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THE SYMMETRIC PERIODIC ORBITS FOR THE
CLASSICAL HELIUM ATOM

JAUME LLIBRE! AND DURVAL J. TONON?

ABSTRACT. We analyse the existence of periodic symmetric orbits of
the classical helium atom. The results obtained shows that there exists
six families of periodic orbits that can be prolonged from a continuum
of periodic symmetric orbits. The main technique applied in this study
is the continuation method of Poincaré.

1. INTRODUCTION

The estimate of the ground-state of the energy of the helium atom was a
cornerstone in the evolution of quantum mechanics. In 1980’s and 1990’s,
(see [5] and [12]) it was presented some shortcomings of the old quantum
theory, and one of the highlight points was: understand the behavior of the
periodic trajectories when the classical dynamics is non-integrable or even
chaotic.

In this context we study in this paper the existence of periodic trajectories
of the system that governs the dynamics of the collinear helium atom and
investigate when this periodic orbits can be prolonged, depending on a small
parameter.

Many distinct techniques can be applied for studying the existence of
periodic orbits, for example, numerical analysis, averaging theory, Melnikov
functions, normal forms, variational methods, among others. However one
of the first analytical studies of the existence of periodic orbits was done by
Poincaré in [8].

The continuation method of Poincaré, originally presented in [8], con-
sists in given a periodic solution for the system with a parameter equal to
zero, providing conditions for extending this solution to small values of the
parameter. For more details about this method see [3], for example.

In this paper we apply his method to study the symmetric periodic orbits
of the collinear helium atom, that consists of two electrons of mass m,
and charge —e moving on a straight line with respect to a fized positively
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charged nucleus of charge +2e. The Hamiltonian modelizing the collinear
helium system can be brought to the non-dimensionalized form

L o, .o 2 2 1%

H1_§(T1+T2)_E_E+T1+T2’
here 71 = p1,792 = po and p > 0. For more details on the collinear charged
helium atom see for instance [4], [10] and [11]. In the expression of the
Hamiltonian presented in these papers appears a letter Z, that represents a
charge of the nucleus of the helium atom. In the present paper we rescale
the coordinates in such a way that the Hamiltonian of [4] becomes the one
presented in Hj.

In the previous paper [6] we apply the same approach to study the sym-
metric periodic orbits for the charged collinear 3-body problem, which con-
sists of three different masses each one with different charge, and we do
not have any of the three masses fixed, as the collinear helium system has.
This is a strong difference between these two systems. This difference orig-
inates completely different Hamiltonians models. In fact the Hamiltonian
that models the collinear charged 3-body problem is of the form

Hy = %(uﬂ"% + pory + pgrire) — % - % - 7"16—:—37"2
where the p;’s are related with the masses of the three bodies and the
ej;’s with their masses and charges. Moreover we note that the terms

1
in the Hamiltonian Hs different from the term §,u37'“17"2 cannot be non-

dimensionalized as in the Hamiltonian H; because the masses mq and ms,
as their charges are not equal as in H;. In this way the results about the ex-
istence and continuation of periodic orbits obtained in the paper [6] cannot
be applied to the collinear helium system.

We organize this paper as follows: in Section 2 the equations that model
the dynamics of the classical helium atom are described, in Section 3 we
present the main results, and in Section 4 we study the symmetries of the
periodic solutions of this system. Considering the parameter p = 0, the
symmetric periodic orbits are studied in Section 5, and in Section 6 we
apply the continuation method of Poincaré to extend the periodic solution
obtained in the previous section for ;4 = 0 to small and positive values of
the parameter p. A brief conclusion and some comments comparing the
periodic orbits of the uncharged, charged symmetric three-body problem
with the ones of the classical helium atom are presented in Section 7.

2. DIFFERENTIAL EQUATIONS THAT GOVERNS THE CLASSICAL MOTION OF
THE HELIUM ATOM

In the literature there are few rigorous results about the general three-
body Coulomb problem and the main reason for this is that the equation that
governs the motion are multi-dimensional, non-integrable and singular. In
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order to obtain a model of the equations that govern the motion an essential
ingredient for the classical analysis of the three-body Coulomb problem is
the regularization of its equations of motion, see [10] and [11].

We assume that the particles are in position x1,z2, 23 € R, respectively,
such that 0 < x1 < 29 < x3 and we consider the change of coordinates given
by z1 = x9 — x1 and zo = x3 — x9, that denotes the distance between xo
and x1 and x3 and x5. Let L =T — U, be the Lagrangian associated to this
system, where 7T, U denotes the kinetic and potential energy, respectively.
We introduce the variables

oL J oL
= — an = —.

Pr= s TP T B

Then the Hamiltonian that governs the classical helium atom is given by
2 2

b1 | P 2 2 K
1 =242 _ = _ = )
( ) 2 + 2 21 29 + 21+ 292

Associated to the Hamiltonian (1) we have the system

dzl
dt
dZ2 .
E = P2,

At (2 + 2)? 22’
dpa & 2

at (1t m)? 2

= D1,

Applying the Levi-Civita transformation, see [7], given by

0 =€} =€ p = 2% pa = g and dt = 4¢]¢3ds,

the trajectories of the classical helium atom (2) in the new coordinates are
the solution of the system

d
% = 7715%7
d
% - 7725%7
(3) dny & (- 8uéi
no_ S _ O 46
s a\" @ray )

@ _ ﬁ 2 8#53 16
ds &2 (772 " (2 +¢2) 7
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on the energy level H = h for some constant h. System (3) is a Hamiltonian
system with a Hamiltonian G given by

2 2
n— 16 m H 2
G = 45252( o —h+ — =)
PELsg sg g+8 &
with G = 0 if and only if H = h. System (3) is analytic except when
€2 4+ ¢2 = 0, that corresponds to the triple collision.

_|_

We want to study the periodic orbits of the classical helium atom with
binary collisions that corresponds to the parameter y = 0. Considering these
periodic solutions, our objective is study the periodic solutions of system (3)
for p > 0 sufficiently small, satisfying the energy relation G = 0. In this way
in the following section we explore some symmetries involving this system.

3. MAIN RESULTS ABOUT THE SYMMETRIC PERIODIC ORBITS

Consider the involutions

S1(&1,&2,m,m2,8) = (=&1,82,m1, =12, —5),
52(615527771’77255) - (617_625_77177729_3)’
S3(&1,&2,m1,m2,8) = (&§1,&2, —n1, —n2, —5).

We say that a solution ¢(s) = (£1(s),&2(s),m(s),m2(s)) of the differential
equation is invariant under the symmetry S; if S;(¢(s)) is also a solution of
differential equation for ¢ = 1,2,3 and ¢(s) is S; symmetric if S;(¢(s)) =
©(s), for more details, see Section 4.

As explored in [6], the periodic solutions of the differential equation (3)
of the classical helium atom which are simultaneously S; and S5 symmetric,
are denoted by Si2-symmetric periodic solutions. In analogous way, we have
S13- and Soz-periodic solutions.

The results on the S12-symmetric periodic solutions for small and positive
values of u are given in the next theorem.

Theorem 1. Consider h = hy + ho < 0, p and q odd positive integers.
Then the Si2-symmetric periodic solutions of the classical helium atom (3)
for p =10 and with the initial conditions

(a) £1(0) =0, &(0) = \/—2/h2, 11 (0) = 4, n2(0) = 0,
(b) or 61(0) =V _2/h17 52(0) =0, 771(0) =0, 772(0) =4,

3
where hy = B) ha, can be continued to a p-parameter family of Sis-

symmetric periodic orbits of the classical helium atom (3) for p > 0 small.

The Si3-symmetry periodic solutions are given by the next result.

Theorem 2. Consider h = hi + hy <0, p odd and q even positive integers.
Then the Si3-symmetric periodic solutions of the classical helium atom (3)
for =0 with initial conditions
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(a) 51(0) = 07 52(0) = _2/h27 m (O) = 47 772(0) = O;
(b) or £1(0) = \/=2/h1, &(0) = \/=2/h2, m1(0) = 0, 12(0) = 0,

3
where hy = B) ha, can be continued to a p-parameter family of Siz-

symmetric periodic orbits of the classical helium atom (3) for > 0 small.

Finally for the Ss3-symmetric periodic solutions, we obtain:

Theorem 3. Consider h = hi + hy <0, p even and q odd positive integers.
Then the Soz-symmetric periodic solutions of the classical helium atom (3)
for p =0 with initial conditions

(@) £1(0) = \/—=2/h1, £(0) =0, n1(0) = 0, n2(0) = 4,

(b) or £1(0) = \/=2/h1, £2(0) = /=2/h2, m(0) = 0, n2(0) = 0,

2
3
where hy = ]—)> ha, can be continued to a p-parameter family of Sos-
q

symmetric periodic orbits of the classical helium atom (3) for > 0 small.

4. SYMMETRIES OF THE CLASSICAL HELIUM SYSTEM

The results obtained in this section are similar to the ones given in [2] and
[6] for the collinear uncharged and charged three-body system, respectively.
Consider the involutions

Id: (&1,62,m,m2,5
St (&1,&2,m,m2,8
Syt (&1,€2,m,m2, 8
Szt (€1,82,m1,m2, 8
Syt (&1,82,m,m2,8
S50 (€1,82,m1,m2, 8
Se: (§1,82,m1,m2,8 &1, —&2,m, =12, 8),

St (§1,82,m.m2,8 —&1, —&2. M1, M2, —$).

We say that the solution ¢(s) = (£1(s),&2(s),m1(s),m2(s)) of system (3) is
invariant under the symmetry S; if S;(¢(s)) is also a solution of system (3)
with i € {1,...,7}. We say that ¢(s) is S;-symmetric if S;(¢(s)) = ¢(s).

Observe that the set of involutions {Id, St, ..., S7} with the usual compo-
sition forms an abelian group isomorphic to Zs X Zg X Zo. These symmetries
usually appear in Hamiltonian systems, see for example [1], [9] and [6]. Note
that the symmetries 57,52 and S3 generate the other ones. So we only con-
sider the symmetric periodic orbits with respect to the symmetries Si, S5
and S3. Using similar arguments to the ones presented in [1] and [6] the
following proposition holds.

€1,82,m1, M2, 8),

—&1, 62,1, =12, —$),
1, =82, =M1, M2, =),
1,62, =1, —n2, —$),
1, =&, =11, — 12, 8),
&1, 82, =11, M2, 8),

) = (
) =
) =
) = (
) = (=
) = (=
) = (
) =
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Proposition 1. Let be p(s) a solution of system (3). The following state-
ments hold.

(a)

A solution ¢(s) is a Sia-symmetric periodic solution of period S if
and only if either £1(so) = n2(s0) = 0 and &(sg + S/4) = mi(sg +
S/4) = 0 and there is no s € (so, so+5/4) such that &2(s) = ni(s) =
0, or &a(so) = m(so) = 0 and & (so + S/4) = ma(so +S/4) =0 and
there is no s € (sg, so + S/4) such that &1 (s) = n2(s) = 0.

A solution ¢(s) is a Si3-symmetric periodic solution of period S if
and only if either &1(so) = n2(s0) = 0 and n1(so + S/4) = n2(so +
S/4) = 0 and there is no s € (sg, so+.5/4) such that n1(s) = na2(s) =
0, or n1(s0) = n2(s0) = 0 and &1 (sg + S/4) = na(so + S/4) = 0 and
there is no s € (so, so + S/4) such that £ (s) = n2(s) = 0.

A solution @(s) is a Saz-symmetric periodic solution of period S if
and only if either £&2(s0) = m(so) = 0 and ni(so + S/4) = na(so +
S/4) = 0 and there is no s € (so, so+S/4) such that n1(s) = na2(s) =
0 or, n1(s0) = n2(s0) = 0 and & (sg + S/4) = m(so + S/4) = 0 and
there is no s € (sg, so + S/4) such that &2(s) = n1(s) = 0.

Moreover the following result, proved in [2], shows that there are no sym-
metric periodic solutions having more than two symmetries.

Proposition 2. There are no periodic solutions of system (3) which are
simultaneously S;-symmetric for i =1,2,3.

5. SYMMETRIC PERIODIC ORBITS FOR p =0

In the Levi-Civita coordinates (&1,&2,m1,m2) system (3) with p = 0 is

given by
dfl _ 2
ds = 771527
dg
( ) d_82 = 7725%7
4
d
—h= (16— +8hed)
s
d
2 = & (-} +8hef +16),

with the Hamiltonian

Loy 2 200 (15 2
H=5ni—16)&+408 (co —h— = |
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that can be rewritten as H = Hy(&1,m1) + Ha(§2,m2) where

2
n 2
Hl(flﬂ?l) - 12 SR

851 1

B2
H2(§27772) = 8—52 SR
2 2

if we rescale the time by 4¢2¢2. Note that the level of energy H = h sat-
isfies that h = hy + hy where Hy = h; and Hy = hy. Consider ¢(s) =
(€1(s),&2(8),m(s),m2(s)) the solution of the system (4) satisfying the energy
condition H = h, we define the new times o and 7:

d dt

- €3, orequivalently — =47,
(5) ds do

v _ g2 walently 9L — 4¢3

3 — & orequivalently —— =4&.

Considering these new times, we obtain the system of differential equations
in coordinates (£1,71)

&
do_ - "717
) dny
— =8h
do 1617
and (&2,72) satisfies the system of differential equations
& _
dr 2,
(7) dns
— = 8ho&o.
= 282
Consider the functions Gy = G/£3 and Gy = G/£2, 1. e.
1
G = (R - 8(mE+2).
1
Gr =5 (1~ 8(hatf +2)).

These two functions are the Hamiltonians of system (6) and (7) respectively.
Now we will study the periodic solutions of systems (6) and (7). Fixing h; <
0 we can integrate system (6) directly with the initial conditions & (0) = &1
and 71 (0) = 710, obtaining the solution (£1(¢),n1(0)) given by

&(o) = &pcos(wio) + M0 gin (wio),
(8) “1
m (o) = mnocos(wio) — &owr sin (wio)
where w; = v/—8h;. Note that solution (8) is a periodic solution of system
(6) with period @ = 27 /w;. Assuming that solution (8) satisfies the energy
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relation G; = 0 we obtain the following relationship between the initial
conditions &1 and nyg:

-~
% —4hi&d, —8=0.
Moreover using (5) we obtain the period of this solution in terms of the time

t, i.e.
T \/§7r
Ti(hy, o, v :/ 462 (0)do = —Y 2
1(h1, 0, v) ; i(o) T

In the same way, fixing ho < 0 we can integrate system (7) with the initial
conditions &(0) = &9 and 172(0) = 7920, getting the solution (&2(7),n2(7))
given by

&(T) = &g0c08 (wat) + 20 Gin (waT),
(9) w2
12(T) = 7o cos (waT) — Eowa sin (waT)
where wy = +/—8hg. Solution (9) is periodic with period 7 = 27/wy. As-
suming that solution (9) satisfies the energy relation G5 = 0, the initial
conditions &9g and 19 satisfy the equation

772
5~ 4hatsy — 8 =0,

and by (5) the period of solution (9) in time ¢ is given by

TQ(h27’77V) = A 45%(7—)d7- = ML\/&T_}LQ

In Table 1 we summarize the relationships between the times o, 7,¢ and s:

Time o T t s
Period |o* =p7 |7 =q7 | T = pTi(h1,,v) = ¢Ta(he,v,v) | S* = s(T)
Period/4 | o*j4 | /4 T/4 S*/4

TABLE 1. Period of periodic solution ¢(s) of the system (4).

The next result provide some relationship between the energy levels h;
and ho, the times o, 7,t and s and the initial conditions of the periodic solu-
tions of systems (6) and (7). The proof is similar to the proof of Proposition
3 given in [6].

Proposition 3. Consider the periodic solutions (&1(0),n1 (o)) and (§2(7), n2(T))
of systems (6) and (7) with periods @ and T, satisfying the energy conditions
G1 =0 and Go = 0, respectively. Assume that the functions o(s) and 7(s)
given in (5) satisfy 0(0) = 7(0) = 0 and there is no s € R such that
&1(o(s)) = &(7(s)) = 0. Then the following statements hold.
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(a) The solution p(s) = (€1(0(5)), Ex(r(s),m (o(s),na(7(s)) of system
(4) with initial condition £1(0) = &1, £2(0 ) &20, 771( ) = Mo, 12(0) =
o0 Satisfies the energy relation G(&10,&20,M10,M20) = O.

2
3
(b) If hy = (£> he for some p,q € N coprime, then ¢(s) is a periodic
q
solution of system (4).
(¢) Let s(t) be the inverse function of

i(s) = /0 4 (0)E(0)d0

For the hy given in (b) the period and the quarter of period in times
o,7,t and s are given in Table 1.

Observe that by statement (c¢) of Proposition 3 we have that dt/ds > 0
when there are no collisions, and zero in the binary collisions. Therefore
the inverse function s = s(t) exists always that the system has no triple
collision, and it is differentiable if there is no binary collisions. The number
p in Proposition 3 represents the number of binary collisions between my
and mg, and ¢ is the number of binary collisions between the particles mo
and msg.

We emphasize that our interest in this paper is to study the symmetric
periodic orbits of system (3) satisfying the energy relation G = 0. So in the
following we exhibit conditions under the initial points, given in Proposition
3, to get symmetric periodic orbits.

Proposition 4. The following statements hold.

(a) If p and q are odd then the solution (s) given in Proposition 3 with
watial conditions

, . [ 2
either &0 =0, & = iy Mo = 4, m20 = 0,
[ 2
or 5{0 = _—hla 620 - Oa o = 0) 7750 = 47

18 a S1o-symmetric periodic solution.
(b) If p is odd and q is even then the solution ¢(s) given in Proposition
8 with initial conditions

C'Lther 510 = O7 620 == 1} ——h27 7710 == 47 7720 = 0,
or 510:\/_—hlv§20:\/_—h27771o:0a 20 = 0,

s a S13-symmetric periodic solution.
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(¢) If p is even and q is odd then the solution ¢(s) given in Proposition
3 with initial conditions

either &y = ”——hl’ &0 =0, =0, 59 =4,
or €10 = \ —hy’ €50 = \ —hy’ Mo = 0, M3 = 0,

is a Sos-symmetric periodic solution.

Proof. Let ¢(s) = (£1(0(5)), &(r()), m (9(5)), m(7(5))) be the solution of
system (3). The proof follows evaluating ¢(s) at times s = 0 and s = S*/4,
where S* is given in Table 1. O

Remark 1. Note that the Levi-Civita transformation duplicates the number
of orbits. Hence it is sufficient to consider the positive square roots of the
initial conditions given in Proposition /.

6. APPLYING THE CONTINUATION METHOD OF POINCARE TO OBTAIN
SYMMETRIC PERIODIC SOLUTIONS FOR p > 0 SMALL

In Proposition 4 we have the values for the initial conditions to get Sis-,
Si3-, Sas-symmetric periodic orbits for system (3) when p = 0. We study
the symmetric periodic orbits for small positive values of u using the con-
tinuation method of Poincaré.

6.1. The Si2-symmetric periodic solutions. Fixing values of h = h; +
ha, by Proposition 4 the solution ¢(s;&10, €20, 10,720, 1) of system (3) for
@ =0 is a Sio-symmetric if the initial conditions satisfies

(a) either £1(0) = 0, £2(0) = &350, m(0) = 17, 72(0) = 0;
(b) or £1(0) = i, €2(0) = 0, 71(0) = 0, 72(0) = 13-

6.1.1. Case (a). By statement (a) of Proposition 1 we have that the solution
p is a Spo-symmetric periodic solution of the classical helium atom with
period S satisfying the energy condition G = 0 if and only if

52(5/47 620777107(0475777:“)) = 07
771(5/4;52077710;(aaﬂa%ﬂ)) :Oa

G(§2077710a (OJ,B,’)/,,U)) =0.

The solution of the last equation in terms of 71¢ is given by 1719 = 4. Thus the
solution ¢(s;0,&20,M10,0, 1) is a Sje-symmetric periodic solution of system
(3) satisfying G = 0 if and only if

§2(S/4; &0, 1) =0,

(10)
1 (S/4; 620, 1) = 0.
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Statement (a) of Proposition 4 provides additional information on the initial

conditions and on the numbers p and ¢, see Table 1, for these Sis-symmetric

periodic solutions. Thus if p=2m+ 1, ¢=2k+1, S = 5* = s(pT1(h1)) =

s(qTo(h2)), &20 = \/—2/h2 and 119 = 4, with m and k positive integers, then

©(8;0,&20,M10,0,0) is a Sy2-symmetric solution of system (3) with p = 0 and
2

3
the energy level H = h = hy + hy satisfies the condition hy = (8) ho given
q

in statement (b) of Proposition 3. Now we extend this solution to g > 0
and small. Applying the Implicit Function Theorem to system (10) in a
neighbourhood of a known solution we have that if

00 o
s 080

1) om G |y gy 7
Os 00 || &y =g,

po =0
then there exist unique analytic functions {39 = &20(p) and S = S(u) defined
for p > 0 sufficiently small that satisfy

(1) &20(0) = &5 and S(0) = 5™,
(73) and ¢(s;0,&20,M0,0, 1) is a Sie-symmetric periodic solution of (3)
with period S = S(u) satisfying the energy condition G' = 0.

Note that the derivatives 0&2/0s and 0n;/0s are obtained evaluating the
right hand of system (3) for u = 0, s = S*/4 and with the initial conditions

(07 §>2kOa 110, 0) So

082 ki1 S
s = S*/4 :772§1| s =S5%/4 _( 1) * #O)
0 h
S1 e =63 €20 = €5 1
1 =0 m =0
and
o
- | s —S*/4 — 8h1§1§2 s =S5*/4 = 0
Js /
&20 = 5;0 &20 = 5;0
o =0 o =0

Therefore it remains to calculate dn; /082 evaluated at s = S*/4, {a0 = &5

and u = 0. We obtain this value derivating the solution 1y (o (s); 0, 20, 1710, 0)

of system (4) with respect to the variable {59, where the initial conditions

£1(0) = 0, &(0) = &20, m(0) = 10, n2(0) = 0 satisfy the energy relation

G =0. So

Im(a(s);0,80,m10,0,0)
d¢20

o (9mOals)  Om
&/t do 0&0 020
0

0

S
€20
m

220 i &30
=0
By (5) we get the relationship between &z, 7 and o
& (o)do = & (7)dr.
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Integrating this equation and assuming that ¢(0) = 0 and 7(0) = 0 we
obtain the relation between o(s) and 7(s), i.e.

2v/2sin (2w 0(s)) N 160 (s) N V263, sin (2waT(s))
)P ® Nar

where w; = v/—8hy, wy = /—8ho and h = h; + ho. Derivating implicitly
equation (12) with respect to the variable &5y we obtain

(12) +8637(s) = 0,

0o (s
(D). —en =Commsy=
220 ;gzo
From (6) and (8) we get
8771 m
(5e)] . —gn =y,
220 ;620
and
8771 . _ (_1)m \/§7T(—h1)3/2q
00 )| &, Zel ha '
n =0
So
(3771(0(8);03520,771070,0)> ) :(_1)m2\/§ﬂ(—h1)3/zq
96 L I5 TR
I =0
Finally the determinant (11) is given by
(_1)k+m16\/§wq\/—h1 40,

ho

6.1.2. Case (b). Similarly to the previous case the solution ¢ is a Sjo-
symmetric periodic solution with period S satisfying the energy condition
G = 0 if and only if

§1(S/4;&10,m20, 1) =0,

n2(S/4;&10,m20, 1) =0,

G(&10, 1205 14) =0.

The solution of G = 0 in terms of 799 is given by 199 = 4. So the solu-
tion ¢(s;&10,0,0,m20, 1) is a Sie-symmetric periodic solution of system (3)
satisfying G = 0 if and only if

§1(8/4;610,) =0,

n2(5/4; €10, 1) = 0.
Again by statement (a) of Proposition 4 we obtain the initial conditions and
the numbers p and ¢ to have Sis-symmetric periodic solutions (see Table
1), ie. p=2m+1,q=2k+1,8 =8 = s(pTi(h1)) = s(qT>(ha)), &0 =
vV —2/h1, 05, =4, for = 0 and the energy level H = h = hy + hy satisfies

(13)
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3
the condition h; = (Zj) ho given in statement (b) of Proposition 3. As in
q

the previous case applying the Implicit Function Theorem to system (13) in
a neighborhood of a known solution we have that if

o6
Jds 0O
14 bm s 70
ds 010 210 ié«uﬂl
% =0

then there exist unique analytic functions {19 = &10(p) and S = S(u) defined
for p > 0 sufficiently small that satisfy

(1) £10(0) = &fp and S(0) = 5,
(73) and ¢(s;&10,0,0,m20, 1) is a Sia-symmetric periodic solution of sys-
tem (3) with period S = S(u) satisfying the energy condition G = 0.

In the same way as we work in the previous case we obtain

861 m+1 8
s =5"/4 — (_1> _#07
s 10 = &5 ha
1% =0
and
oy
)
s =S"/4
s 10 =¢&70
Iz =0

So it remains to calculate Ony/0&10 evaluated at s = S*/4, {19 = &, and
1 = 0. As in the previous case, this derivative is obtained derivating the
solution 12(7(s); €10,0,0, 120, 0) of system (4) evaluated in &19 = &7, 2(0) =
0, m(0) =0, 72(0) = 120, s = S*/4 and satisfying the energy relation G = 0.
Then

On2(7(s); €10, 0,0, 7120, 0) _ (@af(s) N %>
9610 t10 or 9§10 910

S*/4 -
€1o
“w 0

/4

s =5
o =&5
=0

H

= (—1)k+12p7ﬁ/ —2h2(h2/h1),

and the determinant (14) is given by

a1 16T/ —2h

6.2. The Si3-symmetric periodic orbits. By Proposition 4 the solution
(85 €10, £20, 710, 120, 1) Of system (3) for 1 = 0 and fixed values of h = hy+hs
is a Siz-symmetric if the initial conditions satisfies

(a) either £1(0) = 0, £2(0) = &5, m(0) = 17, m2(0) =0,
(b) or 51(0) - ETO; 52(0) = 5507 771(0) = 07 772(0) =0.
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6.2.1. Case (a). By statement (b) of Proposition 1 we have that the solution
p is a Syz-symmetric periodic solution with period S satisfying the energy
condition G = 0 if and only if

n1(S/4;&20,m0, 1) =0,
n2(S/4; €20, 10, 1) =0,

G(fm, 10, M) =0.

Solving the last equation in terms of 719 we obtain 19 = 4. Then the
solution is Siz-symmetric periodic satisfying G = 0 if and only if

i (S/4;620,0) =0,

n2(S/4; €20, 1) = 0.
Statement (b) of Proposition 4 provides the initial conditions and numbers p
and ¢, see Table 1 in order that these periodic orbits are Si3-symmetric, i.e.
p=2m+1,q=2k S=5"=s(pTi(h1)) = s(qTa(h2)), {20 = /—2/h2 and
nmo = 4, with m and k positive integers, then ¢(s;0,&20,710,0,0) is a Si3-

symmetric solution for system (3) with u = 0. Moreover, the energy level
2

(15)

3
H = h = hy + hy satisfies the condition h; = P ho given in statement
q

(b) of Proposition 3. Now we extend this solution for p > 0 and small.
Applying the Implicit Function Theorem in system (15) in a neighborhood
of a known solution we have that if

Om - Om
ds 0¢
(16) O 377220 # 0,
ds  0O&y 220 — 550/4
o =0

then there exist unique analytic functions nog = n20(p) and S = S(u) defined
for p > 0 sufficiently small that satisfy

(i) m20(0) = 0 and 5(0) = 5%,
(73) and ¢(s;0,&20,M10,0, 1) is a Si3-symmetric periodic solution of sys-
tem (3) with period S = S(u) satisfying the energy condition G' = 0.

As in the previous case we get that

om 16v/—2h

= Ly = (1" ——— £0

os| g, x TR A0
p :02()

and

8772 k 16\/_2h2

ali) ey, = (=) 4,

L TR
N :020

Now we have to calculate the other two derivatives 0n;/0&0 and dna/0&a0
evaluated at s = S*/4,60 = &, and p = 0. We obtain these values
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derivating the solutions 71 (o (s);0,&20, 1n10,0) and n2(7(s);0, 20, N10,0) of
system (4) with respect to the variable {9, where the initial conditions
£1(0) = 0, &(0) = &0, 11(0) = m10, 712(0) = 0 satisfy the energy relation

G=0. So
Im(a(s);0,8&0,M10,0) _ (Om Oda(s) = Om
0820 e (% 9820 +@> o
M =0 M =0
—1)m _ 3/2
R )
and
In2(7(s); 0, €20, 110, 0) (O 07(s) O B
9620 o et <E 0620 +@> b —in =0
I =0 M =0

Therefore the determinant (16) is
(=1)Etm 647\ /hy [hg # 0.

6.2.2. Case (b). From the second part of statement (b) of Proposition 1 the
solution ¢ is a S13-symmetric periodic solution with period S satisfying the
energy condition G = 0 if and only if

£1(5/4; €10, €20, 1) =0,
772(5/4a 5107£207M) = 0’
G(&10,620, 1) =0.

The solution of the equation G' = 0 in terms of o is given by o9 = /—2/hs.
So the solution satisfies G = 0 if and only if

§1(8/4;610,0) =0,
n2(S/4; &0, ) = 0.

Again by statement (b) of Proposition 4 the solutions are Si3-symmetric
taking p = 2m + 1, ¢ = 2k, S = 5" = s(pTi(h1)) = s(¢Tz(h2)), &y =
vV —2/h1,m39 =4, for y = 0. Furthermore the energy level H = h = hy + hy

2

(17)

3
satisfies the condition hy = <£> ho given in statement (b) of Proposition 3.
q

As in the previous case applying the Implicit Function Theorem to system
(17) in a neighbourhood of a known solution we have that if

o6 26
ds 0¢
- on  Op 70
s &0 || & 25;0/4
" =0
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then there exist unique analytic functions &19 = &19(p) and S = S(p) defined
for p > 0 sufficiently small that satisfy

(1) £10(0) = &fp and S(0) = 5,
(73) and ¢(s;&10,0,0,m20, ) is a S13-symmetric periodic solution of sys-
tem (3) with period S = S(u) satisfying the energy condition G = 0.

Analogously to the previous case we obtain

01 m S
s =S5"/4 :(_1) _#Oa
s 10 =¢&5, ha
1% =0
and
on
i) T
s =5"/4
s 10 =£&5
1% =0

So it remains to calculate 91y /0&10 evaluated at s = S*/4,&19 = &y and 1 =
0. This derivative is obtained by derivating the solution 12 (7(s); 10, €20, 0,0, 0)
of system (4) evaluated in &9 = &}, and s = S*/4 with initial conditions
€1(0) = &0, §2(0) = &0, Mm(0) = 0 and 72(0) = 0, satisfying the energy
relation G = 0. Then

Ina(7(s); €10, €20, 0,0, 0) _ (8772 or(s) N oy >
o s = 5% /4 or O 0 s = 5% /4
10 Looe T 0810 10 LoE
™
g —1 m_-
( ) hl’

and determinant (18) is Smp # 0.
hiha

6.3. The Ss3-symmetric periodic solutions. By Proposition 4 the solu-
tion ©(s;&10, €20, 710, 720, 1) Of system (3) for p = 0 is a Soz-symmetric if
the initial conditions satisfy

(a) either & (0) = &, £2(0) = 0,71(0) = 0,72(0) = 130;
(b) or £1(0) = &g, £2(0) = &59,m(0) = 0,72(0) = 0;

for fixed values of h = hqy + ho.

6.3.1. Case (a). By statement (c) of Proposition 1 the solution ¢ is a Sa3-
symmetric periodic solution with period S satisfying the energy condition
G =0 if and only if

&1(S/4;610,m20, 1) =0,
n2(S/4;&10,m20, 1) =0,
G(&20,m105 10) =0.
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Solving the last equation in terms of 79 we obtain 19 = 4. So the
solution ¢(s;&10,0,0,1m20, ) is a Sas-symmetric periodic solution of system
(3) satisfying G = 0 if and only if

£1(S/4;&10,0) =0,

m2(S/4; €10, 1) = 0.

Statement (c) of Proposition 4 provides the initial conditions and the num-
bers p and ¢, see Table 1 in order that the periodic orbits be Ss3-symmetric.
More precisely, if p = 2m, ¢ = 2k + 1, S = S* = s(pT1(h1)) = s(qTa(h2)),
&0 = /—2/h1 and 13y = 4, with m and k positive integers, then ¢(s; &7, 0,

0,750,0) is a Saz-symmetric solution for system (3) with p = 0. Moreover
2

3
the energy level H = h = h; + hy satisfies the condition h; = (p) ho
q

(19)

given in statement (c) of Proposition 3. We extend this solution to p > 0
and small. Applying the Implicit Function Theorem in system (19) in a
neighbourhood of a known solution we have that if

% 06
0s (9510
Onz O LT
88 aglo 210 i f;o/él

m =0

then there exist unique analytic functions 119 = n10() and S = S(u) defined
for p > 0 sufficiently small that satisfy

(7) mo(0) =0 and S(0) = S*,
(73) and ¢(s;&10,0,0,1m20, 1) is a Sog-symmetric periodic solution of sys-
tem (3) with period S = S(u) satisfying the energy condition G = 0.

We have
061
% 21[1 255/4 - 0’
Iz =0’
and
(9772 k 16\/ —2h2
— . = (-1 — .
os | 3, g TV 7O
N - 010

So we have to calculate the derivative 0&1 /01 evaluated at s = S*/4, &9 =
& and o = 0. As in the previous cases we obtain that

9&1(a(s); €10, 0,0, 720) o <%30(5) +@>
910 o do 0610 O%10

s =
&0 =£&7
=0

= (1™
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fim 16V =202

Therefore, the determinant (18) is (—1) .
1

£ 0.

6.3.2. Case (b). From the second part of statement (c¢) of Proposition 1 the
solution ¢ is a Soz-symmetric periodic solution with period S satisfying the
energy condition G = 0 if and only if

§1(S/4; 10,620, 1) =0,
§2(5/4; €10, 620, 0) =0,

G (&105 205 1) =0.

Solving G = 0 in terms of &y we obtain &9 = y/—2/ha. So the solution
v(85£10,£20,0,0, 1) is a Seg-symmetric periodic solution of system (3) that
satisfies G = 0 if and only if

§1(5/4;&10,1) =0,

§2(5/4;&10,1) = 0.
Again by statement (c¢) of Proposition 4 we have that if p = 2m, ¢ = 2k +

1,8 = 8 = s(pTi(h1)) = s(qTa(h2)) and &y = /=2/h1,&5y = /—2/h2

then the solution is Soz-symmetric periodic, for © = 0. Furthermore the
2

(20)

3
energy level H = h = hj + ho satisfies the condition hy = <1—?> ho given in
q

statement (c) of Proposition 3. As in the previous case applying the Implicit
Function Theorem to system (20) in a neighbourhood of a known solution
we have that if

% 0%
Os 0
(21) 9 6%20 £0,
s 06w I &y &)
o =0

then there exist unique analytic functions £19 = &10(p) and S = S(u) defined
for p > 0 sufficiently small that satisfy

(Z) 610(0) = éTO and S(O) = S*,
(73) and ¢(s;&10,&20,0,0, 1) is a Saz-symmetric periodic solution of sys-
tem (3) with period S = S(u) satisfying the energy condition G = 0.

Working as in the previous cases we get

&
_> o :O
s 210 ;?{/4 ’
iz =00
and ot .
2 k
=2 = (=1)F=.
88 Zl[) ;?10/4 ( ) hl
o =0
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So it remains to calculate 0&1 /0610 evaluated at s = S*/4, {10 = &y and p =

0. This derivative is obtained derivating the solution &;(o(s); 10, £20,0,0,0)

of system (4) evaluated at &9 = &}, and s = S*/4 with initial conditions

€1(0) = &10, £2(0) = &20, m(0) = 0, n2(0) = O satisfying the energy relation

G = 0. Then

961(0(s); 105620, 0,0,0)
910

(200001, o
do 010 010

s
10 =¢&7g 10 =¢&q9

As the previous case, we obtain

851 (U(S)a 510, 5207 07 O) O)
6510

_(_1\m
s =S"/4 o ( 1) ’
10 = &7

8
and determinant (21) is (—1)k+mh—.
1

7. CONCLUDING REMARKS

In this paper we have studied the periodic solutions of the classical helium
atom which are Sis-, S13- and So3- symmetric. Applying the continuation
method of Poincaré we obtain that six families of symmetric periodic orbits
can be extend from p = 0 to small positive values of . In [2] and [6]
it was studied similar problems, but in that papers the authors studied
the collinear 3-body problem in the cases where the bodies are uncharged
and charged, respectively. In both cases, it was applied the continuation
method of Poincaré. In the first one only three families of periodic orbits
can be extended from p = 0 to p small and positive and in the case where
the bodies are charged, similar as we obtain in this paper, six families of
symmetric periodic orbits can be extended.
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