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Abstract In this paper we consider all the quadratic polynomial differential
systems in R? having exactly nine invariant planes taking into account their
multiplicities. This is the maximum number of invariant planes that these kind
of systems can have, without taking into account the infinite plane. We prove
that there exist thirty possible configurations for these invariant planes, and
we study the realization and the existence of first integrals for each one of these
configurations. We show that at least twenty three of these configurations are
realizable and provide explicit examples for each one of them.
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1 Introduction and statement of the main results

Let K[x,y,z] be the ring of polynomials in the variables x, y and z with
coefficients in K, where K is either R or C. Consider the polynomial differential
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system in R? defined by

&= P(x,y,2), v =Q(x,y,2), Z = R(x,y,2), (1)

where P, Q and R are relatively prime polynomials in R[z,y, 2], and the dot
denotes derivative with respect to the independent variable ¢, usually called
the time.

We can associate to differential system (1) the vector field

0 0 0
X_PaerQ 8y+R8z'
We say that m = max{deg(P), deg(Q), deg(R)} is the degree of system (1) (or
of the vector field X). If m = 2 we say that system (1) is quadratic.

An invariant algebraic surface of differential system (1) or of the vector
field X is an algebraic surface f(z,y,z) =0, with f € Clz,y, 2] \ C, such that
for some polynomial K € Clx,y, z] we have X(f) = (P,Q,R),Vf) = K,
where V f denotes the gradient of the function f. The polynomial K is called
the cofactor of the invariant algebraic surface f = 0 and if m is the degree of
the vector field X, then the degree of K is at most m — 1. If the polynomial
f is irreducible in Clz, y, 2], then we say that f = 0 is an irreducible invariant
algebraic surface. Note that from this definition if an orbit of the vector field
X has a point on f = 0, then the whole orbit is contained there, that is f =0
is invariant by the flow of X. If the degree of f is 1 then we say that the
invariant algebraic surface f = 0 is an invariant plane.

A first integral of differential system (1) or of the vector field X in an
open subset U C R3 is a non-constant analytic function H : U — R which
is constant on all solution curves (x(t),y(t), z(t)) of system (1) contained in
U, that is X(H) = ((P,Q,R),VH) = 0 on U. Although system (1) is real,
we allow complex invariant algebraic surfaces of this system. This is due to
the fact that complex invariant algebraic surfaces play a role in the existence
of real first integrals of system (1), because if f = 0 is an invariant algebraic
surface of system (1) with cofactor K, then the conjugate complex surface
f = 0 is also an invariant algebraic surface of system (1) with cofactor K,
and the surface f f = 0 is a real invariant algebraic surface of system (1) with
cofactor K K. For more details see Chapter 8 of [4].

The dynamics generated by the flow of the differential system (1) with
degree m > 2 is, in general, very difficult to be studied. In this kind of differ-
ential systems are commonly encountered singular points, periodic, homoclinic
and heteroclinic orbits, however, it may present more complicated dynamical
behavior, as the occurrence of invariant tori, quasi-periodic orbits, strange or
chaotic attractors and several other phenomena, see for instance [6,17,21].
The knowledge of invariant algebraic surfaces of system (1) provides impor-
tant information for understanding its dynamics. The simplest use of invariant
algebraic surfaces is for separating the phase space of system (1) into invari-
ant pieces. If the number of invariant algebraic surfaces is sufficiently large,
then they can also be used for computing explicitly first integrals, for more
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details see [1,7,16]. Furthermore, invariant algebraic surfaces allow to better
control interesting regions, from the dynamical point of view, in the phase
space of differential systems, as an example, in [5] the authors used invariant
algebraic surfaces to provide a bounded region where the Lorenz attractor
lives. More examples of the use of invariant algebraic surfaces in the study of
the dynamical behavior of differential systems defined in R? can be found in
[9-13].

Let W be a finite R-vector subspace of R[z,y, z] such that dim(W) = N
and {v1,...,un} be a basis of W. The extactic polynomial of X associated to
W is the polynomial

(%] (%] UN

X(v1) X)) ... X(un)

XN=L(wy) AN (wg) ... AN L(vy)

where X (v;) = ((P,Q, R), Vv;) and X*+1(v;) = X(X*(vy)), for k=1,..., N —
2. U W = Ry, [z, y, 2], where R, [z, y, 2] is the R—vector subspace of polyno-
mials in Rz, y, z] of degree at most m, we say that the polynomial &y (X) is
the m—th extactic polynomial of X and denote it by &3 (X'). The dimension of
Rn[z,y,2] is N = ("]7).

The notion of extactic polynomial already appears in the work of Lagutin-
skii, see [3] and references therein, and have been used as defined in [19] in
different papers, see for instance [2,8,14,15,18]. In this work the definition of
extactic polynomial and its properties play a fundamental role in the proof of
the main theorem, as will be seen ahead.

Note that due to the properties of the determinant and of the derivation
the definition of extactic polynomial is independent of the chosen basis of
W, because for different bases the extactic polynomial differs by a non-zero
constant.

We say that an irreducible invariant algebraic surface f = 0 of degree
m has algebraic multiplicity k if &} (X) # 0 and k is the maximum positive
integer such that f* divides £ (X); and we say that it has no defined algebraic
multiplicity if £ (X) = 0.

Observe that the algebraic multiplicity of an invariant algebraic surface
does not interfere in the dynamics of the differential system. However, if a
differential system has an invariant algebraic surface of multiplicity &, a per-
turbation in this system can generate at most k distinct invariant algebraic
surfaces. For instance, consider the quadratic differential system

:I.: = P(I7 y’ Z)?
y= Q(xayaz)a (2)

z=—2°



4 Jaume Llibre et al.

where P and @ are polynomials of degree < 2 in Rz, y, z]. The plane z = 0 is
an invariant algebraic surface of system (2) of multiplicity 2. Given € > 0, if
we perturb system (2) with the term €2, then 2 = —2%2 + &2 = (2 +¢)(—2 +¢)
and from the invariant plane z = 0 of multiplicity 2 we obtain two parallel
invariant planes z+e = 0. Analogously, if we perturb system (2) with the term
g2 22 then 2 = —22+ 222 = (2 +ex)(—2 + ex) and from the invariant plane
z = 0 of multiplicity 2 we obtain two concurrent invariant planes z +ex = 0.

In this paper we give all the possible configurations for quadratic polyno-
mial differential systems of the form

;ic:a0+a1x+a2y+agz+a4x2+a5y2+a622+a7wy+a8x2+agyz,
Y=by+bix+byy+bsz+bia?+bsy’?+bsz2+brxy+bgrz+byyz,

73:co+clx+02y+03z+04x2+05y2+0622+C7my+08xz+09yz,

3)
where a;,b;,¢; € R, for i = 0,1,...,9, having exactly nine invariant planes
taking into account their multiplicities, which is the maximum number of
invariant planes that differential system (3) can have, without taking into
account the plane at infinity, as we shall prove in Proposition 3 of Sect. 2. We
study the realization and the existence of first integrals for each one of the
possible configurations of invariant planes for system (3).

We assume that differential system (3) has & < 9 distinct invariant planes
fi=A;x+B;y+C; z+D; =0, with A;, B;, C;, D; € Rand A%—l—B?—f—CZQ £ 0,
for ¢ = 1, ..., k, of multiplicity n; such that n; + ... + nx = 9. Considering
fi=Ai1z+ Biy+ Ciz+ Dy =0, without loss of generality, suppose Cy # 0.
After the affine change of coordinates

1

(A1$+B1y—Z+D1)>
Ch

(fE,y,Z) - (xaya_
we can always consider f; = 2 =0. Hence ¢co =c1 =co =c4s =c5 =¢c; =0
into system (3).

Here we say that differential system (3) has a configuration of the form
(n1,...,ng) if it has k invariant planes fi, ..., fx of multiplicities nq, ..., ng, re-
spectively. Our main result provides all the possible configurations for differ-
ential system (3) and a lower bound for the number of realizable ones.

Theorem 1 The quadratic polynomial differential systems in R® having ex-
actly nine invariant planes taking into account their multiplicities admait thirty
possible configurations of these planes, from which at least twenty three of
them are realizable. In Table 1 are listed all possible configurations which these
systems can admit and in Tables 2—4 we provide an example of quadratic poly-
nomial differential system for twenty three of the thirty possible configurations.

Theorem 1 is proved in Sect. 2. The examples of quadratic polynomial
differential systems given in Tables 2—4 realizing the twenty three configura-
tions are not unique. More precisely, for each configuration, it is possible to
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find other examples of quadratic polynomial differential systems different from
those in Tables 2—4. Indeed, the differential system

T =ayxy+agrz,
Yy =brry+asyz,
2 =uag2® +braxz+ aryz,

with a7 ag by # 0, has the invariant planes fi =2 =0, fo=2=0, fs=y=0
and fy = by x — a7y y = 0 of multiplicity 4, 2, 2 and 1, respectively. Hence, it is
another example for the configuration (4,2,2,1), different from that listed in
Table 3.

Furthermore, Theorem 1 provides only a lower bound for the number of
realizable configurations. In this way, there may be exist examples of quadratic
polynomial differential systems for the other configurations which are not listed
in Tables 2—4. However, finding these examples is a hard task due to the large
number of parameters involved.

It is known that if a polynomial differential system has a sufficient number
of invariant algebraic surfaces then it has a first integral. The following propo-
sition provides all the configurations for differential system (3) given in Table
1 which have a first integral, taking into account only the number of invariant
planes.

A Darboux first integral is a first integral of the form

(H ffl> exp(g/h),

where f;, g and h are polynomials, and the [;’s are complex numbers.

Proposition 1 Consider all possible configurations for quadratic polynomial
differential systems (3) in R3 having exactly nine invariant planes taking into
account their multiplicities given in Table 1. Then the following statements
hold.

(1) If some of these invariant planes has no defined algebraic multiplicity, then
system (3) has a rational first integral.

(ii) Suppose that all invariant planes f; = 0 has defined algebraic multiplicity
n; for i = 1,...,k. If system (3) restricted to each plane f; = 0 having
multiplicity larger than 1 has no rational first integral, then the following
statements hold.

k
(a) If > n; > 5, then system (3) has a Darboux first integral.
i=1

k
(b) If > n; > 7, then system (3) has a rational first integral.
i=1

Proposition 1 is proved in Sect. 3.

The study of invariant algebraic surfaces is an important issue in Quali-
tative Theory of Differential Systems because they can be used as a tool to
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better understand differential systems that have complicated dynamics. Fur-
thermore there is a lot of papers about differential systems in R? having invari-
ant algebraic curves, for example in [20] the authors characterize the class of
quadratic polynomial differential systems in R? having at least five invariant
straight lines.

2 Proof of Theorem 1

Before proving Theorem 1 we show that, under the assumptions of that the-
orem, differential system (3) has the maximum number of invariant planes
without taking into account the plane at infinity. The following proposition
allows to detect when a plane f = 0 is an invariant plane for the vector field
X and to compute easily its multiplicity. Since its proof is short, we present
it here for the sake of completeness. We can also find a proof for it in [14]. A
proof for this result in C™ can be found in [8].

Proposition 2 Let X be a vector field on R? and let W be a finite R—vector
subspace of Rz, vy, z], with dim(W) > 1. Every invariant algebraic surface
f =0 of vector field X, with f € W, is a factor of the polynomial Ew (X).

Proof Let f = 0 be an invariant algebraic surface of X’ such that f € W. As
the definition of the extactic polynomial {y (&X') is independent of the chosen
basis of W, consider the basis {f, va,...,unx} of W. In this case, we have

f Vg UN

) —det | T AL

XN AN H(vg) ... AN L(wuy)

where X (f) = K f, X2(f) = (X(K) + K?) f,..., XN=1(f) = (polynomial) f.
Then f is a factor of £y (X).

Note that the reciprocal of Proposition 2 is not true. That is if f is a factor
of the extactic polynomial &y (X)), with f € W, then f = 0 is not necessarily
an invariant algebraic surface of the vector field X.

By Proposition 2, if f = 0 is an invariant plane of differential system (3),
then the polynomial f is a factor of the extactic polynomial &y, (X), since
feRy[z,y, 2]

The next result provides, for differential system (3), the maximum number
of invariant planes taking into account their multiplicities, the maximum num-
ber of distinct parallel invariant planes and the maximum number of distinct
invariant planes passing through a single point. A proof for this result in C"
for differential systems of degree m > 2 can be found in [8]. For the sake of
completeness we prove this result here for the differential systems of degree 2
in R3.
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Proposition 3 Assume that differential system (3) has finitely many invari-
ant planes. Then the following statements hold.

(a) The number of invariant planes of system (3) taking into account their
multiplicities is at most nine.

(b) The number of different parallel invariant planes of system (3) is at most
two.

(¢) The number of different invariant planes of system (3) through a single
point is at most siz.

Moreover, all these upper bounds are reached.

Proof Let f; = 0 be invariant planes of multiplicity n; of differential system (3),
fori =1,..., k. Note that f; € Ry[x,y, 2] foreach i = 1, ..., k, then, by the defini-
tion of algebraic multiplicity, f;* is a factor of the extactic polynomial &, (X).
Consider the basis {1, z,y, 2z} of the R—vector subspace R;[z,y, z]. The maxi-
mum degree of the polynomials X (v), X?(v) and X*(v), where v € {1,z,y, 2},
is 2, 3 and 4, respectively. By the definition of the determinant and the proper-
ties of operations with polynomials, it follows that the maximum degree of the
polynomial &, (X) is 9. Then we can factor the extactic polynomial &, (X)
in factors of the form fy'*--- ,:““ such that ny + ... + nx < 9. This proves
statement (a).

Now suppose that differential system (3) has k distinct parallel invariant
planes. After an affine change of coordinates, we can assume that the equations
of these invariant planes are of the form f; = z — a;, where o; € R, for
i = 1,....,k. From the definition of invariant algebraic surface, we have that
Z2=L0f1--- fr into system (3), where 5 € R. As system (3) has degree 2, then
k < 2, which proves statement (b).

Finally suppose that f; = 0 are distinct invariant planes of differential
system (3) passing by a single point, for ¢ = 1,..., k. Doing a translation of
the coordinates (if necessary), we can assume that this single point is the
origin. So the equations of invariant planes f; = 0 are of the form f; = A;xz +
By + C;z, where A;, B;,C; € R, for i = 1, ..., k. Note that f; € W for each
i =1,..,k, where W is the R—vector subspace generated by {xz, y, z}. Therefore,
by Proposition 2, f; is a factor of the extactic polynomial

x Y z

Ew(X)=det | X(@) X)) X(2) [,
X2(z) X%(y) X*(2)

where X (v) and X?(v), with v € {z,y, 2}, are polynomials of degrees 2 and 3,
respectively. By the definition of the determinant and the properties of opera-
tions with polynomials, it follows that the maximum degree of the polynomial
Ew(X) is 6. As we are interested in the maximum number of distinct invariant
planes f; = 0, then their algebraic multiplicity is 1. Hence we can factor the
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extactic polynomial £y (X) in factors of the form fi--- fx with k¥ < 6. Thus
statement (c¢) is proved.

Moreover, all these upper bounds are reached. Indeed consider the differ-
ential system

&=+ 22, U =y+1> 2=z+22, (4)

Note that system (4) has nine invariant planes given by: fi =2 =0, fo =y =
0, fs=2=0,fu=2+1=0,f5=y+1=0, fs=2+1=0, fr=2—-y=0,
fs=x—z=0e fg =y—2z =0, from which f; = 0 and f; = 0 are parallels (it
is also the case of fo =0 and f5 =0; f3 =0 and fe =0) and f; =0, fo =0,
f3=0, fr =0, fs =0 and fg9 = 0 pass by a single point, the origin.

In the following we prove our main result, that is Theorem 1.

Proof (Proof of Theorem 1) Suppose that differential system (3) has exactly
nine invariant planes taking into account their multiplicities, that is f; = 0
are invariant planes of multiplicity n; of system (3), for ¢ = 1,...,k < 9, with
ny+...+nr=09.

We obtain all configurations (ni, ..., ny) for system (3) as follows. We con-
sider all combinations of digits 0,1, ...,9 taking 9 of these digits (with possible
repetitions) in such a way that their sum is 9. It is easy to check that there
are 30 possible combinations. We omit all the zeros in the combinations, that
is instead of writing (8,1,0,0,0,0,0,0,0), for example, we simply write (8,1).
Hence each obtained combination corresponds to a possible configuration of
system (3), where the digits 1, ...,9 correspond to the multiplicities of the in-
variant planes. In Table 1 are listed all the possible configurations for system
(3).

The examples of quadratic polynomial differential systems for each config-
uration provided in Tables 2-4 are obtained in the following way. As already
observed in the Introduction, we can always consider f; = z = 0 as an invari-
ant plane of system (3) and consequently ¢co = ¢; = ca = ¢4 =c¢5 = ¢7 = 0.
Hence we need to work with the 24 remaining parameters of system (3) in
order to find the examples. Suppose that f; = z = 0 is an invariant plane of
multiplicity n; of system (3), with ny < 9. From the definition of algebraic
multiplicity, z"* must be a factor of the extactic polynomial &y, (X), since
all invariant planes of system (3) belong to R;[z,y, z]. Considering the basis
{1,,y, 2} of the R—vector subspace R;[z,y, 2], then the extactic polynomial
&L (X) is given by

iy (X) = X(2) X%(y) X°(2) + X(y) X2 (2) X% (2) + X(2) X3 (y) X*(2)

— X(2) X2(y) X3(x) — X%(2) X(y) X(2) — X%(2) X*(2) X(y) (5)
= > i aiyl 2,
0<i,5,1<9
iFiHI=9

where «;;; are real values which depend on the 24 parameters of the vector field
X of system (3). In this case, we can easily check that z is always a factor of
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&L (X). Assuming that the invariant plane f; = z = 0 has multiplicity n; > 2
we need to work with the 24 parameters of system (3) in order to obtain the
factor 2™ in the expression of the extactic polynomial &y, (X). For example,
consider the configurations (9) and (8,1) in Table 2.

- Configuration (9): We must have 2% as a factor of the extactic polynomial
&L (X). Let r(z,y,2) be the remainder of the polynomial division of &, ()
by z°. Observe that the coefficients of polynomial 7(x,y, 2) depend on the 24
parameters of system (3). After working with these 24 parameters, one of the
ways to obtain r(x,y,z) = 0 is considering ag = a1 = as = a3 = a4 = a5 =
a7:ag:0,b0=b1:b2:b3:b4:b5:b6:b7:0,03:c8209:0
and by = cg = ag. Thus, we have that 29 is a factor of &4, (X). Furthermore,
it is necessary to consider ag ag bs # 0 because, otherwise, & (X) = 0 and the
invariant plane has no defined algebraic multiplicity. The obtained system for
these parameter values is the example for configuration (9) in Table 2.

- Configuration (8,1): We must have 28 as a factor of &y, (X). If 7(z,y, 2) is the
remainder of the polynomial division of &, (X) by 28, after working with the
24 parameters of system (3) a possible way to obtain r(z,y,z) = 0 is taking
a0=a1=a2:a3=a4:a5:a7=O,b0=b1=b2:b3:b4:b5=
b7 = bg = 0, C3 = Cg = Cg = 07 66 = Cg = ag and bg = 2(18. In this case, we
must consider ag # 0 and ag # ag, because, otherwise, &y, (X) = 0. Observe
that, for this choice of parameters y + z is also a factor of &y, (X) and we
can easily check that fo = y + z = 0 is an invariant plane of the obtained
differential system. Then this system has two invariant planes fi = z = 0
and fo =y + z = 0 of multiplicities 8 and 1, respectively. This system is the
example for configuration (8,1) in Table 2.

For the other configurations, when we consider z™ as a factor of the ex-
tactic polynomial &}y, (X) then we can write &y, (X) of the form &, (X) =
2" F(xz,y,z), where F is a real polynomial of degree 9 — ny. Now we need
to work with the remaining parameters of system (3) in order to write the
polynomial F' as the multiplication of factors of the form f32--- f;'"*, where
fa=0,..., fr = 0 are the other invariant planes of system (3) of multiplicities
ng, ..., N, respectively, with ng + ... + ny = 9 — ny. As an example, consider
the configuration (7,1,1) in Table 2.

- Configuration (7,1,1): We must have 27 as a factor of &, (X). Let r1(z,y, 2)
be the remainder of the polynomial division of &, (X) by 27. After working
with the 24 parameters of system (3), a possible way to obtain r1(z,y, z) = 0 is
taking ap = a1 =as =a4 =a5 =ag=a7 =a9g =0,byg = by =by = by = b5 =
be = b7 = 0 and c3 = cg = cg = 0. Hence the extactic polynomial 511/[/()() can
be written of the form &, (X) = 27 F(z,y, z), where F is a real polynomial of
degree 2. Now, consider r2(x,y, z) as the remainder of the polynomial division
of F by y. Note that r3(z,y, 2) depends on the remaining parameters of system
(3). After working with these parameters, observe that if we take az = b3 =
bs = 0, then r2(x,y,z) = 0 and we can write F(x,y,z) = Szy, where § €
R\ {0}. Consequently, x and y are factors of £, (X) and we can easily check
that fo =z = 0 and f3 = y = 0 are invariant planes of the obtained differential
system. Moreover, we must consider agbg cg # 0 and ag, bg and cg pairwise
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distinct, because otherwise &y, (X) = 0. Hence f; = 2 =0, fo = z = 0 and
fs = y = 0 are invariant planes of the obtained system of multiplicities 7, 1
and 1, respectively. This system is the example for configuration (7,1,1) in
Table 2.

In this way, after long and tedious calculations, we obtain all the examples
given in Tables 2—4 for twenty three from the thirty possible configurations for
system (3). Therefore, at least twenty three from the thirty possible configu-
rations are realizable.

3 Proof of Proposition 1

From the next result (see Theorem 3 of [16]) if follows immediately Proposition
1.

Theorem 2 Assume that the polynomial vector field X in C™ of degree d > 0
has irreducible invariant algebraic hypersurfaces.

(1) If some of these irreducible invariant algebraic hypersurfaces has no defined
algebraic multiplicity, then the vector field X has a rational first integral.

(i3) Suppose that all the irreducible invariant algebraic hypersurfaces f; = 0
has defined algebraic multiplicity q; fori=1,...,p. If X restricted to each
hypersurface f; = 0 having multiplicity larger than 1 has no rational first
integral, then the following statements hold.

P
(a) If > q; > N + 1, then the vector field X has a Darboux first integral,
i=1

where N = (n+d_l>.

n

P
(b) If > q; > N + n, then the vector field X has a rational first integral.
i=1
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)

(81)
(7,2)
(7,1,1)
(6,3)
(6,2,1)
(6,1,1,1)
(5:4)
(5,3,1)
(5.2,2)
(5,2,1,1)
(5,1,1,1,1)
(4,4,1)
(4,3,2)
(4,3,1,1)

4,2,2)1)
4,2,1,1,1)
4,1,1,1,1,1)
3,3,3)

(3,3,2,1)
(3,3,1,1,1)
(3,2,2,2)
(2,2,2,1,1,1)
(3,2,2,1,1)
(3,2,1,1,1,1)
(3,1,1,1,1,1,1)
(2,2,2,2)1)
(2,2,1,1,1,1,1)
(2,1,1,1,1,1,1,1)
(1,1,1,1,1,1,1,1,1)

(
(
(
(

Table 1 All possible configurations for differential system (3) having exactly 9 invariant
planes taking into account their multiplicities.
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Configuration | Example of quadratic Invariant plane
polynomial differential system | (multiplicity)
& = agz? + agxz,
Y = bsxz + agyz,
9 =z=0 (9
(©) +—ansd, fi=z=0 (9)
with ag ag bg # 0.
& = agz? + agrz + agyz,
y = agz® + 2asyz, fi=z=0 (8)
(8,1) . 2
z = agz”, fao=y+2=0 (1)
with ag # 0 and ag # ag.
T = agxz + agyz,
Y = agyz, fi=z=0 (7)
(7,2) c_ g
zZ =cez”, fa=y=0 (2)
with ag ag ce # 0 and ag # cg.
T = agxz,
= boyz, fi=z2=0 (7)
(7,1,1) 2= cpz?, fo=z=0 (1)
with ag bg cg # 0, ag # by, fa=y=0 (1)
ag # ce and bg # cg.
= agz2 + agrz,
Y = agyz, fi=z=0 (6)
(6,3) . 2
2= as2® + oy, fr=y=0 @)
with ag ag cg # 0.
&= aqz® + 2agxz,
. fi=z=0 (6)
Y = a4y — agyz,
6,2,1 . =x=0 (2
(6:2,1) = 2ag22, fo=e @
fs=y=0 (1
with aq ag # 0. )
T = agxz, fi=z=0 (6)
¥ = —asyz, fa=z=0 (1)
(6,1,1,1) . 5
2 = 2agz” + csxz, fs=y=0 (1)
with ag cg # 0. fa=cgx+agz=0 (1)
. 2
T = a4 + agrz,
fi=z=0 (5)
y = a4y,
(5,3,1) , ) fa=z=0 (3)
z =agz”,
. fs=y=0 (1)
with a4 ag # 0.
. 2
T = agz” + arry + agrz,
fi==z2=0 (5)
¥ = ary?,
(5,2,2) . ) fa=y=0 (2
z =agz”,
fs=ary—agz=0 (2)

with ag a7 ag # 0.

Table 2 Examples of quadratic polynomial differential systems for the configurations (9),
(811)7 (772)7 (7717]‘)7 (673)7 (67271)7 (6’17171)7 (5’371) and (57272)'
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Configuration | Example of quadratic Invariant plane

polynomial differential system | (multiplicity)

T = arxy + agxz, fi=z2=0 ()

y = ary?, f2=y=0 (2
(5’27171) . 2

z = cez%, fa=x=0 (1)

with a7 ag cg # 0 and ag # +cg. fa=ary—cez=0 (1)

T = arxy,

fi=y=0 (4)
(4,4,1) fo=z2=0 (4)

2= cez?,
. fa=xz=0 (1)
with a7 cg # 0.

. 2

T = asy” + 2bgxz,
. fi=y=0 (4
y:bgyzy

4,32 fa=2=0 (3)
(4,3,2) 2 =2bg2? + coyz,

: fa=coy+boz=0 (2)
with as bg cg # 0.
& = aqx?, fi=z=0 (4)
Y = boyz, fa=z=0 (3)
(4,3,1,1) . 9
z2= —bgz fa=y=0 (1)
with a4 bg # 0. fa=asx+bgz=0 (1)
T = arrz, fi=z2=0 (4)
¥ = bsy® + brzy + aryz, fo=y=0 (2
(4,2,2,1)
2 =arz® + byxz + 2bsyz, fa=brz+bsy=0 (2)
with a7 bs by # 0. fa=z=0 (1)
fi=z4+1=0 (4)
T=x+ ;EQ,
9 fo=y=0 (2)
y=y+y
(472717171) . f3 =x=0 (1)
Z=coy+z+carytyz,
fa=y+1=0 (1)
with ¢ # 0.
fs=x—y=0 (1)
fi=z=0 (4
T = arxry + agrz, foez=0 (1)
¥ = boy + ary?,
fa=y=0 (1)
(4,1,1,1,1,1) 2= boz + c622,

fa=ary+b2=0 (1)

ith b 0
with a7 ag by c6 # fs=cez+ba=0 (1)

and ag # *cg.
fe=ary—cez=0 (1)

& = agz?,

fi=y=0 (3)
¥ = bsy? + boyz,
(3,3,3) fa=2z=0 (3)

2= 2bgz? + 2bsyz,
fa=bsy+byz=0 (3)
with ag bs bg # 0.

Table 3 Examples of quadratic polynomial differential systems for the configurations
(5,2,1,1), (4,4,1), (4,3,2), (4,3,1,1), (4,2,2,1), (4,2,1,1,1), (4,1,1,1,1,1) and (3,3,3).
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Configuration Example of quadratic Invariant plane
polynomial differential system | (multiplicity)
T = 2cgry + agrz, fi=y=0 (3)
y = 2csy?, fo=2=0 (3)
(3,3,2,1)
Z = cgxz, fa=xz=0 (2)
with ag cg # 0. fa=z—y=0 (1)
& = aqx? + a7y + aszz, fi=z=0 (3)
¥ = 2ary® + 2aqzy, fa=y=0 (2)
(3,2,2,2) .
z=2aryz, fa=z=0 (2)
with a4 a7 ag # 0. fa=asz+ary+agz=0 (2)
fi=z=0 (3)
T = a7xy + agrz, fez=0 (2
y = brzy,
(3,2,2,1,1) fs=ary+2a3z=0 (2)
% = 2ag22 + brxz + aryz,
fa=y=0 (1)
with a7 ag by # 0.
fs=brx+agz=0 (1)
fi=y=0 (3)
= arzy, fo=2=0 (2)
= bay — ary?, fs=x=0 (1)
(3,2,1,1,1,1) ) 5
2 =boz + cg2°, fa=ary—b2a=0 (1)
with a7 bg cg # 0. fs =c6z+b2=0 (1)
fe=ary+cez=0 (1)
fi=z=0 (2)
&= asx?, fo=y=0 (2)
Y = bsy?, fs=z=0 (2)
(2,2,2,1,1,1)
% = cg22, fa=asx—bsy=0 (1)
with a4 bs cg # 0. fs=asx—cez=0 (1)
fe=bsy—cez=0 (1)
fi=z=0 (1)
fa=y=0 (1)
fa=z=0 (1)
T = a1x+a4x2,
. fa=asxz+a1=0 (1)
y = a1y +bsy?,
(1,1,1,1,1,1,1,1,1) | . ) fs=bsy+a =0 (1)
zZ=a1z+ cez”,
fe=cez+a1=0 (1)
with aj a4 bs cg # 0.
fr=asz—bsy=0 (1)
fs=asx—cz2=0 (1)
fo=bsy—cez=0 (1)

Table 4 Examples of quadratic polynomial differential systems for the configurations
1,1,1,1,1,1,1,1

(3,3,2,1), (3,2,2,2), (3

2,2,1,1), (3,2,1,1,1,1), (2,2,2,1,1,1

) and (1

77771777)'



