f2 1 because

Vi(fa1) = (3v/3 —5)/2 ~ 0.098 > 0.



Fach map f; is locally invertible in a neighborhood of the origin. Hence, as we did for
passing from Example 1 to Example 2, by taking their local inverses fi_l, we have maps with
a repeller fixed point at the origin such that their composition map has a LAS fixed point
at the origin, giving an example of the remaining case considered in Theorem B. Anyway,

we also include an explicit independent example.

Example 8. The origin is a repeller fixed point for both maps

1 5 4
filz,y) = (—y + §x2 —8zy + —y? o+ 4a? — 37— 4y2> :

3
r V3 V3 1
faolz,y) = | 5 — Sy +a(@® + ), Sox+ Sy +y@@® +y°) |,
2 2 2 2
because their corresponding Birkhoff stability constants are Vi(f1) = Vi(f2) = 1/2 > 0.

Now the origin is a LAS fixed point for fa 1, because Vi(f21) = 3 — 2v/3 ~ —0.464 < 0.

3 One-dimensional maps

3.1 Stability of fixed points

In this section we consider one-dimensional analytic maps with a fixed point that, without
loss of generality, we take as the origin and we denote by U a neighborhood of this point.
As we have already mentioned, it is clear that, from the view point of the stability problem
for composition, the more interesting maps are the ones having non-hyperbolic fixed points.
A summary of several results concerning this situation can also be found in [13]. Next we
recall some of them and also develop some new results for the orientation reversing case.
This first result is well-known and characterizes the local dynamics at a non-hyperbolic
non-oscillatory fixed points one-dimensional maps f (i.e. f/(0) = 1, that is, when f is locally

orientation preserving):

Theorem 3 ([13]). Let f be a C™ Y (U) function such that f(0) =0, f/(0) =1 and
f(z) =24 anz™ + O(m+ 1), with ay, #0, m > 2.

Then:

(a) If m is even then the origin is semi-AS from the left if a,, > 0 and from the right if
am < 0.

(b) If m is odd then the origin is repeller if am, > 0 and LAS if an, < 0.



The complete study of the local dynamics at a non-hyperbolic oscillatory fixed point
(i.e. when f(0) = 0 and f/(0) = —1, that is when f is locally orientation reversing), is more
involved. In [13, Thm 5.1] a result is given in terms of the derivatives of the orientation
preserving map f? = f o f, by using Theorem 3. However in [13, Thm 5.4], to avoid using
these derivatives the authors present a slightly more explicit expressions obtained using the
Faa di Bruno Formula ([19]). The expressions in [13, Thm 5.1] are closely related with what
we call stability constants, that we introduce below.

Given a C*¥(U) function of the form

Jj=2

one obtains

fA(z):=fof(x)=x+ ZW]'(CLQ, o ag)T
Jjz3
If f is not an involution (i.e. f2 # Id), we define the stability constant of order £ > 3,

as Vp, where
Vg := Wa(ag,a3) and Vy:=Wy(ag,...,ap) if W; =0,5=3,...,0—1.

Next result shows that the first non-zero stability constant is for £ odd and gives the

stability of the fixed point.

Theorem 4. Let f be an analytic map in U C R such that f(0) =0, f/(0) = —1. If f is
not an involution, then there exists m > 1 such that V3 =V, = Vs =--- = Va,, =0 and
Vom+1 # 0. Moreover, if Vopp1 <0 (resp. Voms1 > 0), the origin is LAS (resp. repeller).

Proof. We start proving that the first non-zero stability constant has odd order. Suppose,
to arrive to a contradiction, that f2(z) — x = Vap,2?™ + O(2m + 1) with Vs, # 0. Assume,
for instance that V5, > 0. Then we can consider a neighborhood of the origin U C U such
that for all z € i \ {0}, f is strictly monotonically decreasing and f2(z) — z > 0.

Let zg € U \ {0} and consider its orbit z, = f"(xp). We take 20 small enough with
x1, 29,03 € U\ {0}. We have that x5 — 29 = f2(x9) — 2o > 0. Since f is decreasing,
f(z2) < f(z0), that is, f2(z1) < 21, a contradiction.

Now, the theorem is a direct corollary of statement (b) of Theorem 3. ]

Finally, we give an expression of some stability constants. It is clear that the regularity
of the function can be weakened in their computation, because the only needed tools are

the Taylor expansions at the origin.

10



Proposition 5. Let f be a C*2(U) function such that f(0) =0, f'(0) = —1. Then the first

stability constants are
az —GB)
Vs =2 2a5* — 3asay — a5)

=2(-

(

( 13a5% + 18as3ay — dagas — 2a4° — a7)

(145a2 — 221a2 aq + 35a2 ag + 50a2 a4 — basag — bagay — ag)
2(-

Vi1 =2 (—2328a5'° + 3879as"ay — 561as’ag — 1263as as’ + 6las>as + 171asasa6+

55(12(14 — 60,2(110 — 6(14(18 — 3a6 — (111) 5

Proof. The constants have been obtained by computing the first coefficient of the Taylor ex-
pansion of f2. It is easy to check that any constant Va,,,1 contains the monomial —2ag, ;1.
Hence, once Vo, 41 is obtained, the constant V5,13 is computed by solving Vo, 11 = 0 with

respect the coefficient asy,+1 and plugging this value in the expression of Way,43. [ |

We stress that more constants can be easily obtained with very few computing time.

3.2 Proof of Theorem A
Observe that the statement (a) of Theorem A is a consequence of the following result.

Theorem 6. Consider two analytic maps f; : U C R — U, i = 1,2 having a common
non-hyperbolic fized point p € U which is LAS (resp. repeller) for both of them. Then p
is either LAS (resp. repeller) or semi-AS for the composition map faq = fao fi. More

precisely,
(a) If one of the maps f; preserves orientation, then p is LAS (resp. repeller) for fa1.

(b) If both f1 and fo reverse orientation, then p can be either a LAS (resp. repeller) or a
semi-AS fized point for fo.

To prove it, we introduce the differentiable normal form of an analytic map f with a
non-hyperbolic fixed point at 0, which is given by the next result in [8] (see also [2, 9]). A

similar result for C> maps can be found in [30, Thm 2J:

Theorem 7 (K. Chen, [8]). Let f be an analytic diffeomorphism on R. If f is orientation
preserving (resp. reversing), and it is not an involution, then given any positive integer ¢

-1

there exists a Ct local diffeomorphism ¢ on R such that g = ¢~ o f o ¢ is in one of the

normal forms:

(a) g(x) = Az, with |\| #1 and A > 0 (resp. A <0),

11



_ m+1 2m+1 _ m+1 2m+1
= . - )
(b) g(x) =z + (£x) +cx (resp. g(x) xtx +cx )
where ¢ € R, and m is a positive (resp. positive even) integer.

Next result classifies the stability of each of these normal forms. The proof follows from

a straightforward application of Theorems 3 and 4.
Lemma 8. The following statements hold.

(a) The map f(x) =z + 2™ + ca? 1 with 0 < m € N and ¢ € R, has a semi-AS from
the left fixed point at the origin if m is odd, and a repeller fixed point if m is even.

(b) The map f(z) = x — ™! +ca?™ L with 0 <m € N and c € R, has a semi-AS from

the right fized point at the origin if m is odd, and a LAS fized point if m is even.

(c) The map f(r) = —x + 2> + ca® ™! with 0 < r € N and ¢ € R, has a LAS fived

point at the origin.

(d) The map f(z) = —x — 2?1 + cx® 1 with 0 < r € N and ¢ € R, has a repeller fized

point at the origin.
To prove Theorem 6, we also need the following result.

Lemma 9. Let f be an analytic map in U which is not an involution, given by f(x) =
—x+zj22 ajxd. Assume that azj = 0 and Vajp1 =0 for allj = 1,2,...,m. Then azjt+1 =0

forallj=1,2,...,m.

Proof. We prove the lemma by induction on m. If m = 1 then as = V5 = 0. By Proposition 5,
since V3 = —2(a3 + a3) = —2a3 = 0 we get a3z = 0.

Now assume that the result is true for all j < m—1 and assume that as; = 0 and Vo411 =
0 for all j = 1,2,...,m. In particular as; = 0 and Va;41 = 0 for all j = 1,2,...,m — 1.
Applying the induction hypothesis we get ag;y1 = 0 for all j = 1,2,...,m — 1. Then,
f(x) = -2 + agmyr 2™ + O(2m + 2) which implies that Va1 = —2a2m,41, because

f2(z) = 2 — 2agm1 22" + O(2m + 2). Since Vo4 is zero, also gy, 11 must be zero. |

Proof of Theorem 6. We will consider only the situation where f; and fy have a LAS fixed
point; the other case follows similarly.

(a) Let f1 and fo be the two maps, and assume that the second one preserves orientation.
Without loss of generality, we can take the first one in one of its normal forms given in
Lemma 8, fi(z) = 4z F 22" + c2¥ 1 and the second one, by Theorem 3, as fa(z) =
x4+ az? ! + O(2n + 2) with a < 0. Then,

for(x) = £ F 27 fea®™ 4 aa® T (£1 F 2% + 2™ L O(min(2r + 2,20 + 2))
= dx F 27 £ a2® ! + O(min(2r + 2,2n + 2)).
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When f also preserves orientation, fo1(z) = z—2?" 1 4+a 2?"™1 4+ O(min(2r+2, 2n+2)).
Then, if  # n, from Theorem 3 the origin is LAS for the composition map. If » = n then
fo1(x) =2+ (a—1) 2?1 4 O(2n + 2) and since a — 1 < 0, applying again Theorem 3 the
result follows.

When f) reverses orientation, fa1(r) = —z + 2%+ — a 2?1 + O(min(2r + 2,2n + 2)).
In this case

fg}l(x) =z — 222" 4 262%™ + O(min(2r + 2,2n + 2)).

Applying the same tools that in the previous situation, but to f2271, the result also follows.

(b) In this case, without loss of generality, we consider f; written in normal form fi(x) =
—x 4+ 22 4 cxfH We also consider fa(z) = —z + > 5o axz® such that either V3 < 0
or Voj41 =0forj=1,2,...,m—1for m > 2, and Vo;,41 < 0. Now we split the proof in

three subcases:

(i) Assume first that V3 = —2(a2 + a3) < 0. Then fa(z) = — + a22? + azz® + O(4),
with a3 + a3 > 0 and

for(x) = o — 2% —cat™ gy a? (1- L c:v4r)2 —azz® (1- R cm4r)3 +0(4)

=z +agr? —aza® — 2T L O(4).

By Theorem 3, when as # 0 the origin is semi-AS. If ao = 0, then a3 > 0 and the origin is
LAS for all » > 1.

(7i) In this second case we suppose that V3 = 0 and that there exists 1 < j7 < m —1 such
that ag; = 0fori=1,2,...,j—1and ag; # 0. Since Vo;11 =0 fori =1,2,...,j—1 applying
Lemma 9 we have that ag;+1 = 0fori =1,2,...,5—1. Hence fo(x) = —x+ag; 2% +0(2j+1),

and

for(z) =z — ¥ — ¥t 4 ag; ¥ (1 -2 — cz47)2j + O(min(2r 4+ 2,25 4+ 1))

=2 — 2% + agj 2% + O(min(2r + 2,25 + 1)).

Hence, by Theorem 3, if j < r then the origin is a semi-AS fixed point and if j > r then it
is a LAS fixed point.

(#4¢) Finally assume that V3 = 0 and that ag; = 0 fori=1,2,...,m—1. Since V5,41 =0,
for 7 = 1,2,...,m — 1, and Vo1 < 0, from Lemma 9 we get that ag;11 = 0 for i =

1,2,...,m—1. Moreover m > 2. Consequently fo(x) = —z-+ag, 22" +agm 1 2> 1H0(2m+
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2). Then, fZQ(x) =2 — 2agm1 22"+ O(2m + 2), and therefore 0 > Va1 = —2agm+1-

Moreover,

forl(z) =2 — 22T — ca®H 4 gy, 22 (1- 22 _ C$4r)2m _
agmi1 22" (1 — 2 — cx4r)2m+1 + O(min(2r + 2,2m + 2))

=z — 22 4 agy, 2™ — agmer 22 + O( min(2r + 2,2m + 2))

Assume first that ag,, # 0. Then, again by Theorem 3, when 2r + 1 > 2m then the
origin is semi-AS and when 2r + 1 < 2m the origin is LAS.
Finally, suppose that as, = 0. Applying once more Theorem 3 we obtain that in all

cases the origin is LAS because agm,4+1 > 0. [ |

Proof of Theorem A. Statement (a) is a direct consequence of Theorem 6.

(b) Observe that the maps of Examples 1 and 2 prove the statement for & = 3. Indeed,
for instance, remember that the maps of Example 1 have been chosen in such a way that
the stability constats satisfy V3(fi) = 0 and V5(f;) < 0 for i € {1,2,3}, so that they
have a LAS fixed point at the origin. The stability of the origin for these maps can also

be straightforwardly obtained from the first terms of the Taylor series at the origin of
2

we have V3(f32,1) = 0 and V5(f32,1) = 96 > 0, and therefore the origin is a repeller fixed
point of f32 1. Since f32,2,1(a:) =z + 962° + O(7), the result also follows from Theorem 3.

i =1,2. A computation gives f321(x) = —x+90x* —482° +O(6), so from Proposition 5

Next we show how to construct the maps of Example 1. We start with some maps
fl(:v) = -+ CLQ,Z'J?Q + a37il'3 + (1477;£E4 + a5,ix5, 1€ {1, 2, 3}

To get that V3(f;) = 0 and V5(f;) < 0, first we take az; = —a%’i, and then impose that
Vs(fi) =2 (2(1‘22 —3aga4; — a5’i> = —2A2, obtaining a5, = 2a§’i — 3ag a4, + A2
At this point we notice that

f321(x) = =z + (a21 + az3 — a3 5)2” — (a2 + az3 — a3,)°z® + O(4),

hence V3(f32,1) = 0. In order to reduce parameters and simplify the expressions we take
as) = a%72—a273, obtaining f321(z) = —x+(3a%72a273—3a272a§73+a471 —a4,2—|—a473)x4+0(5).
Again, to reduce parameters we take ag3 =2 and a4;1 = as2 = as3 = 0. With this choice
we get that

Vs(faz1) = —2 (AT + A5 + A3 — 4a3 5 + 24a3 5 — 32a22) .

Taking A1 = /2, Ay = 3 and A3 = 1, we obtain that
Vs(fsz2,1) = =2 (—4a3 5 + 24a3 5 — 32a2 + 12) = 8(az2 — 1)(a3 5 — baz 2 + 3),
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and therefore Vs(f32,1) > 0 if and only if ass € ((5—v/13)/2,1) or azs > (5+ V/13)/2 ~
4.303. Taking a2 = 5, we obtain the maps of Example 1.

Now we consider the case k > 3. We take the maps fi, fo and f3 given in Example 1,
and for all j € {4,...,k} we consider the maps f;(z) = x — 7, so that all them have a LAS
fixed point at the origin (by Theorem 3). Then fi_ 4(z) =2 — (k — 3)z” + O(13).

Observe that if we take any map of the form g(z) = —x + Z?:Q a;z? + O(6) we obtain
fr, a0g9(x)=—z+ Z?ZQ a;z? + O(6). Thus fr, 1(z) = fr, .40 f321(z) = —z + 902 —
48z° + O(6). Therefore V3(fi..1) =0 and Vs(fx, 1) = 96 > 0, and the origin is repeller for
Jhpo1-

Similarly, consider the maps g1, g2 and g3 given in Example 2 and g;(z) = x + 27 for all
Jj €{4,...,k}. By construction, each map g; has a repeller fixed point at the origin. Now
gk, 1(x) = —z + 902" + 482° + O(6), and a computation shows that V3(gr._1) = 0 and
V5(gk,...1) = —96 < 0. Hence the origin is LAS for gy 1. ]

4 Proof of Theorems B and C

We start recalling the tools that we will use to know the stability of the elliptic fixed point.

4.1 Birkhoff normal form and stability

We remark that in this article we are not interested only on the stability of the elliptic
fixed points, that is one of the issues that people usually refers in the context of studying
maps with elliptic points, via Moser twist theorem and KAM theory. Here we want to know
whether these fixed points are LAS or repeller. This information is given by the so called
Birkhoff constants that we recall next.

Given an elliptic fixed point with eigenvalues A, A = 1/, that are not roots of unity of
order ¢ for 0 < £ < 2m + 1, we will say that p is a non (2m + 1)-resonant elliptic point.
Near a non (2m + 1)-resonant elliptic fixed point, a C>™*2-map f is locally conjugated to

its Birkhoff normal form plus some remainder terms, see [2]. This normal form is

fB(z,2) = Az(l + ZBj(zZ)j> +0(2m +2),
j=1

where z = x + y7 and B; are complex numbers. The first non-vanishing number B; is
called the jth Birkhoff constant. Then, V; = Re(B;) will be called the jth Birkhoff stability
constant. Both constants provide very useful dynamical information in a neighborhood of

the elliptic point. In this sense, a well-known result is the following:
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Lemma 10 ([11]). For m € N, consider a C*™*2-map f with an elliptic fived point p € U,
non (2m + 1)-resonant. Let By, be its first non-vanishing Birkhoff constant. If V,, =
Re(Bp) < 0 (resp. Vi, = Re(By,) > 0), then the point p is LAS (resp. repeller).

The computation of the Birkhoff normal forms and the corresponding Birkhoff constants
is a subject on which there is abundant literature, the reader is referred for instance to [2].
Next we give the expression of the first Birkhoff constant of a map with a non 3-resonant

fixed point at the origin. Set

3
9(z,2) = Az + Z am,;2"7 + 0(4),

m+4j=2
where z € C, A € C, |A\| = 1. Then the first Birkhoff constant is

P(g)
NA-1DN+A+1)

By = Bi(g) = (3)

where
P(g) = (la11|* + a21) A* — a11 (2a20 — @11) A* + (2]age|* — arrazo + |ai1[*) A?
— (a11a20 + a21) A + ar1ag,

see for instance [10, Sec. 4].

Lemma 10 allows us to utilize the Birkhoff stability constants in an analogous way as
we used the stability constants for one-dimensional map. Therefore we follow a similar
idea than the used to construct the maps in the proof of Theorem A, in order to prove
Theorem B: we will construct two maps f; and fy such that Vi(f;) < 0 (resp. positive) and
Vi(f2,1) > 0 (resp. negative).

4.2 Proof of Theorem B

Consider the maps f; and f> of Example 7. To compute their Birkhoff constants, first we

write them in complex notation obtaining that

1
g1(2,2) =iz + (1 —3i)22 + 2% and ¢o(2,2) = (2 + ?z) z — 2°Z, (4)

are their respective equivalent complex expressions. Conversely, the real expressions of each

gj(x,y) are obtained taking

fi(x,y) = (Re (gj(x +yi,z — yi)) , Im (g;(x + yi,x —yi))), J=1,2. (5)
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Next, we apply the formula (3) to the maps g;(z, z), j = 1,2. We get that their first Birkhoff

111 1 V3.
Bl(gl):—i—?z and Bl(gg):—§—|—7z.

So their Birkhoff stability constants are Vi(g1) = Vi(g2) = —1/2 < 0. By Lemma 10, the

constants are

origin is a LAS fixed point for both maps g1 and go. Since for each j = 1,2, fj(x,y) and
9j(#, Z) are different expressions of the same map, the origin is LAS for both maps f; and

fo.

The composition map

o1(2,7) = gr0g1(2,5) = i (; + @) z+%(173i)(1+\/§i)22+%(1+\/§i)227iz22+0(4),

has an associated Birkhoff constant

3v3-5  .3V3-13
5 Tl

Bi(g2,1) = ~ 0.098 — 3.9021,

and therefore V1(g2,1) > 0. So again by Lemma 10 the origin is a repeller fixed point for
92,1(2, 2), hence also for the composition map fa 1, as we wanted to prove.

Next we will explain how we have found the Example 7, used in the above proof. We
start with

3
g1(z,2) = az+ Z amvjzmzj and  go(z,2) = Bz + 02’1222.
mej=2

The last map has been chosen so that it only contains the cubic resonant terms that appear
in the formula (3). We take o = i and 8 = (1 + v/34)/2, so that the origin is non a 3-
resonant elliptic fixed point for both maps. We compute the Birkhoff constant, using the

formula (3), obtaining

1—1 .

Bi(g1) = 5 (*2\a0,2|2 + 2a11a20 +as1 + (a1,1a2,0 - !a1,1|2 - a2,1) Z) )
1—iv3

Bi(g2) = —5 21

and
1 3 1
Bi(g2,1) = — §|a1,1 2 —ago* + 5011020 + 5C21
V3 V3 V3 .
+ <7a1,1az,o + 7\@1,1|2 5l lag2* — ar1a2,0 — a1 |* — a2,1)7~

In order to reduce the parameters we set asg = t + si, a;1 = 1, aga = 0, as; = 0,

c2,1 = u where s,t,u € R. We get:

(1 ~V3 z) u, (6)

|

Bi(gr) = %(Bt—k s— 14 (—t+3s—1)i), Bulg)=
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and

To simplify more the above expressions, we consider s = —3t and u = —1, obtaining
that Vi(g1) = Vi(g2) = —1/2, and

Vi(ge1) = -1+ g(\/g— 1)t.

This last constant is positive for all ¢ > 2/(3(v/3 — 1)) ~ 0.911, so taking ¢t = 1 we get the
maps (4). Applying the formula (5) we obtain the expression of the maps of Example 7.

We have already commented before Example 8 that from the above example, simply
taking the inverse maps we could construct two planar maps having a common repeller fixed
point such that the corresponding composition map has a LAS fixed point. Nevertheless,
next we construct a simple explicit example, namely, Example 8. In this case, to reduce
parameters in the expressions (6) and (7), we take s = 2 — 3¢t and v = 1, obtaining that
Vi(g1) = Vi(g2) = 1/2, and

Vilgs) =2 VB4 S(VE- 1)t

This constant is negative for all ¢ < % (\/g — 2) (1 + \/5) ~ —0.244. Setting t = —2/3, and
applying the formula (5) we get the maps of this last example.

4.3 Proof of Theorem C

(a) Consider the k > 3 functions {fi, fa, ..., fr} used for proving item (b) of Theorem A,
that is f1, f2 and f3 given in Example 1, and f;(z) =z —a7 for j =4,...,k. For any n € N,
define the maps

Fj(LUl,IQ,...,IL'n) = (f](xl)af](x2)77fj(xn))7 ]: 1727"'7k'

which are from R” into itself. Because the components of the above maps are uncoupled,
from Theorem A we obtain that the origin is a LAS fixed point for each F}, but a repeller
fixed point for Fj 1,

Analogously, we take the maps g;,j = 1,...,k, given at the end of the proof of Theo-
rem A, and define G (z1,22,...,2n) = (g;(x1), g;(x2), ..., gj(zn)), for j =1,2,... k. For
these maps, the origin is a repeller fixed point for each G; but it is LAS fixed point for
Gr,.1-

(b) For any m € N we define the two maps from R>™ into itself,
Fj(z1, w2, ... wom) = (fj(z1,22), fi(23,24), ..., fj(Tam—1,22m)), J=1,2,
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where the f; are the ones appearing either in Example 7 or in Example 8. Then the result
follows taking the periodic set {F1, F»} and noticing that the dynamics of each consecutive

pair of components of any map F} is uncoupled.
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